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Forward Problem

Inverse Problem

a is the parameter of interest
g is the boundary condition
u is the PDE solution

given PDE parameters and boundary condition,
find the PDE solution u

given multiple measurements of solution u,
find PDE parameter a

<latexit sha1_base64="b7KRowqgQJfZn9ZqdeKg1UfoSxI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6kYounHhooJ9QBvCzXTSDp1MwsxEKKH+ihsXirj1Q9z5N07aLLT1wMDhnHu5Z06QcKa043xbpZXVtfWN8mZla3tnd8/eP2irOJWEtkjMY9kNQFHOBG1ppjntJpJCFHDaCcY3ud95pFKxWDzoSUK9CIaChYyANpJvV/sR6BEBnt1NfcApvsKOb9ecujMDXiZuQWqoQNO3v/qDmKQRFZpwUKrnOon2MpCaEU6nlX6qaAJkDEPaM1RARJWXzcJP8bFRBjiMpXlC45n6eyODSKlJFJjJPKpa9HLxP6+X6vDSy5hIUk0FmR8KU451jPMm8IBJSjSfGAJEMpMVkxFIINr0VTEluItfXibt07p7Xnfvz2qN66KOMjpER+gEuegCNdAtaqIWImiCntErerOerBfr3fqYj5asYqeK/sD6/AFalpPr</latexit>

Lau = 0
<latexit sha1_base64="0uH1DBMBKt5apYFG5LGld+rXN1I=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE1I1Q6sZlBfuANpTJdNIOnUzCzEQsIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48ecKe0431ZpbX1jc6u8XdnZ3ds/sA+rHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3609vc7z5SqVgkHvQspl6Ix4IFjGBtpKFdHYRYTwjmaTNDCbpB48rQrjl1Zw60StyC1KBAa2h/DUYRSUIqNOFYqb7rxNpLsdSMcJpVBomiMSZTPKZ9QwUOqfLSefYMnRplhIJImic0mqu/N1IcKjULfTOZJ1XLXi7+5/UTHVx7KRNxoqkgi0NBwpGOUF4EGjFJieYzQzCRzGRFZIIlJtrUlZfgLn95lXTO6+5l3b2/qDWaRR1lOIYTOAMXrqABd9CCNhB4gmd4hTcrs16sd+tjMVqyip0j+APr8wddjpNY</latexit>

Bu = g



Solving inverse problems
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Physical Model
<latexit sha1_base64="b7KRowqgQJfZn9ZqdeKg1UfoSxI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6kYounHhooJ9QBvCzXTSDp1MwsxEKKH+ihsXirj1Q9z5N07aLLT1wMDhnHu5Z06QcKa043xbpZXVtfWN8mZla3tnd8/eP2irOJWEtkjMY9kNQFHOBG1ppjntJpJCFHDaCcY3ud95pFKxWDzoSUK9CIaChYyANpJvV/sR6BEBnt1NfcApvsKOb9ecujMDXiZuQWqoQNO3v/qDmKQRFZpwUKrnOon2MpCaEU6nlX6qaAJkDEPaM1RARJWXzcJP8bFRBjiMpXlC45n6eyODSKlJFJjJPKpa9HLxP6+X6vDSy5hIUk0FmR8KU451jPMm8IBJSjSfGAJEMpMVkxFIINr0VTEluItfXibt07p7Xnfvz2qN66KOMjpER+gEuegCNdAtaqIWImiCntErerOerBfr3fqYj5asYqeK/sD6/AFalpPr</latexit>

Lau = 0
<latexit sha1_base64="0uH1DBMBKt5apYFG5LGld+rXN1I=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE1I1Q6sZlBfuANpTJdNIOnUzCzEQsIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z48ecKe0431ZpbX1jc6u8XdnZ3ds/sA+rHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3609vc7z5SqVgkHvQspl6Ix4IFjGBtpKFdHYRYTwjmaTNDCbpB48rQrjl1Zw60StyC1KBAa2h/DUYRSUIqNOFYqb7rxNpLsdSMcJpVBomiMSZTPKZ9QwUOqfLSefYMnRplhIJImic0mqu/N1IcKjULfTOZJ1XLXi7+5/UTHVx7KRNxoqkgi0NBwpGOUF4EGjFJieYzQzCRzGRFZIIlJtrUlZfgLn95lXTO6+5l3b2/qDWaRR1lOIYTOAMXrqABd9CCNhB4gmd4hTcrs16sd+tjMVqyip0j+APr8wddjpNY</latexit>

Bu = g Reconstruction

given dataset 
<latexit sha1_base64="XVoJbPA+WWbM4p3gx3BDr/+AeVw=">AAAB+nicbVBNS8NAEJ3Ur1q/Wj16WSxCBSmJiPYiFLx4rGA/oI1hs920SzebsLtRSuxP8eJBEa/+Em/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKrayurW/kNwtb2zu7e8XSfktFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/uh66rcfqFQsEnd6HFM3xAPBAkawNpJXLFUGHjsdeuzES9mVM7k3Wtmu2jOgZeJkpAwZGl7xq9ePSBJSoQnHSnUdO9ZuiqVmhNNJoZcoGmMywgPaNVTgkCo3nZ0+QcdG6aMgkqaERjP190SKQ6XGoW86Q6yHatGbiv953UQHNTdlIk40FWS+KEg40hGa5oD6TFKi+dgQTCQztyIyxBITbdIqmBCcxZeXSeus6lxUndvzcr2WxZGHQziCCjhwCXW4gQY0gcAjPMMrvFlP1ov1bn3MW3NWNnMAf2B9/gD8HZMn</latexit>

(gi, hi)
n
i=1

find the parameter function  <latexit sha1_base64="GBK9CdmWRKQSLQfBUpTIReiwl8A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1Xvpuo1ryv1Wh5HEc7gHC7Bg1uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AwlOM4Q==</latexit>a

choose experiment setup
obtain measurement data 

<latexit sha1_base64="ZCPFE1GD73MBTZ4c7vzFawiEjrA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWy2m3TpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuBdRwKRRvo0DJe6nmNA4k7waTm7nffeTaiEQ94DTlfkwjJULBKFrpPhqKYbXm1t0FyF/iFaQGBVrD6udglLAs5gqZpMb0PTdFP6caBZN8VhlkhqeUTWjE+5YqGnPj54tTZ+TMKiMSJtqWQrJQf07kNDZmGge2M6Y4NqveXPzP62cYNvxcqDRDrthyUZhJggmZ/01GQnOGcmoJZVrYWwkbU00Z2nQqNgRv9eW/pHNR967q3t1lrdko4ijDCZzCOXhwDU24hRa0gUEET/ACr450np03533ZWnKKmWP4BefjG0WgjcM=</latexit>gi
<latexit sha1_base64="BaxSbR1LwRdjDgTCfLR7aKrgPDo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoiot0IBTduhAr2AW0Ik+mkHTqZhJmJUELBX3HjQhG3foc7/8ZJm4W2Hhg4nHMv98wJEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFKpWCwe9CShXoSHgoWMYG0k3z4a+Qxdo36E9Yhgnt1NUeoz3646NWcGtEzcglShQNO3v/qDmKQRFZpwrFTPdRLtZVhqRjidVvqpogkmYzykPUMFjqjysln8KTo1ygCFsTRPaDRTf29kOFJqEgVmMo+pFr1c/M/rpTqsexkTSaqpIPNDYcqRjlHeBRowSYnmE0MwkcxkRWSEJSbaNFYxJbiLX14m7fOae1lz7y+qjXpRRxmO4QTOwIUraMAtNKEFBDJ4hld4s56sF+vd+piPlqxi5xD+wPr8ATl+lP4=</latexit>

hi = Mui

repeat for <latexit sha1_base64="R2zXTzNXUG2KZh8bxmhzN3Z8MOg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRXssePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6owGmbjyZoNyxa26C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfVuqt5DrdKo53EU4QzO4RI8uIUG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w/jgI8/</latexit>gi+1

Data Collection
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Optical Tomography
(photon transport)

Electric Impedance 
Tomography: 
Calderón problem

<latexit sha1_base64="YAoCRKw5rFmiWKoGlQ2QUENa4W4=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0C8uMiLoRim5cVrAP6AzlTibThmYyQ5IRS+kHuPFX3LhQxK0f4M6/MW1noa0HAodzzuXmHj/hTGnb/rZyS8srq2v59cLG5tb2TnF3r6niVBLaIDGPZdsHRTkTtKGZ5rSdSAqRz2nLH1xP/NY9lYrF4k4PE+pF0BMsZAS0kbrF0rErwOeAXRLEugzlhwrOlNTwCr7EtknZVXsKvEicjJRQhnq3+OUGMUkjKjThoFTHsRPtjUBqRjgdF9xU0QTIAHq0Y6iAiCpvND1mjI+MEuAwluYJjafq74kRREoNI98kI9B9Ne9NxP+8TqrDC2/ERJJqKshsUZhyrGM8aQYHTFKi+dAQIJKZv2LSBwlEm/4KpgRn/uRF0jypOmdV5/a0VLvK6sijA3SIyshB56iGblAdNRBBj+gZvaI368l6sd6tj1k0Z2Uz++gPrM8fi2qYvA==</latexit>

�r · (a(x)ru(x)) = 0

Full wave inversion

<latexit sha1_base64="2icSBDrsvzw9R54mgzwCcvpbCZs=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0FIioTdIJpGCGhhGcE8ILuG2cndZMjsg5lZMSz5Bht/xcZCEVsrO//GyaPQxAOXezjnXmbu8WLOpLKsbyOzsrq2vpHdzG1t7+zumfsHTRklgkKDRjwSbY9I4CyEhmKKQzsWQAKPQ8sbXk781j0IyaLwVo1icAPSD5nPKFFa6prFQsm5Aq4ILmHHF4SmThRAn9xVxiktPBR1Lyb4Alu5rpm3ytYUeJnYc5JHc9S75pfTi2gSQKgoJ1J2bCtWbkqEYpTDOOckEmJCh6QPHU1DEoB00+lJY3yilR72I6ErVHiq/t5ISSDlKPD0ZEDUQC56E/E/r5Mov+qmLIwTBSGdPeQnHKsIT/LBPSaAKj7ShFDB9F8xHRAdjNIpTkKwF09eJs1K2T4r2zen+Vp1HkcWHaFjVEA2Okc1dI3qqIEoekTP6BW9GU/Gi/FufMxGM8Z85xD9gfH5Ayj+mzc=</latexit>

(��� !2

c(x)2
)u = 0

<latexit sha1_base64="9Am6JYHyCOglXvCH8kEVMMrcACM="></latexit>(
v ·rxf(x, v) = �s(x)L[f ](x, v)� �a(x)f(x, v)

f |�� = �(x, v)

Y. Hoshi, Progress in Brain Research, 2016

photon intensity -> attenuation and scattering

far field wave -> wave speed function

electric current -> conductivity function
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EIT:
Calderón
problem

<latexit sha1_base64="YAoCRKw5rFmiWKoGlQ2QUENa4W4=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0C8uMiLoRim5cVrAP6AzlTibThmYyQ5IRS+kHuPFX3LhQxK0f4M6/MW1noa0HAodzzuXmHj/hTGnb/rZyS8srq2v59cLG5tb2TnF3r6niVBLaIDGPZdsHRTkTtKGZ5rSdSAqRz2nLH1xP/NY9lYrF4k4PE+pF0BMsZAS0kbrF0rErwOeAXRLEugzlhwrOlNTwCr7EtknZVXsKvEicjJRQhnq3+OUGMUkjKjThoFTHsRPtjUBqRjgdF9xU0QTIAHq0Y6iAiCpvND1mjI+MEuAwluYJjafq74kRREoNI98kI9B9Ne9NxP+8TqrDC2/ERJJqKshsUZhyrGM8aQYHTFKi+dAQIJKZv2LSBwlEm/4KpgRn/uRF0jypOmdV5/a0VLvK6sijA3SIyshB56iGblAdNRBBj+gZvaI368l6sd6tj1k0Z2Uz++gPrM8fi2qYvA==</latexit>

�r · (a(x)ru(x)) = 0

Uniqueness: Sylvester and Uhlmann, 1987, Haberman and Tataru 2011
Stability: logarithmic estimate Alessandrini, 1988

<latexit sha1_base64="xqyWKDIWupdW4Uku5tUCiAeOwLg="></latexit>

ka1 � a2k  C

|log k⇤a1 � ⇤a2k|
� + k⇤a1 � ⇤a2k

• Challenges
Most inverse problems are nonlinear and ill-posed.
A large number of data is needed to obtain uniqueness.
prior information is needed to tackle the ill-posedness and noises.

<latexit sha1_base64="6NAbdq/ILLfEI40P4v6YL1o+3i4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIupGKLhxZwX7gCaEyXTSDp2ZhJmJUGI2/oobF4q49TPc+TdO2iy09cCFwzn3ztx7woRRpR3n26osLa+srlXXaxubW9s79u5eR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wfF343QciFY3FvZ4kxOdoKGhEMdJGCuyD9DHIvARJTRHzbjkZohxewWFg152GMwVcJG5J6qBEK7C/vEGMU06Exgwp1XedRPtZ8TBmJK95qSIJwmM0JH1DBeJE+dn0gBweG2UAo1iaEhpO1d8TGeJKTXhoOjnSIzXvFeJ/Xj/V0aWfUZGkmgg8+yhKGdQxLNKAAyoJ1mxiCMKSml0hHiGJsDaZ1UwI7vzJi6Rz2nDPG+7dWb3ZLOOogkNwBE6ACy5AE9yAFmgDDHLwDF7Bm/VkvVjv1sestWKVM/vgD6zPH3rClk8=</latexit>

u|@⌦ = g
<latexit sha1_base64="JtHSvS88UKm4PwJa8V3t/t6cpIY="></latexit>

⇤a : g 7! h := a
@u

@n
|@⌦
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Given experimental measurement data:
<latexit sha1_base64="sWUbHdTm/viUkcUQfpjZyY2GtfQ="></latexit>

Sa = {(gi, hi), i = 1, . . . , n | hi = ⇤agi + noise}

setup of the i-th experiment

measurements of the i-th experiment

PDE model 

• Optimization method
<latexit sha1_base64="l7cR+TEoX7wCSFQ4uHuZJe0dVeA="></latexit>

min
1

n

X

i

k⇤agi � hik2 +R(a)

<latexit sha1_base64="8RI0LLw1LqOkoguix9KtBq8sMkM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPAi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSA+27/WrNrbtzkFXiFaQGBRr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wuglyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXSeui7l3VvfvLmu8XcZThBE7hHDy4Bh/uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+hxjYw=</latexit>a0
solve PDE 2n times

<latexit sha1_base64="ra5NGZNieRyxFsjmzNFooRHgABo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPAi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ6oH2vX625dXcOskq8gtSgQKNf/eoNEpbFKA0TVOuu56YmyKkynAmcVnqZxpSyMR1i11JJY9RBPj91Ss6sMiBRomxJQ+bq74mcxlpP4tB2xtSM9LI3E//zupmJboKcyzQzKNliUZQJYhIy+5sMuEJmxMQSyhS3txI2oooyY9Op2BC85ZdXSeui7l3VvfvLmu8XcZThBE7hHDy4Bh/uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A+n1jY0=</latexit>a1
solve PDE 2n times

