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1. 3.1 problem 1

(a) False

Let
0 for x >0

f(x):{l for x <0

1 forx >0
0 for t <0

Here, f(z) and g(x) are not continuous functions, but (f + ¢)(x) = 1 is a contin-
uous function.

(b) False

Let
1 forxz >0

f(:r):{—l for x <0
Here, f%(x) = 1 is a continuous function, but f(z) is not a continuous function.

(c) True
Since ¢ is continuous —g is continuous. Since the sum of continuous functions is
continuous, we have f = (f 4+ ¢g) + (—g) is continuous.

(d) True
Given any convergent sequence {z;} in N converging to z € N, we have z;, = x

ultimately. So, f(xx) = f(z) ultimately. Hence, every function f : N — R is
continuous.

2. 3.1 problem 3
f(z) is continuous in R\{0}.

For any fixed x > 0 and given €, we know z* — 3? = (x + y)(z — y).
By letting § = min{m, 1}

[z —yl <o= |yl <|z[+1, |22 —y?| < (2z[+1)(0) <
f is continuous at  where z < 0.

2|z|+1
2|z[+2

ce< €

For any fixed z < 0 and given € > 0, we know |[(z + 1) — (y — 1)| = |z — 9] ,
sol(x+1)—(y+1)| <eif |z —y| <e
f is continuous at x where z > 0.

Consider a sequence {x;} C R", z;, — 0

= f(z) is not continuous at 0.

3. 3.1 problem 5
To show that f(z) is continuous at > 0 and = < 0 is similar to the previous problem.

To show that f(x) is continuous at z = 0,
Consider any sequence x, — 0,
|z < 1 ultimately as k — oo



|z%| < |z| ultimately.

|f(xr)| < |xg| ultimately as k — oo.
f(zx) = 0= f(0) as k — o0

f(z) is continuous at x = 0.

4. 3.1 problem 13
Let {u} be a sequence in D, and u, — u € D
Then |f(ur) — f(u)| < clug — ul,
by the comparison lemma we have f(ug) — f(u) as k — o0
Since f(uy) — f(u) for all up, — win D
f is continuous on D.

5. 3.3 problem 1

a. False.
Let f(x) =sinz, f(R)=[-1,1] #R

b. False.
Since f is not continuous, we can assign f as

f([0,1]) = 0,1 is not an interval

c. False.

Let D =(0,1)U(2,3), f(z) = =z,

then f(D) = (0,1)U(2,3) is not an interval but is continuous
d. True.

f is continuous and [0, 1] is an interval.

By Theorem 3.14, f([0,1]) is an interval.

f(0) and f(1) must be in the interval

And since f is strictly increasing, f(0) < f(x) < f(1) for all 0 < z < 1.
So f(0) and f(1) are the endpoints of f(]0,1]),

= f([0,1]) = [£(0), f(1)]

6. 3.3 problem 6
Let g(x) = f(x) — 1,
Since f(x) is bounded, IM > 0 such that —M < f(z) < M
then g(z) < 0 for any z > M, g(y) > 0 for any y < —M.
By the intermediate value theorem,
Jz, y < z < x such that g(z) =0
= Jz € R such that f(z) = z.

7. 3.3 problem 10
Suppose that f is not a constant function.
dry; < ro such that f(ry) # f(re).
WLOG, suppose f(r1) < f(r2),
By the density of irrational numbers, there exists an irrational number ¢ such that
f(r) <e < f(ra).
By intermediate value theorem,
dz, r < x < ry such that f(x) =c¢
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11.

12.

Then this contradicts to our assumption that the image of f consists entirely of rational

numbers.

3.4 problem 5

Let un:nandvn:n—k%

Then |u, — v,| =+ — 0 as n — oo,

But | f(un) — f(vy)| = |ul —v3| = [Bn+ 3% + 5] — 00 as n — oo
f is not uniformly continuous.

3.4 problem 8

_ 1
Let f(z) = _x_f’ 1
Letun:a—i—;andvn:a%—n—ﬂ,

then |un—vn|:%—n+r1—>0asn—>oo

But |f(u,) — f(vn)|=n+1-n=1-»0asn — oo
f(z) is not uniformly continuous on I = (a,b)

3.4 problem 10

For any two sequences u,, and v,, such that |u, —v,| — 0 as n — oo
We have |f(u,) — f(va)] < Cluy, — vy — 0 as n — oo,

So f is uniformly continuous.

Prove theorem 3.22

(i=ii)

Suppose the € — § criterion is not true.

Then de > 0 such that Vo > 0 ,

there is |u —v| < & but |f(u) — f(v)| > €

let 6,, = %

Then we can find two sequences u,,, v, such that
|tun — vp| < 0, but |f(u,) — f(v,)| = € for all n,

So we have lim,,_, o[, —v,] = 0, but lim,, o [f(u,) — f(v,)] # 0 which contradicts (i.)

So the € — § criterion must be satisfied if (i) is true.

(ii = i)
Let u,, v, be sequences such that u,, — v, — 0
By (ii), given €, 30 such that |f(u,) — f(v,)| < € if |u, —v,] <.

Also 3N € N such that |u, —v,| <0 for alln > N
then for this N, |f(u,) — f(v,)| < eforalln > N
So limy, oo [f (un) — f(v,] = 0 if limy, oo [ty — v,] =0

3.6 problem 7

Let x <y

Case 1. 0 <z <y

(y" —a") = (y—2) ("' +y" o4y 2"

(y—x)>0,and y" " *a2F >0forallk=1,--- ,n—1sincex >0,y >0

Case 2. t <0<y
<0< y"
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Case 3. t <y <0

then —x > —y >0

y" —a"=((—x)" — (—y)") since n is odd
((—x)™ — (—y)") > 0 from case 1.

y" > a" for all y > x
f(z) = a™ is strictly increasing

Since f is continuous, and strictly increasing, by similar arguments with the ones in
3.3 problem 1.d., we have f([a,b]) = [f(a), f(D)]

Since for any N € N,

db > N, a < —N such that " > N* > N, a" < (=N)" < —N,

for any N € N, Ja, b such that f([a,b]) = [f(a), f(b)] = [a", "] D [N, N|

= f(R) =R

3.6 problem 11

We know from (3.26) that (z")™ = 2™ = ™" = (2™)" for all integers m,n
We also have (y")'/" =y = (y*/™)" for all y > 0 and integer n

Then (xl/n)m — (((xl/n)m)n)l/n — ((xl/n)mn)l/n — (((xl/n)n)m)l/n — (l,m)l/n



