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9.5. Gödel’s Second Incompleteness Theorem 73

Part D. Recursion Theory 79

Chapter 10. Partial Recursive Functions 81
10.0. Introduction 81
10.1. Computability of Partial Functions 81



CONTENTS v

10.2. Universal Partial Recursive Functions 83
10.3. The Recursion Theorem 87
10.4. Complete Recursively Enumerable Sets 89

Chapter 11. Relative Recursion and Turing Reducibility 91
11.0. Introduction 91
11.1. Relative Recursivity 91
11.2. Representation and Enumeration Theorems 92
11.3. A-Recursively Enumerable Relations 95
11.4. Degrees 98
11.5. Degree Constructions 100

Chapter 12. The Arithmetic Hierarchy 105
12.0. Introduction 105
12.1. Arithmetic Relations and the Hierarchy 105
12.2. Post’s Theorem 107





CHAPTER 0

Introduction: What Is Logic?

1





Part A

Elementary Logic





CHAPTER 1

Sentential Logic

1.0. Introduction

1.1. Sentences of Sentential Logic

1.2. Truth Assignments

1.3. Logical Consequence

1.4. Compactness

1.5. Formal Deductions

5





CHAPTER 2

First–Order Logic

2.0. Introduction

2.1. Formulas of First–Order Logic

2.2. Structures for First–Order Logic

2.3. Logical Consequence and Validity

2.4. Formal Deductions

2.5. Theories and Their Models

7





CHAPTER 3

The Completeness Theorem

3.0. Introduction

3.1. Henkin Sets and Their Models

3.2. Constructing Henkin Sets

3.3. Consequences of the Completeness Theorem

3.4. Completeness, Categoricity, Quantifier Elimination

9





Part B

Model Theory





CHAPTER 4

Some Methods in Model Theory

4.0. Introduction

4.1. Realizing and Omitting Types

4.2. Elementary Extensions and Chains

4.3. The Back-and-Forth Method

13





CHAPTER 5

Countable Models of Complete Theories

5.0. Introduction

5.1. Prime Models

5.2. Universal and Saturated Models

5.3. Theories with Just Finitely Many Countable Models

15





CHAPTER 6

Further Topics in Model Theory

6.0. Introduction

6.1. Interpolation and Definability

6.2. Saturated Models

6.3. Skolem Functions and Indiscernables

6.4. Some Applications

17





Part C

Incompleteness and Undecidability





CHAPTER 7

An Informal Introduction to Decidability
Problems

7.0. Introduction

The material in this part grows out of Gödel’s famous Incomplete-
ness Theorem of 1931. It states that the usual Peano axioms for +, · on
the natural numbers are not sufficient to derive all true first-order sen-
tences of arithmetic on the natural numbers. More generally it states
that there is no way to “effectively” give a complete set of axioms for
arithmetic on the natural numbers. As a consequence there is no way
to “effectively” decide whether or not a first-order sentence is true on
the natural numbers.

In this chapter we present an informal notion of “effectiveness”
and use it in discussing problems concerning decidability. We then
derive Gödel’s Incompleteness Theorem assuming a major lemma on
definability of decidable relations. An essential tool is the device of
“Gödel-numbering,” which enables us to treat formulas, derivations,
etc., as natural numbers.

In the next chapter we give a formal treatment of effectiveness in
terms of recursive functions. This enables us to prove the lemma men-
tioned above. We can then also derive various improvements, exten-
sions, and generalizations of Gödel’s original result, due to Rosser,
Church, Tarski, et al.

7.1. Effective Procedures and Decidability

Recall from sentential logic that the method of truth tables gave an
effective procedure to decide whether an arbitrary sentence of sentential
logic is a tautology. In Section 2.2 we raised the natural question of
whether there is such an effective procedure for deciding logical validity
in first-order logic. Note that neither the definition of validity nor the
Completeness Theorem provides such a procedure.

More generally, given any theory T of a language L one can ask
whether or not there is an effective procedure which decides, for each
sentence σ of L, whether or not T |= σ (equivalently, whether σ ∈ T ).

21



22 7. AN INFORMAL INTRODUCTION TO DECIDABILITY PROBLEMS

To make this question precise we need to define what we mean by an
“effective procedure.”

First of all, note that an “effective procedure” is supposed to define
a function on some given domanin D—in the example above of sen-
tential logic, the domain is the set of all sentences of sentential logic
and the function takes the values “yes” or “no” according to whehter
the sentence is a tautology or not. Secondly, an “effective procedure”
should not just define the values of a function but should give a means
to calculate (at least in theory) the value of the function for any el-
ement in the domain. Thus, in the example, one could (in a finite
number of steps) actually write down and check the truth table of any
given sentence of sentential logic. On the other hand, one cannot check
each of the infinitely many structures for a first-order language L to
see whether or not a given sentence σ of L is true on the structure.

We are thus led to the following, still informal, definition:

7.1.0. Definition. Let f be a function defined on D. An effective
procedure to calculate f is a finite list of instructions (in, say, English)
such that given any d ∈ D they can be applied to d and executed
so that after finitely many discrete steps (each performable in a finite
amount of time) the process halts and produces the value f(d).

Finally, a function f is (effectively) computable if and only if there
is some effective procedure to calculate it. Note that the same function
can be defined in many different ways, not all of which give an effective
procedure to calculate it.

Let us look at several examples:

(0) D = ω; f(n) = n + 1. Certainly this f must be effectively
computable, but coming up with an effective procedure to cal-
culate it requires us to decide what exactly the elements of ω
are, and what exactly “adding one” does to them. The set-
theoretic definitions just lead us into more difficulties (what is
a set?), so we take the more formalistic point of view that the
number n is a 0 followed by n 1s. Thus the effective procedure
is to place one more 1 at the end of the sequence. Even this
assumes some material about finite sequences, but this seems
to be an unavoidable starting point. From now on we will not
worry about what the elements of ω “really are,” and also we
will freely use elementary manipulations with finite sequences.

(1) D = ω × ω; f(〈m,n〉) = m + n. The effective procedure here
says to start with m and add 1 n times.
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(2) D = ω × ω; f(〈m,n〉) = 0 if m ≤ n; f(〈m,n〉) = 1 other-
wise. We leave it to the reader to come up with an effective
procedure.

(3) D = ω × ω; f(〈m,n〉) = 0 if m | n; f(〈m,n〉) = 1 otherwise.
Here too we leave the formulation of an effective procedure to
the reader.

(4) D = ω; f(n) = 0 if n is prime; f(n) = 1 otherwise. In outline,
the effective procedure here is to check each m < n,m 6= 1, to
see whether or not m | n. If such an m is found, f(n) = 0;
otherwise f(n) = 1.

(5) D = ω; f(n) = 0 if n ≤ 2; f(n) = 1 otherwise. Certainly this
f is effectively computable using the result in example (2).

(6) D = ω; f(n) = 0 if and only if there are positive integers a, b, c
such that an + bn = cn; f(n) = 1 otherwise. It is not obvious
whether this function is effectively computable—certainly this
definition does not give an effective procedure to calculate it.
But this f may still be effectively computable—in fact it may
be the same function as the function in example (5).

We will continue with some examples involving expressions of a
first-order language L. We assume we have come to some agreement as
to what the symbols of L really “are” (like vns). More importantly, we
assume that for each symbol of L we can effectively decide what sort
of a symbol it is, as “a function symbol of 2 places,” etc. Under these
basic assumptions, we can consider the following examples:

(7) D = all expressions of L; f(d) = 0 if d is a term; f(d) = 1
otherwise. In outline, an effective procedure to compute f
involves trying to “read” d as a term—since there are only
finitely many ways this could happen, you can check each one
in turn and see if it does indeed work for d.

(8) D = all expressions of L; f(d) = 0 if d is a formula of L; f(d) =
1 otherwise. This function is similarly seen to be effectively
computable.

(9) D = all formulas of L; f(d) = 0 if d is a logical axiom; f(d) = 1
otherwise. The reader can verify that this is also effectively
computable.

(10) D = all finite sequences of formulas of L; f(d) = 0 if d is
a formal deduction (from Λ); f(d) = 1 otherwise. Here the
definition of formal deduction gives us an effective procedure
to compute f , given the result of example (9).
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(11) D = FmL; f(φ) = 0 if ` φ; f(φ) = 1 otherwise. There is no
obvious effective procedure to compute f , since there are infin-
itely many formal deductions which would have to be checked.

We emphasize that an effective procedure does not have to be prac-
tical in all cases—the finite number of steps involved might be too large
to be actually performable. For example, one could actually be given
a sentence of sentential logic involving 100 different sentence letters;
the truth table for this sentence would have 2100 lines—which is way
beyond our capacity to check. Thus, once one knows that a function is
effectively computable there still remains the question of how efficient
a procedure there is to compute it.

Concepts of computability apply to sets by considering character-
istic functions.

7.1.1. Definition. Given D and X ⊆ D, the characteristic function
of X is the function KX : D → {0, 1} defined by

KX(d) =

{
0 if d ∈ X
1 if d ∈ D −X

Actually, KX depends also on D, which is usually clear from the
context.

7.1.2. Definition. Fix D, and let X ⊆ D.

(a) X is decidable (as a subset of D) if and only if KX is effectively
compuatable.

(b) X 6= ∅ is listable if and only if there is an effectively com-
putable function f : ω → X which maps onto X, i.e., such
that X = {f(n) : n ∈ ω}.

The preceding examples then show, for example, that the set of
prime numbers is decidable (as a subset of ω), the set of tautologies
is decidable (as a subset of the set of all sentences of sentential logic),
and the set of formulas of L is decidable (as a subset of the set of all
expressions of L).

One can show (see the next section) that {n ∈ ω : an + bn = cn for
some positive a, b, c ∈ ω} is listable, but this does not tell us whether
or not this set is decidable. The same holds for {φ ∈ FmL : ` φ}.

We will normally suppress reference to the domain D when talking
about the decidability of X—usually it will be clear what D is, and
some ambiguity will be harmless due to the following easy lemma.
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7.1.3. Lemma. Let X ⊆ D1 ⊆ D2. Assume that D1 is decidable (as
a subset of D2). Then X is decidable as a subset of D1 if and only if
X is decidable as a subset of D2.

Thus, we can say simply that “the set of logical axioms of L is
decidable,” and the meaning is independent of whether we mean “as a
subset of FmL” or “as a subset of the set of expressions of L.”

Roughly speaking, decidable implies listable. More precisely, we
have:

7.1.4. Proposition. Assume D is listable and X ⊆ D is decidable (as
a subset of D). Then X is listable.

Proof. The idea is to list the elements of D but only retain the
ones belonging to X. We may suppose X 6= ∅. Let f : ω → D be
effectively computable and list D. We define g : ω → X to list X as
follows: Let n0 be the first n ∈ ω such that KX(f(n)) = 0 (i.e., such
that f(n) ∈ X); define g(0) = f(n0). Next define

g(1) =

{
f(n0 + 1) if f(n0 + 1) ∈ X
f(n0) otherwise

Similarly for g(2), g(3), . . . . Then g is effectively computable and lists
X. �

One other general fact of immense importance should be mentioned
here.

7.1.5. Proposition. Fix D. There are only countably many effectively
computable functions whose domain is D. Hence D has only countably
many decidable (or listable) subsets.

Proof. There are just countably many finite sequences which could
possibly be instructions in English for effectively computing a function
of domain D (or ω). �

Thus for any infinite D, “most” subsets of D are not decidable, or
even listable.

In our new terminology, the question we began with is whether or
not CnL(∅) = {σ ∈ SnL : |= σ} is decidable. More generally, for a
theory T of L, is T = CnL(T ) decidable? Since there are uncountably
many different theories T (even of the language L of pure identity
theory), we know that “most” theories T are not decidable.

The question, then, is which are decidable (particularly among spe-
cific, mathematically natural, theories)?
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The question answered by Gödel’s Incompleteness Theorem is not
quite of this nature, but it can be precisely formulated in terms of
decidability.

The question Gödel answered is the following: is there a decidable
set Σ of axioms for T = Th((ω,+, ·, <, 0, s))? Of course, if T were
decidable we could take Σ = T . Gödel showed that T has no decidable
set of axioms, in particular, then, that T is not decidable. (Remember,
to say a set of sentences is decidable means as a subset of SnL, or
FmL, or expressions of L.)

7.2. Gödel Numbers

The decidable and listable sets in which we are interested may be
sets of finite sequences of natural numbers, or sets of expressions of L,
or sets of finite sequences of expressions of L, etc. It is important to
know that we can replace any such set by a set of natural numbers, and
that this replacement is “effective.” Thus, our domain D could always
be taken to be ω, in contexts of computability.

7.2.0. Definition. Let n0, . . . , nk ∈ ω. The sequence number of the
sequence (n0, . . . , nk) is the number 〈n0, . . . , nk〉 = 2n0+1 · 3n1+1 · 5n2+1 ·
· · · · pnk+1

k , where p0 = 2 and pi = the ith odd prime (i > 0).

By the uniqueness of prime power decomposition we see that if
〈n0, . . . , nk〉 = 〈n′0, . . . , n′k′〉 then k = k′ and ni = n′i for all i = 0, . . . , k,
hence (n0, . . . , nk) = (n′0, . . . , n

′
k). Furthermore the function taking fi-

nite sequences (n0, . . . , nk) of natural numbers to their sequence num-
bers is effectively computable, as is its “inverse,” the decoding function
defined as:

d(m) =

{
(m0, . . . ,mk) if m = 〈m0, . . . ,mk〉
0 otherwise

From now on, 〈n0, . . . , nk〉 is always the sequence number, while
(n0, . . . , nk) is the sequence. We will also occasionally use the empty
sequence ( ), whose length is 0 and whose sequence number is 〈 〉 = 1.

We see that the set of all finite sequences of natural numbers is (ef-
fectively) listable, and every decidable set of finite sequences of natural
numbers is listable.

Most importantly, as Gödel was the first to appreciate, if you assign
natural numbers to the symbols of a language L then all expressions
of L (= finite sequences of symbols of L) are assigned natural numbers
via sequence numbers. Further all finite sequences of expressions of L
(such as formal deductions) are assigned numbers. Thus, properties of
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formulas, etc., can be (effectively) translated into properties of natural
numbers. This process is the so-called “arithmetization of syntax.”

The original assignment of numbers to symbols must be effective,
which may not be possible in some languages with infinitely many non-
logical symbols.

To begin with, we assume L is a first-order language with just
finitely many non-logical symbols s1, . . . , sn. We define the Gödel-
numbering function g mapping the symbols of L one-to-one into ω as
follows:

g(vn) = 2n for all n ∈ ω
g(¬) = 1
g(→) = 3
g(∀) = 5
g( ( ) = 7
g( ) ) = 9
g(≡) = 11
g(s1) = 13
...
g(sn) = 11 + 2n

(Obviously, this depends on fixing the order of the non-logical sym-
bols, but precisely how they are ordered is not significant.)

Given an expression ε0 . . . εn of L (thus each εi is a symbol of L) we
define the Gödel number of ε0 . . . εn as pε0 . . . εnq = 〈g(ε0), . . . , g(εn)〉. If
(α0, α1 . . . , αn) is a sequence of expressions of L then the Gödel number
of the sequence is pα0, . . . , αnq = 〈pα0q, . . . , pαnq〉.

This assignment of Gödel numbers to expressions and to sequences
of expressions is effective; further any natural number is the Gödel num-
ber of at most one expression and at most one sequence of expressions;
finally the “decoding” functions are also effectively computable.

For example, p≡ v0v1q = 212 · 3 · 53, and p(≡ v0v1 →≡ v1v0)q =
28 ·312 ·5 ·73 ·114 ·1312 ·173 ·19 ·2310 and p≡ v0v1, (≡ v0v1 →≡ v1v0)q =
2p≡v0v1q+1 · 3p(≡v0v1→≡v1v0)q+1.

Some points to notice:

(a) The same number may be both the Gödel number of an expres-
sion and of a sequence of expressions (and also the number as-
signed to some symbol). For example, n0 = 255 ·325 = pv27v12q,
but also 55 = 2·33+1 = pv0v1q+1 and 25 = 23 ·3+1 = pv1v0q,
so n0 = pv0v1, v1v0q; further n0 = 2(254 · 325 = g(v254·325). This
ambiguity is harmless.
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(b) One must be careful to distinguish between a symbol and the
sequence of length 1 consisting only of that symbol. For ex-
ample, v0 is not the same as the one-place sequence which,
unfortunately, we also write as v0—writing (v0) would con-
fuse it with the three-place sequence (, v0, ). Our notation for
Gödel-numbering is chosen to distinguish these two uses, how-
ever. Thus g(v0) = 0, since g is just defined on symbols, and
pv0q = 〈g(v0)〉 = 2, since p q is defined just on sequences.
In particular since terms are always sequences, the term v0 is
different from the symbol v0.

Similarly, the expression α must be distinguished from the sequence
consisting just of α. In particular, since formal deductions are sequences
of formulas, the formal deduction consisting just of φ where φ is a logical
axiom is different from the formula φ, and they will have different Gödel
numbers.

One can now see that the sets {ptq : t ∈ TmL}, {pφq : φ ∈ FmL},
{pσq : σ ∈ SnL}, {pφ0, . . . , φnq : φ0, . . . , φn ∈ FmL}, {pφ0, . . . , φnq :
φ0, . . . , φn is a deduction from ∅} are all decidable subsets of ω, and
hence are also listable.

More generally, we see that a set X of expressions is decidable if and
only if {pαq : α ∈ X} is decidable. In particular a set Σ of sentences
is decidable if and only if {pσq : σ ∈ X} is decidable. Thus, if Σ is a
decidable set of sentences then {(φ0, . . . , φn) : φ0, . . . , φn is a deduction
from Σ} and {pφ0, . . . , φnq : φ0, . . . , φn is a deduction from Σ} are both
decidable, and thus listable.

The following is of utmost importance:

7.2.1. Proposition. Assume the theory T has a decidable set of ax-
ioms. Then T is listable.

Proof. Let Σ be a decidable set of axioms for T , so T = {σ : Σ `
σ}. As pointed out above, the set of deductions from Σ is listable. Since
the function taking a finite sequence of formulas to the last formula in
the sequence is computable, it follows that Y = {φ ∈ FmL : Σ ` φ} is
listable. Since one can decide whether or not a formula is a sentence
it follows that T = {φ ∈ Y : φ ∈ SnL} is decidable as a subset of Y ,
hence T is listable by Proposition 7.1.4 �

WARNING: In the above proof Y is not necessarily decidable (as a
subset of FmL), hence we do not have T decidable as a subset of FmL
(or SnL).
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We will eventually see that the converse to Proposition 7.2.1 also
holds. In the case of complete theories we can do better.

7.2.2. Proposition. Let T be a complete theory. Then T is decidable
if and only if T has a decidable set of axioms.

Proof. If T is decidable then, as was already pointed out, T is
itself a decidable set of axioms for T . Conversely, suppose T has a
decidable set of axioms. Then by Proposition 7.2.1 T is listable, so
T = {f(n) : n ∈ ω} for some computable f . We need to define an
effectively computable g on SnL such that

g(σ) =

{
0 if σ ∈ T
1 if σ /∈ T

Since T is complete we know that for any σ ∈ SnL either σ ∈ T or
¬σ ∈ T , so there is some n0 ∈ ω such that f(n0) = σ or f(n0) =
¬σ. Our effective procedure to compute g is then as follows: evaluate
f(0), f(1), . . . , until you find this n0; then g(σ) = 0 if f(n0) = σ, and
g(σ) = 1 if f(n0) = ¬σ. �

We point out here that when, in the next chapter, we introduce our
formal, precise definition of computable, the above proofs will have to
be reviewed to see that they can be carried out for the formal concept.
This will, of course, be the case since otherwise the formal concept
would not correspond to the intuitive concept. But it would be begging
the question to assume in advance that the formal concept is as desired.

Everything can be done for languages L with infinitely many non-
logical symbols provided L has an admissible Gödel-numbering g; that
is, a Gödel-numbering g which is as on page 27 for logical symbols and
such that for every n we can decide whether n = g(S) for a non-logical
symbol and precisely what sort of non-logical symbol S is (as, k-ary
function symbol, etc.).

7.3. Gödel’s Incompleteness Theorem

If f : ω → ω is a computable function then, in particular, the ef-
fective procedure for computing f gives an (English) definition of f .
Similarly if X is a decidable subset of ω then the effective procedure
for computing KX yields an (English) definition of X as a subset of ω.
Gödel’s most important technical lemma for his Incompleteness Theo-
rem states that a decidable subset of ω is in fact first-order definable
in the usual structure for arithmetic on ω.
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The language for arithmetic on ω has as non-logical symbols +, ·, <
, 0, s. The “standard model” for arithmetic is N = (ω,+, ·, <, 0, s).
Here s is a unary function symbol whose interpretation in N is the
immediate successor function, s(n) = n + 1. We use 1, 2, 3, . . ., to
stand for the closed terms s0, ss0, . . ., which are interpreted in N by the
elements 1, 2, 3, . . . . Note of course that every element of the universe
of N is the interpretation of some one of the terms n.

Gödel’s essential technical lemma can be stated as follows. (In the
next chapter we will actually prove a stronger result, but this will suffice
for now.)

7.3.0. Definability Lemma. Let R ⊆ ωn be a decidable n-ary rela-
tion on ω. Then there is some formula φ(x0, . . . , xn−1) of the language
of arithmetic such that for any k0, . . . , kn−1 ∈ ω R(k0, . . . , kn−1) holds
if and only if N |= φ(k0, . . . , kn−1).

We will not be able to prove this rather surprising result until we
have a formal definition of computable function in the next chapter.
We give here two examples of decidable relations on ω for which the
existence of such a defining formula is highly non-obvious:

(0) Let R = {(k, 2k) : k ∈ ω}. R ⊆ ω × ω is clearly decidable, but
not obviously definable in N since exponentiation 2x is not a
function in the language.