<latexit sha1_base64="4JbemS/DtLGs6VYjr8es/2RGq68=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgxWMF+wFtKJvNpl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAU36HnfTmltfWNzq7xd2dnd2z+oHh61jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8O/M7T0wbruQDTlIWJGQoecwpQSu1+zRSaAbVmlf35nBXiV+QGhRoDqpf/UjRLGESqSDG9HwvxSAnGjkVbFrpZ4alhI7JkPUslSRhJsjn107dM6tEbqy0LYnuXP09kZPEmEkS2s6E4MgsezPxP6+XYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpSOiCUUbUMWG4C+/vEraF3X/qu7fX9YajSKOMpzAKZyDD9fQgDtoQgsoPMIzvMKbo5wX5935WLSWnGLmGP7A+fwBr7WPMw==</latexit>· · ·
solve PDE 2n times

<latexit sha1_base64="LH+b22TVP6BjJiMkOJJXn43n4mE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF09S0X5AG8pku2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Gbmt5+Y0jyWj2aSMD/CoeQhp2is9ID9u3654lbdOcgq8XJSgRyNfvmrN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5s8qAhLGyJQ2Zq78nMoy0nkSB7YzQjPSyNxP/87qpCa/9jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLq6R1UfVqVe/+slKv53EU4QRO4Rw8uII63EIDmkBhCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcV+I2q</latexit>aN

a large number N of iteration is needed due to ill-posedness
each iteration requires a large number n of PDE solves for unique reconstruction
each PDE solve requires re-assembling due to updating PDE parameters
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Given experimental measurement data:
<latexit sha1_base64="sWUbHdTm/viUkcUQfpjZyY2GtfQ="></latexit>

Sa = {(gi, hi), i = 1, . . . , n | hi = ⇤agi + noise}

setup of the i-th experiment

measurements of the i-th experiment

PDE model 

• Bayesian method
<latexit sha1_base64="RkMJzR973SMKScODAHPidWrVFwo=">AAACIXicbVDJSgNBFOxxjXGLevTSGITkEmZENMegF48RzQKZMLzpdJImPQvdb8Qw5le8+CtePCiSm/gzdpaDJhY0FFX1eP3Kj6XQaNtf1srq2vrGZmYru72zu7efOzis6yhRjNdYJCPV9EFzKUJeQ4GSN2PFIfAlb/iD64nfeOBKiyi8x2HM2wH0QtEVDNBIXq7sxqIA1KVPLr3zoEhdLQJqRM9F/ohprESkRoWJYYImMYtC0cvl7ZI9BV0mzpzkyRxVLzd2OxFLAh4ik6B1y7FjbKegUDDJR1k30TwGNoAebxkaQsB1O51eOKKnRunQbqTMC5FO1d8TKQRaDwPfJAPAvl70JuJ/XivBbrmdijBOkIdstqibSIoRndRFO0JxhnJoCDAlzF8p64MChqbUrCnBWTx5mdTPSs5Fybk9z1eu5nVkyDE5IQXikEtSITekSmqEkWfySt7Jh/VivVmf1ngWXbHmM0fkD6zvH/09oY0=</latexit>

⇡(a | Sa) ⇠ ⇡prior(a)⇡(Sa | a)

<latexit sha1_base64="8RI0LLw1LqOkoguix9KtBq8sMkM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPAi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSA+27/WrNrbtzkFXiFaQGBRr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wuglyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXSeui7l3VvfvLmu8XcZThBE7hHDy4Bh/uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+hxjYw=</latexit>a0
MCMC sampling

<latexit sha1_base64="ra5NGZNieRyxFsjmzNFooRHgABo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPAi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ6oH2vX625dXcOskq8gtSgQKNf/eoNEpbFKA0TVOuu56YmyKkynAmcVnqZxpSyMR1i11JJY9RBPj91Ss6sMiBRomxJQ+bq74mcxlpP4tB2xtSM9LI3E//zupmJboKcyzQzKNliUZQJYhIy+5sMuEJmxMQSyhS3txI2oooyY9Op2BC85ZdXSeui7l3VvfvLmu8XcZThBE7hHDy4Bh/uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A+n1jY0=</latexit>a1 <latexit sha1_base64="4JbemS/DtLGs6VYjr8es/2RGq68=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgxWMF+wFtKJvNpl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAU36HnfTmltfWNzq7xd2dnd2z+oHh61jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8O/M7T0wbruQDTlIWJGQoecwpQSu1+zRSaAbVmlf35nBXiV+QGhRoDqpf/UjRLGESqSDG9HwvxSAnGjkVbFrpZ4alhI7JkPUslSRhJsjn107dM6tEbqy0LYnuXP09kZPEmEkS2s6E4MgsezPxP6+XYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpSOiCUUbUMWG4C+/vEraF3X/qu7fX9YajSKOMpzAKZyDD9fQgDtoQgsoPMIzvMKbo5wX5935WLSWnGLmGP7A+fwBr7WPMw==</latexit>· · · <latexit sha1_base64="LH+b22TVP6BjJiMkOJJXn43n4mE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF09S0X5AG8pku2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Gbmt5+Y0jyWj2aSMD/CoeQhp2is9ID9u3654lbdOcgq8XJSgRyNfvmrN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5s8qAhLGyJQ2Zq78nMoy0nkSB7YzQjPSyNxP/87qpCa/9jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLq6R1UfVqVe/+slKv53EU4QRO4Rw8uII63EIDmkBhCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcV+I2q</latexit>aN

N is around 250 in practice to obtain posterior samples
each MCMC sampling = 2n PDE solves
each iteration requires a large number n of PDE solves for unique reconstruction
each PDE solve requires re-assembling due to updating PDE parameters

MCMC sampling MCMC sampling



Operator learning
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# of iterations # of PDE solvesx = large computation

n x (forward + adjoint 
PDE)

n = # of measurements

<latexit sha1_base64="qmSEVuLrBrvg+xXx08UIvdRr2Nk=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EixCvZRERD0WvXisYD+gCWWz3bRLN7thd1MooeDFv+LFgyJe/RPe/Ddu2xy09cHA470ZZuaFCaNKu+63VVhZXVvfKG6WtrZ3dvfs/YOmEqnEpIEFE7IdIkUY5aShqWaknUiC4pCRVji8nfqtEZGKCv6gxwkJYtTnNKIYaSN17SMm+hU/kghn3iTzR0iSRFEm+OSsa5fdqjuDs0y8nJQhR71rf/k9gdOYcI0ZUqrjuYkOMiQ1xYxMSn6qSILwEPVJx1COYqKCbPbDxDk1Ss+JhDTFtTNTf09kKFZqHIemM0Z6oBa9qfif10l1dB1klCepJhzPF0Upc7RwpoE4PSoJ1mxsCMKSmlsdPEAmEG1iK5kQvMWXl0nzvOpdVr37i3LtJo+jCMdwAhXw4ApqcAd1aACGR3iGV3iznqwX6936mLcWrHzmEP7A+vwBYfKYAA==</latexit>

log(
1

"
)

or worse a large number of PDE 
solves and assembles

<latexit sha1_base64="8RI0LLw1LqOkoguix9KtBq8sMkM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPAi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSA+27/WrNrbtzkFXiFaQGBRr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wuglyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXSeui7l3VvfvLmu8XcZThBE7hHDy4Bh/uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+hxjYw=</latexit>a0
solve PDE 2n times

<latexit sha1_base64="ra5NGZNieRyxFsjmzNFooRHgABo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPAi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ6oH2vX625dXcOskq8gtSgQKNf/eoNEpbFKA0TVOuu56YmyKkynAmcVnqZxpSyMR1i11JJY9RBPj91Ss6sMiBRomxJQ+bq74mcxlpP4tB2xtSM9LI3E//zupmJboKcyzQzKNliUZQJYhIy+5sMuEJmxMQSyhS3txI2oooyY9Op2BC85ZdXSeui7l3VvfvLmu8XcZThBE7hHDy4Bh/uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A+n1jY0=</latexit>a1
solve PDE 2n times

<latexit sha1_base64="4JbemS/DtLGs6VYjr8es/2RGq68=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgxWMF+wFtKJvNpl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAU36HnfTmltfWNzq7xd2dnd2z+oHh61jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8O/M7T0wbruQDTlIWJGQoecwpQSu1+zRSaAbVmlf35nBXiV+QGhRoDqpf/UjRLGESqSDG9HwvxSAnGjkVbFrpZ4alhI7JkPUslSRhJsjn107dM6tEbqy0LYnuXP09kZPEmEkS2s6E4MgsezPxP6+XYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpSOiCUUbUMWG4C+/vEraF3X/qu7fX9YajSKOMpzAKZyDD9fQgDtoQgsoPMIzvMKbo5wX5935WLSWnGLmGP7A+fwBr7WPMw==</latexit>· · ·
solve PDE 2n times

<latexit sha1_base64="LH+b22TVP6BjJiMkOJJXn43n4mE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF09S0X5AG8pku2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Gbmt5+Y0jyWj2aSMD/CoeQhp2is9ID9u3654lbdOcgq8XJSgRyNfvmrN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5s8qAhLGyJQ2Zq78nMoy0nkSB7YzQjPSyNxP/87qpCa/9jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLq6R1UfVqVe/+slKv53EU4QRO4Rw8uII63EIDmkBhCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcV+I2q</latexit>aN

Construction of PDE solvers and solving PDEs are expensive.
A fast parametric PDE solver is needed. 



Learning the forward PDE
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neural network surrogate for the forward PDE operator

<latexit sha1_base64="8RI0LLw1LqOkoguix9KtBq8sMkM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPAi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSA+27/WrNrbtzkFXiFaQGBRr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wuglyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXSeui7l3VvfvLmu8XcZThBE7hHDy4Bh/uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+hxjYw=</latexit>a0
solve PDE 2n times

<latexit sha1_base64="ra5NGZNieRyxFsjmzNFooRHgABo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPAi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ6oH2vX625dXcOskq8gtSgQKNf/eoNEpbFKA0TVOuu56YmyKkynAmcVnqZxpSyMR1i11JJY9RBPj91Ss6sMiBRomxJQ+bq74mcxlpP4tB2xtSM9LI3E//zupmJboKcyzQzKNliUZQJYhIy+5sMuEJmxMQSyhS3txI2oooyY9Op2BC85ZdXSeui7l3VvfvLmu8XcZThBE7hHDy4Bh/uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A+n1jY0=</latexit>a1
solve PDE 2n times

<latexit sha1_base64="4JbemS/DtLGs6VYjr8es/2RGq68=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgxWMF+wFtKJvNpl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAU36HnfTmltfWNzq7xd2dnd2z+oHh61jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8O/M7T0wbruQDTlIWJGQoecwpQSu1+zRSaAbVmlf35nBXiV+QGhRoDqpf/UjRLGESqSDG9HwvxSAnGjkVbFrpZ4alhI7JkPUslSRhJsjn107dM6tEbqy0LYnuXP09kZPEmEkS2s6E4MgsezPxP6+XYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpSOiCUUbUMWG4C+/vEraF3X/qu7fX9YajSKOMpzAKZyDD9fQgDtoQgsoPMIzvMKbo5wX5935WLSWnGLmGP7A+fwBr7WPMw==</latexit>· · ·
solve PDE 2n times

<latexit sha1_base64="LH+b22TVP6BjJiMkOJJXn43n4mE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF09S0X5AG8pku2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Gbmt5+Y0jyWj2aSMD/CoeQhp2is9ID9u3654lbdOcgq8XJSgRyNfvmrN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5s8qAhLGyJQ2Zq78nMoy0nkSB7YzQjPSyNxP/87qpCa/9jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLq6R1UfVqVe/+slKv53EU4QRO4Rw8uII63EIDmkBhCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcV+I2q</latexit>aN

# of iterations # of PDE solvesx = large computation

n x (forward + adjoint 
PDE)

n = # of measurements

<latexit sha1_base64="qmSEVuLrBrvg+xXx08UIvdRr2Nk=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EixCvZRERD0WvXisYD+gCWWz3bRLN7thd1MooeDFv+LFgyJe/RPe/Ddu2xy09cHA470ZZuaFCaNKu+63VVhZXVvfKG6WtrZ3dvfs/YOmEqnEpIEFE7IdIkUY5aShqWaknUiC4pCRVji8nfqtEZGKCv6gxwkJYtTnNKIYaSN17SMm+hU/kghn3iTzR0iSRFEm+OSsa5fdqjuDs0y8nJQhR71rf/k9gdOYcI0ZUqrjuYkOMiQ1xYxMSn6qSILwEPVJx1COYqKCbPbDxDk1Ss+JhDTFtTNTf09kKFZqHIemM0Z6oBa9qfif10l1dB1klCepJhzPF0Upc7RwpoE4PSoJ1mxsCMKSmlsdPEAmEG1iK5kQvMWXl0nzvOpdVr37i3LtJo+jCMdwAhXw4ApqcAd1aACGR3iGV3iznqwX6936mLcWrHzmEP7A+vwBYfKYAA==</latexit>

log(
1

"
)

or worse large number of PDE 
solves and assembles

• A neural network is used to learn the “forward PDE operator”
• the forward operator maps (PDE parameter, experiment setup) to measurement
• the NN will be evaluated many times to obtain the target parameter function



Learning the forward PDE operator



Deep learning
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Classification: 
Chihuahua or muffin

Large Language model:
ChatGPT

Natural Language Processing:
Sentiment  Analysis

• a flexible representation for nonlinear 
functions

• automatic feature finder
• hardware support: CUDA, GPUs
• efficient training: SGD, ADAM,…



Learning a function
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Goal:
Given a randomly generated data set
for an unknown function

Find a DNN               that best fits 

  

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="QC8CrZ8nAiPhSKp9ziHRSdhlsQs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5S+M+A==</latexit>x

<latexit sha1_base64="DFcWesesqhGzBKeveHcc8TrrDQ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5uasOZnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+q6t1dVuq1PI4inMApnIMH11CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAKpo2c</latexit>x1

<latexit sha1_base64="v+J+K9zCEspiqSuZKIweWqhYb8I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VO/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVindV8e4uy/VaHkcBTuEMLsCDa6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gAMKo2d</latexit>x2

<latexit sha1_base64="EPejrFanYp4PdontFA0t80LFeqc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWw2m3bpZhN2J2Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GNzO//ci1EYl6wHHK/ZgOlIgEo2il+6d+2C9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRjV/IlSaIVdssSjKJMGEzP4modCcoRxbQpkW9lbChlRThjadkg3BW355lbQuqt5V1bu7rNRreRxFOIFTOAcPrqEOt9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFX8o3P</latexit>xd

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="v1DshpPQK/QniruqGmhuzjEwu+c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lEtMeCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipPXrMKt7FtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJFW0I3vLLq6R1WfWuq979Vbley+MowCmcQQU8uIE63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx99No78</latexit>

h(1)

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="P9mPVvpF6GEIKMRJ5WReRRnR/ek=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iOYY8OIxgnlAsobZSScZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1Mbud++wmV5pF8MNMY/ZCOJB9yRo2V2uPHtFy9nPWLJbfiLkDWiZeREmRo9ItfvUHEkhClYYJq3fXc2PgpVYYzgbNCL9EYUzahI+xaKmmI2k8X587IhVUGZBgpW9KQhfp7IqWh1tMwsJ0hNWO96s3F/7xuYoY1P+UyTgxKtlw0TAQxEZn/TgZcITNiagllittbCRtTRZmxCRVsCN7qy+ukVa141xXv/qpUr2Vx5OEMzqEMHtxAHe6gAU1gMIFneIU3J3ZenHfnY9mac7KZU/gD5/MHfryO/Q==</latexit>

h(2)

