
CMSC666 Numerical Analysis I Final (40%) + Midterms

(25%) + Homework (35%), Final: 8am-10am, Dec 17 (Fri)

Introduction to Numerical Anaylsis, J. Stoer, R. Bulirsch
(3rd edition) Background (Ch.1,4); Interpolation (Ch.2); Integration (Ch.3);

Eigen Problems (Ch.6); Linear System (Ch.8)

1 Interpolation

• Sample values at points {xi, yi}n
i=1

(assumes continuity C).

• Sample derivative values, yi = f ′(xi), {xi, yi, y
′
i}

n
i=1

• Sample averages over subintervals,
yi+ 1

2
= 1

xi+1−xi

∫ xi+1

xi
f(x)dx

Linear Interpolation: Polynomial, trigonometric, splines;
Φ(x;P1, · · · , Pn) =

∑n
k=1 PkΦ(x)

Non-linear: Rational; Φ(x;P1, · · · , Pn) = a0+a1x+···+anxn

1+b1x+···+bnxn

1.1 Polynomial Interpolation

Theorem 1.1 (Lagrange formula) Given n+1 distinct
points {x0, · · · , xn} and n+1 associated values (xi, yi), i =
0, · · · , n. ∃ a unique polynomial P (x) = a0 + a1x + · · · +
anx

n, s.t. (i) deg(P ) ≤ n and (ii) P (xi) = yi, i = 0, · · · , n.
Proof: (Uniquness) Let P1 and P2 satisfy (i) and (ii).
Then, Q = P1 − P2 is a polynomial with degree ≤ n.
Q(xi) = P1(xi)− P2(xi) = 0 for i = 0, · · · , n. Q has n+ 1
roots ⇒ Q = 0.

(Existence) Let W (x) =
∏n

i=1(x− xi).

Define Lagrange polynomial Li(x) = w(x)
(x−xi)w′(xi)

=
(x−x0)···(x−xi−1)(x−xi+1)···(x−xn)

(xi−x0)···(xi−xi−1)(xi−xi+1)···(xi−xn) . Then, Li(xj) = δij =
{

1 , if i = j

0 , otherwise.
Set P (x) =

∑n
i=0 yiLi(x). P (xj) =

∑n
i=0 yiLi(xj) =

∑n
i=0 yiδij = yj. QED

Error estimates: Given an arbitrary functin f and
points {xi}n

i=0. Let P (x) =
∑n

i=0 f(xi)Li(x). How well
does P approximate f over [xL, xR]?

Theorem 1.2 Assume f ∈ Cn+1([xL, xR]). Let {xi}n
i=0

be distinct with xL ≤ x0 < x1 < · · · < xn ≤ xR. Let
P (x) =

∑n
i=0 f(xi)Li(x). Then, ∀x ∈ [xL, xR], ∃ξ ∈

[xL, xR], s.t. f(x) − P (x) = 1
(n+1)!W (x)f (n+1)(ξ)

Proof: Assume W (x) 6= 0 (i.e. x 6= xi). Let K(x) =
f(x)−P (x)

W (x) . Define g(t) = f(t) − P (t) −W (t)K(x). Then,

g(x) = 0 and g(xi) = 0 for i = 0, · · · , n. g has n + 2 0’s
and g(t) ∈ Cn+1([xL, xR]). By Rolle theorem, g(i) has i
0’s for i = 0, · · · , n+ 1. Therefore, ∃ξ, g(n+1)(ξ) = 0. But
g(n+1)(t) = f (n+1)(t) − 0 − (n + 1)!K(x). Set t = ξ ⇒
K(x) = 1

(n+1)!f
(n+1)(ξ). QED

Remark: If f is a polynomial of degree ≤ n + 1, then
f (n+1) is constant. So the error formula has no unknowns.

C norm ||G||C([xL,xR]) = sup {|G(x)| | x ∈ [xL, xR]} =

||G||C (shorthand).

Corollary 1.3

||f − P ||C([xL,xR]) ≤
1

(n+ 1)!
||W ||C

∣
∣
∣

∣
∣
∣f

(n+1)
∣
∣
∣

∣
∣
∣
C
.

Remarks: This bound is sharp when f is a polynomial
with degree ≤ n+1. ||W ||C depends on only {xi}n

i=0 while
∣
∣
∣
∣f (n+1)

∣
∣
∣
∣
C

depends only on f .

Chebyshev Interpolation Given [xL, xR] and n, how
to choose {xi}n

i=0, so that ||W ||C is minimum?
Remark: It’s enough to consider [xL, xR] = [−1, 1]. If

{zi}n
i=0 solve the problem for [−1, 1], then xi = xR+xL

2 +
xR−xL

2 zi solve the problem for [xL, xR].

Let x = cos θ, where θ ∈ [0, π]. sin θ =
√

1 − x2 ≥ 0.
cos(nθ) + i sin(nθ) = (cos θ + i sin θ)n = (x − i

√
1 − x2)n.

Define Chebyshev polynomial of degree n,

Tn(x) = cos(nθ) = cos(n cos−1 x)

= xn −
(
n

2

)

xn−2(1 − x2) +

(
n

4

)

xn−4(1 − x2)2 − · · ·

T0(x) = 1

T1(x) = x

T2(x) = 2x2 − 1

T3(x) = 4x3 − 3x

T4(x) = 8x4 − 8x2 + 1

T5(x) = 16x5 − 20x3 + 5x

...

Tn(x) = 2n−1xn + lower terms

Tn(−x) =

{
Tn(x) , when n even,
−Tn(x) , when n odd.

Tn(xj) = (−1)j , when xj = cos(
jπ

n
)

||Tn||C = 1

The solution for our problem is xj = cos((2j+1
n )π

2 ). Then,
Tn+1(xj) = 0 and xj are the roots of Tn+1. In this

case W (x) = Tn+1(x)
2n . ||W ||C([−1,1]) = 1

2n . In general

||W ||C([xL,xR]) = |xR−xL|n+1

22n+1 .

Suppose ∃ {xj}n
j=0, s.t. ||W ||C ≤ 1

2n . Set

Q(x) = 1
2nTn+1(x) − W (x). Q(xj) = (−1)j

2n − W (xj).
Then, Q(xj) ≥ 0 when j even and Q(xj) ≤ 0 when j odd.
Q have at least n+1 roots but deg(Q) ≤ n. Hence Q = 0.

Example: Let f(x) = 1
1+25x2 and en =

∣
∣
∣
∣f − P (n)

∣
∣
∣
∣
C
.

Uniformly pick points Chebyshev
n en en

2 0.96 0.93
4 0.71 0.75
6 0.43 0.56
8 0.25 0.39
10 0.30 0.27
12 0.56 0.18
14 1.07 0.12
...

...
...

20 8.57 (diverges) 0.03
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Neville’s Algorithm Given {(xi, yi)}n
i=0 and x ∈

[xL, xR], how should one compute P (x) in a way that is
stable and fast as possible? Neville is the best for few
(one) evaluations.

Let Pi0,···,ik
(x) be a polynomial with degree ≤ k and

∀i = 0, · · · , n, Pi0,···,ik
(xi) = yi. These partial interpolants

can be computed by

Pi0(x) = yi0 ,

Pi0,···,ik
(x) =

(x− xi0 )Pi1,···,ik
(x) + (xik

− x)Pi0,···,ik−1
(x)

xik
− xi0

The algorithm is pictured as a tableau:
x0 y0

> P01(x)
x1 y1 > P012(x)

> P12(x)
x2 y2 · · · > P0,1,···,n(x)
...

...
...

... > Pn−1,n(x)
xn yn

This computes P (x) with n(n + 1) multiplications and
n(n−1)

2 divisions.

Newton’s Interpolation Formula It is better for
many evaluation of P since it first computes P , then eval-
uates P (x) for many x’s. Write P as P (x) = b0 + b1(x −
x0)+ b2(x−x0)(x−x1)+ · · ·+ bn(x−x0) · · · (x−xn−1) =
b0 + (x − x0)(b1 + (x − x1)(b2 + · · · + (x − xn−2)(bn−1 +
(x−xn−1)bn) · · ·)). One can evaluate P (x) by the Horner
scheme which involves n multiplications to find bi’s.

y0 = P (x0) = b0

y1 = P (x1) = b0 + b1(x1 − x0)

y2 = P (x2) = b0 + b1(x2 − x0) + b2(x2 − x0)(x2 − x1)

...

More efficient is the method of divided differences.

P0,···,k(x) = P0,···,k−1(x) + y0,···,k(x− x0) · · · (x − xk−1)

= P1,···,k(x) + y0,···,k(x− x1) · · · (x− xk)

y0,···,k =
y1,···,k − y0,···,k−1

xk − x0

Consider the tableau:
x0 y0 = b0

> y01 = b1
x1 y1 > y012 = b2

> y12
x2 y2 · · · > y0,1,···,n = bn
...

...
...

... > yn−1,n

xn yn

L2 Approximation Let I = (xL, xR) be an interval and
w(x) > 0 be continues weight over I. Define

L2(wdx) =

{

f

∣
∣
∣
∣

∫

I

f(x)2w(x)dx <∞
}

.

Define the L2(wdx) inner product

(f | g) =

∫

I

f(x)g(x)w(x)dx.

Clearly (f, g) 7→ (f | g) is (i) linear in f and g (bilinear),
i.e. (αf1 + f2 | g) = α(f1 | g) + (f2 | g), (ii) commutative,
i.e. (f | g) = (g | f), and (iii) (f | f) ≥ 0 with (f | f) =

0 ⇔ f = 0. Define the L2(wdx) norm by ||f || = (f | f)
1
2 .

Theorem 1.4 (Cauchy-Schwarz)

||f || ||g|| ≥ |(f | g)|.

The equality holds ⇔ f is a scaler multiple of g.

Proof: Let G =

(
(f | f) (f | g)
(f | g) (g | g)

)

. ∀α, β, 0 ≤ (αf +

βg | αf + βg) = α2(f | f) + 2αβ(f | g) + β2(g | g) =
(
α β

)
G

(
α

β

)

. So G is positive semidefinite (or non-

negative definite). Hence, 0 ≤ det(G) = (f | f)(g | g) −
(f | g)2. The equality holds ⇔ ∃α, β, s.t. αf + βg = 0.

QED
Example: For I = [−1, 1] and w(x) = 1,
∫ 1

−1 f(x)2dx
∫ 1

−1 g(x)
2dx ≥

(∫ 1

−1 f(x)g(x)dx
)2

.

I w(x) Orthogonal polynomials
[−1, 1] 1√

1−x2
Tn(x) Chebyshev

[0,∞] e−x Ln(x) Laguerre

[−∞,∞] 1√
2π
e−

1
2 x2

Hn(x) Hermite

One can use Cauchy-Schwarz to show

1. ||f + g|| ≤ ||f || + ||g||,
2. ||αf || = α ||f ||,
3. ||f || ≥ 0, and

4. ||f || = 0 ⇔ f = 0.

L2 polynomial Approximation Suppose
xn ∈ L2(wdx), ∀n ∈ N = {0, 1, 2, · · ·}, i.e.
∫

I
x2nw(x)dx ≤ ∞. This holds for all examples given

before. Let Pn = {polynomials with degree ≤ n} =
{p | p(x) = α0 + · · ·αnx

n }. Pn is a linear sub-space of
L2(wdx) of dimension n+ 1.

Given f ∈ L2(wdx), how to find the polynomial p ∈ Pn

that best approximates f? We want to find p ∈ Pn, s.t.

||f − p||2 ≤ inf
{

||f − q||2 | q ∈ Pn
}

. (1.1)

Theorem 1.5 ∃p solves (1.1) ⇔ ∀q ∈ Pn, (f−p | q) = 0.

Proof: Define Gram matrix, G =
(
(xi | xj)

)n

i,j=0

=








∫

I
wdx

∫

I
xwdx · · ·

∫

I
xnwdx

∫

I xwdx
∫

I x
2wdx · · ·

∫

I x
n+1wdx

...
...

. . .
...

∫

I
xnwdx

∫

I
xn+1wdx · · ·

∫

I
x2nwdx








∈ R(n+1)×(n+1).
(
α0 · · · αn

)
G






α0

...
αn




 =

∫

I
p2wdx ≥ 0,

where p = α0 + α1x + · · ·αnx
n. The equality holds ⇔

p = 0 ⇔
(
α0 · · · αn

)
= 0. Therefore, G is positive
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semidefinite. ∃ an orthogonal matrix O, s.t. OTGO is a
positive diagonal matrix. Using Gram-Schmidt, we can
construct orthogonal polynomials

p0(x) = α00,

p1(x) = α10 + α11x,

...

pn(x) = αn0 + αn1x+ · · · + αnnx
n,

where αii 6= 0. (pi | pj) = 0 when i 6= j.

Clam: p(x) =
∑n

i=0 aipi(x), where ai = (f | pi)
(pi | pi)

. Check

(f − p | pj) = (f | pj) − aj(pj | pj). QED

1.2 Trigonometric Interpolation

Let T n = span {1, cos(kx), sin(kx)}n
k=1. Given f(x) ∈

L2, 2π-periodic, find Snf(x) ∈ T n, s.t. ∀t(x) ∈
T n, ||f(x) − Snf(x)|| ≤ ||f(x) − t(x)||. The answer is
Fourier expansion

Snf(x) =
a0

2
+

n∑

k=1

(ak cos(kx) + bk sin(kx)) ,

where ak =
1

π

∫ 2π

0

f(x) cos(kx)dx and

bk =
1

π

∫ 2π

0

f(x) sin(kx)dx.

are Fourier series.
If f(x) is p-periodic, then g(x) = f( p

2πx) is 2π-periodic.

If f(x) is defined on [a, b], then g(x) = f( b−a
2π +1) is difined

on [0, 2π]. By the transfromations

eikx = cos(kx) + i sin(kx),

cos(kx) =
eikx + e−ikx

2
, and

sin(kx) =
eikx − e−ikx

2i
,

T n = span
{
eikx

}n

k=−n
. The Fourier expansion becomes

S∞f(x) =

∞∑

k=−∞
f̂ke

ikx. with f̂k =
1

2π

∫ 2π

0

f(x)e−ikxdx.

f(x) is the phase polynomial with phase x and f̂k is the
Fourier series. The partial sum (truncated expansion)

Snf(x) =
∑n

k=−n f̂ke
ikx is the best L2 approximation of

f(x) among all t(x) ∈ T n, i.e. ∀t ∈ T n, ||f(x) − Snf(x)|| ≤
||f(x) − t(x)||. Also, limn→∞ ||f(x) − Snf(x)|| =

limn→∞
(∫ 2π

0
(f(x) − Snf(x))2dx

) 1
2

= 0.