(1) let R = {(k, n) : k 6= 0, ln(k) ≤ n}. Since we can calculate the
natural log of any positive integer k to any required degree of
accuracy (and it is non-integral for k > 1), R is a decidable
subset of ω × ω. Since ln(k) is not even an integer for k > 1,
it is not easy to see even how to start defining R.

In the rest of this section we will assume the Definability Lemma
and use it to prove Gödel’s original incompleteness result.

7.3.1. Incompleteness Theorem (Gödel 1931). There is no de-
cidable set of axioms for Th(N)

We will in fact give two proofs of this result in this section. The
first (and easiest) is a proof by contradiction. The second is a direct
proof and yields a little more information.

Proof Number 1. Suppose Th(N) does have some decidable set
of axioms. Then, by Proposition 7.2.2, Th(N) is decidable, hence one
can decide whether or not N |= σ. Define the following binary relation
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R on ω:

(∗)
{
R(k, l) holds if and only if k = pφq for
some formula φ(v0) and N |= φ(l).

Then R is decidable, and hence by the Definability Lemma R is defined
in N by some formula θ(x, y). Let φ(v0) be ¬θ(v0, v0), let k = pφq, and
let σ be φ(k). The following are then equivalent:

N |= σ
R(k, k) holds (by (*))
N |= θ(k, k) (by definition of θ)
N |= ¬σ (by definition of σ)

This contradiction shows that Th(N) has no decidable set of axioms.
�

Our second proof follows the same general outline but actually
shows us how to define a sentence independent of any given decidable
set of sentences satisfied by N.

Proof Number 2. Let Σ be a decidable set of sentences such that
N |= Σ. We show that Th(N) 6= Cn(Σ) by defining a sentence σ such
that N |= σ but Σ 0 σ.

We first define a ternary relation S on ω as follows:
S(k, l,m) holds if and only if k = pφq for some
formula φ(v0) and m = pψ0, . . . , ψnq, where
ψ0, . . . , ψn is a deduction from Σ of φ(l).

Then S is decidable, since Σ is decidable, hence by the Definability
Lemma S is definable in N by some χ(x, y, z). Now let R(k, l) hold
if and only if k = pφq for some formula φ(v0) and Σ ` φ(l). Then
R(k, l) holds if and only if S(k, l,m) holds for some m ∈ ω. Therefore
R is defined in N by θ(x, y) = ∃zχ(x, y, z). As in the first proof, let
φ(v0) = ¬θ(v0, v0), let k = pφq, and let σ = φ(k). Then the following
are equivalent:

N |= σ
N |= ¬θ(k, k) (by definition of σ)
R(k, k) fails (by definition of θ)
Σ 0 φ(k) (by definition of R)
Σ 0 σ (by definition of σ)

We claim that in fact N |= σ. If not, then by the above equivalences
Σ ` σ. But N |= Σ, so we must then have N |= σ. This contradiction
shows that N |= σ and Σ 0 σ, as desired. �
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Because of the equivalences in this proof, σ is usually interpreted
as saying of itself that it is not provable from Σ. This is the “self-
referential” aspect of the result.

Gödel’s incompleteness result was especially surprising since it seems
to have been widely assumed that the “Peano axioms” were a set of
acioms for Th(N) We give these axioms here, but we first give a finite
subset of them which we will use extensively.

The set Q consists of the following nine sentences:

∀x(¬sx ≡ 0)
∀x∀y(sx ≡ sy → x ≡ y)
∀x(x+ 0 ≡ x)
∀x∀y(x+ sy ≡ s(x+ y))
∀x(x · 0 ≡ 0)
∀x∀y(x · sy ≡ x · y + x)
∀x(¬x < 0)
∀x∀y(x < sy ↔ (x < y ∨ x ≡ y))
∀x∀y(x < y ∨ x ≡ y ∨ y < x)

The set P of Peano axioms consists of Q together with all “induc-
tion axioms,” that is, all sentences ∀y0 . . . ∀yn−1[φ(0, ~y)∧∀x(φ(x, ~y) →
φ(sx, ~y)) → ∀xφ(x, ~y)] as φ(x, ~y) varies over formulas of L.

Clearly N |= P , and both P and Q are decidable. Finding sentences
true on N not provable from P is essentially as difficult as the general
result.

7.4. Some Positive Decidability Results

Proposition 7.2.2 can be used to show that many complete theories
are decidable. For example Th((Q,≤)) and Th((ω,≤)) are both finitely
axiomatizable, hence decidable. The theories Th((R,+, ·,≤, 0, 1)) and
Th((C,+, ·, 0, 1)) can each be shown to have decidable (but infinite)
sets of axioms, hence are decidable.

The primary question we started with—whether {σ ∈ SnL : |= σ}
is decidable—was answered in general by Church in 1936. Previous
to that some positive results were obtained by restricting the classes
of sentences considered. In the remainder of this section we briefly
present some of these results.

Throughout this section we assume L has just finitely many non-
logical symbols, but they hold for languages with an admissable Gödel-
numbering.

These positive results all follow using this lemma:



7.4. SOME POSITIVE DECIDABILITY RESULTS 33

7.4.0. Lemma. Assume that S is a decidable subset of SnL such that
for every σ ∈ S, |= σ if and only if A |= σ for every finite A. Then
{σ ∈ S : |= σ} is decidable.

Proof. First note that, since L is finite, there are for each n ∈ ω
just finitely many non-isomorphic L-structures A with |A| = n. Fur-
ther, for any σ ∈ SnL and any given finite A we can effectively de-
cide whether or not A |= σ (because A |= ∀xφ(x) is equivalent to
AA |= φ(a1)∧ . . .∧φ(ak), where A = {a1, . . . , ak}, etc.). Thus, for each
n we can effectively decide whether or not A |= σ for every A with
|A| = n. Further, we know we can effectively list all σ ∈ SnL such that
|= σ. Thus our effective procedure to decide, given σ0 ∈ S, whether or
not |= σ0 is as follows: we simultaneously begin listing all σ such that
|= σ and begin deciding, for each n ∈ ω − {0}, whether or not A |= σ0

for every A with |A| = n. We will, after some finite number of steps,
either find σ0 in our list of validities or find some n such that A 6|= σ0

for some A such that |A| = n (by our assumption on S that if 6|= σ then
A 6|= σ for some finite A). Since S is a decidable subset of SnL this in
fact shows that {σ ∈ S : |= σ} is decidable as a subset of SnL. �

The above procedure is not very efficient, and it turns out that, in
each case below in which it is used, lookiing closely at the proof one
can obtain a more efficient procedure.

7.4.1. Definition. A formula is a ∀-formula (universal formula) pro-
vided it has the form ∀y0 . . . ∀yk−1α, where α is open.

7.4.2. Definition. A formula is an ∀∃-formula provided it has the
form ∀y0 . . . ∀yk−1∃z0 . . . ∃zl−1α, where α is open.

Our first result concerns the valid ∀∃-sentences in languages without
function symbols.

7.4.3. Proposition. Assume L has no function symbols. Then {σ : |=
σ, σ is an ∀∃-sentence of L} is decidable.

Proof. It suffices to show that for any ∀∃-sentence σ, if 6|= σ then
A |= ¬σ for some finite A. So suppose B |= ¬σ. We find a finite A ⊆ B
such that A |= ¬σ. If B |= ¬σ, where σ is ∀~y ∃~zα(~y, ~z), then B |=
∃y0 . . . ∃yk−1∀z0 . . . ∀zl−1¬α(~y, ~z), so BB0 |= ∀z0 . . . ∀zl−1¬α(b0, . . . ,
bk−1, ~z) for some b0, . . . , bk−1 ∈ B, with B0 = {b0, . . . , bk−1}. Let A ⊆ B
be such that B0 ⊆ A and A is finite—this is possible since L has no
function symbols and just finitely many constant symbols. One then
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easily sees that AB0 |= ∀z0 . . . ∀zl−1¬α(b0, . . . , bk−1, ~z) since ¬α has no
quantifiers. Thus A |= ¬σ as desired. �

Note that this proof in fact enables us to effectively compute, given
an ∀∃-sentence σ of L, an integer n0 ∈ ω such that if 6|= σ then in fact
A |= ¬σ for some A with |A| ≤ n0. We can thus decide whether or not
|= σ by just checking whether A |= σ for all A with |A| ≤ n0. This is
much more efficient than the procedure given by Lemma 7.4.0.

If L has function symbols the best we can do is the following:

7.4.4. Proposition. {σ : |= σ, σ is a ∀-sentence} is decidable.

Once again, you need to show that if B |= ¬σ for some B then
A |= ¬σ for some finite A. Here, one cannot necessarily find A ⊆ B
but the A can be obtained from B. Details are left to the reader.

If we do not restrict the form of the sentence then we must severely
restrict the language.

7.4.5. Proposition. Assume the only non-logical symbols of L are
unary predicates and individual constants. Then {σ ∈ SnL : |= σ} is
decidable.

Here again, given some B |= ¬σ you must find a finite A ⊆ B such
that A |= ¬σ.



CHAPTER 8

Recursive Functions, Representability, and
Incompleteness

8.0. Introduction

In this chapter we give a precise, formal, mathematical definition of
computable function to replace the informal concept of the preceding
chapter. Because of Gödel-numbering, we can restrict our attention to
functions on the natural numbers. Our mathematical definition of com-
putable is recursive. The recursive functions are defined in Section 8.1,
and numerous (intuitively) computable functions (including many con-
cerning Gödel numbers of formulas, etc.) are shown to be recursive.
In Section 8.3 we prove the representability of recursive functions in
Q, a stronger version of the Definability Lemma from Section 7.3. An
essential tool is the β-function defined in Section 8.2. Finally, in Sec-
tion 8.4, we can prove Gödel’s Incompleteness Theorem, essentially as
in Section 7.3.

Of course, for this development to be convincing, one must ac-
cept the identification of the intuitive concept of “computable” with
“recursive.” This identification is called Church’s Thesis, and some
arguments for it are given in Section 8.5.

8.1. Recursive Functions and Relations

The set of recursive functions on ω is defined by recursion. That is,
we are given some set of starting functions and some rules for forming
new functions from given functions. A function then is said to be
recursive if and only if it is obtained from the starting functions after
some (finite) number of applications of the rules. A relation is recursive
if and only if its characteristic function is recursive, where:

8.1.0. Definition. Let R ⊆ ωn The characteristic function of R is the
function KR : ωn → {0, 1} such that

KR(k1, . . . , kn) =

{
0 if R(k1, . . . , kn) holds,
1 otherwise.

35
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8.1.1. Definition. For all 1 ≤ i ≤ n the projection function P n
i : ωn →

ω is defined by P n
i (k1, . . . , kn) = ki.

8.1.2. Definition. The set S of starting functions is the set {s,+, ·,
K<} ∪ {P n

i : 1 ≤ i ≤ n ∈ ω}.

We have three rules for forming new functions:

R1 (Composition). From functions G(x1, . . . , xk), H1(y1, . . . , ym),
. . ., Hk(y1, . . . , ym) form F (y1, . . . , ym) = G(H1(~y), . . . , Hk(~y)).

R2 (Primitive Recursion). From functions G(y1, . . . , ym) and H(w,
x, y1, . . . , ym) form F (x, y1, . . . , ym) defined by

{
F (0, y1, . . . , ym) = G(y1, . . . , ym),
F (x+ 1, y1, . . . , ym) = H(F (x, ~y), x, ~y).

R3 (µ-Recursion). From a function G(y1, . . . , ym, x) satisfying the
condition that for all y1, . . . , ym ∈ ω there exists x ∈ ω such that
G(y1, . . . , ym, x) = 0 form the function F (y1, . . . , ym) defined by F (y1, . . . , ym) =
the smallest x ∈ ω such that G(~y, x) = 0. Our notation is: F (~y) =
µx[G(~y, x) = 0].

8.1.3. Definition. The class R of recursive functions is the closure
of S under R1, R2, R3; that is, a function is in R if and only if it
is obtained from functions in S by (finitely many) applications of
R1, R2, R3.

Two smaller classes of functions are also of interest.

8.1.4. Definition.

(a) The class P of primitive recursive functions is the closure of
S under R1, R2.

(b) The class R′ of strictly recursive functions is the closure of S
under R1, R3.

Clearly P ,R′ ⊆ R, but the relation between R′ and P is not clear,
nor is it obvious whether or not the inclusions are proper.

8.1.5. Definition. A relation R on ω is recursive (or primitive recur-
sive, or strictly recursive) if KR is.
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Note that the functions in S are all effectively computable. Fur-
ther, if the given functions are computable, so is the function F pro-
duced by each of our rules R1, R2, R3—if F is obtained by R2 we
compute F (k, ~y) by using the defining equations to successively com-
pute F (0, ~y), F (1, ~y), . . . , F (k−1, ~y), F (k, ~y); if F is obtained by R3 we
compute F (~y) by successively computing G(~y, 0), G(~y, 1), G(~y, 2) until
we find a k with G(~y, k) = 0, the first such being the value of F . Thus,
by induction, we conclude that all recursive functions are computable,
hence that all recursive relations are decidable.

From R1, R2, R3 follow corresponding rules for relations:

R1′. From R(x1, . . . , xk) and functions Hi(~y), . . . , hk(~y) form S(~y) ⇔
R(Hi(~y), . . . , hk(~y)).

R2′. From R(~y) and Q(w, x, ~y) form S(x, ~y) defined by

{
S(0, ~y) ⇔ R(~y),
S(x+ 1, ~y) ⇔ Q(KS(x, ~y), x, ~y).

R3′. From R(~y, x) which satisfies the condition that ∀y1, . . . , ym ∈ ω
∃x ∈ ωR(~y, x) holds, form F (~y) = µxR(~y, x).

Then the S or F obtained will be recursive provided the given
relations and functions are.

Since all the functions and relations we are considering are on ω,
we will often not explicitly say so; similarly, the variables we use in
writing them down all vary over elements of ω, which will be tacitly
assumed. Also, of course, the functions we consider are all total, that
is, defined on all of ωn.

We now begin to list a large number of facts about recursive func-
tions and relations. These will state that many common functions and
relations are recursive and will give further closure properties of R, and
also P and R′. We will sometimes say a relation R belongs to R (or
P or R′) when strictly we mean KR does.

Fact 0. The constant functions are in (P ∩ R′). That is, for ev-
ery m,n ∈ ω with m 6= 0 the function Fm

n : ωn → ω defined by
Fm

n (x1, . . . , xm) = n for all x1, . . . , xm is in (P ∩R′).

Proof. Fixing m, we show Fm
n ∈ (P ∩R′) by induction on n. The

inductive step is clear, since Fm
n+1(~x) = s(Fm

n (~x)) is obtained by R1
from s, Fm

n . To show Fm
0 ∈ (P ∩ R′), note that K<(x1, s(x1)) = 0 for
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all x1. We can therefore define Fm
0 by

Fm
0 (x1, . . . , xm) = K<(Pm

1 (x1, . . . , xm), s(Pm
1 (x1, . . . , xm))),

thus obtaining Fm
0 by two uses of R1. �

Note that simply writing Fm
0 (x1, . . . , xm) = K<(x1, s(x1)) is not

a correct use of R1—we need the projection functions so that each
function put into K<( , ) is a function of m arguments.

At this point we should emphasize that functions and relations do
not come with any particular variables attached—

K<(Pm
1 (x1, . . . , xm), s(Pm

1 (x1, . . . , xm)))

is the same function as

K<(Pm
1 (y1, . . . , ym), s(Pm

1 (y1, . . . , ym))),

or

K<(Pm
1 (y, x1, . . . , xm−1), s(P

m
1 (y, x1, . . . , xm−1))).

Also, be careful not to think of relations as formulas. They are
simply subsets of some ωn, although we will sometimes define them by
some mathematical formula.

We will (perhaps confusingly) use logical notations in defining re-
lations.

8.1.6. Definition. Given a relation R(~x), ¬R(~x) is the relation (on ω)
which holds if and only if R fails. Similarly, given relations R(~x), S(~x)
we understand the relations (R ∧ S), (R ∨ S), (R → S) in the obvious
way. Given R(x, ~y),∃xR(x, ~y) is the relation S(~y) which holds if and
only if R(x, ~y) holds for some x. The relation ∀xR(x, ~y) is similar.

Fact 1. Assume R,S are both in R(orPorR′). Then so are ¬R, (R∧
S), (R ∨ S), (R→ S).

Proof. Given R(~x), K¬R(~x) = 0 if KR(~x) = 1 and K¬R(~x) = 1
if KR(~x) = 0. Thus K¬R(~x) = K<(Fm

0 (~x), KR(~x)), where Fm
0 is

constantly 0. Since K(R∨S)(~x) = 0 if and only if at least one of
KR(~x), KS(~x) = 0 we can define K(R∨S)(~x) = KR(~x) · KS(~x). The
results (R ∧ S), (R→ S) follow from these. �

Fact 2. The relations <,>,≤,≥,= are in (P ∩R′).

Proof. K< is in S, so < is in (P ∩ R′). K>(x, y) = 0 if y < x, 1
if not. Therefore K>(x, y) = K<(P 2

2 (x, y), P 2
1 , (x, y)). The others now

follow by using Fact 1. �



8.1. RECURSIVE FUNCTIONS AND RELATIONS 39

In general, there is no reason for ∃yR to be recursive just because
R is recursive. But bounded quantification does preserve recursiveness.

8.1.7. Definition.

(a) (∃x)<yR(x, y, ~z) ⇔ ∃x[x < y ∧R(x, y, ~z)].
(b) (∀x)<yR(x, y, ~z) ⇔ ∀x[x < y → R(x, y, ~z)].
(c) (µx)<yR(x, y, ~z) = (µx)[(x < y ∧R(x, y, ~z)) ∨ x = y].

Fact 3. If R is in R (or P or R′) then so are (µx)<yR, (∃x)<yR,
(∀x)<yR.

Proof. If R is in R (or R′) then so is (x < y ∧R(x, y, ~z))∨x = y,
by Facts 1 and 2, hence R3 yields (µx)<yR in the same class. If R is
in P a different argument, using R2, must be used. We leave this to
the reader. We now have (∃x)<yR⇔ (µx)<yR < y, hence this relation
is in R (or R′ or P) if R is. Similarly for (∀x)<yR. �

The reader should note that we are suppressing use of the projection
functions. We need to have “x < y” and “x = y” as relations in x, y, ~z,
just like R, in order to combine them with R. We will continue to be
inexact in this matter in the future.

The way we have written the preceding material, it seems as if the
argument “quantified out” in (∃x)<yR, etc., must be the first argument
in R. Obviously, of course, this is irrelevant, and we will apply these
results and notations to any argument. The reader should be able to
prove that if a function or relation is in R (or P or R′) then it remains
in that collection for any permutation of the arguments.

8.1.8. Definition.

x .− y =

{
x− y if y ≤ x,
0 otherwise.

Fact 4. .− is in (P ∩R′).

Proof. x .− y = (µz)<x(y + z ≥ z). �

Of course, the function x−y can’t be in R since it is not total with
values in ω.

Fact 5 (Definition by Cases). Let G1(~y), . . . , Gk(~y) be functions and
R1(~y), Rk(~y) be relations which are all in R (or P or R′). Assume that
for all ~y (from ω) exactly one of R1(~y), . . . , Rk(~y) holds. Let F (~y) =
Gi(~y) provided Ri(~y) holds. Then F is also in R (or P or R′).
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Proof. F (~y) = G1(~y) ·K¬R1(~y)+ · · ·+Gk(~y) ·K¬Rk
(~y) establishes

the conclusion. �

We next want to see that various operations on sequence numbers
are recursive. This is the first step to being able to work with Gödel
numbers recursively. It turns out that we need rule R2 to make these
definitions, so it is not clear if the functions are in R′.

Fact 6. xy is in P.

Proof. The equations{
x0 = 1,
xy+1 = xy · x,

define xy by R2. �

8.1.9. Definition. p : ω → ω is defined by p(0) = 2, p(i) = the ith odd
prime for i 6= 0. We usually write pi in place of p(i).

Fact 7. p is in P.

Proof. First notice that the relation P (x), “x is prime,” is in
P since it can be defined using just bounded quantifiers. Thus the
equations {

p(0) = 2,
p(i+ 1) = (µx)[P (x) ∧ p(i) < x],

define p with R2 and show that p is in R. Since we can bound x by
p(i)!, and since y! is in P , we in fact find that p is in P . �

8.1.10. Definition. Seq(n) ⇔ n is a sequence number, that is, n = 1
or n = 〈n0, . . . , nk〉 for some n0, . . . , nk, k ∈ ω.

Fact 8. Seq is in P.

Proof. Seq(n) holds if and only if n 6= 0 and (∀i)<n(pi+1|n →
pi|n), and x|y is easily seen to be in P , by bounded quantification. �

8.1.11. Definition. If n = 〈n0, . . . , nk〉 is a sequence number then
lh(n) = k + 1, the length of the sequence (number); lh(〈 〉) = 0.

Fact 9. lh is in P.

NOTE: As defined lh is not total, hence can’t be in P . What we
mean here is that there is some function lh′ in P (hence total) which
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agrees with lh on sequence numbers. Since we don’t care about the
values of this function for numbers which are not sequence numbers,
we simply use lh to also refer to this total extension lh′

Proof. lh(n) = (µx)<n(px - n). �

8.1.12. Definition. C(n, i) = ni if n = 〈n0, . . . , nk〉, i ≤ k, is the
coordinate function. We usually write (n)i for the value of C(n, i), the
ith coordinate.

Fact 10. C is in P.

Proof. We can define C on all pairs n, i by

C(n, i) = (µx)<n[(pi)
x+2 - n].

�

Note that we have the following:

Seq(n) ⇔ n = 〈(n)0, (n)1, . . . , (n)lh(n)
.−1〉.

8.1.13. Definition (Concatenation). If n = 〈n0, . . . , nk〉 and m =
〈m0, . . . ,ml〉 then the concatenation of n and m is the sequence number

n ∗m = 〈n0, . . . , nk,m0, . . . ,ml〉.