<latexit sha1_base64="9EdLAbh8jgyTddGmTxMavgLltUA=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREeyx48VjBfkAbymazaddudsPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo7bRmWashZVQuluSAwTXLIWchSsm2pGklCwTji+nfmdJ6YNV/IBJykLEjKUPOaUoJXafRopNINK1at5c7irxC9IFQo0B5WvfqRoljCJVBBjer6XYpATjZwKNi33M8NSQsdkyHqWSpIwE+Tza6fuuVUiN1balkR3rv6eyElizCQJbWdCcGSWvZn4n9fLMK4HOZdphkzSxaI4Ey4qd/a6G3HNKIqJJYRqbm916YhoQtEGVLYh+Msvr5L2Zc2/rvn3V9VGvYijBKdwBhfgww004A6a0AIKj/AMr/DmKOfFeXc+Fq1rTjFzAn/gfP4ArU2PKw==</latexit>· · ·

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="IAbh8kHrvUGsWNffieH03n1uh88=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnoikDNhYWEcwHJDHsbfaSJXt7x+6cEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz8/xYCoOu++3k1tY3Nrfy24Wd3b39g+LhUdNEiWa8wSIZ6bZPDZdC8QYKlLwda05DX/KWP76Z+a0nro2I1ANOYt4L6VCJQDCKVmqNHtPy3fm0Xyy5FXcOskq8jJQgQ71f/OoOIpaEXCGT1JiO58bYS6lGwSSfFrqJ4TFlYzrkHUsVDbnppfNzp+TMKgMSRNqWQjJXf0+kNDRmEvq2M6Q4MsveTPzP6yQYVHupUHGCXLHFoiCRBCMy+50MhOYM5cQSyrSwtxI2opoytAkVbAje8surpHlR8a4q3v1lqVbN4sjDCZxCGTy4hhrcQh0awGAMz/AKb07svDjvzseiNedkM8fwB87nD6ZYjxc=</latexit>

h(L)
<latexit sha1_base64="CDY652UBCurFmuXQrFVYk5PgqZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m6rXvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB5rOM+Q==</latexit>y

<latexit sha1_base64="j7zTdbtbvjj1xuFqwFfRP62Fqsg=">AAAB+HicbVDLSgMxFL3js9ZHR126CRahgpQZEXVZcOOygn1AO5ZMmmlDk8yQZIQ69EvcuFDErZ/izr8xbWehrQcu93DOveTmhAln2njet7Oyura+sVnYKm7v7O6V3P2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Gbqtx6p0iyW92ac0EDggWQRI9hYqeeWWg9ZxT+dnIXz3nPLXtWbAS0TPydlyFHvuV/dfkxSQaUhHGvd8b3EBBlWhhFOJ8VuqmmCyQgPaMdSiQXVQTY7fIJOrNJHUaxsSYNm6u+NDAutxyK0kwKboV70puJ/Xic10XWQMZmkhkoyfyhKOTIxmqaA+kxRYvjYEkwUs7ciMsQKE2OzKtoQ/MUvL5PmedW/rPp3F+VaJY+jAEdwDBXw4QpqcAt1aACBFJ7hFd6cJ+fFeXc+5qMrTr5zCH/gfP4AukmRwg==</latexit>

W (1), b(1)
<latexit sha1_base64="wOEP9wU1Cbt25/sIqgdaTs+GfZA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClKSIuqy4MZlBfuANpbJdNIOnUzCzESooV/ixoUibv0Ud/6NkzYLbT1wuYdz7mXuHD/mTGnH+bYKa+sbm1vF7dLO7t5+2T44bKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9xkfueRSsUica+nMfVCPBIsYARrIw3scuchrdbPZuf+og/silNz5kCrxM1JBXI0B/ZXfxiRJKRCE46V6rlOrL0US80Ip7NSP1E0xmSCR7RnqMAhVV46P3yGTo0yREEkTQmN5urvjRSHSk1D30yGWI/VspeJ/3m9RAfXXspEnGgqyOKhIOFIRyhLAQ2ZpETzqSGYSGZuRWSMJSbaZFUyIbjLX14l7XrNvay5dxeVRjWPowjHcAJVcOEKGnALTWgBgQSe4RXerCfrxXq3PhajBSvfOYI/sD5/AL1dkcQ=</latexit>

W (2), b(2)
<latexit sha1_base64="UgO0HUUrfmV6YaccoxbSJiCNSbU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx51zWveVWpV/M4inAG51AFD26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBrNeMxg==</latexit>

V

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="xPQXtWl+Mq7Cl8z9T+xMj+/Jdbc=">AAACBXicbZDLSsNAFIYn9VbrrepSF4NFqCAlEdFuCgU3LivYCzQxTKaTduhkEmYmYgjZuPFV3LhQxK3v4M63cdpmoa0HBj7+/xzOnN+LGJXKNL+NwtLyyupacb20sbm1vVPe3evIMBaYtHHIQtHzkCSMctJWVDHSiwRBgcdI1xtfTfzuPRGShvxWJRFxAjTk1KcYKS255UM7fXDpaeJS2IB+VfOJnbkpbVjZnbYrZs2cFlwEK4cKyKvllr/sQYjjgHCFGZKyb5mRclIkFMWMZCU7liRCeIyGpK+Ro4BIJ51ekcFjrQygHwr9uIJT9fdEigIpk8DTnQFSIznvTcT/vH6s/LqTUh7FinA8W+THDKoQTiKBAyoIVizRgLCg+q8Qj5BAWOngSjoEa/7kReic1ayLmnVzXmnW8ziK4AAcgSqwwCVogmvQAm2AwSN4Bq/gzXgyXox342PWWjDymX3wp4zPH+wCl4o=</latexit>

{xi, yi = f(xi)}ni=1

<latexit sha1_base64="icqpVYohJdy76wqS3oQ8UXEXtk0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXRAteCl48VrAfsF1KNs12Q7PJksyKpfRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEquAHX/XYKa+sbm1vF7dLO7t7+QfnwqG1UpilrUSWU7obEMMElawEHwbqpZiQJBeuEo9uZ33lk2nAlH2CcsiAhQ8kjTglYyY+rTzc9iBmQ83654tbcOfAq8XJSQTma/fJXb6BoljAJVBBjfM9NIZgQDZwKNi31MsNSQkdkyHxLJUmYCSbzk6f4zCoDHCltSwKeq78nJiQxZpyEtjMhEJtlbyb+5/kZRPVgwmWaAZN0sSjKBAaFZ//jAdeMghhbQqjm9lZMY6IJBZtSyYbgLb+8StoXNe+q5t1fVhr1PI4iOkGnqIo8dI0a6A41UQtRpNAzekVvDjgvzrvzsWgtOPnMMfoD5/MHkMuQwg==</latexit>

h(x; ✓)
<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

Methods: training stage
Train a neural network via an optimization problem

Validation: testing stage
Test the trained neural network               on an unseen randomly generated data set

<latexit sha1_base64="dEKgsP5qnl5/qo/Bo36BxiKQIs0="></latexit>

✓⇤ = argmin
✓

1

n

nX

i=1

kh(xi; ✓)� yik2

<latexit sha1_base64="zVcrqzZr1JiHeE2wtSx6BFkeCls=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSLUTUlEtOCm4MZlBfuAJpbJZNIMnUzCzI1QQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FTzhTY9rextLyyurZe2ihvbm3v7Jp7+22VZJLQFkl4Irs+VpQzQVvAgNNuKimOfU47/vB64nceqFQsEXcwSqkX44FgISMYtNQ3D6OqS4IErlyIKOB7Fys47ZsVu2ZPYS0SpyAVVKDZN7/cICFZTAUQjpXqOXYKXo4lMMLpuOxmiqaYDPGA9jQVOKbKy6fXj60TrQRWmEhdAqyp+nsix7FSo9jXnTGGSM17E/E/r5dBWPdyJtIMqCCzRWHGLUisSRRWwCQlwEeaYCKZvtUiEZaYgA6srENw5l9eJO2zmnNRc27PK416EUcJHaFjVEUOukQNdIOaqIUIekTP6BW9GU/Gi/FufMxal4xi5gD9gfH5A+9WlN0=</latexit>

h(·; ✓⇤)



Discretization: encoder and decoder
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We need encoder and decoder to
discretize the PDE operator

Typical encoder-decoder method:
• PCA (SVD)
• truncated Fourier basis
• data-driven encoder-decoder
• …

<latexit sha1_base64="npLObD65nqv/2ZDfZH/ztU/4T4E=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KYmIFlcFNy4r2Ic0oUymk3boZCbMTJQS8g1u/BU3LhRx68qdf+OkDaitBy4czrmXe+8JYkaVdpwva2FxaXlltbRWXt/Y3Nq2d3ZbSiQSkyYWTMhOgBRhlJOmppqRTiwJigJG2sHoMvfbd0QqKviNHsfEj9CA05BipI3Us4+9xpBeQC9CeogRSzsZ9CQdDDWSUtz/6LdZz644VWcCOE/cglRAgUbP/vT6AicR4RozpFTXdWLtp0hqihnJyl6iSIzwCA1I11COIqL8dPJSBg+N0oehkKa4hhP190SKIqXGUWA68xPVrJeL/3ndRIc1P6U8TjTheLooTBjUAub5wD6VBGs2NgRhSc2tEA+RRFibFMsmBHf25XnSOqm6Z1X3+rRSrxVxlMA+OABHwAXnoA6uQAM0AQYP4Am8gFfr0Xq23qz3aeuCVczsgT+wPr4Bk1meCg==</latexit>

� : X ! Y

<latexit sha1_base64="0kpnzrF3uomNJKx8dkwcb9UK6bs=">AAACKnicbVDLSsNAFJ34rPUVdelmsAiuSiKixVVFBJdV7AOaGCaTSTt0kgkzE6WEfI8bf8VNF0px64c4abuorQcGzpx7D/fe4yeMSmVZY2NldW19Y7O0Vd7e2d3bNw8OW5KnApMm5oyLjo8kYTQmTUUVI51EEBT5jLT9wW1Rb78QISmPn9QwIW6EejENKUZKS555c+c5EVJ9jFjWya/h3Ac6gvb6CgnBX6e672eP+XMWzFtyz6xYVWsCuEzsGamAGRqeOXICjtOIxAozJGXXthLlZkgoihnJy04qSYLwAPVIV9MYRUS62eTUHJ5qJYAhF/rFCk7UeUeGIimHka87ix3lYq0Q/6t1UxXW3IzGSapIjKeDwpRBxWGRGwyoIFixoSYIC6p3hbiPBMJKp1vWIdiLJy+T1nnVvqzaDxeVem0WRwkcgxNwBmxwBergHjRAE2DwBj7AJ/gy3o2RMTa+p60rxsxzBP7A+PkF9DCo0w==</latexit>

EX : X ! RdX

<latexit sha1_base64="TXSgWpQ3z9442mOkAsTrb7W0je0=">AAACKnicbVDLSsNAFJ3UV62vqEs3g0VwVRIRLa4qIrisYh/SxDCZTNqhkwczE6WEfI8bf8VNF0px64c4abOorQcGzpx7D/fe48aMCmkYE620srq2vlHerGxt7+zu6fsHbRElHJMWjljEuy4ShNGQtCSVjHRjTlDgMtJxhzd5vfNCuKBR+ChHMbED1A+pTzGSSnL061vHCpAcYMTSp+wKzn2gxWl/IBHn0etMd930IXtOvXlL5uhVo2ZMAZeJWZAqKNB09LHlRTgJSCgxQ0L0TCOWdoq4pJiRrGIlgsQID1Gf9BQNUUCEnU5PzeCJUjzoR1y9UMKpOu9IUSDEKHBVZ76jWKzl4n+1XiL9up3SME4kCfFskJ8wKCOY5wY9ygmWbKQIwpyqXSEeII6wVOlWVAjm4snLpH1WMy9q5v15tVEv4iiDI3AMToEJLkED3IEmaAEM3sAH+ARf2rs21iba96y1pBWeQ/AH2s8v+Ruo1g==</latexit>

EY : Y ! RdY

<latexit sha1_base64="tHhwhNIr7Pzy9pgnvznTDuBMX08=">AAACKnicbVDLSsNAFJ34rPUVdelmsAiuSiKixVVFFy6r2Ac0MUwmk3bo5MHMRCkh3+PGX3HThVLc+iFO0ixq64GBM+fcy733uDGjQhrGVFtZXVvf2KxsVbd3dvf29YPDjogSjkkbRyziPRcJwmhI2pJKRnoxJyhwGem6o9vc774QLmgUPslxTOwADULqU4ykkhz95s6xAiSHGLG0l13D4uO66WP2nHrzVmZxOhhKxHn0Cud06Og1o24UgMvELEkNlGg5+sTyIpwEJJSYISH6phFLO0VcUsxIVrUSQWKER2hA+oqGKCDCTotTM3iqFA/6EVcvlLBQ5ztSFAgxDlxVme8oFr1c/M/rJ9Jv2CkN40SSEM8G+QmDMoJ5btCjnGDJxoogzKnaFeIh4ghLlW5VhWAunrxMOud187JuPlzUmo0yjgo4BifgDJjgCjTBPWiBNsDgDXyAT/ClvWsTbap9z0pXtLLnCPyB9vML/8qo0g==</latexit>

DX : RdX ! X

<latexit sha1_base64="o5+pfGw4lImIK2AB7z8vENcDA+E=">AAACKnicbVC7TsMwFHXKq5RXgJHFokJiqhKEoGIqgoGxIPpATYgcx22tOg/ZDqiK8j0s/ApLB1DFyofgpBlKy5EsHZ9zr+69x40YFdIwplppZXVtfaO8Wdna3tnd0/cP2iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjjm4yv/NCuKBh8CjHEbF9NAhon2IkleTo17eO5SM5xIglT+kVzD+umzykz4k3b6UWp4OhRJyHr3BOh45eNWpGDrhMzIJUQYGmo08sL8SxTwKJGRKiZxqRtBPEJcWMpBUrFiRCeIQGpKdogHwi7CQ/NYUnSvFgP+TqBRLm6nxHgnwhxr6rKrMdxaKXif95vVj263ZCgyiWJMCzQf2YQRnCLDfoUU6wZGNFEOZU7QrxEHGEpUq3okIwF09eJu2zmnlRM+/Pq416EUcZHIFjcApMcAka4A40QQtg8AY+wCf40t61iTbVvmelJa3oOQR/oP38AgS2qNU=</latexit>

DY : RdY ! Y

<latexit sha1_base64="rCOGnNljZ61vaFWfPW/zE6Gt/d0="></latexit>

�NN 2 argmin
�2FNN

1

n

nX

i=1

k� � En
X (ui)� En

Y(vi)k22

Training a PDE operator: 



