
Intrinsic Models in Wasserstein Space  
with Applications to Molecular Dynamics

James M. Murphy 

Brin MRC 
February 22, 2024



Collaborators

Lin (Tufts Chemistry)

Werenski (Tufts CS)

Aeron (Tufts ECE)

Tasissa (Tufts Math)Mueller (Tufts Math)

Jiang (Tufts ECE)Damjanovic (Novo Nordisk)

Masud (Tufts ECE)

Ba (Harvard SEAS)

Tankala (Harvard SEAS)



Learning in High Dimensions is Hard

• High-dimensional problems (i.e., many variables relative to 
number of  observations) are hard for machine learning and 
statistics. 

• The curse of  dimensionality dooms inference in the absence of  
structural assumptions on the data. 

• Manifold Hypothesis: data lies near low-dimensional subspace or 
manifold.  Use local Euclidean distances to construct global 
distances (e.g., geodesics, Laplacian embeddings, diffusion 
distances,…) 
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Beyond the Euclidean

• Manifold learning methods based on local Euclidean distances 
may be insufficient to capture the geometry of  certain data. 

• Toy Example: black and white images with single white pixel: 

• Everything is equally far in Euclidean distance, and therefore in 
any graph metric. 

• Need to capture the distance between the support of  these images.
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Data as Measures & 2-Wasserstein Space

<latexit sha1_base64="V6KS3Ditn9701ffkPR/nklAMeWU="></latexit>

P2,ac(Rd)• Let                     denote the space of  absolutely continuous measures 
(i.e., having density with respect to the Lebesgue measure) with finite 
second moment. 

<latexit sha1_base64="JATlQkioQRR6VNLNzc/fO1q+pXw="></latexit>

W 2
2 (µ, ⌫) = min

T#µ=⌫

Z

Rd

||T (x)� x||22dµ(x)
<latexit sha1_base64="nR4KQTlDqatfEF4UlAbs8sdQl6A="></latexit>

T : Rd ! Rd

<latexit sha1_base64="Gz38I83M8gv1LeQf7LTxFZ5ijg0="></latexit>

T#µ = ⌫ <latexit sha1_base64="b6BtE+W1XL6xtfS7Pu7KGl8p69w="></latexit>

B
<latexit sha1_base64="DVXjrZwD2W5aVoMQqgSW2pwZWx0="></latexit>

⌫[B] = µ[T�1(B)]

• For                              , the 2-Wasserstein metric is
<latexit sha1_base64="S7krY1MgQsWAc5foz7sd09gSywI="></latexit>

µ, ⌫ 2 P2,ac(Rd)

where the minimization is over all maps                           that 
pushforward      onto    :<latexit sha1_base64="JfPUXpLFwNrl2f2e5M+ytLivl3s="></latexit>µ <latexit sha1_base64="yrdcWPnfoTC7ePMeHKrPMAg9v+A="></latexit>⌫

<latexit sha1_base64="xbonwnHPJoARMjrTqnwwFIviAWc="></latexit>$ for all Borel sets     . 
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Optimal Transport Maps

• Pushforwards transfer mass from one distribution to another. 

• The       realizing                       <latexit sha1_base64="YFGtvbR1/gHjjkslnYR+9Fbwdpc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCeCi7FdRj0YvHCv2Cdi3ZNNuGJtklyQpl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrW9sbuW3Czu7e/sHxcOjlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+G7mt5+o0iySDTOJqS/wULKQEWys1C43HtOLablfLLkVdw60SryMlCBDvV/86g0ikggqDeFY667nxsZPsTKMcDot9BJNY0zGeEi7lkosqPbT+blTdGaVAQojZUsaNFd/T6RYaD0Rge0U2Iz0sjcT//O6iQlv/JTJODFUksWiMOHIRGj2OxowRYnhE0swUczeisgIK0yMTahgQ/CWX14lrWrFu6pcPlRLtdssjjycwCmcgwfXUIN7qEMTCIzhGV7hzYmdF+fd+Vi05pxs5hj+wPn8AUitjuI=</latexit>

T ⇤
<latexit sha1_base64="JVBPj3G7BSDBzXmA2mAPg597MNQ="></latexit>

W 2
2 (µ, ⌫) =

Z

Rd

||T ⇤(x)� x||22dµ(x)

is the optimal transport map. 
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<latexit sha1_base64="ZZJUez0L89WDAW5OET6QlTXwrK8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxVbwVJKCH8eiF48VbFNoQ9lst+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1O6SGS6F4EwVK3k40p1EouR+O72a+/8S1EbF6xEnCg4gOlRgIRtFKfsXvZbVppVcqu1V3DrJKvJyUIUejV/rq9mOWRlwhk9SYjucmGGRUo2CST4vd1PCEsjEd8o6likbcBNn83Ck5t0qfDGJtSyGZq78nMhoZM4lC2xlRHJllbyb+53VSHNwEmVBJilyxxaJBKgnGZPY76QvNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0mrVvWuqpcPtXL9No+jAKdwBhfgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq1rTj5zAn/gfP4AW6SO8A==</latexit>