Fact 11. ∗ is in P.

Proof. n ∗m = (µx)[Seq(x) ∧ lh(x) = lh(n) + lh(m) ∧ (∀i)<lh(n)

[(x)i = (n)i]∧ (∀i)<lh(m)[(m)i = (x)i+lh(n)]]. This shows ∗ is recursive—
note that there always is an x with these properties, even if n,m are
not sequence numbers. To get ∗ in P we must bound x, which we leave
to the reader. �

8.1.14. Definition. If n = 〈n0, . . . , nl−1〉 is a sequence number of
length l, then for any i ≤ l the initial seqment of n of length i is
In(n, i) = 〈n0, . . . , ni−1〉.

Fact 12. In is in P.

Proof. The equations{
In(n, 0) = 1,

In(n, i+ 1) = In(n, i) · p(n)i+1
i ,

define In via R2. �
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8.1.15. Definition. Given F (y, ~x) the course of values function F (y, ~x)
is defined by

F (y, ~x) = 〈F (0, ~x), F (1, ~x), . . . , F (y − 1, ~x)〉.

Fact 13. F is in R (or P) if and only if F is.

Proof. From right to left is easy and left to the reader. We show
how to get F from F in a recursive way. Clearly F (y, ~x) = (µz)[Seq(z)∧
lh(z) = y ∧ (∀i)<y(z)i = F (i, ~x)]. Once again, to get F in P if F is we
need appropriately bound z. �

We next introduce a stronger form of primitive recursion (R2). This
corresponds to so-called “strong” induction. That is, we define the
value of F at k not just in terms of the value of F at k − 1, but in
terms of the entire sequence of previous values of F . In the relational
form, it enables one to use whether or not k is in a set S for each k < n
in defining whether or not n should belong to S. This is exactly the
sort of definition one has for the set of terms, of formulas, etc.

Fact 14 (Course-of-Values Recursion).

(a) If G(w, y, ~x) is in R (or P) then so is the function F (y, ~x)
defined by

F (y, ~x) = G(F (y, ~x), y, ~x).

(b) If S(w, x, ~x) is in R (or P) then so is the relation R(y, ~x)
defined by

R(y, ~x) ⇔ S(KR(y, ~x), y, ~x).

Proof. We just prove (a), from which (b) immediately follows.
Given G we first define H(y, ~x) by

H(y, ~x) = (µz)[Seq(z) ∧ lh(z) = y ∧ (∀i)<y(z)i = G(In(z, i), ~x)].

One can see that H(y, ~x) = F (y, ~x), so F (and hence F ) is in R if G is.
We leave to the reader the task of showing that H is in P if G is. �

Since we know that the standard operations with sequence num-
bers are recursive, we are now in a position to prove that most of the
standard syntactical concepts are recursive—when expressed in terms
of Gödel numbers.

We continue our assumption that L has just finitely many non-
logical symbols. For purposes of examples, we take L to be the language
of arithmetic, and so g(+) = 13, g(·) = 15, g(<) = 17, g(s) = 19, g(0) =
21.
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8.1.16. Definition.

(a) Tm(n) ⇔ n = ptq for some t ∈ TmL.

(b) Fm(n) ⇔ n = pφq for some φ ∈ FmL.

(c) Free(k, n) ⇔ k = pviq for some i and n = pφq for some
φ ∈ FmL and vi ∈ Fr(φ).

(d) Num(k) = pkq.

(e) Neg(k) = p¬φq, if k = pφq for some φ ∈ FmL.

(f) Sn(n) ⇔ n = pσq for some σ ∈ SnL.

(g) Sub(n, k,m) = pφvi
t q, provided n = pφq, k = pviq, and m =

ptq.

(h) Fm0(n) ⇔ n = pφq for some formula φ(v0).

Fact 15. Everything in the preceding definition is in P.

Proof. We simply show Tm is in P and leave the rest to the
diligent student. We see that Tm can be defined as follows:

tm(n) ⇔ (∃x)<n(n = 22x+1) ∨ n = 2g(0)+1∨
(∃x)<n(Tm(x) ∧ n = 2g(s)+1 ∗ x)∨
(∃x)<n(∃y)<n[Tm(x) ∧ Tm(y) ∧ n = 2g(+)+1 ∗ x ∗ y]∨
(∃x)<n(∃y)<n[Tm(x) ∧ Tm(y) ∧ n = 2g(·)+1 ∗ x ∗ y].

This definition is justified by Fact 14b, course-of-values recursion
for relations, since the right-hand side just involves Tm(x), Tm(y) for
x, y < n. �

8.1.17. Definition. LAx(n) ⇔ n = pφq for some logical axiom φ.

Fact 16. LAx is in P.

We will say that a set Σ of sentences is recursive if {pσq : σ ∈ Σ}
is recursive.

8.1.18. Definition.

(a) PrfΣ(n) ⇔ n = pφ0, . . . , φkq for some deduction φ0, . . . , φk

from Σ.
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(b) PrvΣ(n,m) ⇔ n = pφ0, . . . , φkq for some deduction φ0, . . . , φk

from Σ and m = pφkq.

Fact 17. If Σ is recursive, so are PrfΣ and PrvΣ.

8.1.19. Definition. ThmΣ(m) ⇔ m = pσq for some sentence σ such
that Σ ` σ.

If T = Cn(Σ) then T is decidable if and only if ThmΣ is recursive.
This is, of course, not obviously guaranteed by Σ being recursive. It is
useful to note the following:

8.1.20. Lemma. T is decidable if and only if ∃zPrvΣ(z,m) is in R
for some (or any) Σ which axiomatizes T .

Proof. ThmΣ(m) ⇔ Sn(m)∧∃zPrvΣ(z,m). Thus T is decidable
provided ∃zPrvΣ(z,m) is in R for some Σ with T = Cn(Σ). For the
other direction, note that for formulas φ(v0, . . . , vn) we have Σ ` φ if
and only if Σ ` ∀V0 . . . ∀vnφ. As an exercise, define a primitive re-
cursive function cl such that cl(pφq) = p∀v0 . . . ∀vnφq for some closure
∀v0 . . . ∀vnφ of φ. Then

∃zPrvΣ(z,m) ⇔ ThmΣ(cl(m))

shows that ∃zPrvΣ(z,m) is recursive provided T is decidable. �

8.2. Gödel’s β–Function

All that we need in order to carry out the (second) proof of the
Incompleteness Theorem in Chapter 7 is the Definability Lemma for
recursive functions and predicates. Clearly all the starting functions
are definable in N. Also it is easy to see that R1 and R3 preserve
definability. Further, a relation is definable in N if and only if its
characteristic function is. Thus, by induction, we see that every strictly
recursive function and relation is definable in N.

The problem, then, is with R2, the rule of primitive recursion. The
reason R2 is a problem is that the function F (x, ~y) obtained by use of
the rule is not given an explicit definition. Gödel showed how to give
an explicit definition of an F obtained in this way and how to turn it
into a first-order definition in N if the given functions G(~y), H(w, x, ~y)
are first-order definable in N.

In fact, Gödel’s argument shows how to eliminate uses of R2 alto-
gether, and thus establishes the following result:
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8.2.0. Theorem. R = R′.

This follows from the proposition asserting that R′ is closed under
applications of R2, that is:

8.2.1. Proposition. Assume G(y1, . . . , ym) and H(w, x, ~y) are both in
R′. Then so is the function F (x, ~y) defined by{

F (0, ~y) = G(~y),
F (x+ 1, ~y) = H(F (x, ~y), x, ~y).

The idea behind the proof is to see that we can explicitly define F
in terms of sequences as follows:

F (x, ~y) = z if and only if there is a sequence s0, . . . , sx

of length x + 1 such that s0 = G(~y), sx = z, and
(∀i)<x[si+1 = H(si, i, ~y)].

Of course, our treatment of sequence numbers in the previous sec-
tion uses R2, so we can’t use them here. Gödel’s technical result was
to define a function in R′ which enables one to code sequences.

8.2.2. Lemma. There is a function β(a, i) in R′ such that for all
n ∈ ω and for all a0, . . . , an there exists a such that (∀i)≤n[β(a, i) = ai].

Proof of Proposition from Lemma. The (English) explicit def-
inition of F above can be written using the β-function as: F (x, ~y) =
β((µa)[β(a, 0) = G(~y) ∧ (∀i)<xβ(a, i+ 1) = H(β(a, i), i, ~y)], x). �

Set-theoretically, a finite sequence (a0, . . . , an) is a set of ordered
pairs {(0, a0), (1, a1), . . . , (n, an)}. What we want to do is code such a
set by a single number a in such a manner that the uncoding function β
is in R′. We will break this into two parts—first, code ordered pairs of
numbers by numbers; second, code finite sets of numbers by numbers.

Coding ordered pairs is very easy.

8.2.3. Definition. OP (a, b) = (a+ b)2 + a+ 1.

Fact 0. If OP (a, b) = OP (a′, b′) then a = a′ and b = b′.

Proof. If a + b < a′ + b′ then we have OP (a, b) ≤ (a + b + 1)2 <
OP (a′, b′). Hence OP (a, b) = OP (a′, b′) implies a + b = a′ + b′, which
then implies a = a′ and thus b = b′. �

Fact 1. a, b < OP (a, b).
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So our problem is reduced to coding finite sets of numbers. What
we will actually do is, for each number m, code sets of non-zero num-
bers less than m by a number. Our code for a finite set will then be
an ordered pair, the first coordinate giving a number m bounding all
numbers in the set and the second coordinate giving the code of the
set relative to the bound m.

We will use the following elementary fact:

Fact 2. Assume that ki, lj are relatively prime for all 0 ≤ i ≤ n, 0 ≤
j ≤ m. Then ∃c[(∀i)≤nki|c ∧ (∀j)≤m lj - c].

Proof. Take c = k0 · k1 · · · · · kn. �

Fact 3. There is a function ρ(x, y) in R′ such that for every m and
for all i, j with 0 < i < j < m, ρ(m, i) and ρ(m, j) are relatively prime.

Proof. First note that (1 + iz) and (1 + jz) are relatively prime
provided 0 < i < j and (j − i)|z. Thus we want z(m) to be divisible
by every such (j − i), which can be guaranteed by defining

z(m) = (µw)[(∀k)<m[k 6= 0 → k|w] ∧ w 6= 0],

which is in R′. Finally then ρ(m, i) = 1 + i · z(m) works. �

Thus, given a set S ⊆ {x : x < m} we define the code of S relative
to m as:

c =
∏
x∈S

ρ(m,x).

By Facts 2 and 3 we see that if x < m then x ∈ S if and only if
ρ(m,x)|c. Next, given any finite S ⊆ ω, a code of S is a number
a = OP (m, c) where m is a number larger than every number in S and
c is the code of S relative to m. Therefore, x ∈ S if and only if x < m
and ρ(m,x)|c. If the set S we start with is a set of ordered pairs of
a finite sequence, that is, S = {OP (i, ai) : i ≤ n}, then the resulting
a is the code of the finite sequence. Finally, we see that decoding the
number assigned in this way to a finite sequence is done by β defined
in the following manner:

8.2.4. Definition. β(a, i) = (µx)<a(∃m)<a(∃c)<a[a = OP (m, c) ∧
ρ(m,OP (i, x))|c].

This then completes the proof of Lemma 8.2.2 establishing the ex-
istence of the β-function.
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The careful reader will have noted that there was some redundancy
in our definition of recursive functions in the previous section, since +
and · can be defined from the starting functions using R2 (and R1 of
course). We need them in our starting set, however, if we don’t have
R2, in particular to obtain the result of this section.

8.3. Representability of Recursive Functions

As we pointed out previously, the result of the preceding section
makes it almost obvious that all recursive functions are definable in N.
What we will prove in this section is a stronger result, which will yield
improvements in the Incompleteness Theorem. Roughly speaking, we
will prove that the recursive functions are definable in every model of
Q, and that this in fact characterizes the recursive functions.

In this section, all languages will include at least 0 and s, so that
the numerals n for n ∈ ω are all terms of the language. Our stronger
notion of definability is then as follows:

8.3.0. Definition.

(a) LetR ⊆ ωn. R is (strongly) representable in T by φ(x0, . . . , xn−1)
if and only if for all k0, . . . , kn−1 ∈ ω we have

R(k0, . . . , kn−1) holds ⇒ T ` φ(k0, . . . , kn−1),

and

R(k0, . . . , kn−1) fails ⇒ T ` ¬φ(k0, . . . , kn−1).

(b) Let F : ωn → ω. F is representable in T by φ(x0, . . . , xn−1, y) if
and only if for all k0, . . . , kn−1 ∈ ω we have T ` ∀y[φ(k0, . . . , kn−1, y) ↔
y ≡ m] for m = F (k0, . . . , kn−1).

We will say that R (or F ) is representable in T to mean that R (or
F ) is representable in T by some formula of the language of T . Note
that, unless T is complete, the definition in (a) is stronger than the re-
quirement that R(k0, . . . , kn−1) holds if and only if T ` φ(k0, . . . , kn−1).
The following lemma is easily established and thus left to the reader:

8.3.1. Lemma.

(i) If R (or F ) is representable in T1 by φ and T1 ⊆ T2 then R
(or F ) is also representable by φ in T2.

(ii) Assume that T ` ¬0 ≡ 1. Then R is representable in T if and
only if KR is.
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(iii) Assume that R is representable in T by φ. Let A |= T . Then
for all k0, . . . , kn−1 ∈ ω,R(k0, . . . , kn−1) holds if and only if
A |= φ(k0, . . . , kn−1).

A statement analogous to (iii) for functions also holds. In addition,
the converse to (iii) holds. The reader should note that the (stronger)
requirement in (a) is used in establishing each part of the lemma. If T
is inconsistent then every relation and function is representable in T .
Otherwise, of course, only countably many relations and functions can
be representable in T .

Our goal is to show that a function is recursive if and only if it is
representable in Q, and that Q could be replaced by any consistent
recursively axiomatized T such that Q ⊆ T (where T might possibly
be in a larger language). To accomplish this we must establish that
a large number of sentences (true on N) are in fact provable from Q.
The following definition allows us to be precise in the description of
the sort of consequences of Q we will need.

8.3.2. Definition. The set of Σ-formulas of L is defined as follows:

(i) Every atomic and negated atomic formula is a Σ-formula.
(ii) If φ, ψ are Σ-formulas then so are (φ ∧ ψ), (φ ∨ ψ).
(iii) If φ is a Σ-formula then so are ∃xφ and ∀x(x < y → φ).

A Σ-sentence is then a Σ-formula with no free variables.

8.3.3. Theorem. Let σ be a Σ-sentence (of the language of N). Then
N |= σ if and only if Q ` σ.

We will prove the corresponding statement about Σ-formulas by
induction. The base case (atomic formulas) would be tedious done
directly because of the complexity of terms allowed. We call an atomic
formula primitive if it has one of the following forms: x ≡ 0, x ≡ y, x <
y, sx ≡ y, x+ y ≡ z, x · y ≡ z, where x, y, z are variables.

8.3.4. Lemma. For any Σ-formula φ(x0, . . . , xn−1) there is a Σ-formula
φ∗(x0, . . . , xn−1) containing only primitive atomic formulas such that
φ |==| φ∗.

The idea of the proof is to note, for example, that s(x + y) ≡ z
is equivalent to ∃u(x + y ≡ u ∧ su ≡ z). We leave the proof to the
reader who, if unwilling to do this, could just change the definition of
Σ-formula so that all the atomic formulas are primitive.
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Proof of Theorem 8.3.3. We prove, by induction on the collec-
tion of Σ-formulas built using only primitive atomic formulas, that for
such φ(x0, . . . , xn−1) and any k0, . . . , kn−1 ∈ ω, if N |= φ(k0, . . . , kn−1)
then Q ` φ(k0, . . . , kn−1). [Note, of course, that Q ` σ implies N |= σ
for any σ since N |= Q.] There are ten base cases for x ≡ y, x < y, sx ≡
y, x+ y ≡ z, x · y ≡ 0 and their negations.

(i) If N |= k ≡ l then k = l hence k is l hence ` k ≡ l (since
x ≡ x ∈ Λ).

(ii) If N |= ¬k ≡ l then k 6= l. Since ` (x ≡ y → y ≡ x) we may
suppose without loss of generality that k > l. We will prove
by induction on l that for every l and for every k, if k > l then
Q ` ¬k ≡ l. Suppose l = 0. Then k = n + 1 for some n, so
k is sn. But Q ` ¬sn ≡ 0 by axiom 1 of Q (page 32), i.e.,
Q ` ¬k ≡ l. Knowing the result for l, we prove it for l + 1.
Once again, if k > l + 1 then k = n + 1 for some n > l. By
inductive hypothesis, Q ` ¬n ≡ l. But Q ` (sn ≡ sl→ n ≡ l)
by axiom 2, so Q ` ¬sn ≡ sl, i.e., Q ` ¬k ≡ l as required.

(iii) If N |= sn ≡ l then n+ 1 = l so sn is l, so ` sn ≡ l.
(iv) If N |= ¬sn ≡ l then n+ 1 6= l so by (ii) Q ` ¬n+ 1 ≡ l, i.e.,

Q ` ¬sn ≡ l since n+ 1 is sn.
(v)–(viii) The cases of x + y ≡ z,¬x + y ≡ z, x · y ≡ z,¬x · y ≡ z are

left to the reader. You will use induction for the atomic cases
and axioms 3–6 of Q.

(ix)–(x) We show simultaneously by induction on l that for all k, l if
k < l then Q ` k < l and if k 6< l then Q ` ¬k < l. This uses
axioms 7 and 8.

The inductive steps for ∧,∨, and ∃ are easy and left to the reader

(note, of course, that we use the fact that the universe of N is {kN
: k ∈

ω} in ∃-step). The step for bounded universal quantification is harder.
Assume the inductive hypothesis for φ(x, y, z1, . . . , zn) and let ψ(y, z)
be ∀x(x < y → φ). Given k, k1, . . . , kn ∈ ω suppose that N |=
ψ(k, k1, . . . , kn). Then N |= φ(l, k, k1, . . . , kn) for every l < k, hence
by inductive hypothesis, Q ` φ(l, k, k1, . . . , kn) for every l < k. To
conclude that Q ` ∀x(x < k → φ(x, k, k1, . . . kn)) we need to establish
that, for every k, we have Q ` ∀x(x < k → x ≡ 0 ∨ x ≡ 1 ∨ · · · ∨ x ≡
k − 1). This is easily established by induction on k, again using ax-
ioms 7 and 8 of Q. �

Finally, the representability result we are after is as follows:
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8.3.5. Theorem. Let T be a consistent, recursively axiomatized the-
ory containing Q. Let F : ωn → ω be given. Then the following are
equivalent:

(1) F is recursive.
(2) F is representable in Q by a Σ-formula.
(3) F is representable in T .

Proof. (1) ⇒ (2) By the results of the preceding section it suffices
to show that the functions in S are representable in Q by Σ-formulas
and that R1 and R3 preserve this property. We claim that K< is rep-
resented by (x0 < x1∧ y ≡ 0)∨ (¬x0 < x1∧ y ≡ 1), that s,+, · are rep-
resented by sx0 ≡ y, x0 +x1 ≡ y, and x0 ·x1 ≡ y, respectively, and that
P n

i is represented by xi ≡ y (considered as a formula in x0, . . . , xn, y).
The verifications are straightforward using Theorem 8.3.3—note, how-
ever, that the directions Q ` ∀y[φ(k0, . . . , kn−1, y) → y ≡ m] use the
fact (not stated by a Σ-formula) that in each of the above, we in fact
have that ∀x0 . . . ∀xn∀y∀y′[φ(~x, y)∧φ(~x, y′) → y ≡ y′] is logically valid.

To show R1 preserves representability, suppose G is representable in
Q by φ(x1, . . . , xk, z) and Hi is representable in Q by ψi(y1, . . . , ym, xi)
for each i = 1, . . . , k. We then claim that F (~y) = G(Hi(~y), . . . , Hk(~y))
is representable inQ by the formula χ(y1, . . . , ym, z) : ∃x1 . . . ∃xk[φ(~x, z)∧
ψ1(~y, x1)∧. . .∧ψk(~y, xk)]. Thus given k1, . . . , km ∈ ω let li = Hi(k1, . . . , km)
and let n = G(l1, . . . , lk). ThenQ ` φ(l1, . . . lk, n) andQ ` ψi(k1, . . . km, li),
henceQ ` χ(k1, . . . , km, n). Further, Q ` χ(k1, . . . , km, z) → ψi(k1, . . . , km, li)
and Q ` φ(l1, . . . , lk, z) → z ≡ n, hence Q ` χ(k1, . . . , km, z) → z ≡
n. Thus χ does represent F in Q, and χ is a Σ-formula provided
φ, ψ1, . . . , ψk are Σ-formulas.

Finally we need to prove that R3 preserves representability. Sup-
pose G is represented in Q by ψ(y1, . . . , ym, x, z), and let F (~y) =
(µx)[G(~y, x) = 0]. We claim that F is represented in Q by φ(y1, . . . , ym,
x) : ψ(y1, . . . , ym, x, 0) ∧ ∀u[u < x → ∃v(¬v ≡ 0 ∧ ψ(y1, . . . , ym, u, v))].
First of all, if F (k1, . . . , km) = n then Q ` φ(k1, . . . , km, n), since ψ rep-
resents G and since we know that Q ` ∀u(u < n → u ≡ 0 ∨ . . . ∨ u ≡
n− 1). Now we need to establish that Q ` [φ(k1, . . . , km, x) → x ≡ n]
for n = F (k1, . . . , km). Here we finally use axiom 9 of Q, which
yields Q ` (x 6≡ n → x < n ∨ n < x). We have Q ` (x < n →
¬ψ(k1, . . . , km, x, 0)), and Q ` n < x → ∃u(u < x ∧ ¬∃v[¬v ≡
0∧ψ(k1, . . . , km, u, v)]), so we can conclude that φ represents F . And,
of course, φ is a Σ-formula provided ψ is.