Challenges: Curse of Dimensionality
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function learning PDE operator learning
<latexit sha1_base64="pHpxEd3ddnzhtxjiAYrswA2yVe4=">AAACGnicbVDLSgMxFM34rPU16tJNsAh1U2aKaHFVcNOFYAX7gM5YMmmmDU0yQ5IRytDvcOOvuHGhiDtx49+YtgNq64HA4Zx7uTkniBlV2nG+rKXlldW19dxGfnNre2fX3ttvqiiRmDRwxCLZDpAijArS0FQz0o4lQTxgpBUMLyd+655IRSNxq0cx8TnqCxpSjLSRurbr1Qf0Al7dlYveNSd9dAI9QWEIPY5ipSOYQI8KWPvxu3bBKTlTwEXiZqQAMtS79ofXi3DCidCYIaU6rhNrP0VSU8zIOO8lisQID1GfdAwViBPlp9NoY3hslB4MI2me0HCq/t5IEVdqxAMzyZEeqHlvIv7ndRIdVvyUijjRRODZoTBh0ESe9AR7VBKs2cgQhCU1f4V4gCTC2rSZNyW485EXSbNccs9K7s1poVrJ6siBQ3AEisAF56AKaqAOGgCDB/AEXsCr9Wg9W2/W+2x0ycp2DsAfWJ/f0B+eOQ==</latexit>

� : L2(⌦) 3 f 7! u 2 H
2(⌦)

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="QC8CrZ8nAiPhSKp9ziHRSdhlsQs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVrXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5S+M+A==</latexit>x

<latexit sha1_base64="DFcWesesqhGzBKeveHcc8TrrDQ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5uasOZnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+q6t1dVuq1PI4inMApnIMH11CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAKpo2c</latexit>x1

<latexit sha1_base64="v+J+K9zCEspiqSuZKIweWqhYb8I=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHgxWNF+wFtKJvtpl262YTdiVhCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VO/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVindV8e4uy/VaHkcBTuEMLsCDa6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gAMKo2d</latexit>x2

<latexit sha1_base64="EPejrFanYp4PdontFA0t80LFeqc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWw2m3bpZhN2J2Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GNzO//ci1EYl6wHHK/ZgOlIgEo2il+6d+2C9X3Ko7B1klXk4qkKPRL3/1woRlMVfIJDWm67kp+hOqUTDJp6VeZnhK2YgOeNdSRWNu/Mn81Ck5s0pIokTbUkjm6u+JCY2NGceB7YwpDs2yNxP/87oZRjV/IlSaIVdssSjKJMGEzP4modCcoRxbQpkW9lbChlRThjadkg3BW355lbQuqt5V1bu7rNRreRxFOIFTOAcPrqEOt9CAJjAYwDO8wpsjnRfn3flYtBacfOYY/sD5/AFX8o3P</latexit>xd

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="v1DshpPQK/QniruqGmhuzjEwu+c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lEtMeCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipPXrMKt7FtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJFW0I3vLLq6R1WfWuq979Vbley+MowCmcQQU8uIE63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx99No78</latexit>

h(1)

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="P9mPVvpF6GEIKMRJ5WReRRnR/ek=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iOYY8OIxgnlAsobZSScZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1Mbud++wmV5pF8MNMY/ZCOJB9yRo2V2uPHtFy9nPWLJbfiLkDWiZeREmRo9ItfvUHEkhClYYJq3fXc2PgpVYYzgbNCL9EYUzahI+xaKmmI2k8X587IhVUGZBgpW9KQhfp7IqWh1tMwsJ0hNWO96s3F/7xuYoY1P+UyTgxKtlw0TAQxEZn/TgZcITNiagllittbCRtTRZmxCRVsCN7qy+ukVa141xXv/qpUr2Vx5OEMzqEMHtxAHe6gAU1gMIFneIU3J3ZenHfnY9mac7KZU/gD5/MHfryO/Q==</latexit>

h(2)

<latexit sha1_base64="9EdLAbh8jgyTddGmTxMavgLltUA=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREeyx48VjBfkAbymazaddudsPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo7bRmWashZVQuluSAwTXLIWchSsm2pGklCwTji+nfmdJ6YNV/IBJykLEjKUPOaUoJXafRopNINK1at5c7irxC9IFQo0B5WvfqRoljCJVBBjer6XYpATjZwKNi33M8NSQsdkyHqWSpIwE+Tza6fuuVUiN1balkR3rv6eyElizCQJbWdCcGSWvZn4n9fLMK4HOZdphkzSxaI4Ey4qd/a6G3HNKIqJJYRqbm916YhoQtEGVLYh+Msvr5L2Zc2/rvn3V9VGvYijBKdwBhfgww004A6a0AIKj/AMr/DmKOfFeXc+Fq1rTjFzAn/gfP4ArU2PKw==</latexit>· · ·

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="IAbh8kHrvUGsWNffieH03n1uh88=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnoikDNhYWEcwHJDHsbfaSJXt7x+6cEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz8/xYCoOu++3k1tY3Nrfy24Wd3b39g+LhUdNEiWa8wSIZ6bZPDZdC8QYKlLwda05DX/KWP76Z+a0nro2I1ANOYt4L6VCJQDCKVmqNHtPy3fm0Xyy5FXcOskq8jJQgQ71f/OoOIpaEXCGT1JiO58bYS6lGwSSfFrqJ4TFlYzrkHUsVDbnppfNzp+TMKgMSRNqWQjJXf0+kNDRmEvq2M6Q4MsveTPzP6yQYVHupUHGCXLHFoiCRBCMy+50MhOYM5cQSyrSwtxI2opoytAkVbAje8surpHlR8a4q3v1lqVbN4sjDCZxCGTy4hhrcQh0awGAMz/AKb07svDjvzseiNedkM8fwB87nD6ZYjxc=</latexit>

h(L)
<latexit sha1_base64="CDY652UBCurFmuXQrFVYk5PgqZU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m6rXvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB5rOM+Q==</latexit>y

<latexit sha1_base64="j7zTdbtbvjj1xuFqwFfRP62Fqsg=">AAAB+HicbVDLSgMxFL3js9ZHR126CRahgpQZEXVZcOOygn1AO5ZMmmlDk8yQZIQ69EvcuFDErZ/izr8xbWehrQcu93DOveTmhAln2njet7Oyura+sVnYKm7v7O6V3P2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Gbqtx6p0iyW92ac0EDggWQRI9hYqeeWWg9ZxT+dnIXz3nPLXtWbAS0TPydlyFHvuV/dfkxSQaUhHGvd8b3EBBlWhhFOJ8VuqmmCyQgPaMdSiQXVQTY7fIJOrNJHUaxsSYNm6u+NDAutxyK0kwKboV70puJ/Xic10XWQMZmkhkoyfyhKOTIxmqaA+kxRYvjYEkwUs7ciMsQKE2OzKtoQ/MUvL5PmedW/rPp3F+VaJY+jAEdwDBXw4QpqcAt1aACBFJ7hFd6cJ+fFeXc+5qMrTr5zCH/gfP4AukmRwg==</latexit>

W (1), b(1)
<latexit sha1_base64="wOEP9wU1Cbt25/sIqgdaTs+GfZA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClKSIuqy4MZlBfuANpbJdNIOnUzCzESooV/ixoUibv0Ud/6NkzYLbT1wuYdz7mXuHD/mTGnH+bYKa+sbm1vF7dLO7t5+2T44bKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9xkfueRSsUica+nMfVCPBIsYARrIw3scuchrdbPZuf+og/silNz5kCrxM1JBXI0B/ZXfxiRJKRCE46V6rlOrL0US80Ip7NSP1E0xmSCR7RnqMAhVV46P3yGTo0yREEkTQmN5urvjRSHSk1D30yGWI/VspeJ/3m9RAfXXspEnGgqyOKhIOFIRyhLAQ2ZpETzqSGYSGZuRWSMJSbaZFUyIbjLX14l7XrNvay5dxeVRjWPowjHcAJVcOEKGnALTWgBgQSe4RXerCfrxXq3PhajBSvfOYI/sD5/AL1dkcQ=</latexit>

W (2), b(2)
<latexit sha1_base64="UgO0HUUrfmV6YaccoxbSJiCNSbU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx51zWveVWpV/M4inAG51AFD26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBrNeMxg==</latexit>

V

infinite dimension d implies infinitely large
NN sizes!

d is the number of discretization points, not 
the domain dimension of PDEs

<latexit sha1_base64="cq4OfzsHkQalRuqCvFxQY9eN1GY=">AAACF3icbVDLSsNAFJ34rPUVdelmsAiuQiKixVXBjcsq9gFNLJPJpB06mYSZiRhC/8KNv+LGhSJudeffOGmzqK0HBg7n3Mvcc/yEUals+8dYWl5ZXVuvbFQ3t7Z3ds29/baMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/NFV4XceiJA05ncqS4gXoQGnIcVIaalvWuEldCOkhr6f347vA+hyCh8LKZEqhhl0KZ8Z6Js127IngIvEKUkNlGj2zW83iHEaEa4wQ1L2HDtRXo6EopiRcdVNJUkQHqEB6WnKUUSkl09yjeGxVgIYxkI/ruBEnd3IUSRlFvl6srhQznuF+J/XS1VY93LKk1QRjqcfhSmDOnFREgyoIFixTBOEBdW3QjxEAmGlq6zqEpz5yIukfWo555Zzc1Zr1Ms6KuAQHIET4IAL0ADXoAlaAIMn8ALewLvxbLwaH8bndHTJKHcOwB8YX7/sj58k</latexit>

f : Rd 3 x 7! y 2 R

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="v1DshpPQK/QniruqGmhuzjEwu+c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lEtMeCF48V7Ae0sWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipPXrMKt7FtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJFW0I3vLLq6R1WfWuq979Vbley+MowCmcQQU8uIE63EEDmsBgDM/wCm9O4rw4787HonXNyWdO4A+czx99No78</latexit>

h(1)

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="P9mPVvpF6GEIKMRJ5WReRRnR/ek=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iOYY8OIxgnlAsobZSScZMju7zMwKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1Mbud++wmV5pF8MNMY/ZCOJB9yRo2V2uPHtFy9nPWLJbfiLkDWiZeREmRo9ItfvUHEkhClYYJq3fXc2PgpVYYzgbNCL9EYUzahI+xaKmmI2k8X587IhVUGZBgpW9KQhfp7IqWh1tMwsJ0hNWO96s3F/7xuYoY1P+UyTgxKtlw0TAQxEZn/TgZcITNiagllittbCRtTRZmxCRVsCN7qy+ukVa141xXv/qpUr2Vx5OEMzqEMHtxAHe6gAU1gMIFneIU3J3ZenHfnY9mac7KZU/gD5/MHfryO/Q==</latexit>

h(2)

<latexit sha1_base64="9EdLAbh8jgyTddGmTxMavgLltUA=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREeyx48VjBfkAbymazaddudsPuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8ENet63s7a+sbm1Xdop7+7tHxxWjo7bRmWashZVQuluSAwTXLIWchSsm2pGklCwTji+nfmdJ6YNV/IBJykLEjKUPOaUoJXafRopNINK1at5c7irxC9IFQo0B5WvfqRoljCJVBBjer6XYpATjZwKNi33M8NSQsdkyHqWSpIwE+Tza6fuuVUiN1balkR3rv6eyElizCQJbWdCcGSWvZn4n9fLMK4HOZdphkzSxaI4Ey4qd/a6G3HNKIqJJYRqbm916YhoQtEGVLYh+Msvr5L2Zc2/rvn3V9VGvYijBKdwBhfgww004A6a0AIKj/AMr/DmKOfFeXc+Fq1rTjFzAn/gfP4ArU2PKw==</latexit>· · ·

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="IAbh8kHrvUGsWNffieH03n1uh88=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnoikDNhYWEcwHJDHsbfaSJXt7x+6cEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz8/xYCoOu++3k1tY3Nrfy24Wd3b39g+LhUdNEiWa8wSIZ6bZPDZdC8QYKlLwda05DX/KWP76Z+a0nro2I1ANOYt4L6VCJQDCKVmqNHtPy3fm0Xyy5FXcOskq8jJQgQ71f/OoOIpaEXCGT1JiO58bYS6lGwSSfFrqJ4TFlYzrkHUsVDbnppfNzp+TMKgMSRNqWQjJXf0+kNDRmEvq2M6Q4MsveTPzP6yQYVHupUHGCXLHFoiCRBCMy+50MhOYM5cQSyrSwtxI2opoytAkVbAje8surpHlR8a4q3v1lqVbN4sjDCZxCGTy4hhrcQh0awGAMz/AKb07svDjvzseiNedkM8fwB87nD6ZYjxc=</latexit>

h(L)

<latexit sha1_base64="j7zTdbtbvjj1xuFqwFfRP62Fqsg=">AAAB+HicbVDLSgMxFL3js9ZHR126CRahgpQZEXVZcOOygn1AO5ZMmmlDk8yQZIQ69EvcuFDErZ/izr8xbWehrQcu93DOveTmhAln2njet7Oyura+sVnYKm7v7O6V3P2Dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6Gbqtx6p0iyW92ac0EDggWQRI9hYqeeWWg9ZxT+dnIXz3nPLXtWbAS0TPydlyFHvuV/dfkxSQaUhHGvd8b3EBBlWhhFOJ8VuqmmCyQgPaMdSiQXVQTY7fIJOrNJHUaxsSYNm6u+NDAutxyK0kwKboV70puJ/Xic10XWQMZmkhkoyfyhKOTIxmqaA+kxRYvjYEkwUs7ciMsQKE2OzKtoQ/MUvL5PmedW/rPp3F+VaJY+jAEdwDBXw4QpqcAt1aACBFJ7hFd6cJ+fFeXc+5qMrTr5zCH/gfP4AukmRwg==</latexit>

W (1), b(1)
<latexit sha1_base64="wOEP9wU1Cbt25/sIqgdaTs+GfZA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClKSIuqy4MZlBfuANpbJdNIOnUzCzESooV/ixoUibv0Ud/6NkzYLbT1wuYdz7mXuHD/mTGnH+bYKa+sbm1vF7dLO7t5+2T44bKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9xkfueRSsUica+nMfVCPBIsYARrIw3scuchrdbPZuf+og/silNz5kCrxM1JBXI0B/ZXfxiRJKRCE46V6rlOrL0US80Ip7NSP1E0xmSCR7RnqMAhVV46P3yGTo0yREEkTQmN5urvjRSHSk1D30yGWI/VspeJ/3m9RAfXXspEnGgqyOKhIOFIRyhLAQ2ZpETzqSGYSGZuRWSMJSbaZFUyIbjLX14l7XrNvay5dxeVRjWPowjHcAJVcOEKGnALTWgBgQSe4RXerCfrxXq3PhajBSvfOYI/sD5/AL1dkcQ=</latexit>

W (2), b(2)
<latexit sha1_base64="UgO0HUUrfmV6YaccoxbSJiCNSbU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R6UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx51zWveVWpV/M4inAG51AFD26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBrNeMxg==</latexit>

V

<latexit sha1_base64="S6HqlmEeZse+CqJtvfnAVD8Tn0c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Ae0oWw223bpZjfsToQS+iO8eFDEq7/Hm//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7pWJ0YxttMS216AbVcCsXbKFDyXmw4jQLJu8H0Lve7T9xYodUjzmLuR3SsxEgwipnUHbBQo60MqzW37i5A1olXkBoUaA2rX4NQsyTiCpmk1vY9N0Y/pQYFk3xeGSSWx5RN6Zj3M6poxK2fLs6dk4tMCclIm6wUkoX6eyKlkbWzKMg6I4oTu+rl4n9eP8FRw0+FihPkii0XjRJJUJP8dxIKwxnKWUYoMyK7lbAJNZRhllAegrf68jrpXNW9m7r3cF1rNoo4ynAG53AJHtxCE+6hBW1gMIVneIU3J3ZenHfnY9lacoqZU/gD5/MH49yPPw==</latexit> ··
·