W2
<latexit sha1_base64="n0fRDix1oGkZLV3alNdt0cAQEM0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJ4CrsBH8egFw8eIpgHJGuYnUySIbOzy0yvEJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxBLYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjG6mfvOJayMi9YDjmPshHSjRF4yilZqlu8e0Mil1C0W37M5AlomXkSJkqHULX51exJKQK2SSGtP23Bj9lGoUTPJJvpMYHlM2ogPetlTRkBs/nZ07IadW6ZF+pG0pJDP190RKQ2PGYWA7Q4pDs+hNxf+8doL9Kz8VKk6QKzZf1E8kwYhMfyc9oTlDObaEMi3srYQNqaYMbUJ5G4K3+PIyaVTK3kX5/L5SrF5nceTgGE7gDDy4hCrcQg3qwGAEz/AKb07svDjvzse8dcXJZo7gD5zPH0k5juQ=</latexit>

L2
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<latexit sha1_base64="6yNHRBk7zMaKbOfemWSqQ56Dgno="></latexit>

{µi}pi=1 ⇢ P2,ac(Rd)

<latexit sha1_base64="54T70HHxXYe84mVsyUsk0yZJj6c="></latexit>

⌫� = argmin
⌫2P2,ac(Rd)

1

2

pX

i=1

�iW
2
2 (⌫, µi)

<latexit sha1_base64="80YXH6q8b6pk166G8FBaiEbLTKI="></latexit>

� 2 �p

• Let 

• For measures                                      and coordinates              , 
define the Wasserstein-2 barycenter as 

<latexit sha1_base64="jr0X3UkBtID2zLLEl3A+2H16Hqk="></latexit>

�p =

(
� = (�1, . . . ,�p) 2 Rp : �i � 0,

pX

i=1

�i = 1

)
.

Averaging in       : Barycenters
<latexit sha1_base64="UVYZN9LjkwWoR2LnahQV8rJU8lk=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDLaCq5JUUJdFNy4r2Ae0IUymk3bo5MHMRCkxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pnjxZxJZVnfRmltfWNzq7xd2dnd2z8wq4ddGSWC0A6JeCT6HpaUs5B2FFOc9mNBceBx2vOmN7nfe6BCsii8V7OYOgEeh8xnBCstuWa1PgywmhDM017mps2s7po1q2HNgVaJXZAaFGi75tdwFJEkoKEiHEs5sK1YOSkWihFOs8owkTTGZIrHdKBpiAMqnXQePUOnWhkhPxL6hQrN1d8bKQ6knAWensxzymUvF//zBonyr5yUhXGiaEgWh/yEIxWhvAc0YoISxWeaYCKYzorIBAtMlG6rokuwl7+8SrrNhn3ROL9r1lrXRR1lOIYTOAMbLqEFt9CGDhB4hGd4hTfjyXgx3o2PxWjJKHaO4A+Mzx/HQJOx</latexit>

W2

7

.

<latexit sha1_base64="BVen8O319z765XY0p1OLP98hCxE=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8Lbvi6xj04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KU8G18bxvZ2V1bX1js7BV3N7Z3dsvHRw2dJIphnWWiES1QqpRcIl1w43AVqqQxqHAZji8m/rNJ1SaJ/LBjFIMYtqXPOKMGivV3G6p7LneDGSZ+DkpQ45qt/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgr/48jJpnLv+lXtZuyhXbvM4CnAMJ3AGPlxDBe6hCnVggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHeVGMvA==</latexit>.