Derivation of the formula: Equip the linear space T n

with L2 inner product,

(f(x) | g(x)) =

∫ 2π

0

f(x)g(x)dx.

The complex conjugate is necessary for complex-valued
function since L2 norm ||f(x)|| = (f(x) | f(x))

1
2 =

(∫ 2π

0 f(x)f(x)dx
) 1

2

=
(∫ 2π

0 |f(x)|2dx
) 1

2 ≥ 0, ∀f . Then,

for integers j and k,

(eijx | eikx) =

∫ 2π

0

eijxeikxdx

=

∫ 2π

0

ei(j−k)xdx

=







[x]
2π
0 , if j = k

[
ei(j−k)x

i(j−k)

]2π

0
, if j 6= k

=

{
2π , if j = k

0 , if j 6= k
.

For norm is minimal, ∀t(x) ∈ T n,

||f(x) − Snf(x)|| ≤ ||f(x) − t(x)||
⇒ f(x) − Snf(x) and t(x) − Snf(x) are orthogonal

⇒ (f(x) − Snf(x) | t(x) − Snf(x)) = 0

⇒ (f(x) − Snf(x) | t(x)) = 0

⇒ (f(x) − Snf(x) | eikx) = 0

⇒ (f(x) | eikx) = (Snf(x) | eikx)

= (

n∑

j=−n

f̂je
ijx | eikx) =

n∑

j=−n

f̂j(e
ijx | eikx) = 2πf̂k

⇒ f̂k =
1

2π

∫ 2π

0

f(x)e−ikxdx.

Theorem 1.6 (Parseval equality)

||f(x)||2 = 2π

∞∑

k=−∞
|f̂k|2

Theorem 1.7 (Bessel inequality)

||Snf(x)||2 = 2π
n∑

k=−n

|f̂k|2 ≤ ||f(x)||2

By Bessel inequality, f̂k → 0 as k → −∞,∞.
Formally, f ′(x) =

∑∞
k=−∞ f̂kke

ikxi. If f ′(x) ∈ L2, f̂kki

is the Fourier coefficient of f ′(x). By Bessel inequality,

limk→−∞,∞ |f̂kki|2 = 0 ⇒ |f̂k| ≤ c
|k| for some constant c.

Assume f ′(x) ∈ L2, f̂ ′
k = 1

2π

∫ 2π

0
f ′(x)e−ikxdx =

1
2π

([
f(x)e−ikx

]2π

0
+ ik

∫ 2π

0 f(x)e−ikxdx
)

= f̂kki.

Assume f ′′(x) ∈ L2. Similarly, |f̂k| ≤ c′

k2 . |f(x) −
Snf(x)| =

∣
∣
∣
∑

|k|>n f̂ke
ikx
∣
∣
∣ ≤

∑

|k|>n |f̂k| ≤
∑

|k|>n
c′

k2 →
0 as n→ ∞.

Let f(x) =

{
1 , if x ≥ π

0 , if x < pi
. ||f(x) − Snf(x)|| → 0

as n → ∞. However, it does not converge at x = π.
This is called Gibbs phenomenon. The difference is
0.09(f(π+) − f(π−)).

Discrete Fourier Series Let xv = 2πv
2n+1 be support

points with v = −n, · · · , n. For any function f(x) defined
on [−π, π], suppose we only know f(xv). In l2(C2n+1) =

3



span {~wk}n
k=−n, f(x) can be discreatized in form of vec-

tor ~f =






f(x−n)
...

f(xn)




, where ~wk =






eikx−n

...
eikxn




, The in-

ner product (~f | ~g) =
∑n

v=−n f(xv)g(xv). Then, the
orthogonality of basis is preserved, i.e. (~wj | ~wk) =
{

0 , if j 6= k

2n+ 1 , if j = k
.

Then, f̂k can be approximated by

f̃k =
(~f | ~wk)

(~wk | ~wk)
=

1

2n+ 1

n∑

v=−n

f(xv)e−ikxv .

The Fourier expansion is Dnf(x) =
∑n

k=−n f̃ke
ikx.

∀v,Dnf(xv) = f(xv). ∀t ∈ T n,
∣
∣
∣

∣
∣
∣~f −−−→

Dnf
∣
∣
∣

∣
∣
∣ ≤

∣
∣
∣

∣
∣
∣~f − ~t

∣
∣
∣

∣
∣
∣.

f(x)−Dnf(x) = (f(x)−Snf(x))+(Snf(x)−Dnf(x)).
The first part is truncation error due to cutoff of high
frequency components, |f(x) − Snf(x)| ≤ cs

ns−σ , cs =
∣
∣
∣
∣f (s)(x)

∣
∣
∣
∣. The second part is discretization error (alias-

ing error), Snf(x) − Dnf(x) =
∑n

k=−n(f̂k − f̃k)eikx.

f̃k = 1
2n+1

∑n
v=−n

(
∑∞

j=−∞ f̂je
ijxv

)

e−ikxv =

1
2n+1

∑∞
j=−∞ f̂j

∑n
v=−n e

i(j−k)xv . Since xv = 2πv
2n+1 ,

∑n
v=−n e

i(j−k)xv =

{
2n+ 1 , if (2n+ 1)|(j − k)
0 , otherwise.

Then, f̃k − f̂k =
∑

j 6=0 f̂k+(2n+1)j .

Fast Fourier Transforms Let n = 2m, w = 2π
n , fj =

f(xj) and ~f = (f0, · · · , fn−1). Then,

f̃k = (f0, f1, · · · , fn−1)k

=
1

n

n−1∑

v=0

fve
−ikwv

=
1

n





n/2
∑

v=0

f2ve
−ikw(2v) +

n/2
∑

v=0

f2v+1e
−ikw(2v+1)





=
1

2

(
(f0, f2, · · · , fn−2)k + e−ikw(f1, f3, · · · , fn−1)k

)

The running of the algroithm is N log2N .

1.3 Spline Interpolation

One of the simplest is continuous, piecewise linear in-
terpolation (connect the dots). Given data (xj , yj)

n
j=0,

Y (x) =
∑n

j=0 yjTj(x), where Tj(x) is a tent function,

Tj(x) =







x−xj−1

xj−xj−1
, if xj−1 < x < xj

x−xj+1

xj−xj+1
, if xj ≤ x < xj+1

0 , otherwise.

This is the best second order accurate ∼ (∆x)2 if yi =
f(xi) with f ∈ C2.

The idea of splines is to patch together higher degree
polynomials with greater regularity. What is the most
regularity we can impose using cubics? Assume Y (x) is

piecewise cubic. There are 4n unknowns: 2n interpola-
tion constraints, n−1 continuity of derivative constraints,
n−1 continuity of second order derivative constraints and
setting Y ′(x) = 0 at x0, xn.

Consider the problem

min

{
1

2

∫ xn

x0

(Y ′′(x))2dx

∣
∣
∣
∣
∀j, yj = Y (xj)

}

.

Using Lagrange multipliers, let

Q(Y,~λ) =
1

2

∫ xn

x0

(Y ′′(x))2dx−
n∑

j=0

λj(Y (xj) − yj).

Then, ∀Ỹ ∈ C2 with ∀j, Ỹ (xj) = 0,

0 = Ỹ∇YQ

=
d

ds
Q(Y + sỸ , λ)

∣
∣
∣
∣
s=0

=
d

ds

(
1

2

∫ xn

x0

(Y ′′(x) + sỸ ′′(x))2dx

−
n∑

j=0

λj(Y (xj) + sỸ (xj) − yj)





∣
∣
∣
∣
∣
∣
s=0

=

∫ xn

x0

Y ′′(x)Ỹ ′′(x)dx

=
n∑

j=1

(
[

Y ′′(x)Ỹ ′(x)
]xj

xj−1

−
∫ xj

xj−1

Y ′′′(x)Ỹ ′(x)dx

)

=

n∑

j=1

∫ xj

xj−1

Y (4)(x)Ỹ (x)dx

+

n∑

j=1

[

Y ′′(x)Ỹ ′(x) − Y ′′′(x)Ỹ (x)
]xj

xj−1

=

n∑

j=1

(

Y ′′(x−j )Ỹ ′(xj) − Y ′′(x+
j−1)Ỹ

′(xj−1)
)

= Y ′′(x−n )Ỹ ′(xn) − Y ′′(x+
0 )Ỹ ′(x0)

+

n−1∑

j=1

(
Y ′′(x−j ) − Y ′′(x+

j )
)
Ỹ ′(xj)

⇔
{
Y ′′(x−n ) = Y ′′(x+

0 ) = 0 and
Y ′′(x−j ) = Y ′′(x+

j ) for j = 1, · · · , n

⇔ (∗)
{
Y ′′(x−n ) = Y ′′(x+

0 ) = 0 and
Y ′′ is continuous.

Assume condition (∗) and let Ỹ be arbitrary.

0 =
d

ds
Q(Y + sỸ , λ)

∣
∣
∣
∣
s=0

=

n∑

j=1

[

Y ′′(x)Ỹ ′(x) − Y ′′′(x)Ỹ (x)
]xj

xj−1

−
n∑

j=0

λj Ỹ (xj)

=

n−1∑

j=1

(Y ′′′(x+
j ) − Y ′′′(x−j ) − λj)Ỹ (xj)

+(Y ′′′(x+
0 ) − λ0)Ỹ (x0) − (Y ′′′(x−n ) + λn)Ỹ (xn)
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Then, λj =







Y ′′′(x+
0 ) , if j = 0

−Y ′′′(x−n ) , if j = n

Y ′′′(x+
j ) − Y ′′′(x−j ) , otherwise.

Let M0 = Mn = 0,Mj = Y ′′(xj) and ∆j = xj − xj−1.
Y ′′ is piecewise linear. Consider Y ′′ over (xj−1, xj ,

Y ′′(x) = Mj
x− xj−1

∆j
+Mj−1

xj − x

∆j

Y (x) = Mj
(x − xj−1)

3

6∆j
+Mj−1

(xj − x)3

6∆j

+Aj(x− xj−1) +Bj(xj − x)

yj−1 = Y (xj−1) = Mj−1

∆2
j

6
+Bj∆j

yj = Y (xj) = Mj

∆2
j

6
+Aj∆j

Aj =
yj

∆j
−Mj

∆j

6

Bj =
yj−1

∆j
−Mj−1

∆j

6

Aj −Bj =
yj − yj−1

∆j
− (Mj −Mj−1)

∆j

6

Y ′(xj−1) = −Mj−1
∆j

2
+Aj −Bj

Y ′(xj) = Mj
∆j

2
+Aj −Bj

Since Y ′ is continuous,

−Mj
∆j+1

2
+Aj+1 −Bj+1 = Mj

∆j

2
+Aj −Bj

∆j

6
Mj−1 +

∆j + ∆j+1

3
Mj +

∆j+1

6
Mj+1=

yj+1 − yj

∆j+1
− yj − yj−1

∆j

Let cj=

yj+1−yj

∆j+1
− yj−yj−1

∆j

∆j+∆j+1

2

=
∆j

3(∆j + ∆j+1)
Mj−1 +

2

3
Mj +

∆j+1

3(∆j + ∆j+1)
Mj+1

Assume ∀j,∆j = ∆ (uniform intervals).

1

6
Mj−1 +

2

3
Mj +

1

6
Mj+1 =

yj+1 − 2yj + yj−1

∆2








2
3

1
6

1
6

. . .
. . .

. . . 1
6

1
6

2
3
















M1

M2

...
Mn−1








=








c1
c2
...

cn−1








This tridiagonal systems can be solved by Gaussian
elimination.

Theorem 1.8 Let f ∈ C2([xL, xR]) and yj = f(xj)
where j = 0, · · · , n and xL = x0 < x1 < · · · < xn = xR.
Let Y be the continuous, piecewise linear spline. Then,
||f − Y ||C ≤ k ||f ′′||C ∆2, where ∆ = max {∆j}j and k is a
constant.

Theorem 1.9 Let f ∈ C4([xL, xR]). Let Y be the cubic
spline. Then, ||f − Y ||C ≤ k3

∣
∣
∣
∣f (4)

∣
∣
∣
∣
C

∆4.

2 Numerical Quadrature

Given integrand f , evaluate
∫ xR

xL
f(x)dx. Let xL = x0 <

x1 < · · · < xn = xR be a partition of [xL, xR]. Evaluate
yi = f(xi) and build an interpolant P (x), then evaluate
∫ xR

xL
P (x)dx.

2.1 Newton-Coles formula

If P is the polynomial interpolation of degree n of (xi, yi),
then P (x) =

∑n
i=0 yiLi(x) ⇒

∫ xR

xL
f(x)dx ≈ ∑n

i=0 yiwi,

where the weights wi =
∫ xR

xL
Li(x)dx. Since

∑n
i=0 Li(x) =

1,
∑n

i=0 wi = xR − xL. It is not so clear that each wi > 0.
Note wi’s depend only on {xi}n

i=0 and [xL, xR], but not f .

Example: For n = 2 and ∆i = ∆,
∫ xR

xL
f(x)dx ≈ (1

3y0 +
4
3y1 + 1

3y2)∆ (Simpson’s rule).

Trapezoidal rule If P is the linear spline,
∫ xR

xL
f(x)dx ≈ ∑n

i=1
yi+yi−1

2 ∆i = ∆1

2 y0 +
∑n−1

i=1
∆i+∆i+1

2 yi + ∆n

2 yn, where ∆i = xi − xi−1.

Then, wi =







∆1

2 , if i = 0
∆i+∆i+1

2 , if i = 1, · · · , n− 1
∆n

2 , if i = n

. Note

∑n
i=0 wi = xR − xL and wi > 0.