<latexit sha1_base64="B+jtksftIUNfWZSx2q4cL19yGvk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A4KOM9Q==</latexit>u
<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="maKlcmcAVhWga/EGbPvugwpjuAU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeCF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM6o89fyzXqnsVb0Z8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10XWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdI8r/qXVf/uolyr5HEU4BhOoAI+XEENbqEODaDwAM/wCm9IoRf0jj7mrSsonzmCP0CfP42ljmE=</latexit>

f(x1)

<latexit sha1_base64="aKUuu7l6/bOqVSU/I+5cpFVuGM0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfVY8OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1A6rT4P6+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes27rHl3F5VGNY+jCCdwClXw4AoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+PKo5i</latexit>

f(x2)

<latexit sha1_base64="Hvrpg1QrxuUPvIhlX6vcyKU7iM0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY8OKxgv2AdinZbLaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDPzO49UaSbFvZkk1I/xULCIEWys1I6qT4PwfFCuuDV3DrRKvJxUIEdzUP7qh5KkMRWGcKx1z3MT42dYGUY4nZb6qaYJJmM8pD1LBY6p9rP5tVN0ZpUQRVLZEgbN1d8TGY61nsSB7YyxGellbyb+5/VSE137GRNJaqggi0VRypGRaPY6CpmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5L2Rc27rHl39UqjmsdRhBM4hSp4cAUNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/bJI6U</latexit>

f(xd)

<latexit sha1_base64="vXcCfZtL1ll+vxskkoX3jiF4IDc=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKqMeCF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM6089fyzXqnsVb0Z8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10XWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdI8r/qXVf/uolyr5HEU4BhOoAI+XEENbqEODaDwAM/wCm9IoRf0jj7mrSsonzmCP0CfP6SsjnA=</latexit>

u(x1)

<latexit sha1_base64="UOxg7d1+vqvH6zTRYRrXCQDOgUI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfVY8OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjP3O49UaSbFvZnG1I/wSLCQEWys1E6qT4P6+aBccWtuBrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afZtTN0ZpUhCqWyJQzK1N8TKY60nkaB7YywGetlby7+5/USE177KRNxYqggi0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXtes27rHl3F5VGNY+jCCdwClXw4AoacAtNaAGBB3iGV3hzpPPivDsfi9aCk88cwx84nz+mMY5x</latexit>

u(x2)

<latexit sha1_base64="B5ZNMRUIwt81fRYguRMcPjrpdq0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY8OKxgv2AdinZbLaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDPzO49UaSbFvZkk1I/xULCIEWys1E6rT4PwfFCuuDV3DrRKvJxUIEdzUP7qh5KkMRWGcKx1z3MT42dYGUY4nZb6qaYJJmM8pD1LBY6p9rP5tVN0ZpUQRVLZEgbN1d8TGY61nsSB7YyxGellbyb+5/VSE137GRNJaqggi0VRypGRaPY6CpmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5L2Rc27rHl39UqjmsdRhBM4hSp4cAUNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/yK46j</latexit>

u(xd)

Learning error is at the order

O(n− 1
d )

n is the number of training data
d is the input dimension
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Theorem (informal version)

CoD: large number of training data is required for a large input dimension 

Consider a Lipschitz operator                      with pre-trained encoders and 
decoders, there exists a neural network           such that

<latexit sha1_base64="olB2+aEEMuCOzHGYYjMfKAPrHLo=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUREi6uCG5cV7EOaUCbTSTt0MhNmJkoJ+QU3/oobF4q4defOv3HSBtHWAxcO59zLvfcEMaNKO86XtbS8srq2Xtoob25t7+zae/ttJRKJSQsLJmQ3QIowyklLU81IN5YERQEjnWB8mfudOyIVFfxGT2LiR2jIaUgx0kbq21WvOaIXXoT0CCOWdjPoSTocaSSluIc/+m3WtytOzZkCLhK3IBVQoNm3P72BwElEuMYMKdVznVj7KZKaYkayspcoEiM8RkPSM5SjiCg/nX6UwWOjDGAopCmu4VT9PZGiSKlJFJjO/EQ17+Xif14v0WHdTymPE004ni0KEwa1gHk8cEAlwZpNDEFYUnMrxCMkEdYmxLIJwZ1/eZG0T2ruWc29Pq006kUcJXAIjkAVuOAcNMAVaIIWwOABPIEX8Go9Ws/Wm/U+a12yipkD8AfWxzc3cZ3g</latexit>

� : X ! Y

<latexit sha1_base64="4FZ20EZcvS9kbtabNxYzrTYRV0E="></latexit>

O

✓
d

4�dX
4+2dX
Y n

dX
4+2dX

◆
the number of neurons is bounded by

<latexit sha1_base64="ddea9Og/rwQnDHCrt7TaaNlCm68=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8lUREeyx40FOpYD+gCWGz3bRLdzdhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMi1LONLjut7W2vrG5tV3aKe/u7R8c2kfHbZ1kitAWSXiiuhHWlDNJW8CA026qKBYRp51odDvzO2OqNEvkI0xSGgg8kCxmBIORQtv277AQOPSBPkHeaExDu+JW3TmcVeIVpIIKNEP7y+8nJBNUAuFY657nphDkWAEjnE7LfqZpiskID2jPUIkF1UE+v3zqnBul78SJMiXBmau/J3IstJ6IyHQKDEO97M3E/7xeBnEtyJlMM6CSLBbFGXcgcWYxOH2mKAE+MQQTxcytDhlihQmYsMomBG/55VXSvqx611Xv4apSrxVxlNApOkMXyEM3qI7uURO1EEFj9Ixe0ZuVWy/Wu/WxaF2zipkT9AfW5w+V3ZOa</latexit>

�NN

and the generalization error 
<latexit sha1_base64="nhrmEuVqY7HGoqO7OvkeXPgEjuA="></latexit>

ESEukDY � �NN � EY(u)� �(u)k2

is bounded by 

<latexit sha1_base64="UOwvkr8hV1yGU4Z6hmTYoxS2zak="></latexit>

O

⇣
n� 2

2+dX log n
⌘
+O(n�1) + encoding errors

C, C. Wang, H. Yang, TMLR 2022
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Theorem (informal version)

Consider a Lipschitz operator                      with pre-trained encoders and 
decoders, if the operator is either of low dimension or low complexity
then there exists a neural network           such that

<latexit sha1_base64="olB2+aEEMuCOzHGYYjMfKAPrHLo=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUREi6uCG5cV7EOaUCbTSTt0MhNmJkoJ+QU3/oobF4q4defOv3HSBtHWAxcO59zLvfcEMaNKO86XtbS8srq2Xtoob25t7+zae/ttJRKJSQsLJmQ3QIowyklLU81IN5YERQEjnWB8mfudOyIVFfxGT2LiR2jIaUgx0kbq21WvOaIXXoT0CCOWdjPoSTocaSSluIc/+m3WtytOzZkCLhK3IBVQoNm3P72BwElEuMYMKdVznVj7KZKaYkayspcoEiM8RkPSM5SjiCg/nX6UwWOjDGAopCmu4VT9PZGiSKlJFJjO/EQ17+Xif14v0WHdTymPE004ni0KEwa1gHk8cEAlwZpNDEFYUnMrxCMkEdYmxLIJwZ1/eZG0T2ruWc29Pq006kUcJXAIjkAVuOAcNMAVaIIWwOABPIEX8Go9Ws/Wm/U+a12yipkD8AfWxzc3cZ3g</latexit>

� : X ! Y

the number of neurons is bounded by

<latexit sha1_base64="ddea9Og/rwQnDHCrt7TaaNlCm68=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8lUREeyx40FOpYD+gCWGz3bRLdzdhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMi1LONLjut7W2vrG5tV3aKe/u7R8c2kfHbZ1kitAWSXiiuhHWlDNJW8CA026qKBYRp51odDvzO2OqNEvkI0xSGgg8kCxmBIORQtv277AQOPSBPkHeaExDu+JW3TmcVeIVpIIKNEP7y+8nJBNUAuFY657nphDkWAEjnE7LfqZpiskID2jPUIkF1UE+v3zqnBul78SJMiXBmau/J3IstJ6IyHQKDEO97M3E/7xeBnEtyJlMM6CSLBbFGXcgcWYxOH2mKAE+MQQTxcytDhlihQmYsMomBG/55VXSvqx611Xv4apSrxVxlNApOkMXyEM3qI7uURO1EEFj9Ixe0ZuVWy/Wu/WxaF2zipkT9AfW5w+V3ZOa</latexit>

�NN

and the generalization error 
<latexit sha1_base64="nhrmEuVqY7HGoqO7OvkeXPgEjuA="></latexit>

ESEukDY � �NN � EY(u)� �(u)k2

is bounded by 

<latexit sha1_base64="NZEATIpNFRJZxp2XfTVeAC6Ga2g="></latexit>

O

✓
d

4�d0
4+2d0
Y n

d0
4+2d0

◆

<latexit sha1_base64="SCAwQwPocncJtl9vzyUMFBad/K0="></latexit>

O

⇣
n� 2

2+d0 log n
⌘
+O(n�1) + encoding errors

<latexit sha1_base64="kvLjNf34T1WBk4xcJgL39mkZ3lM="></latexit>

d0 ⌧ dX depends on the structure of PDE

The CoD caused by the input dimension is removed

C, C. Wang, H. Yang, TMLR 2022
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Examples: 
Conductivity functions of elliptic equation:

Electric impedance tomography Shepp-Logan Phantoms

An operator is of low dimension      if its domain is a      dimensional manifold.
<latexit sha1_base64="Yru6h1pvg6jZn376QeQ2SHY7ASI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWw2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuBdRwKRRvo0DJe6nmNA4k7waTm7nffeTaiEQ94DTlfkxHSkSCUbTSfTh0h9WaW3cXIH+JV5AaFGgNq5+DMGFZzBUySY3pe26Kfk41Cib5rDLIDE8pm9AR71uqaMyNny9OnZEzq4QkSrQthWSh/pzIaWzMNA5sZ0xxbFa9ufif188wavi5UGmGXLHloiiTBBMy/5uEQnOGcmoJZVrYWwkbU00Z2nQqNgRv9eW/pHNR967q3t1lrdko4ijDCZzCOXhwDU24hRa0gcEInuAFXh3pPDtvzvuyteQUM8fwC87HN+qbjYc=</latexit>

d0
<latexit sha1_base64="Yru6h1pvg6jZn376QeQ2SHY7ASI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWw2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKUw6LpfTmltfWNzq7xd2dnd2z+oHh51TJJpxtsskYnuBdRwKRRvo0DJe6nmNA4k7waTm7nffeTaiEQ94DTlfkxHSkSCUbTSfTh0h9WaW3cXIH+JV5AaFGgNq5+DMGFZzBUySY3pe26Kfk41Cib5rDLIDE8pm9AR71uqaMyNny9OnZEzq4QkSrQthWSh/pzIaWzMNA5sZ0xxbFa9ufif188wavi5UGmGXLHloiiTBBMy/5uEQnOGcmoJZVrYWwkbU00Z2nQqNgRv9eW/pHNR967q3t1lrdko4ijDCZzCOXhwDU24hRa0gcEInuAFXh3pPDtvzvuyteQUM8fwC87HN+qbjYc=</latexit>

d0

• The phantoms consist of ellipses of different shapes, angles, and locations.
• Each ellipse is parametrized by five numbers.
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• Low complexity structure means compositions of affine transform and low 
dimensional nonlinear functions.

• FNN can be considered a low-complexity operator with 

one-layer low complexity operator feedforward NN

<latexit sha1_base64="rAFYQEUMnvSrx+LpLJglSNemFeI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjBfsBbSibzaRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0OqDgcd7M8zMC1LBtXHdL6e0tr6xuVXeruzs7u0fVA+POjrJFMM2S0SiegHVKLjEtuFGYC9VSONAYDeY3M797iMqzRP5YKYp+jEdSR5xRo2VuuHQJTfEG1Zrbt1dgPwlXkFqUKA1rH4OwoRlMUrDBNW677mp8XOqDGcCZ5VBpjGlbEJH2LdU0hi1ny/OnZEzq4QkSpQtachC/TmR01jraRzYzpiasV715uJ/Xj8zUcPPuUwzg5ItF0WZICYh899JyBUyI6aWUKa4vZWwMVWUGZtQxYbgrb78l3Qu6t5V3bu/rDUbRRxlOIFTOAcPrqEJd9CCNjCYwBO8wKuTOs/Om/O+bC05xcwx/ILz8Q2K445d</latexit>

d0 = 1

Rd0 R

X RdX Rd0 R RdY Y .

Rd0 R

g1

En
X Vi

V1

VdY

gi Dn
Y

gdY
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Cole-Hopf transformation