Barycenters Preserve Shape

<latexit sha1_base64="hZ+d7KdIarzKqOwIlZXb+tc8d5A="></latexit> pX

i=1

�iµi

<latexit sha1_base64="5mn+GabFac2BMehuWQaMQzS4JMw="></latexit>

argmin
⌫2P2,ac(Rd)

1

2

pX

i=1

�iW
2
2 (⌫, µi)



Wasserstein Geodesics are Barycenters

linear interpolation

Wasserstein geodesic 
 (McCann interpolation)

<latexit sha1_base64="NFq2oJK5M7SaB4Y6rEbSRcLfjnk=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL8EiVMSSqKjHohePFewHNKFsttt26e4m7E6EEnvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlhzJkG1/22cguLS8sr+dXC2vrG5pa9vVPXUaIIrZGIR6oZYk05k7QGDDhtxopiEXLaCAc3Y7/xQJVmkbyHYUwDgXuSdRnBYKS2vQe+wLGGyCl5J3Dki+QYfJm07aJbdidw5omXkSLKUG3bX34nIomgEgjHWrc8N4YgxQoY4XRU8BNNY0wGuEdbhkosqA7Syf0j59AoHacbKVMSnIn6eyLFQuuhCE2nwNDXs95Y/M9rJdC9ClIm4wSoJNNF3YQ75t1xGE6HKUqADw3BRDFzq0P6WGECJrKCCcGbfXme1E/L3kX57O68WLnO4sijfXSASshDl6iCblEV1RBBj+gZvaI368l6sd6tj2lrzspmdtEfWJ8/yqWVUg==</latexit>

t 7! (1� t)µ+ t⌫

<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

<latexit sha1_base64="bDkwdjvW44VrRQl+BLtgBy/NGfA="></latexit>

t 7! [(1� t)Id + tT ⇤
µ!⌫ ]#µ

<latexit sha1_base64="v73/7iDx2oytdIpUlff0XR7xX/Y=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoafTkzTpZejuEcKQT/DiQRGvfpE3/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHy044SGAg8kixnB1kkPXZH2yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm506QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18HWZMJqmlkswXxSlHVqHp36jPNCWWjx3BRDN3KyJDrDGxLp2SCyFYfHmZNM+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMAAnuEV3jzuvXjv3se8teDlM4fwB97nD2CejeA=</latexit>µ

<latexit sha1_base64="1wlkqvaUz99P3hhPo3Y6o901eQI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ1elvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBiI43h</latexit>⌫

<latexit sha1_base64="v73/7iDx2oytdIpUlff0XR7xX/Y=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjRLJAMoafTkzTpZejuEcKQT/DiQRGvfpE3/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHy044SGAg8kixnB1kkPXZH2yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm506QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18HWZMJqmlkswXxSlHVqHp36jPNCWWjx3BRDN3KyJDrDGxLp2SCyFYfHmZNM+qwWX14v68UrvJ4yjCERzDKQRwBTW4gzo0gMAAnuEV3jzuvXjv3se8teDlM4fwB97nD2CejeA=</latexit>µ

<latexit sha1_base64="1wlkqvaUz99P3hhPo3Y6o901eQI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ1elvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBiI43h</latexit>⌫



The Barycentric Coding Model

<latexit sha1_base64="ARQrZGlM9oN7mvMISR+NPqNuxLc="></latexit>

µ0 2 Bary({µi}pi=1)

<latexit sha1_base64="fujU7f5vClVqt7d2aMaEgdzDl0g="></latexit>

� 2 �p

<latexit sha1_base64="yIpUD+xGaSBV4aKUXtSyqvVnXaQ="></latexit>

Bary({µi}pi=1) = {⌫� : � 2 �p}
<latexit sha1_base64="r980xA2VK710NphIuypC7/pIPVE="></latexit>

{µi}pi=1

• Let                                                         be the set of  all 
barycenters that can be generated from                . 

• We denote by the barycentric coding model (BCM) the identification 
of  a measure

with its coordinates                . 

•                           can be thought of  as the “span” of  the 
reference measures, but with respect to the geometry of  
Wasserstein space. 

<latexit sha1_base64="oDcoM/mWwOnbtN3TnMGP6MNiHNU="></latexit>

Bary({µi}pi=1)
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The Analysis Problem 

• Given a measure       and 
reference measures               , 
the analysis problem solves

• Can be thought of  as histogram regression (Bonneel, Peyré, & 
Cuturi).

<latexit sha1_base64="UQzYpN1r8T9GPmds4NRBF8KUWds="></latexit>

argmin
�2�p

W 2
2 (µ0, ⌫�) .

<latexit sha1_base64="Tts2Z0AN91t3cOCQVDIvqdRQMPU="></latexit>µ0
<latexit sha1_base64="SAkf9dqoC0vT3SFUuYrXjppFSB0="></latexit>

{µi}pi=1

• If                                     , 
then: 

<latexit sha1_base64="YWAOOMeGiGxb2tvGgrckXW/DSgw="></latexit>

µ0 2 Bary({µi}pi=1)

<latexit sha1_base64="P0h787pJFXF5kAvOGJUfPlOglS4="></latexit>

min
�2�p

W 2
2 (µ0, ⌫�) = 0.