Error estimate Given {xi}n
i=0 and {wi}n

i=0, how accu-
rate

∑n
i=0 yiwi? Let ∆ = max {∆i}. We estimate the

error E(f) when approximating I(f) =
∫ xR

xL
f(x)dx by

the numerical quadrature Q(f) =
∑n

i=0 yiwi. Clearly,
E(f) = I(f) − Q(f). |E(f)| ≤ M

∣
∣
∣
∣f (k)

∣
∣
∣
∣
C

∆m for some
constantM depended only on [xL, xR], or in the asympotic

form
∣
∣
∣

∫ xR

xL
f(x)dx −

∑n
i=0 yiwi

∣
∣
∣ ∼ c∆m for c depended on

f and [xL, xR].

Right-hand rule Let f be continous and non-
decreasing. Then,

∑n
i=1 yi∆i −

∫ xR

xL
f(x)dx ≤

∑n
i=1(yi − yi−1)∆i ≤ ∆

∑n
i=1(yi − yi−1) = ∆(yn − y0) =

∆(f(xn) − f(x0)) ≤ (xR − xL) ||f ′||C ∆.

Consider 1
2

∫ xi

xi−1
(xi−x)(x−xi−1)f

′′(x)dx = 1
2

∫ xi

xi−1
(x−

xi−1 − xi + x)f ′(x)dx = ∆i

2 (f(xi−1) + f(xi)) −
∫ xi

xi−1
f(x)dx. Therefore, E(f) =

∑n
i=1

1
2

∫ xi

xi−1
(xi −x)(x−

xi−1)f
′′(x)dx =

∫ xR

xL
K(x)f ′′(x)dx, where K(x) = 1

2 (xi −
x)(x−xi−1) ≥ 0 for xi−1 ≤ x ≤ xi. One can estimate this
error as

|E(f)| ≤
∫ xR

xL

K(x)dx ||f ′′||C([xL,xR])

or |E(f)| ≤ ||K(x)||C([xL,xR])

∫ xR

xL

|f ′′(x)|dx

or |E(f)| ≤
(∫ xR

xL

(K(x))2dx

) 1
2
(∫ xR

xL

|f ′′(x)|2dx
) 1

2

· · ·

Pick the best given what you know about f ′′.
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1
2

∫ xi

xi−1
(xi−x)(x−xi−1)dx =

∆3
i

12 . Hence,
∫ xR

xL
K(x)dx =

∑n
i=1

∆3
i

12 ≤ xR−xL

12 ∆2, where ∆ = max {∆i}. Then,
|E(f)| ≤ xR−xL

12 ∆2 ||f ′′||C([xL,xR]) for the first inequality.

For the second inequality, ||K(x)||C([xi−1,xi])
=

max
{

1
2 (xi − x)(x − xi−1)

∣
∣ x ∈ [xi−1, xi]

}
= 1

2 (xi −
xi+xi−1

2 )(xi+xi−1

2 − xi−1) = 1
8∆2

i . Hence, |E(f)| ≤
1
8∆2

∫ xR

xL
|f ′′(x)|dx.

Theorem 2.1 (Peano’s Kernel) Suppose Q(f) inte-
grates ploynomials of degree m or less exactly for f(x) ∈
Cm

([xL,xR]), i.e.
∫ xR

xL
|f (m+1)(x)|dx <∞. Then, ∃K(x), s.t.

E(f) =
∫ xR

xL
K(x)f (m+1)(x)dx.

Proof: Let Φk(x) =
∑n

i=0
wi

k! (x − xi)
kH(x − xi) −

(x−xL)k+1

(k+1)! , where H(x) =

{
1 , if x ≥ 0
0 , otherwise

is the Heav-

isick function. Note that dΦk(x)
dx = Φk−1(x), Φk(xL) =

0 and Φk(xR) =
∑n

i=0
wi

k! (xR − xi)
k − (xR−xL)k+1

(k+1)! =

Q( (xR−x)k

k! ) − I( (xR−x)k

k! ) = 0 for k ≤ m.

Then, E(f) =
∫ xR

xL
(
∑n

i=0 wiδ(x− xi) − 1) f(x)dx =
∫ xR

xL

dΦ0(x)
dx f(x)dx =

∫ xR

xL
(−1)m+1Φm(x)f (m+1)(x)dx.

QED
For the trapezoidal rule, K(x) = 1

2 (xi −x)(x−xi−1) for
x ∈ [xi−1, xi]. The key to showing this is

Ei(f)=
∆i

2
(f(xi−1) + f(xi)) −

∫ xi

xi−1

f(x)dx

=

∫ xi

xi−1

1

2
(xi − x)(x − xi−1)f

′′(x)dx

=
∆2

i

12
(f ′(xi) − f ′(xi−1)) +

∫ xi

xi−1

(ψ2(x) −
∆2

i

12
)f ′′(x)dx,

where ψ2(x) = K(x) and ||K(x)|| =
∆2

i

12 . Let ψ4(x) =
1
24 (xi − x)2(x − xi−1)

2 ≥ 0. ψ′′
4 (x) = −ψ2(x) +

∆2
i

12 and
ψ4(xi−1) = ψ′

4(xi−1) = ψ′
4(xi) = ψ4(xi) = 0. Then,

Ei(f) =
∆2

i

12
(f ′(xi) − f ′(xi−1)) −

∫ xi

xi−1

ψ4(x)f
(4)(x)dx.

Similarly, we can find ψ6(x) ≥ 0, s.t. ψ6(x) = −ψ4(x)+
∆4

i

30(4!) , where
∆4

i

30(4!) is the mean of ψ4(x). So,

Ei(f) =
∆2

i

12
(f ′(xi) − f ′(xi−1))

− ∆4
i

30(4!)
(f ′′′(xi) − f ′′′(xi−1)) +

∫ xi

xi−1

ψ6(x)f
(6)(x)dx

The last term can be bounded by
∫ xi

xi−1
ψ6(x)dx

∣
∣
∣
∣f (6)(x)

∣
∣
∣
∣
C[xi−1,xi]

=
∆7

i

42(6!)

∣
∣
∣
∣f (6)(x)

∣
∣
∣
∣
C

.

Consider the trapezoidal rule with uniform subin-

tervals. Then, E(f) = ∆2

12 (f ′(xR) − f ′(xL)) −
∆4

30(4!) (f
′′′(xR) − f ′′′(xL)) + e6(f), where |e6(f)| ≤

∆6
i

42(6!) (xR − xL)
∣
∣
∣
∣f (6)(x)

∣
∣
∣
∣
C

= O(∆6).

Euler-Maclaurin formula For f ∈ C2m+2,

E(f) =

m∑

j=1

B2j

(2j)!
∆2j(f (2j−1)(xR)−f (2j−1)(xL))+e2m+2(f)

with e2m+2(f) ≤ B2m+2

(2m+2)!∆
2m+1(xR − xL)

∣
∣
∣
∣f (2m+2)(x)

∣
∣
∣
∣
C

,

where B2j are Bernoulli numbers. B2 = 1
6 , B4 = −1

30 , B6 =
1
42 , B2 = −1

30 . The formula is an asymptotic expension.
Suppose f is periodic and [xL, xR] is a multiple of the

period. The formula becomes |E(f)| = |E2m+2(f)| ∼
O(∆2m+2). The trapezoidal rule has spectral accuracy
for f ∈ C∞ (i.e. it converges faster than any ∆2m+2).

Extrapolation & Rombery Intergration Let Q(f)
denote the quadrature by the trapezoidal rule with uni-
form subintervals of length ∆ = xR−xL

n . The Euler-
Maclaurin formula gives Q∆(f) = I(f) + α2∆

2 + α4∆
4 +

· · ·+α2m∆2m +O(∆2m+2). Suppose n is even. Q2∆(f) =
I(f)+4α2∆

2 +16α4∆
4 + · · ·+22mα2m∆2m +O(∆2m+2).

Then, 4Q∆(f)−Q2∆(f)
3 = I(f) + 4α4∆

4 + · · · + α2m∆2m +
O(∆2m+2), which is 4th order. What scheme is this?
4
3Q∆(f) − 1

3Q2∆(f) = 4
3 (1

2f(x0) + f(x1) + f(x2) + · · · +
f(xn−1) + 1

2f(xn))∆ − 1
3 (1

2f(x0) + f(x2) + f(x4) + · · · +
f(xn−1) + 1

2f(xn))2∆, which is Simpson’s rule (or
Newton-Coles for n = 2).

Suppose n is divisible by 4. We look for a combination of
Q∆(f), Q2∆(f), Q4∆(f) that eliminate ∆2 and ∆4 terms.

Q∆(f) = I(f) + α2∆
2 + α4∆

4 +O(∆6)

Q2∆(f) = I(f) + 4α2∆
2 + 16α4∆

4 +O(∆6)

Q4∆(f) = I(f) + 16α2∆
2 + 256α4∆

4 +O(∆6)

Then, 64Q∆(f)−20Q2∆(f)+Q4∆(f)
45 = I(F ) +O(∆6), which is

Milie’s rule.
Q∆(f)

>
4Q∆(f)−Q2∆(f)

3 = S∆

Q2∆(f) > 16S∆−S2∆

15

>
4Q2∆(f)−Q4∆(f)

3 = S2∆

Q4∆(f)
When n is divisible by 6, we can use

Q∆(f), Q2∆(f), Q3∆(f), Q6∆(f) to eliminate ∆2,∆4,∆6

terms. This leads to Weddle’s rule (or Newton-Coles
for n = 6), 41

140f(x0) + 216
140f(x1) + · · ·.

Romberg considers n = 2m. Let Tk be the trape-
zoidal rule with k uniform subintervals and Mk

be the mid-point rule with k uniform subinter-
vals. Then, T1 = 1

2 (f(xL) + f(xR))(xR − xL),
M1 = f(xL+xR

2 )(xR − xL), T2 = 1
2 (T1 + M1) and

T2k = 1
2 (Tk + Mk). Let T

(l)
2k =

4lT
(l−1)

2k
−T

(l−1)

k

4l−1 be the lth

level extrapolent. We have Neville’s algorithm
T1

> T
(1)
2 = 4T2−T1

3

T2 > T
(2)
4 =

16T
(1)
4 −T

(1)
2

15

> T
(1)
4 = 4T4−T2

3 > T
(3)
8 =

64T
(2)
8 −T

(2)
4

63

T4 > T
(2)
8 =

16T
(1)
8 −T

(1)
4

15

> T
(1)
8 = 4T8−T4

3
T8
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2.2 Gaussian intergration

Let −∞ ≤ a < b ≤ ∞ and f(x) be a function de-
fined on (a, b). We consider integrals of the form I(f) =
∫ b

a
f(x)w(x)dx, where w(x) > 0 is a weight function.

Then, f continuous, f ≥ 0 and
∫ b

a f(x)w(x)dx = 0 ⇒
f(x) = 0. Assume

∫ b

a
(f(x))2w(x)dx ≤ ∞.

Orthogonal polynomials 1, x, x2, · · · are linearly in-
dependent ⇒ 1, x, · · · , xn are linearly independent for
each n. If we apply Gram-Sehnuld to 1, x, x2, · · ·, we
get a sequence of orthogonal polynomials φ0, φ1, · · ·, s.t.

(φm, φn)2 =
∫ b

a
φm(x)φn(x)w(x)dx = δmn. φn is a poly-

nomial of degree n. φn are uniquely determined by a, b, w
if the coefficient of xn is positive. φ0, φ1, · · · are the orthog-
onal polynomials with respect to w. These polynomials
have many properties:

1.
∫ b

a
φn(x)p(x)w(x)dx = 0 if p is a polynomial with

degree < n.

2. φn(x) has n simple zeros in (a, b) for n ≥ 1.
Proof: Suppose φn(x) does not change sign on (a, b).

Then,
∫ b

a
φn(x)w(x)dx = 0 since φn ⊥ φ0 ⇒ φn(x) = 0,

which leads to a contradiction. Therefore, φn(x) has at
least one zero on (a, b).

Let x1, · · · , xr be the zero of odd multiplicity of φn(x)
on (a, b) and suppose r < n. Then, φ(x) = φn(x)(x −
x1) · · · (x − xr) does not change sign on (a, b). But
∫ n

a
φn(x)(x − x1) · · · (x− xr)w(x)dx = 0 since φn ⊥ φr ⇒

φn(x)(x − x1) · · · (x − xr) = 0 ⇒ φn = 0. It leads to a
contradiction. Therefore r = n. QED
Examples:

1. Legendre polynomial, Pn(x) = n!
(2n)!

dn

dxn (x2 − 1)n

for (a, b) = (−1, 1) and w(x) = 1. The leading co-

efficient is 1 and ||Pn|| = 2n(n!)2

(2n)!

√
2

2n+1 . Pn are or-

thogonal and are φn, to within a constant multiple.

φ0(x) =
√

1
2 , φ1(x) =

√
3
2x, φ2(x) = 1

2

√
5
2 (3x2 − 1)

and φn(x) = P (x)
||P || . The leading coefficient is 1

||P || .

2. Chehyshev polynomial, Tn(x) = cos(n cos−1 x)
for (a, b) = (−1, 1) and w(x) = 1√

1−x2
. These are

mutually orthogonal and are φn, to within a con-
stant multiple. We know that their zeros are in
(−1, 1), ||Tn||2 = π

2 and the leading coefficient is 2n−1.

φn(x) = Tn(x)
||Tn|| =

√
2
π cos(n cos−1 x) and the leading

coefficient is 2n−1
√

2
π .

3. Laguerre polynomial, Ln(x) = ex

n!
dn

dxn (xne−x), for
(a, b) = (0,∞) and w(x) = e−x. L0(x) = 1, L1(x) =
−x + 1, L2(x) = x2 − 4x + 2, L3(x) = −x3 − 19x2 −
18x+ 6. Then, (Lm, Ln) =

∫∞
0 Ln(x)Lm(x)e−xdx =

δmn(m!)(n!). φn(x) = (−1)nLn(x)
n! , the leading coeffi-

cient is (−1)n

n! .

4. Hermite polynomial, Hn(x) = ex2 dn

dxn e
−x2

for

(a, b) = (−∞,∞) and w(x) = e−x2

. H0(x) =
1, H1(x) = 2x,H2(x) = 4x2 − 2, H3(x) = 8x3 −
12x,H4(x) = 16x4 − 48x2 + 12. ||Hn||2 = 2nn!