<latexit sha1_base64="nz6ujbB7aJtTICudTG8K5kpP7o4=">AAACCnicbVDLSgNBEJyNrxhfqx69jAYhgoRdEc1FCHgRvETIC7JLmJ1MkiGzD2Z6A2HJ2Yu/4sWDIl79Am/+jbPJHjSxoKGo6qa7y4sEV2BZ30ZuZXVtfSO/Wdja3tndM/cPmiqMJWUNGopQtj2imOABawAHwdqRZMT3BGt5o9vUb42ZVDwM6jCJmOuTQcD7nBLQUtc8HuMb7PgEhpSI5H5acmgvhPP6GXaIAjzuWl2zaJWtGfAysTNSRBlqXfPL6YU09lkAVBClOrYVgZsQCZwKNi04sWIRoSMyYB1NA+Iz5SazV6b4VCs93A+lrgDwTP09kRBfqYnv6c70aLXopeJ/XieGfsVNeBDFwAI6X9SPBYYQp7ngHpeMgphoQqjk+lZMh0QSCjq9gg7BXnx5mTQvyvZV2X64LFYrWRx5dIROUAnZ6BpV0R2qoQai6BE9o1f0ZjwZL8a78TFvzRnZzCH6A+PzB+5emR0=</latexit>

v = K(·, T ) ⇤ v0
<latexit sha1_base64="IQnsSiDdb5j3ZhxDPQUAa70kpPc=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUtSRLsRCm5cVugLmlAm00k7dDIJM5PSEvoNbvwVNy4UcevKnX/jNM1Cqwcu93DOvczc40WMSmVZX0ZubX1jcyu/XdjZ3ds/MA+P2jKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxxrcLvzMhQtKQN9UsIm6Ahpz6FCOlpb5ZjkvT82YZ3sCLqjNGUYSg4wuEk0l/mjrzZLLsfbNoVawU8C+xM1IEGRp989MZhDgOCFeYISl7thUpN0FCUczIvODEkkQIj9GQ9DTlKCDSTdKT5vBMKwPoh0IXVzBVf24kKJByFnh6MkBqJFe9hfif14uVX3MTyqNYEY6XD/kxgyqEi3zggAqCFZtpgrCg+q8Qj5BOROkUCzoEe/Xkv6RdrdhXFfv+slivZXHkwQk4BSVgg2tQB3egAVoAgwfwBF7Aq/FoPBtvxvtyNGdkO8fgF4yPb7pLm6E=</latexit>

u(x, T ) = �2
vx(x, T )

v(x, T )

one dim nonlinearity two dim nonlinearityno nonlinearity

Examples:  Burgers equation

affine 
transform

low dim
nonlinearity

affine 
transform

low dim
nonlinearity

affine 
transform

low dim
nonlinearity

<latexit sha1_base64="j3as0So/eW17bm33QvSYyEcExqM=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQklEtBuh4MZlBfuANoTJdNIOnUyGeUhLKLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe++JBKNKe963s7S8srq2Xtgobm5t7+y6e/sNlRqJSR2nLJWtCCnCKCd1TTUjLSEJSiJGmtHgZuI3H4hUNOX3eiRIkKAepzHFSFspdA9NqOEZNCYcwmvYGSAhEDRhNhyOQ7fklb0p4CLxc1ICOWqh+9XpptgkhGvMkFJt3xM6yJDUFDMyLnaMIgLhAeqRtqUcJUQF2fSHMTyxShfGqbTFNZyqvycylCg1SiLbmSDdV/PeRPzPaxsdV4KMcmE04Xi2KDYM6hROAoFdKgnWbGQJwpLaWyHuI4mwtrEVbQj+/MuLpHFe9i/L/t1FqVrJ4yiAI3AMToEPrkAV3IIaqAMMHsEzeAVvzpPz4rw7H7PWJSefOQB/4Hz+AKcZluE=</latexit>

ut + uux = uxx
<latexit sha1_base64="FA7vrCwn6JiHYSntUzU5jcc6HqE=">AAAB+HicbVDJSgNBEK1xjXHJqEcvjUFIQMKMiOYiBLx4jGAWSIahp9OTNOlZ6EUSQ77EiwdFvPop3vwbO8kcNPFBweO9KqrqBSlnUjnOt7W2vrG5tZ3bye/u7R8U7MOjpky0ILRBEp6IdoAl5SymDcUUp+1UUBwFnLaC4e3Mbz1SIVkSP6hxSr0I92MWMoKVkXy7oEujc6eMbpD2ndKo7NtFp+LMgVaJm5EiZKj79le3lxAd0VgRjqXsuE6qvAkWihFOp/muljTFZIj7tGNojCMqvcn88Ck6M0oPhYkwFSs0V39PTHAk5TgKTGeE1UAuezPxP6+jVVj1JixOtaIxWSwKNUcqQbMUUI8JShQfG4KJYOZWRAZYYKJMVnkTgrv88ippXlTcq4p7f1msVbM4cnACp1ACF66hBndQhwYQ0PAMr/BmPVkv1rv1sWhds7KZY/gD6/MHrgWRIQ==</latexit>

u(x, 0) = u0(x)

<latexit sha1_base64="cEMz3tnw2/sJRaI7LnfVO4QBmck=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIaC9CwYvHCvYD2hAm2227dJMsu5vSEOpf8eJBEa/+EG/+G7dtDtr6YODx3gwz8wLBmdKO820VNja3tneKu6W9/YPDI/v4pKXiRBLaJDGPZScARTmLaFMzzWlHSAphwGk7GN/N/faESsXi6FGngnohDCM2YAS0kXy7PPE1vsW9MQgBeOJn0+nMtytO1VkArxM3JxWUo+HbX71+TJKQRppwUKrrOkJ7GUjNCKezUi9RVAAZw5B2DY0gpMrLFsfP8LlR+ngQS1ORxgv190QGoVJpGJjOEPRIrXpz8T+vm+hBzctYJBJNI7JcNEg41jGeJ4H7TFKieWoIEMnMrZiMQALRJq+SCcFdfXmdtC6r7nXVfbiq1Gt5HEV0is7QBXLRDaqje9RATURQip7RK3qznqwX6936WLYWrHymjP7A+vwBKpqUcQ==</latexit>vt = vxx
<latexit sha1_base64="lt4NfrZxik32W9LLio0pt1EZdio=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6sIyU0S7EQpuXFawD+gMQybNtKGZTEgyxTJ24a+4caGIW3/DnX9j+lho64ELh3Pu5d57QsGo0o7zbeVWVtfWN/Kbha3tnd09e/+gqZJUYtLACUtkO0SKMMpJQ1PNSFtIguKQkVY4uJn4rSGRiib8Xo8E8WPU4zSiGGkjBfZRCq/hecUbICEQLHmMw+FZ8BDYRafsTAGXiTsnRTBHPbC/vG6C05hwjRlSquM6QvsZkppiRsYFL1VEIDxAPdIxlKOYKD+b3j+Gp0bpwiiRpriGU/X3RIZipUZxaDpjpPtq0ZuI/3mdVEdVP6NcpJpwPFsUpQzqBE7CgF0qCdZsZAjCkppbIe4jibA2kRVMCO7iy8ukWSm7l2X37qJYq87jyINjcAJKwAVXoAZuQR00AAaP4Bm8gjfryXqx3q2PWWvOms8cgj+wPn8ARGaUUQ==</latexit>

u = �2(ln v)x
<latexit sha1_base64="R9sQHNLzbiQ+bpFcYzmF17TcKH0=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAICUjYFdFchIAXjxHMA5JlmZ3MJkNmH8zMhsQlX+LFgyJe/RRv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmNza3snv1vY2z84LJpHxy0ZJYLQJol4JDoelpSzkDYVU5x2YkFx4HHa9kZ3c789pkKyKHxU05g6AR6EzGcEKy25ZnFcnlxYFXSLxq5VnlRcs2RVrQXQOrEzUoIMDdf86vUjkgQ0VIRjKbu2FSsnxUIxwums0EskjTEZ4QHtahrigEonXRw+Q+da6SM/ErpChRbq74kUB1JOA093BlgN5ao3F//zuonya07KwjhRNCTLRX7CkYrQPAXUZ4ISxaeaYCKYvhWRIRaYKJ1VQYdgr768TlqXVfu6aj9cleq1LI48nMIZlMGGG6jDPTSgCQQSeIZXeDOejBfj3fhYtuaMbOYE/sD4/AGxIJEj</latexit>

v(x, 0) = v0(x)

The solution operator                               has is of low complexity with  
<latexit sha1_base64="tWNvjlkhvP6ujObI0sxIS8vWXZw=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahgpQZES2uCm5cVugLOsOQyWTa0CQzJBmhlG7c+CtuXCji1n9w59+YtrPQ1gOBwzn3cnNOmDKqtON8W4WV1bX1jeJmaWt7Z3fP3j9oqySTmLRwwhLZDZEijArS0lQz0k0lQTxkpBMOb6d+54FIRRPR1KOU+Bz1BY0pRtpIgX3sNQb0BmaBAz2OUqUTmFU8HCX6vHkW2GWn6swAl4mbkzLI0QjsLy9KcMaJ0JghpXquk2p/jKSmmJFJycsUSREeoj7pGSoQJ8ofz1JM4KlRIhgn0jyh4Uz9vTFGXKkRD80kR3qgFr2p+J/Xy3Rc88dUpJkmAs8PxRmDJuu0EhhRSbBmI0MQltT8FeIBkghrU1zJlOAuRl4m7Yuqe1V17y/L9VpeRxEcgRNQAS64BnVwBxqgBTB4BM/gFbxZT9aL9W59zEcLVr5zCP7A+vwBNuuXFg==</latexit>

� : u0 7! u(·, T )
<latexit sha1_base64="TwvF1V8fD0ATWJLnCCO72T2bYmc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaC9CwYvHCvYD2lA2m2m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjf3O0+oNI/lo5km6Ed0JPmQM2qs1AkHLrkltUG54lbdBcg68XJSgRzNQfmrH8YsjVAaJqjWPc9NjJ9RZTgTOCv1U40JZRM6wp6lkkao/Wxx7oxcWCUkw1jZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSM6z7GZdJalCy5aJhKoiJyfx3EnKFzIipJZQpbm8lbEwVZcYmVLIheKsvr5N2repdV72Hq0qjnsdRhDM4h0vw4AYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz+MZ45e</latexit>

d0 = 2
<latexit sha1_base64="Tqt7zZvXmYiKBtjfFjRlPqEwQ2s="></latexit>

v0 = exp

✓
� 1

2

Z x

0
u0(s)ds

◆



Learning the inverse PDE operator



Learning the inverse PDE

21

neural network surrogate of the inverse PDE operator

# of iterations # of PDE solvesx = large computation

n x (forward + adjoint 
PDE)

n = # of measurements

<latexit sha1_base64="qmSEVuLrBrvg+xXx08UIvdRr2Nk=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EixCvZRERD0WvXisYD+gCWWz3bRLN7thd1MooeDFv+LFgyJe/RPe/Ddu2xy09cHA470ZZuaFCaNKu+63VVhZXVvfKG6WtrZ3dvfs/YOmEqnEpIEFE7IdIkUY5aShqWaknUiC4pCRVji8nfqtEZGKCv6gxwkJYtTnNKIYaSN17SMm+hU/kghn3iTzR0iSRFEm+OSsa5fdqjuDs0y8nJQhR71rf/k9gdOYcI0ZUqrjuYkOMiQ1xYxMSn6qSILwEPVJx1COYqKCbPbDxDk1Ss+JhDTFtTNTf09kKFZqHIemM0Z6oBa9qfif10l1dB1klCepJhzPF0Upc7RwpoE4PSoJ1mxsCMKSmlsdPEAmEG1iK5kQvMWXl0nzvOpdVr37i3LtJo+jCMdwAhXw4ApqcAd1aACGR3iGV3iznqwX6936mLcWrHzmEP7A+vwBYfKYAA==</latexit>

log(
1

"
)

or worse large number of PDE 
solves and assembles

<latexit sha1_base64="8RI0LLw1LqOkoguix9KtBq8sMkM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPAi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSA+27/WrNrbtzkFXiFaQGBRr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif180wuglyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXSeui7l3VvfvLmu8XcZThBE7hHDy4Bh/uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+hxjYw=</latexit>a0
solve PDE 2n times

<latexit sha1_base64="ra5NGZNieRyxFsjmzNFooRHgABo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPAi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6SRTDJssEYnqhFSj4BKbhhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ6oH2vX625dXcOskq8gtSgQKNf/eoNEpbFKA0TVOuu56YmyKkynAmcVnqZxpSyMR1i11JJY9RBPj91Ss6sMiBRomxJQ+bq74mcxlpP4tB2xtSM9LI3E//zupmJboKcyzQzKNliUZQJYhIy+5sMuEJmxMQSyhS3txI2oooyY9Op2BC85ZdXSeui7l3VvfvLmu8XcZThBE7hHDy4Bh/uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A+n1jY0=</latexit>a1
solve PDE 2n times

<latexit sha1_base64="4JbemS/DtLGs6VYjr8es/2RGq68=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgxWMF+wFtKJvNpl272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAU36HnfTmltfWNzq7xd2dnd2z+oHh61jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8O/M7T0wbruQDTlIWJGQoecwpQSu1+zRSaAbVmlf35nBXiV+QGhRoDqpf/UjRLGESqSDG9HwvxSAnGjkVbFrpZ4alhI7JkPUslSRhJsjn107dM6tEbqy0LYnuXP09kZPEmEkS2s6E4MgsezPxP6+XYXwT5FymGTJJF4viTLio3NnrbsQ1oygmlhCqub3VpSOiCUUbUMWG4C+/vEraF3X/qu7fX9YajSKOMpzAKZyDD9fQgDtoQgsoPMIzvMKbo5wX5935WLSWnGLmGP7A+fwBr7WPMw==</latexit>· · ·
solve PDE 2n times

<latexit sha1_base64="LH+b22TVP6BjJiMkOJJXn43n4mE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF09S0X5AG8pku2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Gbmt5+Y0jyWj2aSMD/CoeQhp2is9ID9u3654lbdOcgq8XJSgRyNfvmrN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5s8qAhLGyJQ2Zq78nMoy0nkSB7YzQjPSyNxP/87qpCa/9jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLq6R1UfVqVe/+slKv53EU4QRO4Rw8uII63EIDmkBhCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcV+I2q</latexit>aN

• A neural network is used to learn the “inverse operator”
• the inverse operator maps all measurement data to the target parameter
• the NN will be evaluated only once to obtain a reconstructed image
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model

training
data

<latexit sha1_base64="q2XYvC5dGgte+B6v+5TZ2n/XGV0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfVY9OKxgv2QdlmyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0e3Ubz9RpVksH8w4ob7AA8kiRrCx0mNVBOwMB+w0KFfcmjsDWiZeTiqQoxGUv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiaz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSeu85l3WvPuLSv0mj6MIR3AMVfDgCupwBw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB7lcj7U=</latexit>

(mi, ai)

<latexit sha1_base64="QpzS8T37yEsShVqHjrt5AqG4dNw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrV4P6yUr/J4yjCCZzCOQRwBXW4gwY0gcAYnuEV3jzlvXjv3seiteDlM8fwB97nD5Vaj7w=</latexit>⇡
<latexit sha1_base64="oE+L/1+trPOQMCaFprI9rvZAqno=">AAAB/HicbVBNSwMxEM36WevXao9egkXwYtkVUfEgBS8eK9gPaNcym2bb0CS7JFmhLPWvePGgiFd/iDf/jWm7B219MPB4b4aZeWHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1YImnImad0ww2krURREyGkzHN5M/OYjVZrF8t6MEhoI6EsWMQLGSl23FD1kJ/74CgvcEZBoE2PoumWv4k2BF4mfkzLKUeu6X51eTFJBpSEctG77XmKCDJRhhNNxsZNqmgAZQp+2LZUgqA6y6fFjfGSVHo5iZUsaPFV/T2QgtB6J0HYKMAM9703E/7x2aqLLIGMySQ2VZLYoSjm2L06SwD2mKDF8ZAkQxeytmAxAATE2r6INwZ9/eZE0Tiv+ecW/OytXr/M4CugAHaJj5KMLVEW3qIbqiKARekav6M15cl6cd+dj1rrk5DMl9AfO5w9AyJPd</latexit>

f�1 : m 7! a

model

training
data

<latexit sha1_base64="QpzS8T37yEsShVqHjrt5AqG4dNw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrV4P6yUr/J4yjCCZzCOQRwBXW4gwY0gcAYnuEV3jzlvXjv3seiteDlM8fwB97nD5Vaj7w=</latexit>⇡ <latexit sha1_base64="zOXnQQDPECoCwCdKFhEr3Qp1M7Y=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KomIigcpePFYwX5AG8tku2mX7iZhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmBYng2rjut7O0vLK6tl7YKG5ube/slvb2GzpOFWV1GotYtQLUTPCI1Q03grUSxVAGgjWD4c3Ebz4ypXkc3ZtRwnyJ/YiHnKKx0kN4RZB0JCbaxER2S2W34k5BFomXkzLkqHVLX51eTFPJIkMFat323MT4GSrDqWDjYifVLEE6xD5rWxqhZNrPplePybFVeiSMla3IkKn6eyJDqfVIBrZTohnoeW8i/ue1UxNe+hmPktSwiM4Whakg9sVJBKTHFaNGjCxBqri9ldABKqTGBlW0IXjzLy+SxmnFO694d2fl6nUeRwEO4QhOwIMLqMIt1KAOFBQ8wyu8OU/Oi/PufMxal5x85gD+wPn8AV5zkcY=</latexit>

f : a 7! m

<latexit sha1_base64="rFrrnPfiBXyS3q9TN06iM57yRX0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfUkBS8eK9gPaZclm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN1O/fYTVZrF8sGME+oLPJAsYgQbKz1WccDORMBOg3LFrbkzoGXi5aQCORpB+avXj0kqqDSEY627npsYP8PKMMLppNRLNU0wGeEB7VoqsaDaz2YHT9CJVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66YmuvYzJpPUUEnmi6KUIxOj6feozxQlho8twUQxeysiQ6wwMTajkg3BW3x5mbTOa95lzbu/qNRv8jiKcATHUAUPrqAOd9CAJhAQ8Ayv8OYo58V5dz7mrQUnnzmEP3A+fwC3+I+x</latexit>