11



Exact Coefficients in BCM via Quadratic Program

Remark: Holds in the exact case and can be generalized to compatible 
measures (when pairwise OT maps factor via composition). 

12

<latexit sha1_base64="OtLp+GudRgi7jzeD7uAMXSGqmTk="></latexit>

Theorem. (Werenski et al.) Suppose {µi}pi=0 are su�ciently regular. Then µ0 2 Bary({µi}pi=1) if and only
if

min
�2�p

�TA� = 0,

where A 2 Rp⇥p is given by Aij =
R
RdhTi(x)� Id(x), Tj(x)� Id(x)idµ0(x) for Ti the optimal transport map

between µ0 and µi. Furthermore, if the minimum value is 0 and �⇤ is an optimal argument, then µ0 = ⌫�⇤ .



Estimation of  BCM Coordinates
<latexit sha1_base64="LjcgHWB6eHK3MQzMlHfnoHidQ0w="></latexit>

Algorithm 1 Estimate �

Input: i.i.d. samples {X1, ..., X2n} ⇠ µ0, {{Y i
1 , ..., Y

i
n} ⇠ µi : i = 1, ..., p}, regularization parameter ✏ > 0.

for i = 1, ..., p do
Set M i 2 Rn⇥n with M i

jk = 1
2 ||Xj � Y i

k ||22.
Solve for gi as the optimal g in

max
f,g2Rn

1

n

nX

j=1

fj +
1

n

nX

k=1

gk

� ✏

n2

nX

j,k

exp
�
(fj + gk �M i

jk)/✏
�

Define T̂i(x) =

nX

i=1

Yi exp

✓
1

✏
(gi(Yi)�

1

2
||x� Yi||22)

◆

nX

i=1

exp

✓
1

✏
(gi(Yi)�

1

2
||x� Yi||22)

◆ .

end for
Set Â 2 Rp⇥p to be the matrix with entries

Âij =
1

n

2nX

k=n+1

hT̂i(Xk)�Xk, T̂j(Xk)�Xki

Return �̂ = argmin
�2�p

�T Â�.

13

entropy-regularized OT 
map (Pooladian & 

Niles-Weed)

entropy-regularized dual 
formulation 

(Kantorovich; Cuturi)



Consistency of  Entropic Estimation

• Convergence rate depends (poorly) on dimensionality and smoothness of  OT 
maps.  

• Regularity theory for OT maps relevant.  Estimation of  maps is provably hard!

<latexit sha1_base64="DUp2Zcs9x1mc+Giw5LtadAV9NPY="></latexit>

Theorem. (Werenski et al.) Let i, j 2 {1, ..., p} and suppose that µi, µj , µ0 are supported on bounded domains
and that the maps Ti and Tj are su�ciently regular. Let X1, ..., X2n ⇠ µ0, Y1, ..., Yn ⇠ µi, Z1, ..., Zn ⇠ µj.

For an appropriately chosen ✏, let T̂i and T̂j be the entropic maps computed using {Xi}ni=1, {Yi}ni=1, {Zi}ni=1.
Then we have

E

"�����Aij �
1

n

2nX

k=n+1

hT̂i(Xk)�Xk, T̂j(Xk)�Xki

�����

#

. 1p
n
+ n

� ↵+1
4(d0+↵+1)

p
log n

where d0 = 2dd/2e, and ↵  3 depends on the regularity of optimal maps.
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Corollary. (Werenski et al.) Let �̂ be the random estimate obtained from Algorithm 1. Suppose that A has
an eigenvalue of 0 with multiplicity 1 and that �⇤ 2 �p realizes �T

⇤ A�⇤ = 0. Then under the assumptions of
the Theorem,

E[k �̂��⇤k22] .
1p
n
+ n

� ↵+1
4(d0+↵+1)

p
log n.



Image Recovery

Remark: compared to running gradient descent, our closed-form 
program gives similar results with faster runtime.

Input Ground Truth Linear Recovery BCM Recovery



Learning Reference Measures

• For a fixed dictionary                                           and              ,   
let   

     denote the barycenter generated from      with coordinates    .   