√
π,

the leading coefficient is 2n and φn(x) = Hn(x)

(2nn!
√

π)
1
2
.

Gaussian rule For ≥ 1, let x1, · · · , xn be the ze-
ros of φn(x) and Pn−1 interpolate f(x) at x1, · · · , xn.

Then, we approximate I(f) =
∫ b

a f(x)w(x)dx ≈
∫ b

a
Pn−1(x)w(x)dx =

∫ xi

xi−1

∑n
i=1 f(xi)Li(x)w(x)dx =

∑n
i=1 f(xi)wi, where Li(x) =

∏

j 6=i
x−xj

xi−xj
and wi =

∫ xi

xi−1
Li(x)w(x)dx.

Theorem 2.2 A Gaussian rule of order n is exact on
polynomials of degree ≤ 2n− 1.

Proof: Suppose p is a polynomial of degree ≤ 2n−1. By
long division, p(x) = q(x)φn(x) + r(x) with deg q ≤ n− 1

and deg r < n. Then,
∫ b

a
p(x)w(x)dx =

∫ b

a
(q(x)φn(x) +

r(x))w(x)dx =
∫ b

a r(x)w(x)dx =
∑n

i=1 r(xi)wi =
∑n

i=1(p(xi) − q(xi)φn(xi))wi =
∑n

i=1 p(xi)wi since
φn(xi) = 0. QED

Order of k or degree at precision k if an integration
rule is exact on polynomials of degree ≤ k but not higher
degree polynomials.
Examples:

1. Legendre: For f(x) = xn,

∫ 1

−1

xndx =

[
xn+1

n

]1

−1

=

{
2
n , if n is even
0 , if n is odd.

For n = 1, φ1(x) has a root x1 = 0. w1 =
∫ 1

−1 1dx =

2. Then,
∫ 1

−1
f(x)dx ≈ w1f(0) = 2f(0) (mid-

point rule) is exact on polynomials with degree
≤ 2 · 1 − 1 = 1 (linears).

For n = 2, the roots of φ2(x) are x1 = − 1√
3
, x2 =

− 1√
3
.
∫ 1

−1
f(x)dx ≈ w1f(− 1√

3
) + w2f( 1√

3
) is

exact for degree ≤ 2 · 2 − 1 = 3. For f(x) = 1,
2 = w1 + w2. For f(x) = x, 0 = − w1√

3
+ w2√

3
.

Then, w1 = w2 = 1.

For n = 3, the roots of φ3(x) are x1 = −
√

3
5 , x2 =

0, x3 =
√

3
5 .

∫ 1

−1
f(x)dx ≈ w1f(−

√
3
5 ) +

w2f(0) + w3f(
√

3
5 ) is exact for degree ≤ 2 · 3 −

1 = 5.







w1 + w2 + w3 = 2 for f(x) = 1,
−w1 + w3 = 0 for f(x) = x,

3
5w1 + 3

5w3 = 2
3 for f(x) = x2.

Then, w1 = w3 = 5
9 and w2 = 8

9 .

2. Chehyshev: For n = 1, T1(x) has a root x1 = 0.
∫ 1

−1
f(x)√
1−x2

dx ≈ w1f(0) is exact for degree ≤ 1. For

f(x) = 1, w1 =
∫ 1

−1
1√

1−x2
dx =

[
sin−1 x

]1

−1
= π.

3. Laguerre: For n = 2, the roots of L2(x) are x1 = 2−√
2 and x2 = 2+

√
2.
∫∞
0 f(x)e−xdx ≈ w1f(2−

√
2)+

w2f(2 −
√

2). For f(x) = 1, w1 + w2 =
∫∞
0 e−xdx =

[−e−x]
∞
0 = 1. For f(x) = x, (2 −

√
2)w1 + (2 +√

2)w2 =
∫∞
0
xe−xdx = [−xe−x]

∞
0 +

∫∞
0
xe−xdx = 1.

Then, w1 = 2+
√

2
4 and w2 = 2−

√
2

4 .

4. Hemite: For n = 1, H1(x) has a root x1 = 0.
∫∞
−∞ f(x)e−x2

dx ≈ w1f(0) =
√
πf(0).
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For n = 2, the roots of H2(x) are x1 = − 1√
2

and x2 = 1√
2
.
∫∞
−∞ f(x)e−x2

dx ≈ w1f(− 1√
2
) +

w2f( 1√
2
) =

√
π

2

(

f(− 1√
2
) + f( 1√

2
)
)

since w1 + w2 =
∫∞
−∞ e−x2

dx =
√
π and − w1√

2
+ w2√

2
=
∫∞
−∞ xe−x2

dx =
[

− e−x2

2

]∞

−∞
= 0.

Theorem 2.3 (Mean value theorem for integral)
∫ b

a f(x)dx = f(ξ)(b − a) for ξ ∈ (a, b). More generally,
∫ b

a
f(x)g(x)dx = f(ξ)

∫ b

a
g(x)dx if g(x) is at one sign.

Error estimate Suppose f ∈ C2n(a, b). Let h be a
polynomial with degree ≤ 2n − 1 that interpolates
f at x1, x1, x2, x2, · · · , xn, xn, i.e. h(xi) = f(xi)

and h′(xi) = f ′(xi). Then,
∫ b

a
h(x)w(x)dx =

∑n
i=1 wih(xi) =

∑n
i=1 wif(xi). f(x) − h(x) =

f [x1, x1, x2, x2, · · · , xn, xn, x]
∏n

i=1(x − xi)
2 ⇒

En(f) =
∫ b

a
f(x)w(x)dx − ∑n

i=1 wif(xi) =
∫ b

a
(f(x) −

h(x))w(x)dx =
∫ b

a f [x1, x1, x2, x2, · · · , xn, xn, x]
∏n

i=1(x −
xi)

2w(x)dx = f [x1, x1, x2, x2, · · · , xn, xn, ξ]
∫ b

a

∏n
i=1(x −

xi)
2w(x)dx = f(2n)(η)

(2n)!

∫ b

a

∏n
i=1(x − xi)

2w(x)dx =

f(2n)(η)
(2n)!A2

n

∫ b

a φ
2
n(x)w(x)dx = f(2n)(η)

(2n)!A2
n

for some ξ, η ∈ (a, b),

where An is the leading coefficient of φn(x).
Example: For Gauss-Legendre formula, An =

(2n)!
2n(n!)2

√
2n+1

2 . Then, En(f) = 22n+1(n!)4

(2n+1)((2n)!)3 f
(2n)(η).

Integrands with singularities Quadrature rule gen-
erally work well (or best) if the integrand is smooth, i.e.
it has several derivatives of modulate size (huge 1

1+x2 ).
If it is not the case, sometimes the integral on (a, b) can
be subdivided by a = a0 < a1 < · · · < am = b in such
a way that the integral is smooth on each [ai−1, ai] and

continuous.
∫ b

a
f(x)dx =

∑m
i=1

∫ ai

ai−1
f(x)dx.

Examples: Let f(x) =
√
x sinx. f ′(x) = sin x

2
√

x
+
√
x cosx.

f ′′(x) = cos x
2
√

x
− sin x

4x
3
2
− √

x sinx. Let t =
√
x, dx = 2tdt.

∫ 1

0

√
x sinxdx =

∫ 1

0
2t2 sin t2dt.

Or
∫ 1

0

√
x sinxdx =

∫ ξ

0

√
x sinxdx +

∫ 1

ξ

√
x sinxdx =

∫ ξ

0

√
x(x − x3

3! + x5

5! + · · ·)dx +
∫ 1

ξ

√
x sinxdx =

∑∞
i=0

(−1)iξ2i+ 5
2

(2i+1)!(2i+ 5
2 )

+
∫ 1

ξ

√
x sinxdx.

For
∫∞
1 f(x)dx, let x = 1

t , dx = −1
t2 dt. Then,

∫∞
1 f(x)dx =

∫ 1

0 f(1
t )

1
t2 dt.

3 Linear Systems

One faced with solving N×N systems Ax = b, where N is
very large (≈ 106 or 107. Such systems can be effectively
solved by iterative methods. The idea is to construct a
sequence of approximate solutions x(0), x(1), · · · , x(n). At
each step, the error is e(n) = x(n) − x. To specify an
iterative method, one needs (i) a rule for constructing an
approximation ẽ(n) to e(n), so that one set x(n+1) = x(n)−
ẽ(n), and (ii) a stopping criterion, ideally based on bounds

on
∣
∣
∣
∣e(n)

∣
∣
∣
∣ or better on relative error

||e(n)||
||x|| .

Residual is defined to be r(n) = b − Ax(n) = Ax −
Ax(n) = −Ae(n).

∣
∣
∣
∣A−1r(n)

∣
∣
∣
∣ ≤

∣
∣
∣
∣A−1

∣
∣
∣
∣
∣
∣
∣
∣r(n)

∣
∣
∣
∣ and 1

||A−1b|| ≤
||A||
||b|| ⇒ ||e(n)||

||x|| =
||A−1r(n)||
||A−1b|| ≤ ||A||

∣
∣
∣
∣A−1

∣
∣
∣
∣ ||r(n)||

||b|| . ||A||
∣
∣
∣
∣A−1

∣
∣
∣
∣

is the condition number of A. If the condition number
of A is bounded, then a stopping criterion might be that
||r(n)||
||b|| below a tolerance for a certain number of iterations.

3.1 Vector and matrix norm

Vector norm on a linear space is a mapping ||·||, s.t.

1. ||x|| ≥ 0,

2. ||x|| = 0 ⇔ x = 0,

3. ||x+ y|| ≤ ||x|| + ||y||, and

4. ||αx|| = |α| ||x||.

The distance between x, y is ||x− y||. Some common vector
norms for RN are

1. ||x||1 =
∑N

i=1 wi|xi|,

2. ||x||2 =
(
∑N

i=1 wix
2
i

) 1
2

, and

3. ||x||∞ = maxi {|xi|},

where w =
(
w1 · · · wn

)
is vector of positive weights.

Matrix norm is assoicated with vector norm,

||A|| = sup

{ ||Ax||
||x||

∣
∣
∣
∣
x 6= 0

}

.

Adjoint of A with respect to the inner product (x | y) =
∑N

i=1 xiyiwi is A∗, s.t. ∀x, y, (A∗x | y) = (x | Ay). Then

1. ||A||1 = maxj

{
∑N

i=1 |aij |wi

}

,

2. ||A||2 = max
{

λ
1
2

∣
∣
∣ λ is an eigenvalue of A∗A

}

,

3. ||A||∞ = maxi

{
∑N

j=1 |aij |wj

}

.

For all matrix norm, we have

1. ||I|| = 1,

2. ||Ax|| ≤ ||A|| ||x||, and

3. ||AB|| ≤ ||A|| ||B||.

3.2 Spectral theory

λ is an eigenvalue of A ∈ CN×N if ∃0 6= x ∈ CN , s.t.
Ax = λx⇔ det(A− λI) = 0 ⇔ A− λI is not invertible.

Spectrum of A,
sp(A) = {λ ∈ C | A− λI is not invertible}. Let λ ∈
sp(A), s.t. ∃e,Ae = λe. For any matrix norm, |λ| = ||λe||

||e|| =

||Ae||
||e|| ≤ max

{
||Ax||
||x||

∣
∣
∣ x 6= 0

}

= ||A||.

Spectral radius is ρsp(A) = max {|λ| | λ ∈ sp(A)} ≤
||A||. The spectral radius formula ρsp(A) =

limn→∞ ||An||
1
n .
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3.3 Stationary iterative methods

In these motheds, the rule for finding x(n+1) from x(n) is
the same for each n. Suppose we have an approximation
B to A, s.t. B−1 is cheap to compute. Then, set ẽ(n) =
−B−1r(n), so that x(n+1) = x(n) +B−1r(n).

When does this converge? Notice e(n+1) = x(n+1)−x =
x(n) − x+B−1r(n) = e(n) −B−1Ae(n) = (I −B−1A)e(n).
Hence, e(n) = (I − B−1A)ne(0) = Gne(0), where G =
I −B−1A is the growth matrix.

Theorem 3.1 This converges for all x(0) ⇔ ρsp(G) < 1.

Proof: Clearly, if ρsp(G) ≥ 1, then set e(0) = eigenvec-
tor of λ with |λ| ≥ 1 ⇒ no convergence.

||e(n)||
||e(0)|| =

||Gne(0)||
||e(0)|| ≤ ||Gn|| but limn→∞ ||Gn||

1
n =

ρsp(G) < 1. Pick δ > 0 with ρsp(G) < 1 − δ for some

n0, s.t. ∀n ≥ n0, ||Gn||
1
n < 1−δ ⇒ ||Gn|| ≤ (1−δ)n. QED

Many classical choice for B are based on the decompo-
sitions A = D −W = D − L − U , where D is diagonal,
W is off-diagonal, L and U are strictly lower and upper
triangular respectively. Every entry of D is non-zero.

Jocobi Gauss-Seidel Successive overrelaxation
B D D − L 1

ωD − L

G D−1W (D − L)−1U (D − ωL)−1((1 − ω)D + ωU)
When ω = 1, SOR is Gauss-Seidel.

Row diagonally dominant if A = (aij), |aii| ≥
∑

j 6=i |aij | for i = 1, · · · , n. A is column diagonally
dominant if |aii| ≥ ∑

j 6=i |aji| for i = 1, · · · , n. A is
strictly row/column diagonally dominant if all the corre-
sponding inequalities are strict (>).

Theorem 3.2 If A is strictly diagonally dominant, the
the Jacobi method converges.

Proof: For the row case, ρsp(GJ) ≤ ||GJ||∞ =
∣
∣
∣
∣D−1W

∣
∣
∣
∣
∞ = maxi

{
1

|aii|
∑

j 6=i aij

}

< 1.