(2) ⇒ (3) is immediate by Lemma 8.3.1.
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(3) ⇒ (1). Let T be consistent and be axiomatized by the recursive
set Σ. Suppose F is representable in T by φ(x0, . . . , xn−1, y). Then
F (k0, . . . , kn−1) = l if and only if Σ ` φ(k0, . . . , kn−1, l), since T is
consistent. We therefore can define F (k0, . . . , kn−1) as the least l such
that Σ ` φ(k0, . . . , kn−1, l); we need to see that this is recursive. Well,

we have F (k1, . . . , kn) = ((µw)[PrvΣ((w)0, pφ(k0, . . . , kn−1, (ω)1)q)])1,

which is recursive since the functionG(k0, . . ., kn−1,m) = pφ(k0, . . . , kn−1,m)q
is recursive since it is obtained by (n+1) iterations of the function Sub
defined in Definition 8.1.16. �

Note that for the direction (3) ⇒ (1) we do not need to assume
Q ⊆ T , and T might be in a larger language than Q; we do need
T |= k 6≡ n if k 6= n.

As a consequence we also obtain the same equivalence for recursive
relations, using the lemma and the observation that R is representable
by as Σ-formula provided KR is representable by a Σ-formula.

8.4. Gödel’s Incompleteness Theorem

We can now quickly derive Gödel’s Theorem following our proof
number two from Section 7.3.

8.4.0. Incompleteness Theorem (Gödel 1931). Assume that T is
recursively axiomatized and N |= T . Then there is a sentence σ, the
negation of a Σ-sentence, such that N |= σ but T 0 σ.

Proof. We may suppose that Q ⊆ T , since otherwise we could
take as σ one of the axioms of Q. Let Σ be a recursive set of axioms
for T . The following relation is then recursive:

PrvΣ(z, Sub(v0, pv0q, Num(v0))),

hence represented in Q (and also T ) by some Σ-formula θ(v0, z). Now
let φ(v0) be ¬∃zθ(v0, z), let k = pφq and let σ be φ(k). Note that
σ is the negation of the Σ-sentence ∃zθ(k, z). And the following are
equivalent:

N |= σ,
¬(∃nN |= θ(k, n)),

¬[∃nPrvΣ(n, Sub(k, pv0q, Num(k)))],
Σ 0 σ,

since pσq = Sub(pφq, pv0q, Num(pφq)). Since N |= Σ we must have
Σ 0 σ, and N |= σ, whence also T 0 σ. �

8.4.1. Corollary. Th(N) is not recursively axiomatizable.
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This theorem should be contrasted with Theorem 8.3.3, which as-
serts that every Σ-sentence true on N is a consequence of Q. In fact,
even the set of Σ-sentences true on N is more complicated than might
be thought.

8.4.2. Corollary. {θ : N |= θ, θ is a Σ-sentence} is not recursive.

Proof. the set of all Σ-sentences is easily shown to be recursive, so
if the above mentioned set were recursive so would Σ0 = {θ : N |= ¬θ, θ
is a Σ-sentence }, hence also Σ∗ = {¬θ : θ ∈ Σ0}. But then T = Cn(Σ∗)
would contradict the statement of Gödel’s Theorem. �

The only place in the proof of Theorem 8.4.0 that we used the
assumption that N |= T was in concluding that Σ 0 σ. We can elimi-
nate this assumption by using the fact that ¬σ is (equivalent to) a Σ-
sentence, hence (for T ⊇ Q) we must have T ` ¬σ provided N |= ¬σ.
We thus obtain:

8.4.3. Theorem. Assume that T is recursively axiomatized and con-
sistent. Then there is a sentence σ, the negation of a Σ-sentence, such
that N |= σ but T 0 σ.

[Of course, we might have T ` ¬σ.]

8.5. Church’s Thesis

For our precise results of the previous section to have the full, intu-
itive force of the statements in Chapter 7, we must accept that every
intuitively effectively computable function on ω is in fact recursive.
This assertion is known as Church’s Thesis, after the logician who first
explicitly enunciated it.

Church’s Thesis can hardly be regarded as “obvious,” since our
definition of recursive is somewhat ad hoc. We spent enough effort
showing that a relatively small number of functions are recursive—why
should we accept that all computable functions are recursive?

On the other hand, Church’s Thesis can hardly be susceptible to
formal proof, since the intuitive concept of computable is necessarily
informal and potentially ambiguous. Nevertheless, we can adduce sev-
eral reasons for accepting Church’s Thesis.

First, of course, is the lack of a counterexample. No one has been
able to come up with a function on ω which is effectively computable
but not recursive.
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Second, and more important, is the fact that a number of other ways
have been introduced to formalize the notion of effective computability—
Turing machines, Markov algorithms, equationally derivable, etc. Al-
though independently developed using different points of departure,
these have all turned out to yield the same “computable” functions,
namely the recursive functions.

A third argument is as follows. Suppose you are given an effec-
tively computable function F : ω → ω. That is, you are given a finite
list of instructions which can be used to compute all the values of F .
Surely this finite list of instructions must be formalizable in set theory
of some sort (where, after all, all mathematics is carried out), and the
axioms of some usual set theory must be strong enough to imply that
the instructions yield the correct value. That is, there must be some
formula φ(x, y) of set theory (allowing also s, 0) and some (recursive)
set S∗ of set theoretical axioms such that for every k ∈ ω, if m = F (k)
then S∗ ` φ(k,m) and S∗ ` ∀y[φ(k, y) → y ≡ m]. That is, F is
representable in S∗ by φ, hence F is recursive by Theorem 8.3.5 (re-
membering that the implication (3) ⇒ (1) does not require the theory
to contain the axioms of Q).

The presumption that the axioms of any reasonable set theory must
be recursive seems clear—in practice you could only be given an axiom-
atization by finitely many schemas, which will end up being recursive.

In any case, henceforth we will accept Church’s Thesis. It can be
used to eliminate formal proofs that a function is recursive in favor of
intuitive descriptions of a method to compute the function. Of course,
there can be no essential applications of Church’s Thesis, and we will
normally not use it unless the alternative is horrendously complicated.

8.6. Primitive Recursive Functions

Functions of two arguments can be viewed as indexed families of
functions of one argument analogously to relations. That is, given
F : ω × ω → ω we define Fk : ω → ω by Fk(x) = F (k, x) for all x, and
we think of F as {Fk}k∈ω.

Our main goal in this section is to prove that there is a recur-
sive function U of two arguments which “lists all primitive recursive
functions of one argument”—that is, a function F of one argument is
primitive recursive if and only if there is some k such that F = Uk.

Once we have such U we can define F : ω → ω by F (n) = U(n, n)+1
for all n. Then F is recursive but F 6= Uk for all k, hence F is not
primitive recursive. Thus we have established P ( R.
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To accomplish this we consider how we define primitive recursive
functions. A sequence of steps showing exactly how some primitive
recursive function F is obtained from the starting functions using R1
and R2 is called a primitive recursive definition of F . Of course the
same primitive recursive function will have many different primitive
recursive definitions, but each primitive recursive definition determines
a unique function and gives complete instructions for computing its
values.

We show how to code each primitive recursive definition by a se-
quence number in such a way that we can effectively obtain the values
of a primitive recursive function from its code. This will enable us to
obtain the desired recursive function U .

A sequence number coding a primitive recursive definition will be
called a primitive recursive index, and we will use IPr for the set of
all primitive recursive indices. Our definition will be such that the
following hold for f ∈ IPr:

(f)1 is the number of arguments of the function whose
definition is coded by f ;
(f)0 = 0 if the coded definition just specifies some
starting function;
(f)0 = 1 if the last rule applied in the definition is
R1;
(f)0 = 2 if the last rule applied in the definition is
R2;
if (f)0 = 0 then the numbers (f)i for i > 1 specify
which starting function;
if (f)0 = 1 or 2 then the numbers (f)i for i > 1
are indices for the functions to which the last rule is
applied.

The indices could be virtually anything “reasonable” (i.e., effective)
satisfying the above guidelines. For the sake of definiteness we make
the following choices:

the index of s is 〈0, 1, 0〉,
the index of + is 〈0, 2, 1〉,
the index of · is 〈0, 2, 2〉,
the index of K< is 〈0, 2, 3〉,
the index of P n

i for any 1 ≤ i ≤ n is 〈0, n, 4, i〉.
If g, h1, . . . , hk ∈ IPr, corresponding to functions G,H1, . . . , Hk

respectively, and if F is defined using R1 as

F (~y) = G(H1(~y), . . . , Hk(~y))
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then the primitive recursive index f of this definition of F is 〈1, n, g, h1, . . . , hk〉
where n is the number of arguments of F (i.e., of each Hi). Note that
R1 can actually be applied to G and H1, . . . , Hk to yield F (and so f
actually is a primitive recursive index) if and only if (g)1 = k and for
all i = 1, . . . , k (hi)1 = (f)1.

If g, h ∈ IPr correspond to G and H, and if F is defined from them
by R2, that is {

F (0, ~y) = G(~y),
F (x+ 1, ~y) = H(F (x, ~y), x, ~y),

then this definition of F has index f = 〈2, n+ 1, g, h〉, where n = (g)1.
Furthermore, R2 can actually be applied, and so f is really an index if
and only if (h)1 = (g)1 + 2 = h+ 2.

The reader should check that the preceding paragraphs can be
rewritten (without reference to the actual functions F,G,H, etc.) to
yield a definition of IPr by course-of-values recursion, and thus IPr is
primitive recursive.

Next define the “evaluation” relation E ⊆ ω × ω × ω by E(f,m, l)
holds if and only if f ∈ IPr, lh(m) = (f)1, and F ((m)0, . . . , (m)n−1) =
l, where n = (f)1 and F is the function defined by the primitive recur-
sive definition with index f .

E is certainly intuitively computable, since f codes the entire his-
tory of F and thus gives complete instructions for computing its values.
The reader should check that we can easily give a formal definition
showing that E is recursive.

Finally the function U which we are after can be defined by U(k, x) =
(µz)([k ∈ IPr ∧ (k)1 = 1 ∧ E(k, 〈x〉, z)] ∨ k /∈ IPr ∨ (k)1 6= 1). Thus
Uk is the identically 0 function whenever k is not a primitive recursive
index defining a function of one argument.

With U we can define other interesting recursive but not primitive
recursive functions, for example, G : ω → ω with the property that
whenever H : ω → ω is primitive recursive then there is some k0 ∈ ω
such that G(x) > H(x) for all x > k0.

Recursive but not primitive recursive functions can also be defined
in a more mathematically “natural” fashion, but the proofs of non-
primitive recursivity are not easy. One such function is K : ω×ω → ω
determined by

K(n, 0) = n+ 1,
K(0,m+ 1) = K(1,m),
K(n+ 1,m+ 1) = K(K(n,m+ 1),m).
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What happens if we try to mimic this process for recursive func-
tions? Well a recursive definition allows use of R3, and thus we will
need indices f = 〈3, . . .〉 to reflect this. But the corresponding E can’t
be recursive, else we would have a contradiction. The reader should
figure out what precisely goes wrong.



CHAPTER 9

Undecidability and Further Developments

9.0. Introduction

This chapter continues the development of the techniques used to
prove Gödel’s Incompleteness Theorem. In Section 9.1 we present some
generalizations and related results obtained in the mid-1930s by Rosser,
Church, and Tarski. In Section 9.2, following the approach of Tarski,
Mostowski, and R.M. Robinson, we finally obtain methods of showing
the undecidability of theories which do not contain Q. In particular, we
finally derive Church’s celebrated solution to the decision problem for
pure logic. In Section 9.3 we pause to present some of the fundamental
properties of r.e. relations, in particular proving that they are precisely
the relations definable in N by Σ-formulas. In Section 9.4 we discuss
the solution to Hilbert’s tenth problem. The “technical” lemma needed
for its solution states that in fact every r.e. relation is definable in N by
an existential formula. In Section 9.5 we give a “fixed point” theorem
which is lurking behind the Incompleteness Theorem. We use this
result to discuss Gödel’s second Incompleteness Theorem which states
that no consistent extension of P can prove its own consistency.

9.1. The Theorems of Church and Tarski

Recall that a theory T is decidable if and only if ThmT = {pσq : σ ∈
SnL, T |− σ} is recursive. Gödel’s Incompleteness Theorem implies
that Th(N) is not decidable. A considerable strengthening of this,
due essentially to Church, states that no consistent extension of Q is
decidable.

The following notation will be helpful:

9.1.0. Definition. For any R ⊆ ω × ω and any k ∈ ω, Rk = {n :
R(k, n) holds}.

We will frequently think of a binary relation R on ω as an indexed
family of sets Rk, as defined above. Similarly, of course, an (n+ 1)-ary
relation could be considered as an indexed family of n-ary relations.

57
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The following, trivial lemma is the main component of a surprising
number of sophisticated arguments:

9.1.1. Lemma (Diagonalization). Given a binary relation R on ω,
define Q by Q(x) ⇔ ¬R(x, x). Then Q 6= Rk for every k.

Proof. If Q = Rk0 then Q(k0) holds if and only if ¬R(k0, k0) holds
if and only if Rk0(k0) fails, a contradiction. �

9.1.2. Church’s Theorem. Assume T is consistent and Q ⊆ T .
Then T is not decidable.

Proof. Suppose T were decidable, so ThmT is recursive. Define
R by

R(k, n) ⇔ ThmT (Sub(k, pv0q, Num(n))),

that is, R(k, n) holds if and only if k = pφq for some formula φ(v0) and
T |− φ(n). Then R is recursive, by our supposition.

Since T ⊇ Q we know that every recursive set is representable in
T , that is, if X ⊆ ω is recursive then there is some φ(v0) such that
X = {n ∈ ω : T |− φ(n)}. This means that every recursive X ⊆ ω is
Rk for some k.

Finally define Q by Q(x) ⇔ ¬R(x, x). Then Q is recursive, since
R is. But Q 6= Rk for all k by diagonalization, which contradicts the
result of the previous paragraph. �

To derive (Rosser’s improvement of) Gödel’s Incompleteness Theo-
rem from Church’s result, we need to know that a complete recursively
axiomatized theory is decidable. We gave an informal argument for
this in Chapter 7, but can now give a very neat, formal proof.

The following definition introduces one of the fundamental concepts
of recursion theory:

9.1.3. Definition. R ⊆ ωn is recursively enumberable (r.e.) if and
only if there is some recursive Q ⊆ ωn+1 such that R(~x) ⇔ ∃y Q(~x, y).

Clearly, a recursive relation is r.e., and we will soon see that the
converse fails. The next important fact gives us one way of showing
that an r.e. relation is in fact recursive.

9.1.4. Proposition. R is recursive if and only if R and ¬R are both
r.e.
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Proof. We need just show the implication from right to left. Sup-
pose R and ¬R are both r.e. Then there are recursive relations Q, S
such that

R(~x) ⇔ ∃y Q(~x, y)

and

¬R(~x) ⇔ ∃y S(~x, y).

Since for any ~x either R(~x) or ¬R(~x) must hold, we see that

(µy)[Q(~x, y) ∨ S(~x, y)]

is a recursive function. Since R(~x) and ¬R(~x) can’t both hold we see
that

R(~x) ⇔ Q(~x, (µy)[Q(~x, y) ∨ S(~x, y)]),

hence R is recursive. �

Using the above result, the proof of the result on complete recur-
sively axiomatizable theories is easy.

9.1.5. Theorem. Assume T is complete and recursively axiomatizble.
Then T is decidable.

Proof. Let Σ be a recursive set of axioms for T . Then ThmT is
r.e. since

ThmT (x) ⇔ ∃z[PrvΣ(z, x) ∧ Sn(x)].

But ¬ThmT is also r.e., because T = Cn(Σ) is complete, and so

¬ThmT (x) ⇔ ∃z[PrvΣ(z,Neg(x)) ∨ ¬Sn(x)].

Thus T is decidable. �

Thus, Church’s undecidability theorem yields as a consequence the
following improvement, due to Rosser, of the Incompleteness Theorem:

9.1.6. Theorem. No recursively axiomatizable theory T with Q ⊆ T
is complete.

Analyzing the proof of Church’s Theorem we see that the only use
of the assumption that T is decidable is to conclude that ThmT is
representable in T (since the functions representable in T are closed
under composition—cf. page 50). Using this observation we are able
to derive Tarski’s well-known result about the undefinability of truth.
The details are left to the reader.



60 9. UNDECIDABILITY AND FURTHER DEVELOPMENTS

9.1.7. Theorem (Tarski). Let A |= Q. Then there is no formula
θ(x) such that for every sentence σ we have A |= σ if and only if
A |= θ(pσq).

A variant of this states:

9.1.8. Theorem. Let T be consistent, Q ⊆ T . Then there is no for-
mula θ(x) such that for every sentence σ we have T |− [σ ↔ θ(pσq)].

Finally, the following result graphically illustrates the way in which
completeness fails:

9.1.9. Theorem. Let T be a consistent, recursively axiomatized the-
ory, T ⊇ Q. Then there is some θ(y), a negation of a Σ-formula, such
that T |− θ(k) for every k ∈ ω but T 6|− ∀y θ(y).

Proof. We know there is some r.e. set X which is not recursive.
Then there is some recursive R such that X = {n : ∃y R(n, y) holds}.
R is represented in T by some φ(x, y). Therefore, n ∈ X implies
T |− ∃y φ(n, y). Since X is not recursive, there is some n0 /∈ X such
that T 6|− ¬∃y φ(n0, y) even though T |− ¬φ(n0, k) for every k. Thus,
we can take θ(y) = ¬φ(n0, y). �

If N |= T , then the above yields incompleteness.

9.2. Undecidable Theories

We now know that every consistent extension of Q is undecid-
able. In this section we present some general methods (due to Tarski,
Mostowski, and R.M. Robinson) to show that theories, not contain-
ing the axioms of Q, are undecidable. In particular, we will derive
Church’s negative solution to the decision problem, that is, that pure
logic, CnL(∅), is undecidable provided L contains at least a binary
predicate symbol.

The methods we develop could be called “relative undecidability”
results, since they will say that a theory T2 is undecidable provided it
is related in a certain way to a theory T1 known to be undecidable.
Repeated application of these methods, beginning with the particular
theory Q, will enable us to conclude, for example, that the theory of
fields, the theory of groups, and Th((Q,+, ·)) are all undecidable, in
addition to Church’s result about pure logic mentioned above.

The theory Q has a stronger property that will enter into our con-
siderations.
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9.2.0. Definition. A consistent theory T of L is essentially unde-
cidable (EU) if and only if every consistent extension of T (in L) is
undecidable.

Examples show that an undecidable theory need not be essentially
undecidable, but clearly any consistent extension of an essentially unde-
cidable theory (in the same language) is again essentially undecidable.

Our first relative undecidability results concern the following sorts
of extensions:

9.2.1. Definition. Let Ti be a theory of Li, i = 1, 2.

(a) T2 is a finite extension of T1 if and only if L1 = L2 and T2 =
Cn(T1 ∪ Σ) for some finite set Σ of sentences.

(b) T2 is a conservative extension of T1 if and only if L1 ⊆ L2 and
T1 = (T2 ∩ SnL1).

In particular, note that if Σ is a set of sentences of L1 and L1 ⊆ L2,
then CnL2(Σ) is a conservative extension of CnL1(Σ).

9.2.2. Theorem. Given theories Ti of Li, i = 1, 2:

(a) If T2 is a finite extension of T1 and T2 is undecidable, then T1

is undecidable.
(b) If T2 is a conservative extension of T1 and T1 is undecidable,

then T2 is undecidable.
(c) If T2 is a conservative extension of T1 and T1 is EU, then T2

is EU.

Proof. (a) Let T2 = Cn(T1 ∪ Σ), where L1 = L2 and Σ is finite.
Let σ be the conjunction of all the sentences in Σ. Then T2 |= θ if and
only if T1 |= (σ → θ), so we have ThmT2(x) ↔ ThmT1(p(σ →q∗x∗p)q),
thus ThmT2 is recursive provided ThmT1 is.

(b) We immediately conclude that ThmT1 is recursive if ThmT2 is,
since SnL1 is recursive.

(c) Given a consistent extension T ′2 of T2, in L2, let T ′1 = (T ′2 ∩
SnL1). Then T ′1 is undecidable since T1 is EU, and T ′2 is a conservative
extension of T ′1, hence undecidable by (b). �

9.2.3. Corollary. If the theory T of L is EU, then for every L′ ⊇ L
and every consistent theory T ′ ⊇ T of L′, T ′ is undecidable (in fact,
EU).
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The finite axiomatizability of Q also enters into our development in
an essential way.

9.2.4. Theorem. Assume T is a finitely axiomatizable EU theory of
L. Let T ′ be any theory of any L′ ⊇ L such that (T ∪T ′) is consistent.
Then T ′ is undecidable.

Proof. CnL′(T ∪ T ′) is undecidable by Corrolary 9.2.3, and it is
a finite extension of T ′, since T is finitely axiomatizable, hence T ′ is
undecidable by Theorem 9.2.2. �

9.2.5. Corollary. If there is some finitely axiomatizable EU theory of
L, then for every L′ ⊇ L, CnL′(∅) is undecidable. Hence CnL′(∅) is
undecidable whenever L′ ⊇ {+, ·, <, s, 0 }.

We will find it more convenient to work with structures rather than
theories. The sort of structures we are interested in are given in the
following definition:

9.2.6. Definition. An L-structure A is strongly undecidable if and
only if there is some finitely axiomatizable EU theory T0 of L such
that A |= T0.

Thus, N is strongly undecidable. Theorem 9.2.4 immediately yields
the following fact:

9.2.7. Corollary. Assume A is strongly undecidable. Let T be any
theory of L (the language of A) such that A |= T . Then T is undecid-
able.

Our goal is to establish certain “transfer” results for the property of
strong undecidability. We will then use these results, beginning with
the strongly undecidable structure N, to conclude that a number of
theories of interest are undecidable.

We begin with a simple lemma.