(ai,mi)

Learning forward PDE

Learning inverse PDE
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model

training
data

<latexit sha1_base64="q2XYvC5dGgte+B6v+5TZ2n/XGV0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfVY9OKxgv2QdlmyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0e3Ubz9RpVksH8w4ob7AA8kiRrCx0mNVBOwMB+w0KFfcmjsDWiZeTiqQoxGUv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiaz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSeu85l3WvPuLSv0mj6MIR3AMVfDgCupwBw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB7lcj7U=</latexit>

(mi, ai)

<latexit sha1_base64="QpzS8T37yEsShVqHjrt5AqG4dNw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrV4P6yUr/J4yjCCZzCOQRwBXW4gwY0gcAYnuEV3jzlvXjv3seiteDlM8fwB97nD5Vaj7w=</latexit>⇡
<latexit sha1_base64="oE+L/1+trPOQMCaFprI9rvZAqno=">AAAB/HicbVBNSwMxEM36WevXao9egkXwYtkVUfEgBS8eK9gPaNcym2bb0CS7JFmhLPWvePGgiFd/iDf/jWm7B219MPB4b4aZeWHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1YImnImad0ww2krURREyGkzHN5M/OYjVZrF8t6MEhoI6EsWMQLGSl23FD1kJ/74CgvcEZBoE2PoumWv4k2BF4mfkzLKUeu6X51eTFJBpSEctG77XmKCDJRhhNNxsZNqmgAZQp+2LZUgqA6y6fFjfGSVHo5iZUsaPFV/T2QgtB6J0HYKMAM9703E/7x2aqLLIGMySQ2VZLYoSjm2L06SwD2mKDF8ZAkQxeytmAxAATE2r6INwZ9/eZE0Tiv+ecW/OytXr/M4CugAHaJj5KMLVEW3qIbqiKARekav6M15cl6cd+dj1rrk5DMl9AfO5w9AyJPd</latexit>

f�1 : m 7! a

model

training
data

<latexit sha1_base64="QpzS8T37yEsShVqHjrt5AqG4dNw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrV4P6yUr/J4yjCCZzCOQRwBXW4gwY0gcAYnuEV3jzlvXjv3seiteDlM8fwB97nD5Vaj7w=</latexit>⇡ <latexit sha1_base64="zOXnQQDPECoCwCdKFhEr3Qp1M7Y=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KomIigcpePFYwX5AG8tku2mX7iZhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmBYng2rjut7O0vLK6tl7YKG5ube/slvb2GzpOFWV1GotYtQLUTPCI1Q03grUSxVAGgjWD4c3Ebz4ypXkc3ZtRwnyJ/YiHnKKx0kN4RZB0JCbaxER2S2W34k5BFomXkzLkqHVLX51eTFPJIkMFat323MT4GSrDqWDjYifVLEE6xD5rWxqhZNrPplePybFVeiSMla3IkKn6eyJDqfVIBrZTohnoeW8i/ue1UxNe+hmPktSwiM4Whakg9sVJBKTHFaNGjCxBqri9ldABKqTGBlW0IXjzLy+SxmnFO694d2fl6nUeRwEO4QhOwIMLqMIt1KAOFBQ8wyu8OU/Oi/PufMxal5x85gD+wPn8AV5zkcY=</latexit>

f : a 7! m

<latexit sha1_base64="rFrrnPfiBXyS3q9TN06iM57yRX0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfUkBS8eK9gPaZclm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN1O/fYTVZrF8sGME+oLPJAsYgQbKz1WccDORMBOg3LFrbkzoGXi5aQCORpB+avXj0kqqDSEY627npsYP8PKMMLppNRLNU0wGeEB7VoqsaDaz2YHT9CJVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66YmuvYzJpPUUEnmi6KUIxOj6feozxQlho8twUQxeysiQ6wwMTajkg3BW3x5mbTOa95lzbu/qNRv8jiKcATHUAUPrqAOd9CAJhAQ8Ayv8OYo58V5dz7mrQUnnzmEP3A+fwC3+I+x</latexit>

(ai,mi)

Learning forward PDE

Learning inverse PDE

penalize NN output

design special NN

hard to learn by NN due to ill-posedness
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model

training
data

<latexit sha1_base64="q2XYvC5dGgte+B6v+5TZ2n/XGV0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfVY9OKxgv2QdlmyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0e3Ubz9RpVksH8w4ob7AA8kiRrCx0mNVBOwMB+w0KFfcmjsDWiZeTiqQoxGUv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiaz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSeu85l3WvPuLSv0mj6MIR3AMVfDgCupwBw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB7lcj7U=</latexit>

(mi, ai)

<latexit sha1_base64="QpzS8T37yEsShVqHjrt5AqG4dNw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrV4P6yUr/J4yjCCZzCOQRwBXW4gwY0gcAYnuEV3jzlvXjv3seiteDlM8fwB97nD5Vaj7w=</latexit>⇡
<latexit sha1_base64="oE+L/1+trPOQMCaFprI9rvZAqno=">AAAB/HicbVBNSwMxEM36WevXao9egkXwYtkVUfEgBS8eK9gPaNcym2bb0CS7JFmhLPWvePGgiFd/iDf/jWm7B219MPB4b4aZeWHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1YImnImad0ww2krURREyGkzHN5M/OYjVZrF8t6MEhoI6EsWMQLGSl23FD1kJ/74CgvcEZBoE2PoumWv4k2BF4mfkzLKUeu6X51eTFJBpSEctG77XmKCDJRhhNNxsZNqmgAZQp+2LZUgqA6y6fFjfGSVHo5iZUsaPFV/T2QgtB6J0HYKMAM9703E/7x2aqLLIGMySQ2VZLYoSjm2L06SwD2mKDF8ZAkQxeytmAxAATE2r6INwZ9/eZE0Tiv+ecW/OytXr/M4CugAHaJj5KMLVEW3qIbqiKARekav6M15cl6cd+dj1rrk5DMl9AfO5w9AyJPd</latexit>

f�1 : m 7! a

model

training
data

<latexit sha1_base64="QpzS8T37yEsShVqHjrt5AqG4dNw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrV4P6yUr/J4yjCCZzCOQRwBXW4gwY0gcAYnuEV3jzlvXjv3seiteDlM8fwB97nD5Vaj7w=</latexit>⇡ <latexit sha1_base64="zOXnQQDPECoCwCdKFhEr3Qp1M7Y=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KomIigcpePFYwX5AG8tku2mX7iZhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmBYng2rjut7O0vLK6tl7YKG5ube/slvb2GzpOFWV1GotYtQLUTPCI1Q03grUSxVAGgjWD4c3Ebz4ypXkc3ZtRwnyJ/YiHnKKx0kN4RZB0JCbaxER2S2W34k5BFomXkzLkqHVLX51eTFPJIkMFat323MT4GSrDqWDjYifVLEE6xD5rWxqhZNrPplePybFVeiSMla3IkKn6eyJDqfVIBrZTohnoeW8i/ue1UxNe+hmPktSwiM4Whakg9sVJBKTHFaNGjCxBqri9ldABKqTGBlW0IXjzLy+SxmnFO694d2fl6nUeRwEO4QhOwIMLqMIt1KAOFBQ8wyu8OU/Oi/PufMxal5x85gD+wPn8AV5zkcY=</latexit>

f : a 7! m

<latexit sha1_base64="rFrrnPfiBXyS3q9TN06iM57yRX0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfUkBS8eK9gPaZclm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN1O/fYTVZrF8sGME+oLPJAsYgQbKz1WccDORMBOg3LFrbkzoGXi5aQCORpB+avXj0kqqDSEY627npsYP8PKMMLppNRLNU0wGeEB7VoqsaDaz2YHT9CJVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66YmuvYzJpPUUEnmi6KUIxOj6feozxQlho8twUQxeysiQ6wwMTajkg3BW3x5mbTOa95lzbu/qNRv8jiKcATHUAUPrqAOd9CAJhAQ8Ayv8OYo58V5dz7mrQUnnzmEP3A+fwC3+I+x</latexit>

(ai,mi)

Learning forward PDE

Learning inverse PDE

Regularize the training data
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model

training
data

<latexit sha1_base64="q2XYvC5dGgte+B6v+5TZ2n/XGV0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfVY9OKxgv2QdlmyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0e3Ubz9RpVksH8w4ob7AA8kiRrCx0mNVBOwMB+w0KFfcmjsDWiZeTiqQoxGUv3r9mKSCSkM41rrruYnxM6wMI5xOSr1U0wSTER7QrqUSC6r9bHbwBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiaz9jMkkNlWS+KEo5MjGafo/6TFFi+NgSTBSztyIyxAoTYzMq2RC8xZeXSeu85l3WvPuLSv0mj6MIR3AMVfDgCupwBw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB7lcj7U=</latexit>

(mi, ai)

<latexit sha1_base64="QpzS8T37yEsShVqHjrt5AqG4dNw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrV4P6yUr/J4yjCCZzCOQRwBXW4gwY0gcAYnuEV3jzlvXjv3seiteDlM8fwB97nD5Vaj7w=</latexit>⇡
<latexit sha1_base64="oE+L/1+trPOQMCaFprI9rvZAqno=">AAAB/HicbVBNSwMxEM36WevXao9egkXwYtkVUfEgBS8eK9gPaNcym2bb0CS7JFmhLPWvePGgiFd/iDf/jWm7B219MPB4b4aZeWHCmTae9+0sLa+srq0XNoqbW9s7u+7efkPHqSK0TmIeq1YImnImad0ww2krURREyGkzHN5M/OYjVZrF8t6MEhoI6EsWMQLGSl23FD1kJ/74CgvcEZBoE2PoumWv4k2BF4mfkzLKUeu6X51eTFJBpSEctG77XmKCDJRhhNNxsZNqmgAZQp+2LZUgqA6y6fFjfGSVHo5iZUsaPFV/T2QgtB6J0HYKMAM9703E/7x2aqLLIGMySQ2VZLYoSjm2L06SwD2mKDF8ZAkQxeytmAxAATE2r6INwZ9/eZE0Tiv+ecW/OytXr/M4CugAHaJj5KMLVEW3qIbqiKARekav6M15cl6cd+dj1rrk5DMl9AfO5w9AyJPd</latexit>

f�1 : m 7! a

model

training
data

<latexit sha1_base64="QpzS8T37yEsShVqHjrt5AqG4dNw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrV4P6yUr/J4yjCCZzCOQRwBXW4gwY0gcAYnuEV3jzlvXjv3seiteDlM8fwB97nD5Vaj7w=</latexit>⇡ <latexit sha1_base64="zOXnQQDPECoCwCdKFhEr3Qp1M7Y=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KomIigcpePFYwX5AG8tku2mX7iZhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmBYng2rjut7O0vLK6tl7YKG5ube/slvb2GzpOFWV1GotYtQLUTPCI1Q03grUSxVAGgjWD4c3Ebz4ypXkc3ZtRwnyJ/YiHnKKx0kN4RZB0JCbaxER2S2W34k5BFomXkzLkqHVLX51eTFPJIkMFat323MT4GSrDqWDjYifVLEE6xD5rWxqhZNrPplePybFVeiSMla3IkKn6eyJDqfVIBrZTohnoeW8i/ue1UxNe+hmPktSwiM4Whakg9sVJBKTHFaNGjCxBqri9ldABKqTGBlW0IXjzLy+SxmnFO694d2fl6nUeRwEO4QhOwIMLqMIt1KAOFBQ8wyu8OU/Oi/PufMxal5x85gD+wPn8AV5zkcY=</latexit>

f : a 7! m

<latexit sha1_base64="rFrrnPfiBXyS3q9TN06iM57yRX0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdEfUkBS8eK9gPaZclm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN1O/fYTVZrF8sGME+oLPJAsYgQbKz1WccDORMBOg3LFrbkzoGXi5aQCORpB+avXj0kqqDSEY627npsYP8PKMMLppNRLNU0wGeEB7VoqsaDaz2YHT9CJVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66YmuvYzJpPUUEnmi6KUIxOj6feozxQlho8twUQxeysiQ6wwMTajkg3BW3x5mbTOa95lzbu/qNRv8jiKcATHUAUPrqAOd9CAJhAQ8Ayv8OYo58V5dz7mrQUnnzmEP3A+fwC3+I+x</latexit>

(ai,mi)

Learning forward PDE

Learning inverse PDE

model

training
data

<latexit sha1_base64="QpzS8T37yEsShVqHjrt5AqG4dNw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDWrV4P6yUr/J4yjCCZzCOQRwBXW4gwY0gcAYnuEV3jzlvXjv3seiteDlM8fwB97nD5Vaj7w=</latexit>⇡

Learning regularized inverse PDE

better regularity
easy to learn

<latexit sha1_base64="AKeLh1gYCVMA6qtXxJ1GGUSTHQ4=">AAAB+HicbVBNSwMxEM36WetHVz16CRahgpRdEfUkBS8eK9gPaJdlNk3b0CS7JFmhLv0lXjwo4tWf4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTsrq2vrG5uFreL2zu5eyd0/aOo4VYQ2SMxj1Y5AU84kbRhmOG0nioKIOG1Fo9up33qkSrNYPphxQgMBA8n6jICxUuiWKiJkZ90hmAwmITsN3bJX9WbAy8TPSRnlqIfuV7cXk1RQaQgHrTu+l5ggA2UY4XRS7KaaJkBGMKAdSyUIqoNsdvgEn1ilh/uxsiUNnqm/JzIQWo9FZDsFmKFe9Kbif14nNf3rIGMySQ2VZL6on3JsYjxNAfeYosTwsSVAFLO3YjIEBcTYrIo2BH/x5WXSPK/6l1X//qJcu8njKKAjdIwqyEdXqIbuUB01EEEpekav6M15cl6cd+dj3rri5DOH6A+czx8LIZKv</latexit>

(mi, âi)

<latexit sha1_base64="FXy33lIhxaw+GgfUwqt4JbV8Bi8=">AAACDHicbVBNb9NAFFwHCiG0NG2PXFZESFyI7ApRxAFV6qXHVCIfUmyi581zssqube0+V40s/4Be+CtcOBShXvsDuPFv2CQ+QMJIK41m5untmzhX0pLv//Yajx7vPXnafNZ6vn/w4rB9dDywWWEE9kWmMjOKwaKSKfZJksJRbhB0rHAYLy5W/vAajZVZ+pmWOUYaZqlMpABy0qTdSb6Ub4NqEhLeUGlwVn3kOtSQW8p4OAcqoXIpv+uvwXdJUJMOq9GbtH+F00wUGlMSCqwdB35OUQmGpFBYtcLCYg5iATMcO5qCRhuV62Mq/topU55kxr2U+Fr9e6IEbe1Sxy6pgeZ221uJ//PGBSUfolKmeUGYis2ipFDcHbpqhk+lQUFq6QgII91fuZiDAUGuv5YrIdg+eZcMTrvB+25w9a5z/qmuo8leslfsDQvYGTtnl6zH+kywW/aN3bEf3lfvu/fTu99EG149c8L+gffwBxbom6Q=</latexit>

f�1
reg : m 7! â

hard to learn
sometimes not well-defined



Learning with regularized data
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Lasso as an example

target operator

training error testing error

Black curve: learning on raw data
other curves: learning on various regularized data 
learning on regularized data -> better generalization

<latexit sha1_base64="WUvMzHpFg+EKWPAX/yiRMbLppb8="></latexit>

x̂ = argmin
1

2
kAx� bk2 + �kxk1 .