Similarly, for the column case, ρsp(GJ) ≤ ||GJ||1 =
∣
∣
∣
∣D−1W

∣
∣
∣
∣
1

= maxi

{
1

|aii|
∑

j 6=i aji

}

< 1. QED
Strict diagonally dominant is a strong condition. Con-

sider the problem −u′′ = f of [0, 1] with u[0] = u[1] = 0.
Approximate it as −ui+1+2ui−ui−1

∆2 = fi for u0 = un = 0
and ∆ = 1

n . That is

1

∆2












2 −1 0 · · · 0

−1 2 −1
. . .

...

0 −1 2
. . . 0

...
. . .

. . .
. . . −1

0 · · · 0 −1 2



















u1

u2

...
un−1








=








f1
f2
...

fn−1








The matrix is irreducible but not strictly diagonal domi-
nant.

Irreducible A = (aij)N×N is irreducible if there is no

permutation matrix P , s.t. PTAP =

(
A11 A12

0 A22

)

, where

A11 is N1 ×N1, A12 is N1 ×N2 and A22 is N2 ×N2 with
N1 +N2 = N and N1, N2 > 0.

There is a simple graphical test for irreducibility. Create
N nodes. Connect node i to node j by an oriented arc if
aij 6= 0. The matrix is irreducible ⇔ there is a oriented
path connecting node every pair of nodes.

Irreducibly diagonally dominant if (i) irreducible,
(ii) diagonally dominant, and (iii) at least one of the di-
agonally dominant inequalities is strict.

Theorem 3.3 If A = (aij) is irreducibly diagonally dom-
inant, then the Jacobi method converges.

Proof: Similar to theorem 3.2,
∣
∣
∣
∣D−1W

∣
∣
∣
∣
∞ ≤ 1 for

the row case or
∣
∣
∣
∣D−1W

∣
∣
∣
∣
1
≤ 1 for the column case ⇒

ρsp(D
−1W ) ≤ 1.

Suppose ρsp(D
−1W ) = 1. For the row case, ∃e ∈

CN , λ ∈ C, |λ| = 1, s.t. D−1We = λe. ||e||∞ = 1 ⇒
∃i, ei = 1. aiiei = 1

λ

∑

j 6=i aijej . |aii| ≤
∑

j 6=i |aij ||ej |. By
the irreducibility, ∀i, |ei| = 1. QED

Lemma 3.4 If a matrix A is either strictly diagonal dom-
inant or irreducibly diagonal dominant, A is invertible.

Proof: Suppose Ae = 0 with e 6= 0. Then,

|ei|
∑

j 6=i |aij | ≤ |aiiei| =
∣
∣
∣
∑

j 6=i aijej

∣
∣
∣. WLOG, as-

sume ||e||∞ = 1. ∃i, ei = 1. ⇒ ∑

j 6=i |aij | ≤ |aii| =
∣
∣
∣
∑

j 6=i aijej

∣
∣
∣ ≤

∑

j 6=i |aijej| ≤
∑

j 6=i |aij | ⇒ |ej | = 1 for

all j when aij 6= 0 ⇒ aii =
∑

j 6=i |aij | for all i⇒ A is only
diagonal dominant but all inequalities are not strict which
leads to a contradiction. QED

Theorem 3.5 Jacobi, Gauss-Seidel, SOR conver-
gence theorem:

1. If A is either strictly diagonal dominant or irreducibly
diagonal dominant, then both Jacobi and Gauss-Seidel
methods converge.

2. If A = D − W with W ≥ 0 entrywise and the Ja-
cobi method converges (i.e. ρsp(GJ) < 1), then Gauss-
Seidel method converages with ρsp(GGS) < ρsp(GJ).

3. If A is symmetric positive definite, then Gauss-Seidel
method converges and the SOR method converges for
ω ∈ (0, 2).

4. The SOR method diverges for ω 6∈ (0, 2).

Proof: 1. Let λ ∈ sp(GGS) and GGSe = λe for 0 6= e ∈
CN . Then, (D − L)−1Ue = λe ⇒ Ue = λDe − λLe ⇒
(λD − λL− U)e = 0. Define A(λ) = λD − λL− U .

For λ ≥ 1, A = A(1) is strictly diagonal domi-

nant ⇒ |λ||aii| > |λ|∑i−1
j=1 |aij | +

∑N
j=i+1 |aij | ⇒ A(λ)

is strictly diagonal dominant. On the other hand, if
A = A(1) is irreducibly diagonal dominant, |aii| ≥
∑

j 6=i |aij | for every i and the inequality is strict for some

i. |λ| ≥ 1 ⇒ |λ||aii| − |λ|∑i−1
j=1 |aij | −

∑N
j=i+1 |aij | ≥

|λ|(|aii| −
∑

j 6=i |aij |)
{

≥ 0 , for every i
> 0 , for some i

⇒ A(λ) is di-

agonal dominant. A(λ) is clearly irreducible for λ 6= 0
since the non-zero entries are the same as before. There-
fore, A(λ) is irreducibly diagonal dominant.

By lemma 3.4, A(λ) is invertible for λ ≥ 1. A(λ)e =
0 ⇒ A(λ) is not invertible ⇒ |λ| < 1 ⇒ ρsp(GGS) < 1.
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The proof for Jacobi is similar.

4. Observe D − ωL is lower triangular and (1 −
ω)D + U is upper triangular.

∏

λ∈sp(GSOR)
|λ| =

| det(GSOR(ω))| = | det((D−ωL)−1) det((1−ω)D+U)| =
∣
∣
∣

1
det(D)(1 − ω)N det(D)

∣
∣
∣ = |1−ω|N . ρsp(GSOR) ≥ |1−ω| ≥

1 if ω 6∈ (0, 2). QED

Hermitian symmetric if A ∈ CN×N , A∗ = A, where
A∗ is the complex transpose of A. When A is real, A∗ =
AT , so A is Hermitian symmetric if A is symmetric.

Euclidean inner product on CN , (x | y) = x∗y. Then,
(x | Ay) = x∗Ay = (A∗x)∗y = (A∗x | y).

Self-adjoint with respect to (x | y) if (x | Ay) =
(Ax | y) ⇔ A∗ = A. Then, max {eigenvalues of A} =

max
{

(x | Ax)
(x | x)

∣
∣
∣ x 6= 0

}

and min {eigenvalues of A} =

min
{

(x | Ax)
(x | x)

∣
∣
∣ x 6= 0

}

.

Non-negative definite (≥ 0) if A ∈ CN×N , A∗ = A

and x∗Ax ≥ 0. A is positive definite (> 0) if, in addi-
tion, x∗Ax = 0 ⇒ x = 0.

If A ≥ 0, then D ≥ 0 for both entrywise and as form. If
A > 0, then D > 0.

Theorem 3.6 (Spectral mapping theorem) Let p(x)
be a rational function. If λ ∈ sp(M), p(λ) ∈ sp(p(M)).

Theorem 3.7 Let A∗ = A and D > 0. Then,

1. Jacobi converges ⇔ −D < W < D.

2. SOR converges ⇔ |ω − 1| < 1 and A > 0.

Proof: 1. Since A∗ = A, we have D∗ = D

and W ∗ = W . D−1W is self-adjoint with respect to
(x | y)D = x∗Dy, i.e. (x | D−1Wy)D = x∗DD−1Wy =
x∗WD−1Dy = (D−1Wx)∗Dy = (D−1Wx | y)D. Then,

ρsp(GJ) = ρsp(D
−1W ) = max

{
|(x | D−1Wx)D|

(x | x)D

∣
∣
∣ x 6= 0

}

=

max
{

|x∗Wx|
x∗Dx

∣
∣
∣ x 6= 0

}

. ρsp(GJ) < 1 ⇔ ∀x 6= 0, |x
∗Wx|

x∗Dx <

1 ⇔ ∀x 6= 0,−x∗Dx < x∗Wx < x∗Dx⇔ −D < W < D.

2. (⇒) By theorem 3.5 part 4, SOR converges ⇒ |ω−1| <
1. (show A > 0).

(⇐) Let M(ω) = 2A−1BSOR(ω) − I. GSOR(ω) =
I − B−1

SOR(ω)A. If α ∈ sp(B−1
SOR(ω)A), then β = 2

α − 1 ∈
sp(M(ω)) and γ = 1 − α ∈ sp(GSOR(ω)) by theorem 3.6.
(see notes) QED

Comparitive rates of convergence Let P be a per-
mutation matrix. Observe that the entries of diagonal
of a matrix do not change (up to permutation) when
the indices of a matrix are permuted. Then, PAP−1 =
PDP−1 + PWP−1, where PDP−1 and PWP−1 are still
diagonal and off diagonal respectively. However, it does
mix up L and U . So, Gauss-Seidel and SOR depend on
the ordering.

Consistently ordered when the spectrum of J(α)
def
=

αD−1L+ 1
αD

−1L for α 6= 0, is independent of α.

Theorem 3.8 Let A be consistently ordered. Then

1. µ ∈ sp(GJ) ⇔ −µ ∈ sp(GJ).

2. µ ∈ sp(GJ) and λ satisfies

(λ+ ω − 1)2 = λω2µ2 (3.2)

⇒ λ ∈ sp(GSOR(ω)).

3. λ ∈ sp(GSOR(ω)) \ {0} and µ satisfies equation 3.2
⇒ µ ∈ sp(GJ).

Proof: 1. Observe GJ = J(1) and −GJ = J(−1).
Since sp(J(1)) = sp(J(−1)), µ ∈ sp(GJ) = sp(J(1)) =
sp(J(−1)) = sp(−GJ) ⇒ −µ ∈ sp(GJ).

3. 0 6= λ ∈ sp(GSOR(ω)) ⇔ GSOR(ω)e = λe for some
e ∈ CN\{0} ⇔ ((1−ω)D+ωU)e = λ(D−ωL)e⇔ ((λ+ω−
1)D − λωL− ωU)e = 0 ⇔

(
λ+ω−1√

λω
D −

√
λL− 1√

λ
U
)

e =

0 ⇔ µ = λ+ω−1√
λω

∈ sp(J(
√
λ)) = sp(J(1)).

2. If λ 6= 0, set
√
λ, s.t. µ = λ+ω−1√

λω
.

If λ = 0, then equation 3.2 implies (ω − 1)2 = 0 i.e.
ω = 1. But det(GSOR(1)) = det((D − L)−1U) = 0 ⇒ λ =
0 ∈ sp(GSOR(ω)). QED

Corollary 3.9 Let A be consistently ordered. Then
ρsp(GGS) = (ρsp(GJ))

2. (i.e. Gauss-Seidel converges twice
as fast as Jacobi.)

Proof: In theorem 3.8, when ω = 1, λ = µ2. QED

Theorem 3.10 Let A be consistently ordered, sp(GJ) be

real and ρJ
def
= ρsp(GJ) < 1. Then, ρsp(GSOR(ω))

=

{
ω − 1 , for ωopt ≤ ω < 2,

1 − ω +
ω2ρ2

J

2 + ωρJ

√

1 − ω +
ω2ρ2

J

4 , for 0 < ω ≤ ωopt,

where ωopt = 2

1+
√

1−ρ2
J

> 1. Moreover,

(

ρJ

1+
√

1−ρ2
J

)2

=

ρsp(GSOR(ωopt)) ≤ ρsp(GSOR(ω)) < 1.

Proof: For ω = 1, ρsp(GSOR(1)) = ρ2
J by corollary 3.9.

Consider ω 6= 1. By theorem 3.8 part 2, sp(GSOR(ω)) =
{

λ±
∣
∣
∣ λ± = 1 − ω + ω2µ2

2 ± ωµ
√

d(ω, µ), 0 ≤ µ ∈ sp(GJ)
}

,

where d(ω, µ) = 1 − ω + ω2µ2

4 . If d(ω, µ) ≤ 0, then

|λ±| =
∣
∣
∣1 − ω + ω2µ2

2 ± iωµ
√

−d(ω, µ)
∣
∣
∣ = |1 − ω|. If

d(ω, µ) > 0, λ± are both real with λ+λ− = (1 − ω)2 and
λ+ > λ−. λ+ is an increasing function of µ. The largest
value is reached when µ = ρJ.

If d(ω, ρJ) ≤ 0, then 2 > ω ≥ ωopt > 1. It is always
in the first case ⇒ ρsp(GSOR(ω)) = |1 − ω| = ω − 1. If
d(ω, ρJ) > 0, then 0 < ω < ωopt. Sometimes it is in the

second case. Since 1−ω+
ω2ρ2

J

2 +ωρJ

√

d(ω, ρJ) > |1−ω|,
ρsp(GSOR(ω)) = 1 − ω +

ω2ρ2
J

2 + ωρJ

√

d(ω, ρJ). QED
Observe that ωopt is an increasing function of ρJ. We

find ρ∗, s.t. ρJ ≤ ρ∗ < 1. Set ω = 2

1+
√

1−ρ2
∗

≥ ωopt.
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Example: Consider the block tridiagonal matrix












D1 A12 0 · · · 0

A21 D2 A23
. . .

...

0 A32 D3
. . . 0

...
. . .

. . .
. . . Am−1,m

0 · · · 0 Am,m−1 Dm












,

where each Dj is diagonal. This is consistently ordered
since J(α) = αD−1L+ 1

αD
−1U

= −












0 1
αD

−1
1 A12 0 · · · 0

αD−1
2 A21 0 1

αD
−1
2 A23

. . .
...

0 αD−1
3 A32 0

. . . 0
...

. . .
. . .

. . . 1
αD

−1
m−1Am−1,m

0 · · · 0 αD−1
m Am,m−1 0












=









1 0 · · · 0

0 α
. . .

...
...

. . .
. . . 0

0 · · · 0 αm−1









J(1)









1 0 · · · 0

0 α
. . .

...
...

. . .
. . . 0

0 · · · 0 αm−1









−1

.

Block property A if ∃P , a permutation matrix, s.t.

PAPT =

(
D1 A12

A21 D2

)

, where D1 and D2 are diagonal.

Example: Consider the matrix using the form −∆u
def
=

∇2u = g on [0, L]2 with u = 0 on boundary. Let ∆ = L
N+1 .

Consider 1
∆2 (−ui,j+1 − ui+1,j + 4ui,j − ui,j−1 − ui−1,j).