9.2.8. Lemma. Let A = B � L1 where B is an L2-structure.

(a) If A is strongly undecidable, so is B.
(b) If L2 − L1 = {c0, . . . , cn} consists just of individual constants

and if B is strongly undecidable, then so is A.

Proof. (a) This is clear from Theorem 9.2.2.
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(b) Let T2 be a finitely axiomatizable EU theory of L2 such that
B |= T2. Let Σ be a finite set of axioms for T2 and let σ be the
conjunction of the sentences in Σ. Then σ = φ(c0, . . . , cn) for some
formula φ(x0, . . . , xn) of L1. Let T1 = CnL1({∃x0 . . . ∃xn φ}). Then
A |= T1. We show that T1 is EU. Let T be a consistent L1 theory,
T1 ⊆ T . Let T ∗ = CnL2(T ). Then, for an arbitrary sentence θ of
L2 we know that θ = ψ(c0, . . . , cn) for some ψ(x0, . . . , xn) of L1 and
can conclude that T ∗ |= θ if and only if T |= ∀x0 . . . ∀xnψ. Thus T is
undecidable provided T ∗ is. But T ∗∪T2 is consistent (since T |= ∃~x φ),
hence T ∗ is undecidable by Theorem 9.2.4. Thus T1 is EU. �

Our main results concern the following two relations between struc-
tures:

9.2.9. Definition. Let A be an L1-structure and let B be an L2-
structure, where L1 ⊆ L2.

(a) B is an expansion by definitions of A if and only if A = B � L1

and for every R (F , c) ∈ L2 −L1, R
B (FB, {cB}) is definable

in A by an L1-formula (therefore also in B).
(b) A is definable in B if and only if A = B � L1 and A is definable

in B (by an L2-formula).

Our main transfer results are contained in the next theorem.

9.2.10. Theorem. Assume that B is strongly undecidable and that
either B is an expansion by definitions of A or B is definable in A.
Then A is strongly undecidable.

We prove this result via a sequence of lemmas. For the first part
of the theorem we assume that L1 ⊆ L2, B is a strongly undecidable
L2-structure, A = B � L1 and B is an expansion by definitions of A.
For each R (or F or c) ∈ L2 − L1 we fix an L1-formula φR (or φF or
φc) defining RB (FB, {cB}) in A. we let

∆ = {∀~x[R~x↔ φR(~x)] : R ∈ L2 − L1}
∪ {∀~x ∀y[F~x ≡ y ↔ φF (~x, y)] : F ∈ L2 − L1}
∪ {∀x[x ≡ c↔ φc(x)] : c ∈ L2 − L1}.

We further define Γ to be

{∀~x ∃!yφF (~x, y) : F ∈ L2 − L1} ∪ {∃!xφc(x) : c ∈ L2 − L1}.
Notice that Γ is a set of sentences of L1, A |= Γ, and B |= ∆. For
each L2-formula φ(~x) we let φ∗(~x) be the L1-formula obtained from φ
by replacing all symbols of L2 − L1 by their L1-definitions.
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If L2−L1 consists only of relations, φ∗ has a straightforward recur-
sive definition. In the general case, φ must first be rewritten so that
functions and constants of L2 − L1 occur only in contexts of F~x ≡ y
and x ≡ c. We leave further details to the reader. The basic properties
of this translation are given in the following lemma:

9.2.11. Lemma.

(0) ∆ |= [φ↔ φ∗] for all φ ∈ FmL2.
(1) If A′ is any L1-structure then A′ |= Γ if and only if A′ = B′ �

L1 for some B′ |= ∆.
(2) If Σ ⊆ SnL2, let Σ∗ = {σ∗ : σ ∈ Σ}, then ∆ ∪ Σ has a model

if and only if Γ ∪ Σ∗ has a model.

Proof. (0) and (1) are left to the reader.
(2) By compactness it suffices to consider the case where Σ is finite.

Since (φ∧ ψ)∗ = (φ∗ ∧ ψ∗) it suffices to consider the case Σ = {σ}. By
(1), Γ ∪ {σ∗} has a model if and only if ∆ ∪ {σ∗} has a model, and by
(0), ∆ ∪ {σ∗} has a model if and only if ∆ ∪ {σ} has a model, so (2)
holds. �

Since B is strongly undecidable we know B |= T2 where T2 =
CnL2(Σ) is EU and Σ is finite. We define T1 = CnL1(Σ

∗ ∪ Γ). Then
A |= T1, by Lemma 9.2.11, and T1 is finitely axiomatizable. (Note we
are using here our blanket assumption in decidability contexts that all
languages are finite.) Thus to show that A is strongly undecidable it
suffices to show that T1 is EU.

Let T be a consistent L1-theory, T1 ⊆ T . Let T ∗ = CnL2(T ∪∆).
We establish:

9.2.12. Lemma.

(3) For every sentence σ of L2, T
∗ |= σ if and only if T |= σ∗.

(4) T2 ⊆ T ∗.
(5) T is undecidable.

Proof. (3) From right to left is immediate by Lemma 9.2.11 (0).
The other implication (in its contrapositive form) is immediate from
Lemma 9.2.11 (2), since (¬σ)∗ is ¬σ∗.

(4) If σ ∈ T2 then Σ |= σ hence T1 |= σ∗ by Lemma 9.2.11 (2), and
so T ∗ |= σ∗, and therefore T ∗ |= σ by Lemma 9.2.11 (0).

(5) By (3), T ∗ is consistent, and so by (4) T ∗ is undecidable, hence
by (3) again T is also undecidable (since the function sending φ to φ∗

is recursive). �
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Thus the first part of Theorem 9.2.10 holds.
For the second part of Theorem 9.2.10 we assume that L1 ⊆ L2, B

is an L1-structure which is strongly undecidable and definable in the
L2-structure A. We first note that we may assume that B = PA, where
P is some 1-ary predicate symbol in L2−L1 (since otherwise we could
replace L2 by L2 ∪ {P} and expand A to A′ by defining PA = B = φA

for some φ; by the first part of Theorem 9.2.10 the strong undecidability
of A′ implies the strong undecidability of A).

We next define:

9.2.13. Definition. For arbitrary L1-formulas φ, the relativization
φ(P ) of φ to P is given by the following recursion:

φ(P ) = φ if φ is atomic,
(¬φ)(P ) = ¬φ(P ),

(φ→ ψ)(P ) = (φ(P ) → ψ(P )),
(∀xφ)(P ) = ∀x[Px→ φ].

We let Γ be the following finite set of L2-sentences:

{∃xPx} ∪ {Pc : c ∈ L1}∪
{∀x1 . . . ∀xn(Px1 ∧ . . . ∧ Pxn → PFx1, . . . , xn) : F ∈ L1}.

The following results can then be established as for the first part of
Theorem 9.2.10:

9.2.14. Lemma.

(0) For any L2-structure A′, A′ |= Γ if and only if there is some
B′ ⊆ A′ � L1 with B′ = PA′

.
(1) Given A′, B′ as in (0), for any L1-sentence σ we have B′ |= σ

if and only if A |= σ(P ).
(2) If Σ ⊆ SnL2 let Σ∗ = {σ : σ(P ) ∈ Σ}. Then Σ∗ has a model if

and only if (Σ ∪ Γ) has a model.

Now let T1 be a finitely axiomatizable EU theory such that B |= T1,
say T1 = Cn(Σ) where Σ is finite. We define

T2 = CnL2(Σ
(P ) ∪ Γ).

Then T2 is finitely axiomatizable and A |= T2, by Lemma 9.2.14 (0)
and (1). To show T2 is EU, let T be a consistent L2-theory, T2 ⊆ T .
Define

T ∗ = CnL1({σ ∈ SnL1 : σ(P ) ∈ T}).
We then have, as before, the following:
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9.2.15. Lemma.

(3) For any θ ∈ SnL1, T
∗ |= θ if and only if T |= θ(P ).

(4) T1 ⊆ T ∗.
(5) T is undecidable.

Further details are left to the reader.
We list some of the consequences of Theorem 9.2.10:

Fact 0. (ω,+, ·) is strongly undecidable, hence CnL(∅) is undecidable
whenever L contains at least two 2-ary function symbols.

Fact 1. (Z,+, ·) is strongly undecidable, hence the elementary theory
of rings (i.e., the consequences of the ring axioms in this language, or
in the language adding 0 or also 1) is undecidable.

Fact 2. (Q,+, ·) is strongly undecidable, hence the elementary theory
of fields is undecidable.

We prove Fact 0 by noting that N = (ω,+, ·, <, s, 0) is an expansion
by definitions of (ω,+, ·). To prove Fact 1 we show that (ω,+, ·) is de-
finable in (Z,+, ·)—this follows from the well-known number theoretic
fact that if k ∈ Z then k ≥ 0 if and only if there are n1, n2, n3, n4 ∈ Z
such that k = n2

1 +n2
2 +n2

3 +n2
4. A less familiar fact shows that (Z,+, ·)

is definable in (Q,+, ·).
Our next goal is to show there is a strongly undecidable structure

for the language with just a 2-ary predicate. To do this we require the
following:

9.2.16. Lemma. Assume that L2 = L1 ∪ {c1, . . . , cn} where c1, . . . , cn
are individual constants. Let B be an L2-structure and let A = B � L1.
If B is strongly undecidable then A is also strongly undecidable.

Proof. Assume that B |= T2 where T2 is EU and T2 = Cn(Σ)
for finite Σ. If σ is any sentence of L2 then σ is φ(c1, . . . , cn) for some
formula φ(x1, . . . , xn) of L1; we let σ∗ be the L1-sentence ∀x1 . . . ∀xnφ.
Note that for any theory T of L1 and any σ ∈ SnL2 , T |= σ if and only
if T |= σ∗—hence T is undecidable if (and only if) T ′ = CnL2(T ) is
undecidable.

Now let θ(c1, . . . , cn) be the conjunction of the sentences in Σ, let
θ# be the L1-sentence ∃x1 . . . ∃xnθ(~x), and let T1 = CnL1(θ

#). Then
A |= T1. We claim that T1 is EU. Let T ⊇ T1 be any consistent L1-
theory and let T ′ ⊆ CnL2(T ). Then (T ′ ∪ T2) is consistent, hence T ′ is
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undecidable, by Theorem 9.2.4, and so T is undecidable by the remark
in the first paragraph of this proof. �

9.2.17. Theorem. There is a strongly undecidable L-structure where
L is the language whose only non-logical symbol is a 2-ary predicate R.

Proof. Given L as in the statement of the theorem we let L+ =
L ∪ {0, 1, u}, where 0, 1, u are individual constant symbols, and we let
L++ = L+ ∪ {+, ·}, where +, · are 2-ary function symbols. We define
an L++-structure A++ such that (ω,+, ·) is definable in A++ and such
that A++ is an expansion by definitions of A+ = A++ � L+. It then
follows, using Lemma 9.2.16 and Theorem 9.2.10, that A = A+ � L is
strongly undecidable.

We let A = ω∪ (ω×ω)∪{u}, where u /∈ ω∪ (ω×ω), and we define
RA ⊆ A× A as follows:

RA = {(u, k) : k ∈ ω}
∪ {(k, (k, n)) : k, n ∈ ω}
∪ {((k, n), n) : k, n ∈ ω}
∪ {((0, k), (n, k + n)) : k, n ∈ ω}
∪ {((1, k), (n, k · n)) : k, n ∈ ω}.

In A+ the constants 0, 1, u are interpreted by 0, 1, u, respectively. In
A++ the interpretation of + is defined by the following L+-formula:

[¬(Rux ∧Ruy) ∧ z ≡ u]∨
[Rux ∧Ruy ∧Ruz ∧ ∃v1v2(R0v1 ∧Rv1x ∧Ryv2 ∧Rv2z ∧Rv1v2)].

The interpretation of · in A++ is similarly defined, with 0 replaced by
1. The assertions about A++ are then easily verified. �

We thus can conclude the following negative solution to the decision
problem, originally obtained by Church in 1936.

9.2.18. Corollary. CnL(∅) is undecidable provided L contains at least
one n-ary predicate or function symbol with n ≥ 2.

If L contains only 1-ary predicate symbols and individual constants
then CnL(∅) is decidable, as was pointed out in Section 7.4. If L con-
tains at least two 1-ary function symbols then CnL(∅) is undecidable.
On the other hand, if L contains just a single 1-ary function symbol
then CnL(∅) is decidable.

Methods similar to the above can be used to show that there are
strongly undecidable partial orders and strongly undecidable groups.
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Hence the elementary theory of partial orders and the elementary the-
ory of groups are both undecidable.

9.3. Recursively Enumerable Relations

In the further development of recursion theory the r.e. sets and
relations will take on increased significance. In this section we begin
developing the theory of r.e. sets. In particular we characterize the r.e.
relations as those weakly representable in Q, which corresponds to the
similar characterization of recursive relations. We further show that
the r.e. relations are precisely those definable in N by Σ-formulas and
that there are “universal” r.e. relations. These last two results have
no analogues for recursive relations and are an indication that the r.e.
relations have a “smoother” theory than the recursive relations.

Recall that we have shown that a relation R is recursive if and only
if R and ¬R are both r.e. Further, we know (from the Incompleteness
Theorem) that there are r.e. sets which are not recursive, so the r.e.
relations are not closed under complement. Our first lemma gives some
closure properties of the r.e. relations.

9.3.0. Lemma.

(a) Assume that R,S ⊆ ωn are both r.e. Then so are (R ∧ S),
(R ∨ S).

(b) Assume R(~x, y, z) ⊆ ωn+2 is r.e. Then so are ∃yR and (∀y)<zR.
(c) Assume R ⊆ ωn is r.e. and Fi : ω

k → ω are recursive for all
i = 1, . . . , n. Then S ⊆ ωk defined by

S(~y) ⇔ R(F1(~y), . . . , Fn(~y))

is r.e.

Proof. (a) Assume thatR(~x) ⇔ ∃yR∗(~x, y) and S(~x) ⇔ ∃S∗(~x, y),
where R∗ and S∗ are both recursive. Then we have

[R(~x) ∧ S(~x)] ⇔ ∃w[R∗(~x, (w)0) ∧ S∗(~x, (w)1)],

so (R ∧ S) is r.e.
(b) Assume that R(~x, y, z) ⇔ ∃uR∗(~x, y, z, u), where R∗ is recur-

sive. Then we have

(∀y)<zR⇔ (∀y)<z∃uR∗(~x, y, z, u) ⇔ (∃w)(∀y)<zR
∗(~x, y, z, (w)y),

so this is also r.e.
The other parts are left to the reader. �

It is interesting to note that the r.e. sets are precisely the “listable”
sets of Chapter 7. The proof of this is left to the reader.
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9.3.1. Theorem. Assume X ⊆ ω and X 6= ∅. Then X is r.e. if and
only if X = Ran(F ) for some recursive function F : ω → ω.

9.3.2. Definition. Let T be a theory of some language L ⊇ {s, 0},
let R ⊆ ωn, and let φ(x1, . . . , xn) be an L-formula. Then R is weakly
representable in T by φ provided the following holds:

for every k1, . . . , kn ∈ ω,R(k1, . . . , kn) holds
if and only if T |− φ(k1, . . . , kn).

Note that if T is consistent and R is representable in T by φ then
R is weakly representable in T by φ. Conversely, if T is complete and
R is weakly representable in T by φ then R is representable in T by φ.
Note however that it is not true that if R is weakly representable in T1

by φ and T1 ⊆ T2, T2 consistent, then R is weakly representable in T2

by φ. Our first theorem states that weak representability corresponds
exactly to recursive enumerability.

9.3.3. Theorem. Let T be a theory of L = {+, ·, <, s, 0} such that
N |= T,Q ⊆ T , and T is recursively axiomatizable. Let R ⊆ ωn. The
following are equivalent:

(0) R is r.e.
(1) R is weakly represented in T by a Σ-formula.
(2) R is weakly represented in T .

Proof. (2) ⇒ (0): Assume R is weakly represented in T by φ.
Then for any k1, . . . , kn ∈ ω we know that R(k1, . . . , kn) holds if and
only if ThmT (pφ(k1, . . . , kn)q). Thus R is r.e. since ThmT is r.e. and
the function F : ωn → ω defined by F (k1, . . . , kn) = pφ(k1, . . . , kn)q is
recursive.

(0) ⇒ (1): Since R is r.e. we know that R(k1, . . . , kn) holds if and

only if there exists l ∈ ω such that R∗(~k, l) holds, where R∗ is re-
cursive. Thus we know R∗ is representable in T by some Σ-formula
ψ(~x, y). We claim that the Σ-formula φ(~x) = ∃yψ weakly represents
R in T . It is clear that if R(k1, . . . , kn) holds then T |− φ(k1, . . . , kn).
Conversely, if T |− φ(k1, . . . , kn) then N |= φ(k1, . . . , kn), hence N |=
ψ(k1, . . . , kn, l) for some l ∈ ω. Since ψ is a Σ-formula we know that

Q |− ψ(k1, . . . , kn, l) and so R∗(~k, l) holds, and thus R(~k) holds. �

Since Q |− φ(k1, . . . , kn) if and only if N |= φ(k1, . . . , kn) for Σ-
formulas φ(~x) we can immediately conclude:
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9.3.4. Corollary. R ⊆ ωn is r.e. if and only if R is definable in N by
a Σ-formula.

As in Section 9.1 we use the following notation: if R ⊆ ωn+1 and

k ∈ ω then Rk = {(l1, . . . , ln) : R(k,~l ) holds}. We can thus think of
R as the indexed family {Rk}k∈ω of n-ary relations. The Diagonal-
ization Lemma 9.1.1 then establishes that there in no 2-ary recursive
relation which indexes all recursive sets. On the other hand there are
r.e. relations which index all r.e. sets.

9.3.5. Theorem. For each positive integer n there is an r.e. relation
Sn ⊆ ωn+1 such that {Sn

k : k ∈ ω} lists all the n-ary r.e. relations.

Proof. Let F : ωn+1 → ω be a recursive function such that when-
ever k = pφq where φ(v0, . . . , vn−1) is a formula of L = {+, ·, <, s, 0}
then F (k, l0, . . . , ln−1) = pφ(l0, . . . , ln−1)q. Let Sn be defined by the
following:

Sn(k, l0, . . . , ln−1) holds if and only if ThmQ(F (k, l0, . . . , ln−1)).

Then Sn is r.e. and, by Theorem 9.3.3, every n-ary r.e. relation is Sn
k

for some k ∈ ω. �

If n = 1 we will normally omit the superscript. This result, giving
the existence of “universal” r.e. relations, is also known as the Enu-
meration Theorem.

We may similarly, given a function F : ωn+1 → ω, define functions

Fk : ωn → ω by Fk(l1, . . . , ln) = F (k,~l ) for all l1, . . . , ln ∈ ω and then
think of F as indexing the family {Fk}k∈ω of functions. It is easy to
see that there is no 2-ary recursive function F which indexes all 1-ary
recursive functions. This is a clear defect—it would be desirable to
have such a universal recursive function. The question then arises: is
there some natural extension of the notion of computable function for
which there are such universal functions? In light of Theorem 9.3.5,
it would seem natural to consider “r.e.” functions, i.e., those whose
graphs are r.e. Unfortunately this does not get us anywhere.

9.3.6. Lemma. Let F : ωn → ω be a function whose graph is r.e. Then
F is recursive.

Proof. By hypothesis, there is some recursive R ⊆ ωn+2 such that

F (k1, . . . , kn) = l⇔ ∃zR(~k, l, z). Then F (~k) = ((µw)R(~k, (w)0, (w)1))0,
so F is recursive. �
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9.4. Hilbert’s Tenth Problem

We know that every Σ-formula (in L = {+, ·, <, s, 0 }) defines an
r.e. relation on ω in N. More importantly we have the converse that
every r.e. relation on ω is definable in N by a Σ-formula. The presence
of the bounded universal quantifiers in Σ-formulas makes it difficult
to interpret them in a mathematically “natural” way. Surprisingly, it
turns out that we don’t need bounded universal quantifiers to define r.e.
relations. As a consequence we see that all r.e. relations are definable
in terms of polynomial equalities, and this fact then enables us to solve
Hilbert’s Tenth Problem, on diophantine equations.

9.4.0. Definition. A formula φ(x0, . . . , xn−1) of L = {+, ·, <, s, 0} is
an equational ∃-formula if and only if it has the form ∃y0 . . . ∃ym−1[t1(~x, ~y) ≡
t2(~x, ~y)], where t1 and t2 are terms of L.

9.4.1. Theorem. For any Σ-formula φ(x0, . . . , xn−1) of L there is an
equational ∃-formula φ∗(x0, . . . , xn−1) of L such that N |= ∀~x[φ↔ φ∗].

9.4.2. Corollary (Matijasevič). A relation on ω is r.e. if and only
if it is definable in N by an equational ∃-formula.

The proof of Theorem 9.4.1 is by induction on the definition of
Σ-formulas. The only hard case is that of the bounded universal quan-
tifier, which uses some tricky (but elementary) number theory. We
will discuss the easy steps of the proof later but will not attempt the
bounded universal quantifier step.

Assuming this result for the present, we show how this leads to
the solution of Hilbert’s famous problem (from his 1900 address at
the International Congress of Mathematicians) on the solvability of
diophantine equations in integers.

9.4.3. Definition.

(a) A diophantine equation is an equation of the form P (x1, . . . , xn) =
0 where P (x1, . . . , xn) is a polynomial in the unknowns x1, . . . , xn

with coefficients from Z.
(b) A solution to the equation P (x1, . . . , xn) = 0 is a tuple (k1, . . . , kn)

of numbers such that P (k1, . . . , kn) = 0. This is a solution in
Z (or, simply, in integers) provided k1, . . . , kn ∈ Z.

The connection between diophantine equations and equational ∃-
formulas is as follows:
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9.4.4. Lemma. Let φ(y) be an equational ∃-formula of L. Then there
is a diophantine equation P (~x, y) = 0 such that for each k ∈ ω N |=
φ(k) if and only if P (~x, k) = 0 has a solution in Z.

