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(1) Proposition 2.12
By the definition of a Cauchy sequence, we know that
for any € > 0, there exists N, such that
k,l > N, = |ar — a| <e.

Let e = 1. Then there is an N such that
k}N:>|aN—ak|<1,

which means |ay| < |an| + 1 for all k£ > N.
Let M = max{|a1|, |as], - ,|an_1],|an]| + 1}
then it is clear that |ax| < M for all k € N
= {ax} is bounded.

(2) Proposition 3.6 (Cauchy 2F test)
aj, is nonincreasing, so for k < 2/ = aj > ay;
for k> 271 = a5, < agi—
therefore we have
Ay < ap < agi—1 for 2071 <k < 27

let by, = 2a9; for 2271 <k <2/, j €N
D et bk = Z;il D moi-1 by =2 Z;il 27 ay = Z;il 2 s
Since by, = 2a4; < 2ay
By direct comparison,
o . o
> peq brconverges if Y7 | apconverges
So 72, 2/ay converges if > )7 | a, converges.

For the second half, we do similar arguments.

Let ¢ = agi-1 for 7' <k <2/, jeN _

then ) ;7 ¢ = 2;11 Zi]:yfl Cr = z;; Zi]:ga‘—l Aoj—1 = Z;; 20 g1 = Z;io 27 ay;
Since ay, < agi—1 = ¢, for 2271 <k <27 and all j € N,

> pey ai converges if Y 77 | ¢ converges.

> v 2 ag; converges if Y12 | ¢ converges.

(3) S = hmk_)OO Sgk
s = limy_ o Sart1
we want to show that if 5 = s, then lim;_,., S, =5=s

With s = limy_ o Sor and s = limy_ o, Sors1, We get
given any € > ()

dN; such that [Sor — 5| <€ VE> N

IN, such that [Sopyy — 8| <€ Vk > Ny,

then |Sy —s| =Sk — 5| <€ Vk > max{2N; + 1,2N;}
Since € > 0 is arbitrary,

limk_m Sk =35 =3s.

(4) There are many ways to determine convergence for every problem. The answers here
are just for reference.



(a) We can use the ratio test for positive series here
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limsupy_, o, = = limsup_,, a7 " oF = hm SUDL 00 (k_+1> a

for a > 1, limsup,_, ., “= >1 = >, kp " diverges.
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for a < 1, limsup,_,, <1l = Zk | 75 converges.

for a = 1, the series becomes Y~ kp, which converges when p > 1, and diverges
when p < 1.

(b) We can apply direct comparison test with the series > po | &

1
Since = S 2k+3 for all £ > 1,

ango smcle Z_k:l = diverges (it is a multiple of the harmonic series),
> k1 33 diverges.
. . 1 o
(c) Since limy 0o z =0 )k

By Proposmon 3.9 for alternating series, Y - 1 converges.

d) Since < i for all £ > 1, and . converges,
k(k—H) het K
by direct comparison test we have that converges.
y P f k(k+1)
(e) We can use the ratio test here.
2

lim sup;,_ ., &= = lim sup;,_ AL U’;;:Q’”” = limsup,_,, Ble= @D =0 < 1

Thus, the series converges
(f) Since (54)° < (%)’ = 5 forall k >

and Y7, % converges.
Using the direct comparison test,

Yoy (k2+1) converges.

(g) limy_oo ksin (1) =1

From Proposition 3.1, ZZ":O k sin ( ) cannot converge.
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(5) limsup,_., " = limsup;_., ()" =1<1
From the ratio test, we know that the series converges.

(6) By the integral test

Y req —kJrl)[lr}(kJrl)]a converges if and only if floo mdx converges.

for a =1, f1 mdw-ln(ln(m—l—l))! S =00

_ [n(z+n)t—e
for o # 1 f1 (z+1) 1n(33+1)]0‘dx =

l1-o |x—
when o < 1 the mtegral diverges, and when o > 1 the integral converges.

The series converges if and only if o > 1.