Estimating rates of convergence Suppose ρJ
def
=

ρsp(GJ) < 1. If we can find ρ∗, s.t. ρJ ≤ ρ∗ < 1, then if

A is consistently ordered, ρGS
def
= ρsp(GGS) = ρ2

J ≤ ρ2
∗ < 1.

Be setting ω∗ = 2

1+
√

1−ρ2
∗

, ρSOR(ω∗)
def
= ρsp(GSOR(ω∗)) =

(

ρ∗

1+
√

1−ρ2
∗

)2

. Note that ωopt ≤ ω∗ < 2.

Example: Consider the BVP, − d
dx

(
a(x)du

dx

)
+

c(x)u = g(x) for x ∈ [0, L], u(0) = u(L) = 0,
a(x) > 0 and c(x) > 0. Consider the differencing
−1
δ

(

aj+ 1
2

uj+1−uj

δ − aj− 1
2

uj−uj−1

δ

)

+ cjuj = gj, where

δ = L
N+1 , the nodes xj = jδ for j = 1, · · · , N ,

the mid-points xj+ 1
2

=
(
j + 1

2

)
δ for j = 0, · · · , N ,

aj+ 1
2

= a(xj+ 1
2
), cj = c(xj) and gj = g(xj). This yields

the linear system A






u1

...
uN




 =






g1
...
gN




, where A =














a 1
2
+a 3

2

δ2 + c1
−1
δ2 a 3

2

. . .
. . .

. . .

−1
δ2 aj− 1

2

a
j− 1

2
+a

j+ 1
2

δ2 + cj
−1
δ2 aj+ 1

2

. . .
. . .

. . .
a

N− 1
2
+a

N+1
2

δ2 + cN
−1
δ2 aN+ 1

2














is symmetric, strictly diagonal dominant with the diago-
nal elements > 0, and, therefore, positive definite. Then,

GJ = D−1W =















0
a 3

2

a 1
2
+a 3

2
+c1δ2

. . .
. . .

. . .
a

j− 1
2

a
j− 1

2
+a

j+ 1
2
+cjδ2 0

a
j+ 1

2

a
j− 1

2
+a

j+ 1
2
+cjδ2

. . .
. . .

. . .
a

N− 1
2

a
N− 1

2
+a

N+1
2
+cN δ2 0















.

ρJ ≤ max

{
a

j− 1
2
+a

j+ 1
2

a
j− 1

2
+a

j+ 1
2
+cjδ2

∣
∣
∣
∣
j = 1, · · · , N

}

. Let

ρ∗ =
√

1 − ǫ2, where ǫ ≪ 1. Hence, ρJ ≤
√

1 − ǫ2,

ρGS ≤ 1 − ǫ2 and ρSOR(ω∗) =
(√

1−ǫ2

1+ǫ

)2

= 1−ǫ
1+ǫ . For

ǫ = 0.01, ρJ ≤
√

0.9999 ≈ 0.999950, ρGS ≤ 0.9999 and
ρSOR(ω∗) = 0.99

1.01 ≈ 0.98.

Alternating methods So far we have studied station-
ary methods x(n+1) = x(n) − ẽ(n), where the rule for
this is ẽ(n) = −B−1r(n), where B ≈ A in the sense
ρsp(I −B−1A) < 1.

Now suppose you have two guesses, B1 and B2. Con-
sider x(2n+1) = x(2n) + B−1

1 r(2n) and x(2n+2) = x(2n+1) +
B−1

2 r(2n+1). Then, ẽ(2n+2) = (I−B−1
2 A)(I−B−1

1 A)ẽ(2n).
The method converges ⇔ ρsp((I−B−1

2 A)(I−B−1
1 A)) < 1.

Example: ADI (Alternating Direction Implicit) method:
−∆u = g on Ω = [0, L]2 with u = 0 on ∂Ω.

3.4 Conjugate gradient method

Proposition 3.11 Consider the equation

Ax = b, (3.3)

where AT = A > 0. The solution to equation 3.3 is also
the solution at

f(x) = min
{

f(y)
∣
∣
∣ y ∈ RN

}

, (3.4)

where f(y) = 1
2 (y | Ay) − (b | y).

Proof: Suppose x solves equation 3.3. ∀y = x+z ∈ RN .
f(y) = 1

2 (x+ z | A(x+ z))− (b | x+ z) = f(x)+ (z | Ax−
b) + 1

2 (z | Az) = f(x) + 1
2 (z | Az) ≥ f(x) by A > 0.

Conversely, suppose x solves equation 3.4. ∀z ∈ RN , t ∈
R, f(x) ≤ f(x + tz) = f(x) + t(z | Ax − b) + t2

2 (z | Az).
The parabola have a minimum at t = 0. Then, 0 =
df(x+tz)

dx

∣
∣
∣
t=0

= (z | Ax− b) ⇒ Ax− b = 0. QED
An iterative method to solves equation 3.3: x(n+1) =

x(n) − ẽ(n), where ẽ(n) ≈ e(n) = x(n) −x. Notice f(x(n)) =
f(x + e(n)) = f(x) + 1

2 (e(n) | Ae(n)). So (e(n) | Ae(n))
is a measure of the size of the error. Hence, minimizing
f(x(n)) is the same as minimizing the A-norm of e(n),

∣
∣
∣

∣
∣
∣e(n)

∣
∣
∣

∣
∣
∣
A

=
√

(e(n) | Ae(n)).

Suppose ẽ(n) = −αp(n), where p(n) ∈ RN is given.
What is the best choice of α? We pick α to minimize
f(x(n+1)) = f(x(n) + αp(n)) = f(x(n)) + α(p(n) | Ax(n) −
b) + α2

2 (p(n) | Ap(n)) = f(x(n)) − α(p(n) | r(n)) +
α2

2 (p(n) | Ap(n)), where r(n) = b − Ax(n) is the residual.
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This happen at α = αn = (p(n) | r(n))
(p(n) | Ap(n))

. Then, f(x(n+1)) =

f(x(n)) − (p(n) | r(n))
2(p(n) | Ap(n))

⇒ 1
2 (e(n+1) | Ae(n+1)) =

1
2 (e(n) | Ae(n)) − (p(n) | r(n))

2(p(n) | Ap(n))
⇒
∣
∣
∣
∣e(n+1)

∣
∣
∣
∣
2

A
=
∣
∣
∣
∣e(n)

∣
∣
∣
∣
2

A
−

(p(n) | r(n))
(p(n) | Ap(n))

. This is the maximum norm can be reduced

for a given p(n).

Remark: We saw in Prof. Osborn’s lecture that for
SOR,

∣
∣
∣
∣e(n+1)

∣
∣
∣
∣
2

A
=
∣
∣
∣
∣e(n)

∣
∣
∣
∣
2

A
−
(

1
ω∗ + 1

ω − 1
)
(d(n) | Dd(n)).

So, one idea to improve SOR (or other fixed methods) is
setting x(n+1) = x(n) + αnp

(n), where p(n) = B−1r(n) and

αn = (p(n) | r(n))
(p(n) | Ap(n))

= (r(n) | Qr(n))
(p(n) | Ap(n))

, where Q = B−1 with

Q∗ = Q > 0. If Q = I, then this is the method at steepest
descents −∇yf(x(n)) = r(n) − p(n).

3.5 Conjugate gradient method II

Let 0 < A ∈ RN×N and Q > 0, s.t. Q ≈ A−1. The
conjugate gradient iteration goes as follows:

CG Choose x(0) ∈ RN . Set r(0) = b − Ax(0), p(0) =
Qr(0). Begin loop on n until “converges”

αn = (r(n) | p(n))
(p(n) | Ap(n))

x(n+1) = x(n) + αnp
(n)

r(n+1) = r(n) − αnAp
(n)

test for “convergence” here

βn = (r(n+1) | Qr(n+1))
(r(n) | Qr(n))

p(n+1) = Qr(n+1) + βnp
(n)

Lemma 3.12 ∀n, s.t. x(n) 6= x, we have

1. ∀m < n, (r(n) | p(m)) = (r(n) | Qr(m)) = 0.

2. ∀m < n, (p(n) | Ap(m)) = 0.

3. span
{
p(0), · · · , p(n)

}
= span

{
Qr(0), · · · , Qr(n)

}
=

span
{
p(0), QAp(0), · · · , (QA)np(0)

}
= Kn+1(p

(0), QA)
(n+ 1th Krylov subspace).

Proof: (1 & 2) They are trivially true
for n = 0. Suppose they are true for n.
(r(n+1) | p(m)) = (r(n) | p(m)) − αn(Ap(n) | p(m)) =
{

0 for m < n by induction
0 for m = n by the definition of αn

. For m >

0, (r(n+1) | p(m)) = (r(n+1) | Qr(m)) +
βn(r(n+1) | p(m−1)) = (r(n+1) | Qr(m)). (1) is true
for n + 1. (p(n+1) | Ap(m)) = (Qr(n+1) | Ap(m)) +
βn(p(n) | Ap(m)) = 1

αm
(r(n+1) | Q(r(m) − r(m+1))) +

βn(p(n) | Ap(m)) = 0. QED

Theorem 3.13 Let A,Q ∈ RN×N with A > 0 and Q > 0,
x(0) ∈ RN and p(0) = Q(b − Ax(0)). The following are
equivalent:

1. x(n) is the nth iteration of CG,

2. ∀y ∈ x(0) + Kn(p(0), QA), f(x(n)) ≤ f(y),

3.
∣
∣
∣
∣x(n) − x

∣
∣
∣
∣
A
≤ ||y − x||A,

4. b−Ax(n) ⊥ Kn(p(0), QA),

where f(y) = 1
2 (y | Ay) − (b | y) and ||z||A =

√

(z | Az).

Proof: (1⇒2) By CG, x(n) ∈ x(0) + Kn(p(0), QA).
Let y = x(n) + z ∈ x(0) + Kn(p(0), QA) for some z ∈
Kn(p(0), QA). f(y) = f(x(n) + z) = f(x(n)) + (z | Ax(n) −
b) + 1

2 (z | Az). By lemma 3.12 part 1, (z | Ax(n) − b) = 0.

(2⇒3) 1
2

∣
∣
∣
∣x(n) − x

∣
∣
∣
∣
2

A
= f(x(n))− f(x) ≤ f(y)− f(x) =

1
2 ||y − x||2A, ∀y ∈ x(0) + Kn(p(0), QA).

(3⇒4) Let z ∈ Kn(p(0), QA) and y = x(n) + tz. Then,
1
2

∣
∣
∣
∣x(n) − x

∣
∣
∣
∣
2

A
≤ 1

2 ||y − x||2A = 1
2

∣
∣
∣
∣x(n) − x

∣
∣
∣
∣
2

A
+ t(z | x(n) −

x)A + t2

2 ||z||2A ⇒ 0 = (z | x(n) − x)A = (z | Ax(n) − b).
(4⇒1) Show it! QED

Convergence rate Since (y | QAz)A = (y | AQAz) =
(QAy | Az) = (QAy | z)A, QA is self-adjoint
w.r.t. the A-inner product. Hence ||QA||A = ρsp(QA)
and

∣
∣
∣
∣(QA)−1

∣
∣
∣
∣
A

= ρsp((QA)−1). y 6= 0 ⇒ Ay 6=
0 ⇒ (y | QAy)A = (Ay | QAy) > 0 ⇒ QA

is positive definite w.r.t. the A-inner product. Let
λmax = max {λ ∈ sp(QA)} = ρsp(QA) and λmin =
min {λ ∈ sp(QA)} = 1

ρsp((QA)−1) by theorem 3.6. Then,

the condition number,

κ2 = CondA(QA)
def
= ||QA||A

∣
∣
∣
∣(QA)−1

∣
∣
∣
∣
A

=
λmax

λmin
> 1.

Theorem 3.14 Let e(n) = x(n) − x be the error of nth

iterate of CG. Then,
∣
∣
∣
∣e(n)

∣
∣
∣
∣
A
≤ 2

(
κ−1
κ+1

)n ∣
∣
∣
∣e(0)

∣
∣
∣
∣
A
.

What has this brought us? For stationary iteration,
x(n+1) = x(n) + Qr(n). Let ρQ = ρsp(I − QA). Then,
∣
∣
∣
∣e(n)

∣
∣
∣
∣ ≤ ρn

Q

∣
∣
∣
∣e(0)

∣
∣
∣
∣
A
. This will converge iff sp(QA) ⊂

(0, 2). sp(QA) ⊂ [λmin, λmax] ⇒ sp(I − QA) ⊂ [1 −
λmax, 1 − λmin] ⇒ ρQ = max {|λmax − 1|, |1 − λmin|} ⇒
λmax ≤ 1 + ρQ and λmin ≥ 1 − ρQ ⇒ κ2 = λmax

λmin
≤ 1+ρQ

1−ρQ
.

Hence κ−1
κ+1 ≤

√
1+ρQ−

√
1−ρQ√

1+ρQ+
√

1−ρQ

=
ρQ

1+
√

1−ρ2
Q

≤ ρQ. So when

ρ2
Q = 1 − δ2 with δ ≪ 1, κ−1

κ+1 ≤
√

1−δ2

1+δ . The denomina-
tor helps. Remarks: Conjugate gradient always converges.
The game is to find a Q that makes Cond(QA) as small as
possible. This is called precondition.

3.6 Krylov space methods

Consider solving

Ax = b, (3.5)

where b ∈ RN and A ∈ RN×N with detA 6= 0. We know
equation 3.5 has a unique solution x ∈ RN . Can we narrow
it down more?

Let q(λ) = anλ
n + · · ·+a1λ+a0 be a polynomial. Then

q(A)
def
= anA

n+· · ·+a1A+a0I. Let ψ(λ) = det(λI−A) be
the characteristic polynomial ofA. The Cayly-Hamilton
theorem states ψ(A) = 0.

Let M = min {deg(q) | q(A) = 0}. By Cayly-Hamilton,
M ≤ N . There is a unique monic polynomial m(λ) =
λM + µM−1λ

M−1 + · · · + µ0, s.t. m(A) = 0. Moveover,
µ0 6= 0 because λ ∈ sp(A) ⇔ m(λ) = 0. Hence, A−1 =
−1
µ0

(AM−1 + µM−1A
M−2 + · · · + µ1I) and x = A−1b =

−1
µ0

(AM−1b+µM−1A
M−2b+ · · ·+µ1b) ∈ KM (b, A). A(x−
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x(0)) = b − Ax(0) = r(0). Hence x ∈ x(0) + KM (r(0), A).
Clearly, for n > 0, 1 ≤ dimKn(r(0), A) ≤ n. Let K ≤ M

be the largest, s.t. ∀n ≤ K, dimKn(r(0), A) = n. Then,
AnKK(r(0), A) and x ∈ x(0) + KK(r(0), A).