Proof. Say φ(y) is ∃u0 . . . ∃um−1[t1(y, ~u) ≡ t2(y, ~u)] for terms t1
and t2 of L. A polynomial with coefficients from Z is just a term in
L∪{−}, so let Q(~u, y) be the polynomial (t1− t2). Then for any k ∈ ω
N |= φ(k) if and only if Q(~u, k) = 0 has a solution in ω. To obtain the
desired polynomial P (~x, y) we once again use Lagrange’s theorem that
an integer is non-negative if and only if it is the sum of four squares of
integers. So we let ~x be x0, . . . , xn−1, where n = 4m, and we let P (~x, y)
be obtained from Q(~u, y) by replacing each ui in Q by

x2
4i + x2

4i+1 + x2
4i+2 + x2

4i+3.

Then clearly P is as desired. �

Note here that P (~x, k) is also a polynomial, in the unknowns ~x, and
thus that P (~x, k) = 0 is a diophantine equation, for each fixed k.

We can now state Hilbert’s famous problem from his International
Congress address in 1900, concerning diophantine equations.

Hilbert’s Tenth Problem. Is there an effective procedure which,
given any diophantine equation P (~x) = 0, will decide whether or not it
has a solution in integers?

Matijasevič showed (1970) that this problem has a negative solu-
tion. Assuming his result from Corollary 9.4.2, we do the same.

9.4.5. Theorem. There is no effective procedure as asked for in Hilbert’s
Tenth Problem.

Proof. Let X ⊆ ω be r.e. but not recursive. So by Corollary 9.4.2
together with Lemma 9.4.4 we know there is a polynomial P (~x, y) with
coefficients from Z such that for every k ∈ ω, k ∈ X if and only if the
diophantine equation P (~x, k) = 0 has a solution in Z. Suppose there
were an effective procedure to decide, given any diophantine equation
P ′(~x) = 0, whether or not it has a solution in Z. Then in particular this
procedure would decide, given any k ∈ ω, whether or not P (~x, k) = 0
has a solution in Z, that is, whether or not k ∈ X. But X is not
recursive, so there is no such effective procedure. �

As another amazing consequence of Matijasevič’s general theorem
we give the following:
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9.4.6. Theorem. Let X ⊆ ω be r.e., X 6= ∅. Then there is a polyno-
mial Q(~u) with coefficients from Z such that X = Ran(Q) ∩ ω.

Proof. We know that there is a polynomial P (~x, y) such that k ∈
X if and only if P (~x, k) = 0 for some ~x in Z. We define Q(~x, y) =
y − (y + 1) · P (~x, y)2. Then Q is as desired since Q(~x, y) ≥ 0 if and
only if y ≥ (y+ 1) ·P (~x, y)2 if and only if y ≥ 0 and P (~x, y) = 0 if and
only if y ≥ 0 and y ∈ X and Q(~x, y) = y. �

The reader who doubts that Theorem 9.4.6 is truly amazing should
try to come up with such a polynomial for, say, X equal to the set of
primes.

So how is Theorem 9.4.1, which makes all of this possible, proved?
We must show that all atomic and negated atomic formulas of L are
equivalent in N to equational ∃-formulas, and we must show the equa-
tional ∃-formulas are closed (up to equivalence in N) under ∧, ∨, ∃x
and bounded universal quantification (∀x)<y. All steps except the last
are easy, and we give a few of them.

The atomic L-formula (t1(~x) < t2(~x)) is equivalent in N to the
equational ∃-formula ∃u[t1(~x) + su ≡ t2(~x)]. Its negation ¬(t1 < t2) is
equivalent in N to (t1 ≡ t2∨t2 < t1), which will be fine once we see that
the equational ∃-formulas are closed under ∨. Suppose φ(~x) and ψ(~x)
are equational ∃-formulas, say φ is ∃~y(t1 ≡ t2) and ψ is ∃~w(t3 ≡ t4).
The following are then equivalent in (Z,+, ·,−, s, 0):

(t1 ≡ t2 ∨ t3 ≡ t4),
(t1 − t2) ≡ 0 ∨ (t3 − t4) ≡ 0,
(t1 − t2) · (t3 − t4) ≡ 0,
t1 · t3 + t2 · t4 ≡ t1 · t4 + t2 + t3.

Thus, assuming ~w, ~y are disjoint lists of variables, we see that on N,
(φ ∨ ψ) is equivalent to

∃~y ∃~w[t1 · t3 + t2 · t4 ≡ t1 · t4 + t2 · t3].
The cases of (φ ∧ ψ) and ¬t1 ≡ t2 are similar and left to the reader.

We have thus reduced everything to the assertion that the equa-
tional ∃-formulas are closed (up to equivalence in N) under bounded
universal quantification, the proof of which is long and involves ele-
mentary, but tricky, number theory.

9.5. Gödel’s Second Incompleteness Theorem

Gödel’s Second Incompleteness Theorem was even more philosoph-
ically devastating than the first. It says that if T is a consistent, re-
cursively axiomatized extension of Peano arithmetic then there is no
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sentence—not even a logically false sentence—whose unprovability in
T is provable from T . We will not dwell on the philosophical aspects,
but it should be clear that this is surprising.

To begin with, we revisit the proof of Gödel’s First Incomplete-
ness Theorem and wrest from it the following theorem of independent
interest:

9.5.0. Fixed Point Theorem. Let T be any theory extending Q.
Then for any formula ψ(y) there is some sentence σ such that T |−
(σ ↔ ψ(pσq)).

Proof. Let χ(x, y) be a formula representing the recursive func-
tion Sub(x, pv0q, Num(x)) in T . Note that if k = pφq and l ≡ pφv0

k
q

then

(∗) T |− ∀y[χ(k, y) ↔ y ≡ l ].

Now let φ(v0) be ∃y[ψ(y)∧χ(v0, y)], let k = pφq and let σ = φ(k); that
is, σ = ∃y[ψ(y) ∧ χ(k, y)].

But then T |− χ(k, l ), where l = pσq, and therefore by (*) we have

T |− ∃y[ψ(y) ∧ χ(k, y)] ↔ ψ(l),

that is, T |− (σ ↔ ψ(pσq)), as desired. �

Recall that for any recursively axiomatizable theory T , ThmT =
{pσq : T |− σ, σ is a sentence} is an r.e. set, and hence weakly repre-
sentable in T by a Σ-formula provided T ⊇ Q and N |= T . to make our
subsequent discussion clearer we make the convention that ThmT (y)
is a Σ-formula which weakly represents ThmT in T . In fact, we need
only assume T is consistent, rather than N |= T , to get such a formula,
and we state our results under this weaker hypothesis.

The following lemma, together with the Fixed Point Theorem 9.5.0,
has the (first) Incompleteness Theorem as an immediate consequence:

9.5.1. Lemma. Let T be a consistent, recursively axiomatizable theory
extending Q. Let σ be any sentence such that T |− (σ ↔ ¬ThmT (pσq)).
Then T 6|− σ. If further N |= T then N |= σ.

Proof. Suppose T |− σ. Then pσq ∈ ThmT hence T |− ThmT (pσq).
But by the choice of σ we also have T |− ¬ThmT (pσq), contradicting
the consistency of T .

Thus T 6|− σ, and so we must also have T 6|− ThmT (pσq). If N |= T
it follows that N |= ¬ThmT (pσq), and so N |= σ by the choice of σ. �
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9.5.2. Corollary. Let T be a consistent, recursively axiomatizable the-
ory extending Q. Then there is a sentence σ such that T 6|− σ but
T 6|− ¬ThmT (pσq).

One’s immediate reaction is that a sentence with the property in
Corollary 9.5.2 is rather special, and that “usually” if pσq /∈ ThmT

then this fact should be provable from T , that is, T |− ¬ThmT (pσq).
On the contrary, however, Gödel’s Second Incompleteness Theorem
states that there is no sentence σ such that T |− ¬ThmT (pσq), for T a
consistent and recursively axiomatizable extension of Peano arithmetic.
As we will discuss later, this does assume that the formula ThmT (y)
is appropriately chosen to have certain “natural” properties. We first
state the properties needed and prove the result using them.

D1. If T |− σ then T |− ThmT (pσq).

D2. T |− [ThmT (pσq) → ThmT (pThmT (pσq)q)].

D3. T |− ([ThmT (pσq) ∧ ThmT (pσ → θq)] → ThmT (pθq)).

Note that D1 certainly holds, just from the assumption that ThmT

weakly represents ThmT in T . D3 says that ThmT (y) provably sat-
isfies Modus Ponens—as one would reasonably expect. D2 is more
mysterious, but we comment that the implications are all true in N,
since if N |= ThmT (pσq) then T |− ThmT (pσq) since ThmT (y) is a

Σ-formula and T ⊇ Q; thus N |= ThmT (pThmT (pσq)q)—and in fact
this sentence is provable in T .

Using these properties the Second Incompleteness Theorem is easily
derived.

9.5.3. Theorem. Let T be a consistent theory extending Q which has
a formula ThmT (y) satisfying D1, D2, and D3. Then there is no
sentence θ such that T |− ¬ThmT (pθq).

Proof. Applying the Fixed Point Theorem 9.5.0 to ¬ThmT (y) we
obtain a sentence σ such that T |− (σ ↔ ¬ThmT (pσq)) and hence
T 6|− ¬ThmT (pσq). Our goal is to show that

T |− (ThmT (pσq) → ThmT (pθq))

for every sentence θ, whence the conclusion follows.
Well, by the choice of σ we have

T |− (σ → ¬ThmT (pσq)),
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and so by D1 we can conclude

T |− ThmT (pσ → ¬ThmT (pσq)q).

Using D3 we see

T |− ThmT (pσq) → ThmT (p¬ThmT (pσq)q).

But also by D2 we have

T |− ThmT (pσq) → ThmT (pThmT (pσq)q).

Let χ be ThmT (pσq). We then have

T |− χ→ Thm(pχq)

and

T |− χ→ ThmT (p¬χq).

Now T |− (χ→ (¬χ→ θ)) for any θ, and thus by D1 and D3 again
we find that

T |− ThmT (pχq) → [ThmT (p¬χq) → ThmT (pθq)],

and thus

T |− χ→ ThmT (pθq),

exactly what we needed. �

Let θ be some “obviously” false sentence, like 0 6≡ 0. Then we write
ConT for the sentence ¬ThmT (pθq), and we think of it as expressing
the statement “T is consistent.” Of course, under the hypothesis of
Theorem 9.5.3 we then conclude T 6|− ConT , that is, “T cannot prove
its own consistency.”

We finally need to argue that if T is any consistent, recursively
axiomatizable extension of Peano arithmetic then there is in fact a
formula ThmT (y) satisfying D1, D2, and D3.

We already noted that any formula weakly representing ThmT in
T will satisfy D1.

We next assert that any Σ-formula weakly representing ThmT in
T will satisfy D2. We do not give a proof of this since the details are
quite involved, but we try to indicate the idea. In Chapter 8 we proved
that Σ-sentences true on N were provable from any T extending Q. To
be precise we established for Σ-formulas φ(x0, . . . , xn−1) that for every
k0, . . . , kn−1 ∈ ω if N |= φ(k0, . . . , kn−1) then T |− φ(k0, . . . , kn−1), or,
in other words,

N |= φ(k0, . . . , kn−1) → ThmT (pφ(k0, . . . , kn−1)q).
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This argument used induction on the natural numbers. What we need
to know is that this argument can be formalized inside T , provided
T ⊇ P , to yield

T |− φ(k0, . . . , kn−1) → ThmT (pφ(k0, . . . , kn−1)q).

D2 will then be a special case. The difficulty is that to follow the
inductive argument we need to establish a stronger result involving
free variables, that is, something of the form

T |− ∀x0 . . . ∀xn−1[φ(x0, . . . , xn−1) → ψ(~x)],

where ψ “says” that “the sentence obtained from φ by replacing each
xi by Num(xi) is provable from T .”

Condition D3 is deceptively innocuous. This is a property one
expects to hold because Modus Ponens is our one rule of proof. Indeed,
if ThmT (y) is the Σ-formula we “naturally” get by translating the
intuitive definitions into first-order formulas then D3 is satisfied (but
note that there is a long chain of definitions involved so the verification
is tedious!). Unfortunately it is not true that every Σ-formula weakly
representing ThmT has this property, as the following example shows.

Let T be any consistent, recursively axiomatizable theory extending
Peano arithmetic, and suppose that ThmT (y) is a Σ-formula satisfying
D1, D2, and D3. Let θ be some “clearly false” sentence like 0 6≡ 0,
let m = pθq, and define Thm∗

T (y) to be (ThmT (y) ∧ y 6≡ m). Then
Thm∗

T (y) is a Σ-formula representing ThmT in T (supposing ThmT

did)—the point is that since T is consistent we have T 6|− θ, and so for
every n we will have T |− ThmT (n) if and only if T |− Thm∗

T (n). It
thus follows that D1 and D2 both hold. But obviously

T |− ¬Thm∗
T (pσq).

This contradiction to Theorem 9.5.3 shows that D3 must fail. The
reader should try to establish the failure of D3 directly.
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CHAPTER 10

Partial Recursive Functions

10.0. Introduction

In giving a recursive definition of some function, you will specify
the finite sequence of steps which show how the function is obtained
starting with functions in S and applying rules R1, R2, and R3. But
can you decide whether an arbitrary such sequence actually “works”?
The difficulty, of course, is with R3—to apply R3 to a given G(~x, y)
to obtain F (~x) = (µy)[G(~x, y) = 0] we need to first know that for all
~k from ω there is some l ∈ ω such that G(~k, l) = 0. In general, one
cannot decide this, even for primitive recursive functions G. This is
the real reason there are no universal recursive functions or relations,
as contrasted with r.e. relations.

Not knowing whether a list of instructions (an “algorithm”) really
computes something is a serious drawback to an adequate analysis of
algorithms. The correct approach is to broaden our idea of what we
are computing from functions (defined on all k1, . . . , kn ∈ ω) to partial
functions (possibly defined on just a subset of ωn). We can then apply
R3 to any intuitively computable G as above to obtain a computable
F—except that F may be partial. In this way we will in fact be able
to say that all algorithms compute, but we will be unable to decide
whether an algorithm computes a total function.

10.1. Computability of Partial Functions

10.1.0. Definition. A partial function of n arguments is a function
F : D → ω, where D ⊆ ωn. F is said to be total if and only if D = ωn.

For ~k = (k1, . . . , kn) ∈ ωn we say that F converges at ~k, written F (~k) ↓,
if and only if ~k ∈ D. If F does not converge at ~k then F diverges at ~k,

written F (~k) ↑.

If F , G are partial functions of n, m arguments, respectively, ~k ∈
ωn, ~l ∈ ωm, then we write F (~k) = G(~l ) if and only if either F (~k) ↓
and G(~l ) ↓ and they have the same value, or both F (~k) ↑ and G(~l ) ↑.
We use F (~k) 6= G(~l ) to mean the negation of F (~k) = G(~l ).

81
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Note that it is now possible to have F (k) = F (k) + 1 for some F ,
k—this will happen if and only if F (k) ↑.

We can adapt our intuitive definition of “computable” from Chap-
ter 7 to partial functions as follows: a partial function F of n arguments
is computable if and only if there is an algorithm (i.e., a finite list of
instructions) such that for any (k1, . . . , kn) ∈ ωn the instructions can

be applied to ~k so that if F (~k) ↓ then after a finite number of discrete

steps the process terminates and yields the value of F (~k); on the other

hand if F (~k) ↑ then the process yields no result.
We emphasize that the computability of F does not mean that we

can decide whether or not F (~k) ↓.

EXAMPLE: Let R ⊆ ω×ω be recursive. Define F on ω by F (x) =
(µy)R(x, y), that is, F (k) = the least l such that R(k, l) holds provided
there is an l such that R(k, l) holds, and F (k) is undefined otherwise.

Then F is computable—given k ∈ ω check each value of l =
0, 1, 2, . . . , in turn to see if R(k, l) holds; once you find such an l, stop
and output l as the value of F . Note that if there is no such l, then
the computation of F (k) never terminates. Note also that the domain
of F is some r.e. subset of ω, and that every r.e. subset of ω can be
obtained as the domain of some such F .

To see what more precise, formal properties computability should
have we make the following observations: it is an essential component
of our definition that a computation (according to a fixed algorithm)
proceeds in discrete steps (indexed by natural numbers) and that after
any particular (finite) number of steps it can be decided what value,
if any, the computation to that point has produced. That is, if I is
a list of instructions for computing a partial function of n arguments
(say, FI) then we can define the relation RI of (n + 2) arguments by

R(t,~k, l) holds if and only if after ≤ t steps the algorithm I applied to

input ~k has terminated and produced the value l.
We thus see that RI is (intuitively) computable, hence recursive by

Church’s Thesis, and that FI(~k) converges to l if and only if ∃tRI(t,~k, l).
That is, the graph of FI , as a subset of ωn+1, is r.e.

But the converse of this observation is also clear—if S ⊆ ωn+2

is recursive, F is a partial function of n arguments, and F (~k) =

l ⇔ ∃wS(w,~k, l), then F (~k) = ((µm)S((m)0, ~k, (m)1))1 is clearly com-
putable.

We have thus derived, using just Church’s Thesis, the informal
result that a partial function is computable if and only if its graph is
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r.e. To conclude that the formal notion of recursive that we are about
to introduce coincides with our intuitive concept it will thus suffice to
show that it too leads to precisely the set of parital functions with r.e.
graphs.

Our (formal) definition of recursive for partial functions will exactly
parallel the definition of recursive for total functions; that is, it will
be the closure of S under the partial analogues of composition (R1)
and µ-recursion (R3)—as with total functions, primitive recursion is
superfluous. We leave to the reader the task of writing down (R1P ),
composition of partial functions. We first define the result of the µ-
operator with partial functions.

10.1.1. Definition. Let G be a partial function of (n+1) arguments.
Then F (~x) = (µy)[G(~x, y) = 0] is defined by:

F (~k) = l provided G(~k, l) = 0 and

(∀j < l)[G(~k, j) ↓ and G(~k, j) 6= 0].

The reader should see that F is computable provided G is—and

that this depends on the requirement that G(~k, j) ↓ for all j < l.
(R3P ) is thus the rule allowing one to derive (µy)[G(~x, y) = 0] from

G.
RP = the class of recursive partial functions = the closure of the

functions in S under (R1P ) and (R3P ).
It is easily verified that we have:

10.1.2. Theorem. For any partial function F , F ∈ RP if and only if
the graph of F is r.e.

We thus conclude that recursive corresponds exactly to computable,
even for partial functions.

RP has the same sorts of closure properties as R, which we will
tacitly assume and use without explicit comment. In the next section
we will see some of the properties that distinguish RP from R and
which make it a “better-behaved” class of functions to work with.

10.2. Universal Partial Recursive Functions

We use the existence of universal r.e. relations to prove the existence
of universal partial recursive functions.

A function, perhaps partial, of (n+1) arguments can be thought of
as an indexed family of functions of n arguments in the following way:
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10.2.0. Definition. Let F be a (partial) function of (n+1) arguments
where n > 0. Then for each k ∈ ω we define the (partial) function Fk

of n arguments by

Fk(x1, . . . , xn) = F (k, x1, . . . , xn).

10.2.1. Theorem. “There exist universal partial recursive functions.”
For each n > 0 there is some partial recursive function φn of (n + 1)
arguments such that for every partial recursive F of n arguments, F =
(φn)k for some k ∈ ω—i.e., F (x1, . . . , xn) = φn(k, x1, . . . , xn) for all
x1, . . . , xn.

Proof. Recall from Section 9.3 that there is a universal r.e. rela-
tion Sn+1 listing all r.e. relations of (n + 1) arguments. Thus there is
some recursive R ⊆ ωn+3 such that

Sn+1(z, x1, . . . , xn, y) ⇔ ∃uR(u, z, ~x, y).

We define φn by

φn(z, x1, . . . , xn) = ((µw)R((w)0, z, ~x, (w)1))1.

Then φn is partial recursive, and whenever F is partial recursive of n
arguments then its graph is r.e., hence given by Sn+1

k for some k, and
thus F is (φn)k. �

NOTATION: The eth partial recursive function (of n arguments) in
the listing given by Theorem 10.2.1 will be referred to either as φn

e or
{e}n. Thus

φn(e, x1, . . . , xn) = φn
e (~x) = {e}n(~x).

The number e is an index of the function in question. By long-standing
tradition the letter e is invariably used for indices. When n = 1 we
will omit the superscript.

We may use φn, or {–}n, freely in defining partial recursive functions—
the resulting (partial) functions are then understood as being defined
using composition and the appropriate universal partial recursive func-
tion. Thus the following are all partial recursive functions of all the
indicated variables, whenever f is partial recursive:

f({x}(y)),
{f(x)}(y),
{x}(f(y)).

Note that if f(k) ↑ then φn(f(k), ~x) ↑ for all ~x, and hence {f(k)}n = ∅.
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Similarly the following relations are r.e. relations in all of the ex-
hibited variables, including e:

{e}(x) = y,
{e}(x) ↓,

y ∈ Ran({e}),
{e} 6= ∅.

If f is partial recursive the following relations are also r.e.:

{e}(x) = f(y),
{f(x)}y = z.

We essentially already know the following characterization of r.e.
sets:

10.2.2. Proposition. Let X ⊆ ω. The following are equivalent:

(0) X is r.e.
(1) X = Dom(f) for some partial recursive f .
(2) X = Ran(f) for some partial recursive f .

Proof. We saw (0)⇒(1) in Section 10.1, and (1)⇒(0) and (2)⇒(0)
are immediate from Theorem 10.1.2. In Section 9.3 we stated that
(0)⇒(2) where we can in fact take f to be total recursive of one argu-
ment. �

We thus obtain an r.e. listing of all r.e. sets from our universal
partial recursive function.

