HW 9

Show that f is infinitely differentiable.

(1)

It is clear that f is infinitely differentiable for x # 0.

We will show that f*)(z) = pk(%)e_z% for all = # 0, where pi(z) is a polynomial.
We show this by induction.

f(z) = w%e_m%, so p1(x) = —22% is a polynomial

Suppose f*)(z) = pk(%)e*z%, where pi(z) is a polynomial.

Then f40(2) = ph(D)(FH)e = +pu(3)(B)e =

P (3) = Pk ()(32) + pe(3) (%)

We can see that pyy1(z) is a polynomial.

(i)
Next we show that lim,_q (:Cime_z%) =0forallmeN
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constants.)

(iii)

Last we show that f®*)(0) exists and equals 0 for all k.
We also prove this by induction.

First, we know that

f/(O) = hm:pﬂo % = llmzﬂo @ = hm:BHO %671% =0
Suppose f*)(0) =0

Then | )
SED(0) = limg g MLW = lim,_,o f9() byl limmao(lpk(l)efz%) g 0
So f is infinitely differentiable at 0.

2. Compute the Taylor expansion of cosz at x = 0.

() = —sinzx

f(x) =cosx
f/

|f™(z)| <1 for all n, and all z € R
By theorem 8.14,
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3. Compute the Taylor expansion of sinhx at x = 0.
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(x) = sinhx =
() = coshz =

f
f

|f(n)(x)| < el for all n and all z € R
for v < R, |f"(2)| < et
By theorem 8.14,

sinhaz =Y 77, %(m)k forz <R
Since the above is true for arbitrary R,
. (k) (o 2k+1
sinhz =330 L@ (2)k = 002, o forallz € R