Krylov space iterative methods have the general form:

1. Choose x(0) ∈ RN .

2. Pick x(n) ∈ x(0) + Kn(r(0), A), s.t. some norm of the
error is minimized.

Lemma 3.15 (Orthogonality Lemma) Let A∗ = A

w.r.t. ( | ). If ∀n ≤ K, dimKn(p(0), A) = n for some p(0) ∈
RN\{0}, then Kn(p(0), A) = span

{
p(0), · · · , p(n−1)

}
, where

p(1) = Ap(0) − β0p
(0), p(n+1) = Ap(n) − βnp

(n) − γnp
(n−1)

for 1 ≤ n ≤ K − 2, βn = (p(n) | Ap(n))

(p(n) | p(n))
and γn =

(p(n−1) | Ap(n))
(p(n−1) | p(n−1))

. Moveover,

(i) For m < n < K, (p(m) | p(n)) = 0.

(ii) For m < n < K, (p(m) | Ap(n)) = (p(m+1) | p(n)).

Proof: See notes. QED

3.7 Minimum residual method

Recall that if x(n+1) = x(n) + αp(n), the value of α

that minimizes
∣
∣
∣
∣e(n+1)

∣
∣
∣
∣
E

is α = − (e(n) | p(n))E

(p(n) | p(n))E
since

∣
∣
∣
∣e(n+1)

∣
∣
∣
∣
2

E
=
∣
∣
∣
∣e(n)

∣
∣
∣
∣
2

E
+ 2α(e(n) | p(n))E + α2(p(n) | p(n))E .

Of course, we do not know e(n). The game is to find
an inner product for which we can compute (e(n) | p(n))E

without knowing e(n). Recall that we know r(n) = −Ae(n).

The idea is to use (y | z)E
def
= (y | z)A2 = (Ay | Az). Then,

α = (r(n) | Ap(n))
(Ap(n) | Ap(n))

. Recall that if detA 6= 0 and A∗ = A,

then A2 > 0.
Return to the general setting x(n+1) =

x(0) + α0p
(0) + · · · + αnp

(n). Suppose
{
p(k)

}n

k=0

is orthogonal w.r.t. ( | )E . Then,
∣
∣
∣
∣e(n+1)

∣
∣
∣
∣
2

E
≤

min
{

||y − x||2E
∣
∣
∣ y ∈ x(0) + span

{
p(0), · · · , p(n)

}}

since

αk are coefficients of orthogonal projection onto
span

{
p(0), · · · , p(n)

}
. Putting this together with lemma

3.15, we get

MINRES Suppose A∗ = A w.r.t. ( | ) and detA 6= 0.
Choose x(0) ∈ RN . Set r(0) = b − Ax(0), p(0) = r(0) and
q(0) = Ar(0). Begin a loop on n until stopping

αn = (r(n) | q(n))
(q(n) | q(n))

= − (e(n) | p(n))A2

(p(n) | p(n))A2
.

x(n+1) = x(n) + αnp
(n)

r(n+1) = r(n) − αnq
(n)

Check for stopping.

βn = (q(n) | Aq(n))

(q(n) | q(n))
=

(p(n) | Ap(n))A2

(p(n) | p(n))A2

γn = (q(n) | q(n))
(q(n−1) | q(n−1))

=
(p(n) | p(n))A2

(p(n−1) | p(n−1))A2

p(n+1) = q(n) − βnp
(n) − γnp

(n−1)

q(n+1) = Aq(n) − βnq
(n) − γnq

(n−1)

3.8 Optimal error methods

(like CG and MINRES) To solve Ax = b with detA 6= 0.
The iterative scheme has the form x(n+1) = x(n) +αnp

(n).

Let Xn = span
{
p(0), · · · , p(n−1)

}
, X =

⋃

nXn ⊂
RN with dimX = maxn {dimXn} and n =
min

{
n
∣
∣ dimXn = dimX

}
. One could show Xn = X

for n ≥ n. Then, x(n) = x(0) +α0p
(0) + · · ·+αn−1p

(n−1) ∈
x(0) +Xn ⊂ x(0) + X. For the convergence of x(n) → x,
we need x ∈ x(0) +X.

Given such Xn, pick x(n) to be optimal over x(0) +Xn,
where “optimal” means ∀y ∈ x(0) + Xn,

∣
∣
∣
∣x(n) − x

∣
∣
∣
∣
G

≤
||y − x||G with G∗ = G > 0. Let Pn be the projection
onto Xn that is orthogonal w.r.t. ( | )G, i.e. P 2

n = Pn,
ImPn = Xn and GPn = P ∗

nG. By lemma 3.15, x(n) − x =
(I−Pn)(x(0)−x) which is the same as x(n) = x(0)−Pne

(0).

Theorem 3.16 (Optimal error characterization
theorem) ∀x̃ ∈ x(0) +Xn, the following are equivalent:

(i) x̃ = x(n),

(ii) (x − x̃) ⊥ Xn in G-inner product,

(iii) ∀y ∈ x(0) + Xn, fG(x̃) ≤ fG(y), where fG(y) =
(y | y)G − 2(y | x)G.

We must find G, s.t. (y | x)G can be computed. There
are two netural choices: G = A when A∗ = A > 0. Then,
fA(y) = (y | Ay) − 2(y | b) (CG). G = A∗A when detA 6=
0. Then, fA∗A(y) = (Ay | Ay) − 2(Ay | b) (MINRES).

Observe that we can easily compute Pne
(0) if we can

find a set of non-zero vectors
{
p(0), · · · , p(n−1)

}
, s.t. Xn =

span
{
p(0), · · · , p(n−1)

}
for n ≤ n. and (p(m) | p(n))G = 0

for every m < n < n. This means
{
p(0), · · · , p(n−1)

}
is an

orthogonal basis ofXn. Because x ∈ x(0)+X, e(0) = x(0)−
x ∈ X ⇒ e(0) =

∑n−1
k=0 αkp

(k), where αk = − (e(0) | p(k))G

(p(k) | p(k))G
.

Hence, −Pne
(0) =

∑n−1
k=0 αkp

(k) − e(n) =
∑n−1

k=0 αkp
(k),

so αn = − (e(n) | p(n))G

(p(n) | p(n))G
. Hence x(n+1) = x(n) + αp(n) for

0 ≤ n < n and x(n) = x.

3.9 General minimum residual

Consider Ax = b, where b ∈ RN and A ∈ RN ×N with
detA 6= 0. N is enormous (≈ 107). We have optimal error
methods:

1. find a good norm;

2. identify subspaces (often Krylov);

3. find orthogonal vectors, s.t. Xn =
span

{
p(0), · · · , p(n−1)

}
.

For conjugate gradient, we have A∗ = A > 0 and

1. G = A;

2. Xn = Kn(p(0), QA), where p(0) = Q(b − Ax(0)) and
Q∗ = Q > 0, s.t. Cond(QA) ≪ Cond(A);

3. CG algorithm.

QA is always positive definite w.r.t. A-norm.
For mininum residual, we have A∗ = A, detA 6= 0 and

1. G = A∗A;

2. Xn = Kn(r(0), A), where r(0) = b −Ax(0);

3. MINRES algorithm.

It is hard to “pre-condition” it. It is hard to find Q, s.t.
QA is self-adjoint w.r.t. A∗A-inner product.

For general minimum residual, detA 6= 0 and
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1. G = A∗A;

2. Xn = Kn(p(0), QA), where Q is invertible and p(0) =
Q(b−Ax(0)) = Qr(0);

3. Arnoldi algorithm.

Lemma 3.17 (Arnoldi) Let G∗ = G > 0, B ∈ RN×N

and r ∈ RN . Set p(0) = r, p(n+1) = Bp(n) −
∑n

m=0 βmnp
(m), where βmn = (p(m) | Bp(n))G

(p(m) | p(n))G
. Then,

(i) p(n) ∈ Bnp(0) + Kn(p(0), B);

(ii) (p(m) | p(n))G = 0, for m < n;

(iii) Kn(p(0), B) = span
{
p(0), · · · , p(n−1)

}
.

Proof: Assume (i), (ii) and (iii) are trun for n. p(n+1) ∈
(B − βnnI)p

(n) + Kn(p(0), B) = Bp(n) + Kn+1(p
(0), B) =

Bn+1p(0) + BKn(p(0), B) + Kn+1(p
(0), B) = Bn+1p(0) +

Kn+1(p
(0), B) ⇒ (i) holds.

(p(m) | p(n+1))G = (p(m) | Bp(n))G −
∑n

k=0 βkn(p(m) | p(k))G = (p(m) | Bp(n))G −
βmn(p(m) | p(m))G = 0 ⇒ (ii) holds. QED

3.10 Another algorithm

Consider Ax = b with detA 6= 0. Consider an itera-
tion method that measure their error in ( | )G, where
G = A∗QA and Q ≈ (AA∗)−1 with Q∗ = Q > 0, i.e.
Cond(QAA∗) is as small as possible while multiplication
by Q is quick. This means (e | e) ≈ (e | e)G = (r | r)Q.
So we need to construct a G-orthogonal set of vectors.

Lemma 3.18 Let G = A∗QA and H = QAA∗Q. Choose
v(0) ∈ RN and set u(0) = A∗Qv(0). Define v(n+1) =
Au(n) − βnv

(n) and u(n+1) = A∗Qv(n+1) − γnu
(n), where

βn = (u(n) | u(n))G

(v(n) | v(n))H
and γn = (v(n+1) | v(n+1))H

(u(n) | u(n))G
. Then,

(i) (v(m) | v(n))H = (u(m) | u(n))G = 0 for m < n < n,
where n is the maximal Krylov subspace;

(ii) u(n) ∈ (A∗QA)nu(0) + Kn(u(0), A∗QA);

(iii) v(n) ∈ (AA∗Q)nv(0) + Kn(v(0), AA∗Q);

(iv) Kn(u(0), A∗QA) = span
{
u(0), · · · , u(n−1)

}
;

(v) Kn(v(0), AA∗Q) = span
{
v(0), · · · , v(n−1)

}
.

Proof: By induction, (v(m) | v(n+1))H =
(v(m) | Au(n))H − βn(v(m) | v(n))H =
(A∗Qv(m) | u(n))G − βn(v(m) | v(n))H = (u(m) | u(n))G +
γm−1(u

(m−1) | u(n))G − βn(v(m) | v(n))H = 0.
(u(m) | u(n+1))G = (u(m) | A∗Qv(n+1))G −

γn(u(m) | u(n))G = (Au(m) | v(n+1))H−γn(u(m) | u(n))G =
(v(m+1) | v(n+1))H + βn(v(m) | v(n+1))H −
γn(u(m) | u(n))G = 0. Therefore, (i) is true.

Because u(0) = A∗Qv(0), Kn(u(0), A∗QA) =
A∗QKn(v(0), AA∗Q). QED

Algorithm Choose x(0), initialize r(0) = b − Ax(0),
v(0) = r(0) q(0) = A∗Qr(0), u(0) = q(0) and p(0) = Au(0).
Begin loop on n:

αn =
(p(n) | r(n))Q

(p(n) | p(n))Q

x(n+1) = x(n) + αnu
(n)

r(n+1) = r(n) − αnp
(n)

Check for convergence

3.11 Preconditioning for Krylov optimal

error methods

In general, these methods solve Ax = b by picking x(n), s.t.
∣
∣
∣
∣x(n) − x

∣
∣
∣
∣
G

= min
{
||y − x||G

∣
∣ y ∈ x(0) + Kn(p(0),K)

}
.

One needs to find G, p(n),K, s.t.

(i) one can compute a G orthogonal basis of K(p(0),K),
s.t. Kn(p(0),K) = span

{
p(n), · · · , p(n−1)

}
;

(ii) (e(n) | p(n))G can be computed.

The three basic cases we have concerned:

1. K is G-positive definite, i.e. GK = K∗G > 0. e.g.
CG, A = A∗ > 0 for G = A and K = A.

2. K is G-self-adjoint, i.e. GK = K∗G. e.g. MINRES,
G = A2 and K = A (Lanczos).

3. A is invertible. e.g. GMRES, G = A∗A and K = A

(Arnoldi).

Given Ax = b, find Q quick “inverse”:

1. precondition CG, Q∗ = Q > 0, G = A and K = QA;

2. precondition MINRES, Q∗ = Q > 0, G = AQA and
K = QA;

3. precondition GMRES, G = A∗Q∗QA and K =
QA for Q invertible. Recall Cond2(K) =
||K||2

∣
∣
∣
∣K−1

∣
∣
∣
∣
2
. Since ||K||2 =

√
ρsp(K∗K),

Cond2(K) =
√

max{x∈sp(K∗K)}
min{x∈sp(K∗K)} , where K∗K =

A∗Q∗QA and AK∗KA−1 = AA∗Q∗Q.

Example: Let A = D − L − L∗ with A∗ = A > 0 and
Q = (D − L∗)−1D(D − L)−1 (symmetic Gauss-Seidel).
SSOR: Q = (D − ωL∗)−1 1

ωD(D − ωL)−1.
Example: A∗ = A, same as above because Q’s are pos-
itive definite. For A > 0, A = LL∗, A ∼ LIL

∗
I and

Q = (L∗
I)

−1L−1
I .

4 Eigenvalue problems

Let A ∈ RN×N that is diagonalizable. How might you
compute the eigenvalues and eigenvectors? Basic method
to do this is the power method.

Suppose A is diagonalizable within complexes. i.e.
∃ {vi}N

i=1 ⊂ CN that are linearly independent. Avi =
λivi, λi ∈ C. Let V =

(
v1 · · · vN

)
with detV 6=

0. Then, AV = V Λ, where Λ = Diag(λ1, · · · , λN )
def
=






λ1

. . .