10.2.3. Definition. We = Dom({e}). So {We : e ∈ ω} lists all r.e.
subsets of ω, and the 2-ary relation k ∈ We is r.e. We also refer to e as
an index of the r.e. set We.

Clearly the relation (k ∈ We) is not recursive, since there are non-
recursive r.e. sets. In fact we can do better.

10.2.4. Definition. K = {e ∈ ω : e ∈ We}.

10.2.5. Lemma. K is r.e. but not recursive.

Proof. K is clearly r.e. If K were recursive then the following
function f would be partial recursive, and total, hence recursive:

f(k) =

{
{k}(k) + 1 if k ∈ K,
0 if k /∈ K.
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But then f = {e} for some e, yielding f(e) = f(e) + 1, which is a
contradiction since f is total. �

In a similar way one can show, for example, that {e : We 6= ∅} is
r.e. but not recursive.

Let f be any partial recursive function of two arguments. Then
for each k ∈ ω, fk is a partial recursive function of one argument, so
fk = {e} for some e, depending on k. Perhaps surprisingly, there is a
recursive function s which takes k to some index e of fk.

10.2.6. Parameter Theorem. Let f be a partial recursive function
of (n + 1) arguments, where n > 0. Then there is a total recursive
s : ω → ω such that for every k, fk = {s(k)}n—i.e.,

fk(~x) = {s(k)}n(~x) = φn(s(k), ~x).

Proof. Since f is partial recursive, its graph f(z, ~x) = y is weakly
represented in Q by some formula ψ(z, ~x, y). It then follows that the
formula ψ(k, ~x, y) weakly represents the graph of fk in Q, for each
k ∈ ω. The (total) function s : ω → ω such that s(k) = pψ(k, ~x, y)q
is then recursive. By the definition in Theorem 9.3.5 of our universal
r.e. relation Sn+1 we see that Sn+1

s(k) is the graph of fk, and hence that

fk(~x) = φn(s(k), ~x) for all ~x, as desired. �

This result says that any partial recursive list of partial recursive
functions can be recursively mapped to a subfamily of our standard
universal list {φe : e ∈ ω} of all partial recursive functions. Note that
our argument shows that the function s can also be taken to be one-
to-one.

As a simple application we show the following:

10.2.7. Lemma. Let X ⊆ ω be r.e. Then there is a total recursive
s : ω → ω such that for all k ∈ ω, k ∈ X if and only if Ws(k) 6= ∅.

Proof. X is the domain of some partial recursive function g of one
argument. We define the partial recursive function f of two arguments
by f(k, x) = g(k), all k, x. The Parameter Theorem 10.2.6 yields a
total recursive s : ω → ω such that fk = {s(k)} for all k ∈ ω. But
k ∈ X implies g(k) ↓, hence fk(x) ↓ for all x ∈ ω, thus {s(k)}(x) ↓ for
all x, so in particular Ws(k) 6= ∅. On the other hand, if k /∈ X then
{s(k)}(x) ↑ for all x ∈ ω, so in particular Ws(k) = ∅. �
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As we will consider in more detail later, Lemma 10.2.7 implies that
any r.e. set can be recursively “reduced” to {e : We 6= ∅} via the func-
tion s. We can conclude that {e : We 6= ∅} is not recursive just by
considering an r.e. X which is not recursive.

10.3. The Recursion Theorem

The following results give important “fixed-point” properties of our
universal listing of partial recursive functions.

10.3.0. Recursion Theorem.

(a) Let f be any total recursive function of one argument. Then
there is some e ∈ ω such that {e} = {f(e)}, that is, {e}(k) =
{f(e)}(k) for all k ∈ ω.

(b) Let g be any partial recursive function of two arguments. Then
there is some e ∈ ω such that {e} = ge, that is {e}(k) = g(e, k)
for all k ∈ ω.

Proof. (a) Given f , we first define the partial recursive function
h by

h(x, y) = {f({x}(x))}(y).
Applying the Parameter Theorem 10.2.6 to h we obtain a total re-
cursive function s such that h(x, y) = {s(x)}(y), that is, {s(x)}(y) =
{f({x}(x))}(y).

Now s is {m} for some m, and so setting x = m we see

{{m}(m)}(y) = {f({m}(m))}(y).

Finally, setting e = {m}(m), which is allowed since {m} = s is total,
we have {e}(y) = {f(e)}(y) for all y, as desired.

(b) Given g, we first apply the Parameter Theorem 10.2.6 to obtain
a total recursive function f of one argument such that {f(l)}(k) =
g(l, k) for all l, k ∈ ω. Applying (a) to f we obtain e ∈ ω such that
{e} = {f(e)} = ge, as desired. �

The “fixed points” e in the preceding result are not unique—in fact
there necessarily are infinitely many e ∈ ω with the property in each
part of the Recursion Theorem 10.3.0, as we leave the reader to verify.
The same arguments show the analogues of these results in which e,
f(e) are considered as indices of partial functions of n arguments, and
in which g has (n+ 2) arguments.

As some examples of use of the second form of the Recursion The-
orem we have:



88 10. PARTIAL RECURSIVE FUNCTIONS

EXAMPLE 1: There are (infinitely many) n ∈ ω such that {n}(x) =
xn for all x ∈ ω.

Proof. Consider g(n, x) = xn. �

EXAMPLE 2: There are (infinitely many) n ∈ ω such that Wn is
the set whose only element is n.

Proof. Consider

g(n, x) =

{
0 if x = n,
↑ otherwise.

�

It is easy to see that every partial recursive function has infinitely
many different indices. In fact the set of all indices for any given partial
recursive function is not even recursive. More generally we have the
following fact:

10.3.1. Rice’s Theorem. Let F be any set of partial recursive func-
tions of one argument, and let I = IF = {e : {e} ∈ F}. Assume that I
is recursive. Then either F = ∅ or F = the set of all partial recursive
functions. Thus either I = ∅ or I = ω.

Proof. Suppose not, and choose e0, e1 such that {e0} ∈ F , {e1} /∈
F . Define f by

f(k) =

{
e1 if k ∈ I,
e0 if k /∈ I.

Then by assumption f is a total recursive function, so by the Recursion
Theorem 10.3.0 there is some e such that {e} = {f(e)}.

Now {e} ∈ F if and only if e ∈ I if and only if f(e) /∈ I if and only
if {f(e) /∈ F}. This contradiction proves the theorem. �

The reader may well wonder how sensitive the above results are
to the particular way in which we defined our universal partial recur-
sive functions. That is, is there a partial recursive function φ∗ of two
arguments which is universal, so every partial recursive f of one argu-
ment is φ∗e for some e ∈ ω, but such that our other results fail when
indices are taken with respect to φ∗? The answer is yes, such “bad”
enumerations do exist—but they are bad because the Parameter Theo-
rem 10.2.6 (actually its generalization, the “s-m-n Theorem”) fails for
them. That is, if we are dealing with any universal partial recursive
function which is also universal for such enumerations, in the sense that
the Parameter Theorem holds, then all of our results will also hold for
this enumeration. This is why we needed to refer to Gödel numbers of
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weakly representing formulas in our proof of the Parameter Theorem
but not in subsequent results.

10.4. Complete Recursively Enumerable Sets

In Section 10.2 we showed that for any r.e. set X there is a total
recursive function s such that k ∈ X if and only if s(k) ∈ {e : We 6= ∅}.
We remarked that we could conclude from this that {e : We 6= ∅} is
not recursive. The following definitions and lemma make explicit what
we were referring to:

10.4.0. Definition.

(a) Let A,B ⊆ ω. Then A is many-one reducible to B, A ≤m B,
if and only if there is a total recursive function s such that

k ∈ A⇔ s(k) ∈ B.
(b) A and B are many-one equivalent, A ≡m B, if and only if

A ≤m B and B ≤m A.
(c) If B is r.e., then B is complete r.e., or m-complete r.e., if and

only if X ≤m B for every r.e. set X.

10.4.1. Lemma.

(a) If B is recursive and A ≤m B then A is recursive.
(b) If B is r.e. and A ≤m B then A is r.e.
(c) If B is a complete r.e. set then B is not recursive.

Proof. (a) and (b) are clear from the definitions, and (c) follows
from (a) and the existence of r.e. sets that are not recursive. �

As we have seen, {e : We 6= ∅} is a complete r.e. set; similarly K is
complete r.e., {pσq : Q |− σ} is complete r.e., etc.

In fact, the natural conjecture at this point would be that all non-
recursive r.e. sets are m-complete. We will decide this question after
deciding two other, apparently unrelated, questions.

Recall that a set A ⊆ ω is recursive provided A and B = (ω \ A)
are both r.e. A reasonable generalization of this would be to assert
that whenever A and B are both r.e. and (A ∩ B) = ∅, then there is
some recursive C such that A ⊆ C, (B ∩ C) = ∅. Such A and B are
recursively separable. Unfortunately, there are recursively inseparable
r.e. sets.

10.4.2. Proposition. There are r.e. sets A and B such that (A∩B) =
∅ but there is no recursive C such that A ⊆ C, (B ∩ C) = ∅.
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Proof. Let A = {e : {e}(e) = 1}, and let B = {e : {e}(e) = 0}.
Suppose there is a recursive C with A ⊆ C, B ∩ C = ∅. Then KC

is recursive, and so there is some e0 such that C = {k : {e0}(k) = 0},
where {e0} is total and {e0}(k) = 0, 1 for all k. We then obtain a
contradiction by considering {e0}(e0). �

A weakening of the preceding question would ask whether an r.e.
set A whose complement is infinite is contained in some recursive set
C whose complement is infinite. This also turns out to be false.

10.4.3. Proposition. There is a co-infinite r.e. set A such that (A ∩
B) 6= ∅ for every infinite r.e. set.

Proof. First define a partial recursive function f such that f(k) ↓
if and only if ∃l[l ∈ Wk ∧ 2k < l], and whenever f(k) ↓ then f(k) is
some such l. Now let A be the range of f .

Certainly A is r.e., and whenever B = We is infinite then f(e) ↓
and f(e) ∈ (A ∩We), so (A ∩B) 6= ∅.

To see that (ω\A) is infinite note that whenever f(k) ↓ then f(k) >
2k; thus if l ∈ A and l ≤ 2k then (∃i)<k[l = f(i)]—that is,

|{l ∈ A : l ≤ 2k}| ≤ k,

so |{l ≤ 2k : l /∈ A}| > k, which implies (ω \ A) is infinite. �

Finally, the following result shows that no A as in the preceding
result can be m-complete.

10.4.4. Proposition. Let A be an m-complete r.e. set. Then (ω \A)
contains an infinite r.e. set.

Proof. LetB0, B1 be recursively inseparable r.e. sets. SinceB0 ≤m

A there is some recursive f such that k ∈ B0 implies f(k) ∈ A and
k ∈ B1 implies f(k) /∈ A. Let A∗ = {f(k) : k ∈ B1}. Then A∗ is r.e.,
and (A ∩ A∗) = ∅. We show A∗ is infinite.

Let C be {k : f(k) ∈ A∗}. Then C ≤m A∗ so C is recursive provided
A∗ is recursive (in particular, finite). But B1 ⊆ C and (B0 ∩ C) = ∅,
so this would contradict the recursive inseparability of B0 and B1. �



CHAPTER 11

Relative Recursion and Turing Reducibility

11.0. Introduction

Since there are just countably many recursive functions, “almost
all” of the functions on ω are non-computable. However, we can still
compare their relative complexity, meaning their relative difficulty of
computation.

As an example, let g : ω → ω be given and define f : ω → ω by
f(k) = g(2k+ 1) for all k ∈ ω. Then we can compute f relative to g—
that is, there is an algorithm for computing the values of f which asks
for a value of g at finitely many places in each computation. That is, we
can compute f given a reliable source (an “oracle”) which will provide
values of g upon request. We write f ≤T g in these circumstances.
Note that for appropriately chosen g, we can have f recursive but g
not recursive and thus g ≤T f need not hold.

As another example, note that for any set A ⊆ ω we will have
KA ≤T K(ω\A) and K(ω\A) ≤T KA, and so these two characteristic
functions have equal degrees of complexity.

In Section 11.1 we give the formal definition of relative recursivity
and some of its elementary properties. In Sections 11.2 and 11.3 we
develop the theory of recursion relative to some fixed g following the
outline of Chapter 10. In Section 11.4 we look at the structure on P(ω)
induced by ≤T applied to the characteristic functions of the sets.

11.1. Relative Recursivity

Let F be a set of total functions on ω. Then the (partial) functions
which are computable relative to F are precisely those which we obtain
under the usual procedures for generating partial recursive functions,
allowing functions in F to be used at will, without further justification.
Thus, the formal definition is as follows:

11.1.0. Definition. RP (F) is the closure of (S ∪ F) under R1P and
R3P . If g ∈ RP (F) then we say that g is recursive in F or recursive
relative to F . As usual, a relation is recursive relative to F provided its
characteristic function is. R(F) is the set of total functions in RP (F).

91
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RP (F) has the same closure properties as RP , and we will use these
without specific comment. Some further easy properties of RP (F)
follow:

(0) If F0 ⊆ R(F1) then RP (F0) ⊆ RP (F1).
(1) If g ∈ RP (F) then there is some finite F0 ⊆ F such that

g ∈ RP (F0).
(2) For any F there is S ⊆ P(ω), |S| = |F|, such that RP (F) =

RP (S) = RP ({KA : A ∈ S}).

Proof. For f ∈ F of n arguments letAf = {〈k1, . . . , kn, f(k1, . . . , kn)〉 :
k1, . . . , kn ∈ ω}. Then S = {Af : f ∈ F} is as desired. �

(3) If F is finite then there is some h : ω → ω such that RP (F) =
RP (h).

Proof. It suffices to consider F = {f1, f2} where each fi : ω → ω.
In this case we can take h = f1 ⊕ f2, where

h(k) =

{
f1(n) if k = 2n,
f2(n) if k = 2n+ 1.

�

If follows that for most purposes it suffices to look at RP (h) where
h : ω → ω, and in fact we could restrict to h : ω → 2, that is, h = KA

for A ⊆ ω.
We can now define the ordering ≤T used in the introduction to this

chapter.

11.1.1. Definition. Let f , g be total functions on ω. Then f is Turing
reducible to g, f ≤T g, if and only if f ∈ R(g). f and g are Turing
equivalent, f ≡T g, if and only if f ≤T g and g ≤T f .

If R, S are relations we will write R ≤T S, etc., to mean KR ≤T S,
etc.

We have two different goals in the rest of this chapter. One is to
study RP (f) for fixed (total) f ; the other is to study the properties of
≤T on subsets of ω.

The study of the relations r.e. in some fixed f , and the definition
of the “jump” of a set, are central to both topics.

11.2. Representation and Enumeration Theorems

Essential to our development of the theory of partial recursive func-
tions was the observation that a partial function is recursive if and only
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if its graph is an r.e. relation. A similar result, which in addition shows
exactly how f is used, is essential to our work on RP (f).

11.2.0. Representation Theorem. Fix f : ω → ω. Let g be a partial
function of n arguments. The following are equivalent:

(0) g ∈ RP (f).
(1) There is an r.e. relation R ⊆ ωn+2 such that g(~x) = y if and

only if ∃sR(~x, y, f(s)).
(2) There is a recursive relation R ⊆ ωn+2 such that g(~x) = y

if and only if ∃sR(~x, y, f(s)), where R satisfies the following
conditions:
(i) R(~x, y, z) ⇒ Seq(z).
(ii) R(~x, y, z)∧ “z is an initial segment of z′” ⇒ R(~x, y, z′).

Proof. (2) ⇒ (1) is obvious, and (1) ⇒ (0) is like the correspond-
ing fact in Chapter 10.

The proof of (0) ⇒ (2) is by induction on the length of the “deriva-
tion” of g. That is, it suffices to show (2) holds for every g ∈ (S ∪{f})
and that both of the rules R1P and R3P preserve this property.

If g ∈ S then we can take R as [g(~x) = y ∧ Seq(z)]. If g is f then
we can define R to be

[Seq(z) ∧ lh(z) > x ∧ (z)x = y].

We leave R1P to the reader and check use of R3P .
Suppose that g(~x, y) = u if and only if ∃sRg(~x, y, u, f(s)) where Rg

is recursive and satisfies (i) and (ii) above. Let h(~x) = (µy)[g(~x, y) = 0].
Then we see that h(~x) = y if and only if

∃sRg(~x, y, 0, f(s)) ∧ (∀t)<y∃u∃s[Rg(~x, t, u, f(s)) ∧ u 6= 0].

Using property (ii) of Rg we see this is equivalent to

∃s(Rg(~x, y, 0, f(s)) ∧ (∀t)<y[Rg(~x, t, (s)t, f(s)) ∧ (s)t 6= 0]).

The point is, if (∀t)<y∃ut∃st[Rg(~x, t, ut, f(st)∧u 6= 0], and if ∃syRg(~x, y, 0, f(sy)),
then we can take as s in the final formula any s such that (s)t = ut for
all t < y and s ≥ st all t ≤ y. �

Using the existence of universal r.e. relations we obtain a universal
way of enumerating all partial functions (in a fixed number of argu-
ments) recursive in f . It is especially important to notice that the
recursive relation R we obtain is independent of f .
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11.2.1. Enumeration Theorem. For each positive n ∈ ω there is
a recursive R ⊆ ωn+3 such that for every total f : ω → ω and every
partial g of n arguments the following are equivalent:

(0) g ∈ RP (f).
(1) There is some e ∈ ω such that g(~x) = y if and only if ∃sR(e, ~x, y, f(s)).

Furthermore, R satisfies:

(i) R(e, ~x, y, z) ⇒ Seq(z).
(ii) R(e, ~x, y, z) ∧ “z is an initial segment of z′” ⇒ R(e, ~x, y, z′).
(iii) ∀e∀~x ∀z∃≤1yR(e, ~x, y, z).

Proof. The Representation Theorem 11.2.0 and the existence of
universal r.e. relations yields a recursive S ⊆ ωn+4 such that if g has n
arguments then g ∈ RP (f) if and only if there is some e ∈ ω such that

g(~x) = y ⇔ ∃u∃sS(e, ~x, y, f(s), u).

We first define R∗(e, ~x, y, z) to be

Seq(z) ∧ (∃z′)<z(∃i)<z(∃u)<z[In(z, i) = z′ ∧ S(e, ~x, y, z′, u)]

and finally define the desired R by

R(e, ~x, y, z) ⇔ R∗(e, ~x, y, z) ∧ (∀y′)<y¬R(u, x, y′, z).

�

Note that R as in the Enumeration Theorem 11.2.1 will be such
that for every f : ω → ω we have: ∀e∀~x ∃≤1y∃sR(e, ~x, y, f(s)). We
thus obtain universal functions Φf which are partial recursive in f .

11.2.2. Theorem. For any f : ω → ω and any positive n ∈ ω there
is a partial function Φf of (n + 1) arguments such that Φf ∈ RP (f)
and for every partial function g of n arguments g ∈ RP (f) if and
only if there is some e ∈ ω such that g(~x) = Φf (e, ~x) for all ~x ∈ ωn.
Further, Φf (e, ~x) = y if and only if ∃sR(e, ~x, y, f(s)) holds, where R is
the recursive relation in the Enumeration Theorem 11.2.1.

NOTATION: Φf (e, ~x) = Φf
e (~x) = {e}f (~x). We will write {e}A, etc.,

in place of {e}KA for relations A.

Of course our notation is ambiguous since we suppress reference to
n = lh(~x). This is harmless, and we will continue to do so. Normally
we will have n = 1 unless explicitly stated to the contrary.
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11.2.3. Definition. Given f : ω → ω and e, n, s ∈ ω, {e}f
s is the

partial function of n arguments defined by

{e}f
s (~x) = y if and only if R(e, ~x, y, f(s)) ∧ e, xi, y < s.

Then certainly {e}f
s is partial recursive in f , but more can be said:

11.2.4. Lemma.

(0) The relation {e}f
s (~x) = y is recursive in f (as an (n + 3)-ary

relation in e, s, ~x, y).
(1) {e}f (~x) = y if and only if ∃s{e}f

s (~x) = y.

(2) If {e}f
s (~x) = y and s < t then {e}f

t (~x) = y.
(3) Assume that f, g : ω → ω are such that f � s = g � s. Assume

that {e}f
s (~x) = y. Then also {e}g

s(~x) = y, so in particular
{e}f (~x) = {e}g(~x).

Finally, just as in Section 10.2, we obtain the Relativized Parameter
Theorem.

11.2.5. Theorem. Let g(z, ~x) ∈ RP (f). Then there is a total recur-
sive s : ω → ω such that for every k ∈ ω, gk(~x) = g(k, ~x) = {s(k)}f (~x).

11.3. A-Recursively Enumerable Relations

The relativized notion of recursive enumerability is defined in the
obvious way.

11.3.0. Definition. A relation R ⊆ ωn is r.e. in A, or A-r.e., if and
only if there is some S ⊆ ωn+1 which is recursive in A such that
∀k1, . . . , kn ∈ ω,

R(k1, . . . , kn) if and only if ∃lS(k1, . . . , kn, l).

The standard properties of r.e. relations go over into this setting.
We mention the following, without proof:

11.3.1. Lemma.

(0) R is recursive in A if and only if R and ¬R are both r.e. in
A.

(1) A partial function g is recursive in A if and only if the graph
of g is r.e. in A.

(2) A set X ⊆ ω is A-r.e. if and only if X = Dom(g) for some
g ∈ RP (A).
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11.3.2. Definition. WA
e = Dom({e}A).

Thus {WA
e : e ∈ ω} is an A-r.e. listing of all subsets of ω which are

A-r.e.
Recall thatK = {e : e ∈ We} is an r.e. set which is not recursive and

that every r.e. set is m-reducible to K. The definition of K generalizes
to the relativized context to give a function yielding a canonical A-r.e.
set which has the analogous maximality property.

11.3.3. Definition. For any A ⊆ ω, the jump of A is A′ = {e : e ∈
WA

e }.