• Given observed data               ,  Wasserstein dictionary learning 
(WDL) (Schmitz et al.) solves:

<latexit sha1_base64="d6tllXjTK2yVx/Y30k6aSTWOhsc="></latexit>

� 2 �m

<latexit sha1_base64="Ke9EK+cSKfbh+cwbn16u31z9tzU="></latexit>

Bary(D ,�)

<latexit sha1_base64="zw4kBTV6SfddTTM14AB96Nx5S9Y="></latexit>

D
<latexit sha1_base64="EcZ87Yf2I41+wzTZBtqd2gNZtlQ="></latexit>

�

<latexit sha1_base64="qgsfk4ejR189DqQV+12eEHq9NXo="></latexit>

{µi}ni=1
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D = {Dj}mj=1 ⇢ P(Rd)
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(D⇤,⇤⇤) = argmin
D,⇤

nX

i=1

W 2
2 (Bary(D ,�i), µi)<latexit sha1_base64="BVen8O319z765XY0p1OLP98hCxE=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8Lbvi6xj04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KU8G18bxvZ2V1bX1js7BV3N7Z3dsvHRw2dJIphnWWiES1QqpRcIl1w43AVqqQxqHAZji8m/rNJ1SaJ/LBjFIMYtqXPOKMGivV3G6p7LneDGSZ+DkpQ45qt/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgr/48jJpnLv+lXtZuyhXbvM4CnAMJ3AGPlxDBe6hCnVggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHeVGMvA==</latexit>.



WDL Can Be Ill-Posed

• Toy Example:                live on the Wasserstein geodesic 
between         .  

• Then any measures           that “extend”  this geodesic can also 
generate                .

<latexit sha1_base64="qgsfk4ejR189DqQV+12eEHq9NXo="></latexit>

{µi}ni=1
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µ̃, ⌫̃
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17

µ̃
µ

µi

⌫
⌫̃



Geometric Wasserstein Dictionary Learning (GeoWDL)

<latexit sha1_base64="Q8cXROZ/80TXc5f2M71gcHpitqU="></latexit>

RG(D ,⇤) :=
nX

i=1

mX

j=1

(�i)jW
2
2 (Dj , µi).

• Learn a dictionary that reconstructs well using nearby atoms;         .  

• GeoWDL: 
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G(D ,⇤, {µi}ni=1) :=
nX

i=1

W 2
2 (Bary(D ,�i), µi) + ⇢RG(D ,⇤)
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⇢ > 0
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Coding & Recovery Results

<latexit sha1_base64="Qlmee/7QQnYkX90L5Ri2f2aYRig="></latexit>

argmin
�2�m

mX

j=1

�jW
2
2 (Dj , µ)

subject to µ = Bary(D ,�).

• Consider the coding problem for a fixed dictionary: 

• Generically, this has a unique solution and in particular resolves 
non-unique reconstruction issues.   

• Coefficient Properties, Informal: Under particular generative models 
for     , the optimal coefficients concentrate and can exhibit sparsity.  <latexit sha1_base64="/SOJ0UcPo0cq46Qa4E7GWh3xiao=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHYhUY9ELx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8qt9kVYH5YpbcxdA68TLSQVytAblr/4wJqmg0hCOte55bmKCDCvDCKezUj/VNMFkgke0Z6nEguogWxw7QxdWGaIoVrakQQv190SGhdZTEdpOgc1Yr3pz8T+vl5roJsiYTFJDJVkuilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HxKNgRv9eV10q7XvKta46Fead7mcRThDM7hEjy4hibcQwt8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+ABgpjjg=</latexit>µ

19



Provable Learning of  Generators

• Global Recovery, Informal: If  data lives on a Wasserstein geodesic 
(i.e., set of  barycenters generated by        ), minimizing the 
geometric regularizer subject to perfect reconstruction learns        .

Geometric regularizer prevents learning these “extensions.”
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Learning MNIST: Linear v. Wasserstein

Linear Reconstruction Model with Geometric Regularization 

GeoWDL
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Reduced Order Modeling for MDS

• Molecular dynamics simulations (MDS) are a crucial tool in 
computational chemistry. 

• High-dimensional time series—want to identify canonical 
configurations (metastable states). 

• How to characterize the global dynamics of  the system?

22



“Cluster Analysis of  Trajectories Based on Segment Splitting” 

• CATBOSS: Cluster time 
segments, not points. 

• Compare segments using 
Wasserstein distances. 

• Improve speed, gain 
robustness to random 
fluctuations around a 
metastable state. 
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Beyond Metastable States: Capturing Transitions

• Abrupt changes sometimes occur depending on sampling 
resolution, but gradual transitions also occur. 

• How to characterize and learn them?
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BarT: Barycentric Modeling of  MDS Transitions

• Idea: transition regions are sampled from Wasserstein barycenters of  two 
metastable states. 

• BarT: incorporate this into change point detection and clustering. 

• Limitation: initial efforts put parametric assumptions on metastable 
states (therefor on transition regions).  WDL for non-parametric case?
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