λN




. Then, A = V ΛV −1 and Λ = V −1AV .

∀r ∈ CN , r = α1v1 + · · · + αNvN . Then, Akr =
α1λ

k
1v1 + · · · + αNλ

k
NvN . Suppose |λ1| > |λi| for i > 1.

1
λk
1

Akr = α1v1+α2

(
λ2

λ1

)k

v2+· · ·+αN

(
λN

λ1

)k

vN . Clearly,

as k → ∞, 1
λk
1

Akr → α1v1,
1

|λ1|k
∣
∣
∣
∣Akr

∣
∣
∣
∣ → |α1| ||v1||,

(
|λ1|
λ1

)k
Akr
||Akr|| →

α1

|α1|
v1

||v1|| .
Akr
||Akr|| →

v1

||v1|| ,
Ak+1r
||Akr|| → λ1

v1

||v1|| ,

(Akr | Ak+1r)

||Akr||2 → λ1.

The game is to repeat this with (A− µI)−1 in place of
A, where µ is a guess at an eigenvalue. Recall sp((A −
µI)−1) =

{
1

λ−µ

∣
∣
∣ λ ∈ sp(A)

}

.
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Lemma 4.1 (Similarity transformation) Let
A,B,U ∈ RN×N with U invertible and A = U−1BU .
Then, sp(A) = sp(B).

Let B = V −1AV and δ ≪ 1. δB̃δ =
(V + δṼ )−1(A + δÃ)(V + δṼ ) − V −1AV = δ(V −1ÃV +

V −1AṼ − V −1Ṽ V −1AV ) + O(δ2). Hence,
∣
∣
∣

∣
∣
∣B̃δ

∣
∣
∣

∣
∣
∣ ≈

∣
∣
∣

∣
∣
∣V −1ÃV + V −1AV (V −1Ṽ ) − (V −1Ṽ )V −1AV

∣
∣
∣

∣
∣
∣ ≤

Cond(V )
∣
∣
∣

∣
∣
∣Ã
∣
∣
∣

∣
∣
∣ + 2 ||B||

∣
∣
∣

∣
∣
∣V −1Ṽ

∣
∣
∣

∣
∣
∣. The best control is given

when Cond(V ) = 1. This means
∣
∣
∣
∣V TV

∣
∣
∣
∣ = ||V ||2 = 1.

and
∣
∣
∣
∣(V TV )−1

∣
∣
∣
∣ = 1. sp(V TV ) = {1} ⇒ V TV = I.

Therefore, V is an orthogonal matrix.

Orthogonal matrix if V V T = V TV = I. Let Q be
an orthogonal matrix. Then, detQ = ±1 and sp(Q) ⊂
{λ ∈ C | |λ| = 1}. Permutations, rotations and reflection
are examples of orthogonal matrice.

Householder matrix Simple reflections have the form

QH = I − 2uuT

|u|2 = I − 2ûûT , where u ∈ RN \ {0} and û =

u
|u| . Let ej =

(
0 · · · 0 1

︸︷︷︸

jth

0 · · · 0
)T

. Then,

QH(ej) =















1
. . .

1
−1

1
. . .

1















.

Givens matrix Simple rotations have the form QG =

e
θ u∧v

|u∧v| , where u, v ∈ RN are linearly independent and
u ∧ v = uvT − vuT and |u ∧ v|2 = |u|2|v|2 − (uT v)2.
sp(QG) =

{
1, eiθ, e−iθ

}
1 ∈ sp(QG) with multiplicity

N − 2. QG = eθû∧v̂, where û · v̂ = 0. QG(ejek) =























1
. . .

1
cos θ sin θ

1
. . .

1
− sin θ cos θ

1
. . .

1
























.

Hessenbreg form A = (aij) ∈ RN×N is called upper
(lower) Hessenbreg if aij = 0 for i > j + 1 (j > i+ 1).

Lemma 4.2 ∀A ∈ RN×N , there exists an orthogonal ma-
trix Q, s.t. QTAQ is upper Hessenberg.

Proof: We will prove for k = 1, · · · , N − 1, ∃Qk ∈
RN×N is orthogonal, s.t. QT

kAQk =

(
Hk BT

k

Ck Ak

)

, where

Hk ∈ Rk×k is upper Hessenberg, Ak ∈ R(N−k)×(N−k),
Bk, Ck ∈ R(N−k)×k with Ck =

(
0 ck

)
, ck ∈ RN−k.

This is clearly true for k = 1. We have H1 = (a11),

C1 =






a21

...
aN1




, B1 =






a12

...
a1N




, A1 =






a22 · · · a2N

...
aN2 · · · aNN




.

Suppose it is true for some k ≥ 1. For k + 1, let

ĉk = ck

|ck| , ê =
(
1 0 · · · 0

)T ∈ RN−k and Q̃ =
(
I 0
0 I − 2ûûT

)

, where û =

{ ĉk−ê
|ĉk−ê| , if ĉk 6= ê

0 , otherwise
.

Set Qk+1 = QkQ̃. QT
k+1AQk+1 =

Q̃QT
kAQkQ̃ = Q̃

(
Hk BT

k

Ck Ak

)

Q̃ =
(

Hk BT
k (I − 2ûûT )

(I − 2ûûT )Ck (I − 2ûûT )Ak(I − 2ûûT )

)

. QED

Corollary 4.3 If AT = A, QTAQ is symmetric tri-
diagonal.

4.1 QR method

Theorem 4.4 (QR factorization) ∀A ∈ RN×N , there
exists an orthogonal matrix Q and an upper triangular
matrix R, s.t. A = QR.

Proof: We show that for k = 1, · · · , N − 1, ∃Qk or-

thogonal, s.t. A = QkRk, where Rk =

(
R̃k Bk

0 Ãk

)

, R̃k is

upper triangular.

For k = 1, let A =
(

a D̃
)
, where a =

(
a11 · · · aN1

)T
. Let ê =

(
1 0 · · · 0

)T ∈ RN and

û =

{ â−ê
|â−ê| , if â 6= ê

0 , otherwise
. Let Q1 = I − 2ûûT and

R1 =
(
|a|ê R1

)
= Q1A. Therefore, A = Q1R1.

For k ≥ 1, set Qk+1 =

(
I 0

0 I − 2ûkûk
T

)

Qk. QED

One of the best method for computing eigenvalues and
eigenvectors is the so-called QR-hmethod, which is based
on QR decomposition.

QR method Given A ∈ RN×N , construct a sequence
{Ai}∞i=0 as follow:

1. A0 = A.

2. Decomposite Ai = QiRi, where Qi is orthogonal and
Ri is upper triangular.

3. Set Ai+1 = RiQi.

Observe Ai+1 = QT
i AiQi = RiAiR

−1
i (if A−1 exists,

then R−1
i exists). Ai+1 ∼ Ai ∼ A. Hessenberg form

and symmetric triangular form are preserved. Ai =
Q0 · · ·Qi−1Ri−1 · · ·R0 (relation to power method).

Ai → A∞, where A∞ is diagonal if AT = A. In the case
A ∈ CN×N , A′

∞ is upper triangular, where A = U∗A′
∞U

with U unitary by Schur’s lemma of linear algebra.
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In the real case,

A∞ =


















λ1 ∗ · · · ∗
. . .

. . .
...

λm1 ∗ · · · ∗
u1 v1 ∗ · · · ∗
−v1 u1 ∗ . . .

...
. . . ∗ ∗

um2 vm2

−vm2 um2


















,

where λ1, · · · , λm1 are real eigenvalues and u1 ±
iv1, · · · , um2±ivm2 are complex eigenvalues. A∞ is unique
up to permutations.

Shifted-QR method The QR method can be improved
by shifting. Ai − σiI = QiRi and Ai+1 − σiI = RiQi.

4.2 Iso-spectral flows

Let J(t) ∈ RN×N be continuous and Q(t) ∈ RN×N with
Q(0) = I, s.t.

dQ(t)

dt
= J(t)Q(t). (4.6)

detQ(t) = det(Q(0))e

∫
t

0
Tr(J(t′)dt′

. detQ(t) = 1 if
∀t,Tr(J(t)) = 0.

Let H0 ∈ RN×N and H(t) = Q(t)H0Q(t)−1. Note that

sp(H(t)) = sp(H0), i.e. this is “iso-spectral”. dH(t)
dt =

J(t)Q(t)H0Q(t)−1 −Q(t)H0Q(t)−1J(t). Hence

dH(t)

dt
= J(t)H(t) −H(t)J(t). (4.7)

If H satisfies equation 4.7, then so does Hk and H−1.
dHT

dt = −JTHT +HTJT . If JT = −J , then HT satisfies
equation 4.7. JH −HJ is symmetric if HT = H .

Proof: Since Q satisfies equation 4.6, dQT

dt = QTJT =

−QTJ and dQ−1

dt = −Q−1 dQ
dt Q

−1 = −Q−1J . Q−1(0) =
QT (0) = I. Therefore, Q−1(t) = QT (t). When JT = −J ,
then (JH −HJ)T = JHT −HTJ . QED

We will consider symmetric cases: find J(H), s.t.
H(t) → diagonal as t→ ∞.

We have to identify a mapping RN×N → RN×N , H 7→
J(H) with J(H)T = −J(H), s.t. H(0) = H0, H and J

satisfy equation 4.7 and H(t) → “simple” as t → ∞. In
particular, when HT

0 = H0, then H(t)T = H(t) for every
t and H(t) → diagonal as t→ ∞.
Example: Let H = D+L+LT , where D is diagonal and
L is strictly lower triangular. Set J = L− LT . Then,

dH

dt
= 2(LLT − LTL) + LD −DL+DLT − LTD. (4.8)

where LD − DL is strictly lower triangular
and DLT − LTD is strictly upper triangu-
lar. Assume H0 has been reduced to tridiago-

nal. For H =









b0 a1

a1 b1
. . .

. . .
. . . aN−1

aN−1 bN−1









, LTL =








0
a2
1

. . .

a2
N−1







, LLT =








a2
1

. . .

a2
N−1

0








.

LLT − LTL is diagonal. Hence, the tridiagonal form is
preserved by equation 4.8 with dD

dt = 2(LLT − LTL),
dL
dt = LD −DL,

{
dbi

dt = 2(a2
j − a2

j+1) for j = 0, · · · , N − 1
dai

dt = aj(bj−1 − bj) for j = 1, · · · , N − 1
(4.9)

with a0 = aN = 0. The only stationary (fixed) points
of equation 4.9 are when it is diagonal, i.e. a1 = · · · =
aN−1 = 0. This will be asymptotically stable provided
b0 < · · · < bN−1. If ∀j, aj 6= 0 for H0, then the eigenvalues
of H0 are simple.

Example: For H =

(
b0 a

a b1

)

, db0
dt = −2a2, db1

dt = 2a2

and da
dt = a(b0 − b1). Let s = b1+b0

2 and c = b1−b0
2 .

Then, ds
dt = 0, dc

dt = 2a2 and da
dt = −2ac. The solution is

s(t) = s0, c(t) = r
c0+r tanh(2rt)
r+c0 tanh(2rt) and a(t) = r

a0sech(2rt)
r+c0 tanh(2rt) ,

where r =
√

a2
0 + c20. (Remarks: This is “better” than

QR method. For A =

(
cos θ sin θ
sin θ − cos θ

)

(reflection),

A = QR ⇒ Q = A and R = I.)

Theorem 4.5 Let H0 be symmetric tridiagonal and

H(t) =









b0 a1

a1 b1
. . .

. . .
. . . aN−1

aN−1 bN−1









satisfy equation 4.9.

Then, H(t) → diagonal as t→ ∞.

Proof: Let sm =
∑m−1

j=0 bj be the mth partial trace.
dsm

dt = −2a2
m < 0 for m = 1, · · · , N − 1. One can

show that d
dt

(
∑N−1

j=0 b2j + 2
∑N−1

j=1 aj

)

= 0. Hence, aj(t)

and bj(t) are bounded ⇒ sm(t) are bounded. Therefore,
limt→∞ sm(t) = s∞m exists. Moreover, limt→∞ sm(t +
h) = s∞m uniformly in h ≥ 0. limt→∞ bm(t + h) =

limt→∞(sm+1(t + h) − sm(t + h)) = s∞m+1 − s∞m
def
= b∞m

uniformly in h ≥ 0.

By equation 4.9, aj(t
′) = aj(t)e

∫
t′

t
bj−1(t′′)−bj(t

′′)dt′′
.

Combine this with
∫ t+h

t am(t′)2dt′ = − 1
2 (sm(t + h) −

sm(t)). Therefore,

0 = lim
t→∞

1

h

∫ t+h

t

am(t′)2dt′

= lim
t→∞

a(t)2

h

∫ t+h

t

e
2
∫

t′

t
bm−1(t

′′)−bm(t′′)dt′′
dt′

≥ lim
t→∞

am(t)2

= 0

1

h

∫ t+h

t

e
2
∫

t′

t
bm−1(t

′′)−bm(t′′)dt′′
dt′

=
1

h

∫ h

0

e
2
∫

h′

0
bm−1(t+h′′)−bm(t+h′′)dh′′

dh′
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→ 1

h

∫ h

0

e2(b
∞
m−1−b∞m )h′

dh′

=
e2(b

∞
m−1−b∞m )h

2(b∞m−1 − b∞m )h

≥ 1

QED
More generally, unitary iso-spectral flows have the form

dH
dt = JH−HJ , where J = L−LT , f(H) = D+L+LT and
f is any function analytic in a neighbourhood of sp(H0).

There is an amazing fact: H(t) = Q(t)TH0Q(t), where
etf(H0) = Q(t)R(t), Q(t) is orthogonal and R(t) is strictly
upper triangular with positive diagonal. Consider f(z) =
log(z), HT

0 = Q(t)R(t). Set t = 1, H0 = Q(1)R(1).
H(1) = Q(1)TH0Q(1) = R(1)Q(1). (For tridiagonal,
Toda Lattice.)

Theorem 4.6 (Gershgorin circle theorem) Let A =

D−W and D =






d1

. . .

dN




. Then, |λ− dj | ≤ ||W ||.

Let A = D − tW for t ∈ [0, 1]. Then, |λ− dj | ≤ t ||W ||.
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