11.3.4. Theorem. For any A,B,C ⊆ ω we have:

(0) A′ is A-r.e.
(1) A′ �T A.
(2) B is A-r.e. if and only if B ≤m A′.
(3) If B is A-r.e. and A ≤T C then B is C-r.e.
(4) B ≤T A if and only if B′ ≤m A′.
(5) B ≡T A if and only if B′ ≡m A′.

Proof. (0), (1), and (2) are established just as the corresponding
facts for K.

(3) is easily proved using Definition 11.3.0.
(5) follows from (4).
We prove (4). First assume B ≤T A. By (0), B′ is B-r.e. so by (3)

we see B′ is A-r.e. and so B′ ≤m A′ by (2).
Next suppose B′ ≤m A′. Then in particular B ≤m A′ (since B ≤m

B′ by (2)) so B is r.e. in A by (2). But we also have (ω \ B) ≤m B′

since (ω \ B) ≡T B, and thus we also conclude that (ω \ B) is r.e. in
A. Hence B is recursive in A by Lemma 11.3.1, i.e., B ≤T A. �

11.3.5. Corollary. If B is A-r.e. then B ≤T A′; if B ≤T A then
B′ ≤T A

′.

WARNING: The converses of these implications do not hold.

11.3.6. Corollary. K ≡T ∅′.

NOTATION: ∅(n+1) = (∅(n))′.

We then have:

∅ <T ∅′ <T ∅′′ <T · · · <T ∅(n+1) <T · · · .
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As remarked above, if B ≤T A′ it need not follow that B is A-
r.e. We are, however, able to characterize such Bs as the limits of
A-recursive sequences. More generally we characterize the (total) func-
tions f such that f ≤T A

′.

11.3.7. Definition. Let g : ω × ω → ω and f : ω → ω. We consider g
as the sequence {gn}n∈ω of 1-ary functions as usual, and we say that f
is the limit of {gn}n∈ω, written f = limn→∞ gn, if and only if for every
k ∈ ω we have f(k) = limn→∞ gn(k), meaning that there is some n0

such that gn(k) = f(k) for all n ≥ n0. If lim gn = f then a modulus
for the sequence is a function m : ω → ω such that gn(k) = f(k) for all
n ≥ m(k), for all k ∈ ω.

11.3.8. Theorem. For any A ⊆ ω and f : ω → ω, f ≤T A′ if and
only if there is an A-recursive sequence {gn}n∈ω (i.e., g ≤T A) such
that f = limn→∞ gn.

We first prove a lemma on limits of A-recursive sequences.

11.3.9. Lemma. Assume that f, g : ω → ω, f ≤T g and g is the limit
of an A-recursive sequence. Then f is also the limit of an A-recursive
sequence.

Proof. Let g = limn→∞Gn, with {Gn}n∈ω an A-recursive se-
quence. Since f ≤T g we know f = {e}g for some e ∈ ω. That is,
f(k) = l if and only if R(e, k, l, g(t)) holds for some (and hence for all
sufficiently large) t, where R is as in the Enumeration Theorem 11.2.1.
Since g = limn→∞Gn there is m : ω → ω such that g(t) = Gn(t) for all
n ≥ m(t). Thus, if R(e, k, l, g(t)) holds then R(e, k, l, Gn(t)) holds for
all n ≥ m(t) and so also R(e, k, l, Gn(n)) holds for all n ≥ m(t), t. We
may thus define F (n, k) = (µy)<nR(e, k, y,Gn(n)). Then F ≤T G ≤T

A and f(k) = limn→∞ Fn(k) for all k, as desired. �

Proof of Theorem 11.3.8. First, suppose f ≤T A′. By Lem-
ma 11.3.9 it suffices to show that KA′ is the limit of an A-recursive
sequence. A′, being A-r.e., is the domain of {e}A for some e ∈ ω. We
can then define

G(s, x) =

{
0 if (∃y)<s{e}A

s (x) = y,
1 otherwise.

and see that G ≤T A and KA′ = lims→∞Gs as desired.
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For the other direction, suppose f is the limit of the A-recursive
sequence {gn}n∈ω. Define the function m : ω → ω by

m(x) = (µk)(∀n)≥k[gn(x) = gk(x)].

Then m is a modulus function for the sequence, and so f(x) = gm(x)(x)
for all x ∈ ω. Since g ≤T A we can conclude f ≤T A′ once we show
that m ≤T A

′. Well, we have

{(k, x) : (∀n)≥k[gn(x) = gk(x)]} ≡T {(k, x) : (∃n)≥kgn(x) 6= gk(x)},

and this last set is A-r.e. since g ≤T A. Thus these two sets are
recursive in A′, and so m is also recursive in A′. �

11.3.10. Corollary. B ≤T A′ if and only if there is an A-recursive
sequence {Cn}n∈ω of sets (which we can take to be finite) whose limit
is B, that is k ∈ B if and only if ∃n0(∀n)≥n0 [k ∈ Cn]. We will have
Cn ⊆ B for all n if and only if B is A-r.e.

11.4. Degrees

Sets A and B are Turing equivalent if and only if deciding mem-
bership in A is precisely as difficult as deciding membership in B. In
this case A and B are said to have the same degree (of unsolvability).
Degrees are thus equivalence classes under ≡T , and Turing reducibility
induces a partial order on the degrees.

11.4.0. Definition.

(0) If A ⊆ ω then the (Turing) degree of A is [A]T = {B ⊆
ω : A ≡T B}.

(1) D = {[A]T : A ⊆ ω}.
NOTATION: Degrees are denoted by a, b, etc.

(2) If a,b ∈ D then a ≤ b if and only if A ≤T B for some
(equivalently every) A ∈ a, B ∈ b; a < b means that a ≤
b but a 6= b (equivalently, A <T Bforsome, orevery, A ∈
a, B ∈ b).

(3) If a ∈ D then a′ = [A′]T for some (equivalently, every) A ∈ a.
(4) 0 = [∅]T ; 0(n) = [∅(n)]T .

Thus the degrees are a classification of all sets of natural numbers
according to computational complexity. One studies the structure of
D with ≤ and ′ to better understand the relative computational com-
plexity of subsets of ω.



11.4. DEGREES 99

We first collect some elementary properties of the degrees in the
following proposition and then state without proof some more difficult
results:

11.4.1. Proposition.

(i) ≤ is a partial order of D.
(ii) 0 ≤ a for every a ∈ D.
(iii) Any finite set of degrees has a least upper bound in D.
(iv) |D| = 2ω.
(v) For any a ∈ D, |{b ∈ D : b ≤ a}| ≤ ω.
(vi) Any countable set of degrees has an upper bound in D.
(vii) For any a ∈ D, a < a′, and so there are no maximal degrees

in the ordering.
(viii) If a ≤ b then a′ ≤ b′.
(ix) D is not linearly ordered by ≤; in fact there are a,b < 0′ such

that a � b and b � a.

Proof. (i), (ii), (vii), and (viii) are immediate from properties of
≤T and the jump.

To show (iii) it suffices to produce a least upper bound for any two
degrees, a,b. Choosing A ∈ a and B ∈ b, choose C ∈ ω so that
KC = KA ⊕ KB as defined in Section 11.1. It is then easy to verify
that c = [C]T is the desired least upper bound.

Just as there are only countably many recursive functions there
are only countably many functions recursive in any given A. Thus
|{B ⊆ ω : B ≤T A}| = ω, which establishes (v). In addition, since
|P(ω)| = 2ω, (iv) follows.

We leave (vi) to the reader—note, however, that (v) implies that
no uncountable set of degrees has an upper bound.

If D were linearly ordered by ≤ then we would have |D| ≤ ω1 by
(v), and so 2ω = ω1 by (iv). While not quite a contradiction this is
surely suspicious. In the next section we will establish (ix) by showing
that there are incomparable degrees < 0′. �

Thus (D,≤) forms what is called an upper semi-lattice with least el-
ement ((i),(ii),(iii)). (D,≤) fails to be a lattice since in general greatest
lower bounds of pairs of elements fail to exist.

Similarly, (vi) cannot be improved to yield least upper bounds for
countably infinite sets of degrees. In fact, if an < an+1 for all n ∈ ω
then {an : n ∈ ω} has no least upper bound. In particular {0(n) : n ∈ ω}
has no least upper bound.
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(D,≤) is about as complicated as possible. Every countable partial
ordering embeds isomorphically into (D,≤). But this partial ordering
is far from homogeneous. Thus there are minimal degrees (that is,
degrees a such that 0 < a but there is no b ∈ D with 0 < b < a). But
there also are degrees c > 0 such that no degree a ≤ c is minimal—
in fact there are degrees c > 0 such that {b : b < c} is densely and
linearly ordered. More generally, every contable upper semi-lattice with
least element is isomorphic to an initial segment of D (i.e., to M such
that a ∈ M,b ≤ a implies b ∈ M). Not surprisingly, Th((D,≤)) is
undecidable.

One might hope that a more “familiar” set like D(≤ 0′) = {a ∈
D : a ≤ 0′} might be simpler. But there are minimal degrees in D(≤
0′), and every countable partial order embeds isomorphically into D(≤
0′).

11.5. Degree Constructions

In this section we present a general method of constructing sets
whose degrees have certain specified relations. We illustrate the method
by showing that there are incomparable degress less than 0′.

For our first approximation we ignore the requirement that we con-
struct sets with degrees less than 0′ and just see what is involved in
constructing sets with incomparable degrees. Thus, we wish to con-
struct A,B ∈ ω such that A �T B and B �T A. This will be guaran-
teed provided A and B satisfy all of the following requirements Re and
Se for e ∈ ω:

Re : KA 6= {e}B,
Se : KB 6= {e}A.

Of course, Re is satisfied by making sure there is some n ∈ ω with
KA(n) 6= {e}B(n), and similarly for Se. But while we are still per-
forming the construction we don’t yet know what B is—so how can we
know the value {e}B(n)?

The solution to this difficulty is given by Lemma 11.2.4. {e}B(n) =
l if and only if ∃s{e}B

s (n) = l and in this case we will also have
{e}C(n) = l for every C ⊆ ω with (C ∩ S) = (B ∩ S). Thus the
value l to which {e}B(n) converges (assuming there is one) is deter-
mined by a sufficiently large finite piece of B—which we will know at
some stage in the construction.

With this introduction we can now plunge into the proof of the first
version of the theorem.
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11.5.0. Theorem. There are degrees a and b such that a � b and
b ≤ a.

Proof. We wish to define A,B ⊆ ω such that Re and Se above
are satisfied for all e ∈ ω. We define, by simultaneous recursion on ω,

functions ft, gt ∈
ω`2 such that ft ⊆ ft+1 and gt ⊆ gt+1 for all t ∈ ω

and such that
⋃

t∈ω ft = KA and
⋃

t∈ω gt = KB yield the desired A,B.

To begin with, set f0 = g0 = ∅. Now, given ft, gt ∈
ω`2 we show

how to define ft+1 and gt+1.

Case 1: t = 2e.
We guarantee that Re will hold. Let n = Dom(ft).

Subcase (i): There is G : ω → 2 such that gt ⊆ G and {e}G(n) ↓.
In this case choose some such G, choose some s ∈ ω such that

{e}G
s (n) ↓ and s ≥ Dom(gt). Now define gt+1 = G � s and ft+1 = ft ∪

{(n, 1 .− {e}G(n))}. Then no matter how the rest of the construction
is carried out, in the end we will have {e}B(n) = {e}G(n) 6= KA(n),
thus guaranteeing Re.

Subcase (ii): There is no G : ω → 2 such that gt ⊆ G and {e}G(n) ↓.
In this case no matter how the rest of the construction is carried out

we will have {e}B(n) ↑ and so Re will necessarily hold. So we define
gt+1 = gt and ft+1 = ft ∪ {(n, 0)}.

Case 2: t = 2e+ 1.
In this case we proceed with the roles of ft, gt interchanged to guar-

antee that Se holds.
Note that we have guaranteed that

⋃
t∈ω ft : ω → 2 and

⋃
t∈ω gt : ω →

2 so they will be some KA, KB. �

Let’s examine this proof to see what is really going on and determine
exactly what needs to be done to find such A,B with A,B ≤T ∅′.

First of all, what we are doing is defining a function by an informal
primitive recursion whose value at t is the pair (ft, gt). To formalize
this definition, the value of the function must be a natural number.

We accomplish this by replacing finite functions in
ω`ω by the sequence

number of the sequence of their values.

11.5.1. Definition. Let h ∈
ω`ω and let n = Dom(h). Then ĥ =

〈h(0), . . . , h(n− 1)〉 is the sequence number coding h.
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In this context we will use σ, τ to stand for sequence numbers, and

we write σ ⊆ τ to mean σ is an initial segment of τ . Thus, if g, h ∈
ω`ω

then g ⊆ h if and only if ĝ ⊆ ĥ.
So, in the proof of this theorem we are defining a function H by

primitive recursion so taht H(t) = 〈f̂t, ĝt〉 with ft, gt as previously. Our
goal is to ensure that

⋃
t∈ω ft and

⋃
t∈ω gt are both ≤T ∅′. This will be

guaranteed by having H ≤T ∅′, Seq∗ = {ĥ : h ∈
ω`2}.

Now, to guarantee that H : ω → ω defined by primitive recursion
is ≤T ∅′ it suffices to show that the function which defines H(t + 1)
from t and H(t) is ≤T ∅′. Thus we need to show that the division into

cases and subcases, and the definitions of f̂t+1 and ĝt+1 from f̂t and ĝt

in each case, are all ≤T ∅′.
Finally, let R ⊆ ω4 be the recursive relation from the Enumeration

Theorem 11.2.1. We introduce the following notation:

11.5.2. Definition. {e}σ(x) = y if and only ifR(e, x, y, σ) and e, x, y <
lh(σ).

11.5.3. Lemma.

(0) {e}σ(x) = y is a recursive relation in the four (number) vari-
ables e, σ, x, y.

(1) {e}f
s (x) = y if and only if {e}σ(x) = y, where σ = f(s).

(2) {e}σ(x) = y implies that {e}f (x) = y for every f : ω → ω with
σ = f(s) for s = lh(σ).

We can now indicate how to adapt the proof of Theorem 11.5.0 to
obtain:

11.5.4. Theorem. There are degrees a,b with a ≤ 0′, b ≤ 0′, a � b,
b � a.

Proof. As indicated above, it suffices to consider the way in which

〈f̂t+1, ĝt+1〉 is obtained from 〈f̂t, ĝt〉. the division into Case 1 and Case
2 is recursive. By Lemma 11.5.3, Subcase (i) holds if and only if

∃σ(Seq∗(σ) ∧ ĝt ⊆ σ ∧ ∃y[{e}σ(n) = y]),

and this condition is r.e., hence ≤T ∅′. Similarly, of course, Subcase
(ii)—being the negation of Subcase (i)—is co-r.e., hence ≤T ∅′.

In Subcase (i) we define

ĝt+1 = ((µw)[Seq∗((w)0) ∧ ĝt ⊆ (w)0 ∧ {e}(w)0(n) = (w)1])0.
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In other words, we look for the least pair 〈σ, l〉 where Seq∗(σ) ∧ ĝt ⊆
σ ∧ {e}σ(n) = l and use σ for ĝt+1. This choice of ĝt+1 is, of course,

recursive, and f̂t+1 is recursively defined from it as in the proof of
Theorem 11.5.0.

Subcase (ii) is even easier, of course, and Case 2 is analogous to

Case 1. Thus the function given 〈f̂t+1, ĝt+1〉 in terms of t and 〈f̂t, ĝt〉 is
≤T ∅ as required, completing the proof. �





CHAPTER 12

The Arithmetic Hierarchy

12.0. Introduction

In this chapter we study the subsets of ω which are first-order defin-
able in the structure N. We define a hierarchy on these sets, roughly
speaking by the quantifier complexity of the defining formula. The
recursive sets are at the lowest level of the hierarchy, followed by the
r.e. sets (which are definable using one quantifier in front of a recur-
sive relation), etc. The most important result in this chapter is Post’s
Theorem 12.2.0, which ties this hierarchy to Turing reducibility.

12.1. Arithmetic Relations and the Hierarchy

Recall that N is the “standard” structure on ω for the language
L = {+, ·, <, 0, s}.

12.1.0. Definition. A relation R ⊆ ωn is arithmetic if and only if R
is definable in N by some L-formula.

We define, by recursion on n, an indexed family of sets of relations
on ω, which include precisely the arithmetic relations.

12.1.1. Definition.

(a) The collections Σn, Πn are defined simultaneously via:
Σ0 = Π0 = the set of all recursive relations;
R ∈ Σn+1 if and only if there is some S ∈ Πn such
that R(~x) ↔ ∃yS(~x, y);
R ∈ Πn+1 if and only if there is some S ∈ Σn such
that R(~x) ↔ ∀yS(~x, y).

(b) ∆n = (Σn ∩ Πn).

The following lemma summarizes most of the elementary properties
of this hierarchy:

12.1.2. Lemma.

i R ∈ Σn if and only if ¬R ∈ Πn.

105
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ii (Σn ∪ Πn) ⊆ ∆n+1.
iii Σn is closed under ∧, ∨, ∃y, (∀y)<x, for all n > 0.
iv Πn is closed under ∧, ∨, ∀y, (∃y)<x, for all n > 0.
v Given R ⊆ ωk define

R∗ = {〈m1, . . . ,mk〉 : R(m1, . . . ,mk) holds}.

Then R∗ ⊆ ω and R∗ ∈ Σn (or Πn or ∆n) if and only if
R ∈ Σn (or Πn or ∆n).

vi R is arithmetic if and only if R ∈ Σn for some n ∈ ω.
vii A ∈ Σn, B ≤m A⇒ B ∈ Σn; same for Πn.

Note that R ∈ Σ1 if and only if R is r.e., and thus R ∈ ∆1 if and
only if R is recursive. Thus ∅′ ∈ (Σ1 \ Π1).

EXAMPLES:

(0) TOT = {e : We = ω} ∈ Π2, since e ∈ TOT if and only if
∀x{e}(x) ↓ and we know {e}(x) ↓ is r.e., i.e., Σ1.

(1) FIN = {e : We is finite} ∈ Σ2, since e ∈ FIN if and only if
∃x∀y[x < y → {e}(y) ↑].

(2) COF = {e : We is cofinite} ∈ Σ3.

In each case, we have found the lowest level of the arithmetic hier-
archy to which the set in question belongs. This follows from showing
the set in question is m-complete, and Post’s Theorem 12.2.0.

12.1.3. Definition. A is Σn-complete if and only if A ∈ Σn and B ≤m

A whenever B ∈ Σn. Πn-complete is defined analogously.

12.1.4. Proposition. TOT is Π2-complete.

Proof. Let B ∈ Π2 so there is some recursive R ⊆ ω3 such that

k ∈ B if and only if ∀x∃yR(x, y, k).

We can then define a partial recursive function g by

g(k, x) =

{
0 if ∃yR(x, y, k),
↑ otherwise.

Applying the Parameter Theorem 10.2.6 we obtain a total recursive s
such that {s(k)}(x) = g(k, x) for all k, x. In particular, if k ∈ B then
s(k) ∈ TOT , and if k /∈ B then s(k) /∈ TOT . �

As a consequence note that TOT /∈ Σ2 provided (Π2 \ Σ2) 6= ∅.
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12.2. Post’s Theorem

The following fundamental result relates the definability hierarchy
just introduced to the jump hierarchy introduced in Section 11.3.

12.2.0. Post’s Theorem.

(0) B ∈ Σn+1 if and only if B is r.e. in some Πn set (equivalently,
in some Σn set).

(1) ∅(n) is Σn-complete for all n > 0.
(2) B ∈ Σn+1 if and only if B is r.e. in ∅(n).
(3) B ∈ ∆n+1 if and only if B ≤T ∅(n).

Proof. (0) First note that since A ≡T (ω \A) for all A we see that
B is r.e. in A if and only if B is r.e. in (ω \A), and so B is r.e. in some
Πn set if and only if B is r.e. in some Σn set.

The implication from left to right in (0) is clear from the definitions.
To show the other direction, suppose B is r.e. in A, where A ∈ Πn.
Then there is some S which is recursive in A such that

k ∈ B ↔ ∃yS(k, y).

By the Representation Theorem 11.2.0 there is some recursive relation
R such that

S(k, y) ↔ ∃sR(k, y,KA(s)).

Expanding on what KA(s) is we see that k ∈ B if and only if

∃y∃w[Seq(w)∧R(k, y, w)∧(∀i)<lh(w)([(w)i = 0∧(w)i ∈ A]∨[(w)i = 1∧(w)i /∈ A])].

(w)i ∈ A is Πn, and (w)i /∈ A is Σn, hence they are both Σn+1, so the
entire right-hand side is Σn+1, and thus B ∈ Σn+1.

(1) We proceed by induction on n. We already know the case n = 1,
so we can assume ∅(n) is Σn-complete, some n > 0, and prove that
∅(n+1) is Σn+1-complete. First of all, ∅(n+1) is r.e. in ∅(n) and ∅(n) ∈ Σn

so ∅(n+1) ∈ Σn+1 by part (0) of this theorem. Now let B ∈ Σn+1. Then,
also by part (0), B is r.e. in some Σn set, hence in ∅(n) by inductive
hypothesis, and thus B ≤m ∅(n+1) by properties of the jump.

(2) follows immediately from (0) and (1).
(3) follows from (2). �

We collect some consequences of Theorem 12.2.0:

i ∅(n+1) ∈ (Σn+1 \ Πn+1), all n.
ii A is arithmetic if and only if A ≤T ∅(n) for some n.
iii If A is Σn+1-complete then A /∈ Πn+1.
iv (Σn ∪ Πn) ( ∆n+1 for all n > 0.
v If A is arithmetic and B ≤T A then B is arithmetic.
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vi There is no arithmetic A such that B ≤T A for all arithmetic
B.

vii {pσq : σ ∈ SnL,N |= σ} is not arithmetic.
viii If A is Σn-complete or Πn-complete then A ≡T ∅(n).