<latexit sha1_base64="BAf61bC0yQZ5+DQqw0bNQ02A2/8=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GwMeyKaLASbCwjmAdkY5id3E2GzD6YuSuGZX/Axl+xsVDE1t7Ov3HyKHwdGDiccy93zvETKTQ6zqdVmJtfWFwqLpdWVtfWN+zNrYaOU8WhzmMZq5bPNEgRQR0FSmglCljoS2j6w4ux37wFpUUcXeMogU7I+pEIBGdopK69F9xkh27e9RDuMFPQz8+oT72QJRpj6g0YZnd51y47FWcC+pe4M1ImM9S69ofXi3kaQoRcMq3brpNgJ2MKBZeQl7xUQ8L4kPWhbWjEQtCdbJImp/tG6dEgVuZFSCfq942MhVqPQt9MhgwH+rc3Fv/z2ikG1U4moiRFiPj0UJBKaoKOq6E9oYCjHBnCuBLmr5QPmGIcTYElU4L7O/Jf0jiquCcV9+q4fF6d1VEkO2SXHBCXnJJzcklqpE44uSeP5Jm8WA/Wk/VqvU1HC9ZsZ5v8gPX+BYXvm9Q=</latexit>

f�1
reg : b 7! x̂



Tikhonov regularization
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<latexit sha1_base64="rnrFaSBp6fW6KFS7jI6ECTL+PPw="></latexit>

â = argmin kf(a)�mk2 + �R(a) .

Tikhonov Regularization

Example: LASSO

<latexit sha1_base64="WUvMzHpFg+EKWPAX/yiRMbLppb8="></latexit>

x̂ = argmin
1

2
kAx� bk2 + �kxk1 .

Theorem. If the LASSO problem satisfies the non-degeneracy condition for all    ,
then the regularized inverse                       is Lipschitz with the following Lipschitz 
constant

<latexit sha1_base64="0Guf9rzVU5a7vejAN6eQH5Bs+KY="></latexit>

L  Cond(A)

�min(A)
+

1

�2
min(A)

.

<latexit sha1_base64="aMN028RBuNM9wCFDbLZ7ufwOQ3s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsN+3SzSbsTsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+55FrI2L1gNOE+xEdKREKRtFKnf6YYvY0G5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4d0YurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqlerevfXlUY9j6MIZ3AOl+DBDTTgDprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCvMo/F</latexit>

x̂
<latexit sha1_base64="BAf61bC0yQZ5+DQqw0bNQ02A2/8=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GwMeyKaLASbCwjmAdkY5id3E2GzD6YuSuGZX/Axl+xsVDE1t7Ov3HyKHwdGDiccy93zvETKTQ6zqdVmJtfWFwqLpdWVtfWN+zNrYaOU8WhzmMZq5bPNEgRQR0FSmglCljoS2j6w4ux37wFpUUcXeMogU7I+pEIBGdopK69F9xkh27e9RDuMFPQz8+oT72QJRpj6g0YZnd51y47FWcC+pe4M1ImM9S69ofXi3kaQoRcMq3brpNgJ2MKBZeQl7xUQ8L4kPWhbWjEQtCdbJImp/tG6dEgVuZFSCfq942MhVqPQt9MhgwH+rc3Fv/z2ikG1U4moiRFiPj0UJBKaoKOq6E9oYCjHBnCuBLmr5QPmGIcTYElU4L7O/Jf0jiquCcV9+q4fF6d1VEkO2SXHBCXnJJzcklqpE44uSeP5Jm8WA/Wk/VqvU1HC9ZsZ5v8gPX+BYXvm9Q=</latexit>

f�1
reg : b 7! x̂

Non-degeneracy condition: the LASSO problem is non-degenerate at  if 
1.       has full column rank,  
2.

<latexit sha1_base64="aMN028RBuNM9wCFDbLZ7ufwOQ3s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9oQ9lsN+3SzSbsTsQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+55FrI2L1gNOE+xEdKREKRtFKnf6YYvY0G5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4d0YurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rqlerevfXlUY9j6MIZ3AOl+DBDTTgDprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCvMo/F</latexit>

x̂
<latexit sha1_base64="qecL12cII6B09lpYYGOr4pIQRbc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeKF71VtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1Fjp/qp/2y9X3Ko7B/lLvJxUIEejX/7sDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUpOrDIgYaxsSUPm6s+JjEZaT6LAdkbUjPSyNxP/87qpCWt+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLf0nrrOpdVL2780q9lsdRhCM4hlPw4BLqcAMNaAKDITzBC7w6wnl23pz3RWvByWcO4Recj2/bLY19</latexit>

AI

<latexit sha1_base64="yGIE+5hS8SzNRVNnDoDmiZxhD0I=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZRERLsRCm50V8E+oAllMp20QycPZm6kJcSNv+LGhSJu/Qt3/o3TNgttPXDhcM693HuPFwuuwLK+jaXlldW19cJGcXNre2fX3NtvqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNryd+64FJxaPwHsYxcwPSD7nPKQEtdc3DW3yFHWAjSFUSx1nZGRBIR9lp1yxZFWsKvEjsnJRQjnrX/HJ6EU0CFgIVRKmObcXgpkQCp4JlRSdRLCZ0SPqso2lIAqbcdPpBhk+00sN+JHWFgKfq74mUBEqNA093BgQGat6biP95nQT8qpvyME6AhXS2yE8EhghP4sA9LhkFMdaEUMn1rZgOiCQUdGhFHYI9//IiaZ5V7IuKfXdeqlXzOAroCB2jMrLRJaqhG1RHDUTRI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8fAlmWmA==</latexit>

I = supp(x̂)
<latexit sha1_base64="CNyp99VVVwUtDVK5XyRQHB0u6DY="></latexit>

kA>
IC (b�AI x̂I)k1 < �

C, C. Wang, H. Yang 2023



Bayesian Inversion
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Bayesian Regularization

Example: empirical mean estimate 

Theorem. Consider the regularized inverse                       , where    is the empirical 
mean, if
1. the measurement noises    are independently sampled from Gaussian 
2. the posterior              has a bounded second moment for all measurements
3. the forward map f is distinguishable,

Then the regularized inverse is Lipschitz with Lipschitz constant

<latexit sha1_base64="/zSXn7Q4SEdk7C86PmdhNtU7TMU="></latexit>

q(a | m) =
1

C
p0(a) exp

✓
�
km� f(a)k2�"

2

◆
,

Maximum a posterior estimate
<latexit sha1_base64="tjYtnQrOsDOSq7tIvKopC7P2E6E=">AAACCXicbVBNS8NAEN34WetX1KOXxSLUS0lEtAhCwYvHCvYDmlAm2227dDeJuxuxxF69+Fe8eFDEq//Am//GbZuDtj4YeLw3w8y8IOZMacf5thYWl5ZXVnNr+fWNza1te2e3rqJEElojEY9kMwBFOQtpTTPNaTOWFETAaSMYXI79xh2VikXhjR7G1BfQC1mXEdBGatvY64NOYXR+gT2QPewJuG8Dvi2Chx88LI7adsEpORPgeeJmpIAyVNv2l9eJSCJoqAkHpVquE2s/BakZ4XSU9xJFYyAD6NGWoSEIqvx08skIHxqlg7uRNBVqPFF/T6QglBqKwHQK0H01643F/7xWortlP2VhnGgakumibsKxjvA4FtxhkhLNh4YAkczcikkfJBBtwsubENzZl+dJ/bjknpbc65NCpZzFkUP76AAVkYvOUAVdoSqqIYIe0TN6RW/Wk/VivVsf09YFK5vZQ39gff4AKJiYrA==</latexit>

â := argmax
a

q(a | m)

<latexit sha1_base64="JJF/af7djGyCioMiayCuozki+us=">AAACGXicbVDJSgNBEO1xjXGLevTSGIR4CTMiKoIgiOAxglkgM4SaTk/SpGexu0YI4/yGF3/FiwdFPOrJv7GzHNweFDzeq6Kqnp9IodG2P62Z2bn5hcXCUnF5ZXVtvbSx2dBxqhivs1jGquWD5lJEvI4CJW8likPoS970B+cjv3nLlRZxdI3DhHsh9CIRCAZopE7JdvuAGeQnp9QNAfu+n13kneymAi69c2m4l1NX8gDb4CrR66PXKZXtqj0G/UucKSmTKWqd0rvbjVka8giZBK3bjp2gl4FCwSTPi26qeQJsAD3eNjSCkGsvG3+W012jdGkQK1MR0rH6fSKDUOth6JvO0fX6tzcS//PaKQbHXiaiJEUescmiIJUUYzqKiXaF4gzl0BBgSphbKeuDAoYmzKIJwfn98l/S2K86h1Xn6qB8djyNo0C2yQ6pEIcckTNySWqkThi5J4/kmbxYD9aT9Wq9TVpnrOnMFvkB6+ML1r6gLA==</latexit>

â := Eq(a | m) [a]

<latexit sha1_base64="lzVubtnggonVWs8OFYnVddBRLAY=">AAACDHicbVDLSgNBEJz1bXxFPXoZDIIXw66IiifBi0cFo0I2ht5JbzI4s7vM9Iph2Q/w4q948aCIVz/Am3/jJObgq2CgqKqmpyvKlLTk+x/e2PjE5NT0zGxlbn5hcam6vHJu09wIbIhUpeYyAotKJtggSQovM4OgI4UX0fXRwL+4QWNlmpxRP8OWhm4iYymAnNSu1uKrYiso2yHhLRUGu+UB16GGzFLKwx5QAaVL+XV/CP6XBCNSYyOctKvvYScVucaEhAJrm4GfUasAQ1IoLCthbjEDcQ1dbDqagEbbKobHlHzDKR0ep8a9hPhQ/T5RgLa2ryOX1EA9+9sbiP95zZzi/VYhkywnTMTXojhX3B06aIZ3pEFBqu8ICCPdX7nogQFBrr+KKyH4ffJfcr5dD3brwelO7XB/VMcMW2PrbJMFbI8dsmN2whpMsDv2wJ7Ys3fvPXov3utXdMwbzayyH/DePgEVGpue</latexit>

f�1
reg : m 7! â

<latexit sha1_base64="WEw5Oma083Kwd9bPMgc739r9z5I=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAckS+idTJIhsw9meoWw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKnmosljFetOgEYoGYkmSVKik2iBYaBEO5jczf32k9BGxtEjTRPhhziK5FByJCu1e2OkDGf9csWtuguwdeLlpAI5Gv3yV28Q8zQUEXGFxnQ9NyE/Q02SKzEr9VIjEuQTHImupRGGwvjZ4twZu7DKgA1jbSsitlB/T2QYGjMNA9sZIo3NqjcX//O6KQ1rfiajJCUR8eWiYaoYxWz+OxtILTipqSXItbS3Mj5GjZxsQiUbgrf68jppXVW9m6r3cF2p1/I4inAG53AJHtxCHe6hAU3gMIFneIU3J3FenHfnY9lacPKZU/gD5/MHjD+Prg==</latexit>

â

<latexit sha1_base64="eM4wd7kv/PpuJTZ6DyIKGPuDdmo=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi2mPBi8cKthbSUDbbSbt0sxt2J4US+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O6WNza3tnfJuZW//4PCoenzSMSrTDNpMCaW7ETUguIQ2chTQTTXQJBLwFI3v5v7TBLThSj7iNIUwoUPJY84oWinoTaiG1HChZL9a8+reAu468QtSIwVa/epXb6BYloBEJqgxge+lGOZUI2cCZpVeZiClbEyHEFgqaQImzBcnz9wLqwzcWGlbEt2F+nsip4kx0ySynQnFkVn15uJ/XpBh3AhzLtMMQbLlojgTLip3/r874BoYiqkllGlub3XZiGrK0KZUsSH4qy+vk85V3b+p+w/XtWajiKNMzsg5uSQ+uSVNck9apE0YUeSZvJI3B50X5935WLaWnGLmlPyB8/kDuMWRgw==</latexit>"
<latexit sha1_base64="6n2XJ3MXfLk7EiO/pZ6bMUIJ1wA=">AAACCnicbVDLSsNAFJ3UV62vqEs30SJUkJKIaJcFF7qSCvYBTQg302k7dGYSZiaFErp246+4caGIW7/AnX/j9LHQ6oELh3Pu5d57ooRRpV33y8otLa+sruXXCxubW9s79u5eQ8WpxKSOYxbLVgSKMCpIXVPNSCuRBHjESDMaXE385pBIRWNxr0cJCTj0BO1SDNpIoX3oc9B9DCy7HZfcU/8aOIfQH4IkiaIsFiehXXTL7hTOX+LNSRHNUQvtT78T45QToTEDpdqem+ggA6kpZmRc8FNFEsAD6JG2oQI4UUE2fWXsHBul43RjaUpoZ6r+nMiAKzXikemcHK4WvYn4n9dOdbcSZFQkqSYCzxZ1U+bo2Jnk4nSoJFizkSGAJTW3OrgPErA26RVMCN7iy39J46zsXZS9u/NitTKPI48O0BEqIQ9doiq6QTVURxg9oCf0gl6tR+vZerPeZ605az6zj37B+vgG2uqaVw==</latexit>

N (0,�")
<latexit sha1_base64="Tn3xQzhAt3tJ69pF8fm8xYKYE7s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquiPZY8OKxgv2AdinZNNuGJtk1yQpl7Y/w4kERr/4eb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyU3mdx6p0iyS92YaU1/gkWQhI9hYqfNQxehJnA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46P3eGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmLDup0zGiaGSLBaFCUcmQtnvaMgUJYZPLcFEMXsrImOsMDE2oZINwVt+eZW0L2reVc27u6w06nkcRTiBU6iCB9fQgFtoQgsITOAZXuHNiZ0X5935WLQWnHzmGP7A+fwBXmiO6A==</latexit>

q(a|m)
<latexit sha1_base64="v2vJbaHO+/FObjIWozzepGIzrRM=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVtCQi2mWhG3FVwT6giWEynbRDJ5M4MxFKzE+48VfcuFDEreDOv3HaZqGtBy4czrmXe+/xY0alsqxvY2FxaXlltbBWXN/Y3No2d3ZbMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vaH9bHfvidC0ojfqFFM3BD1OQ0oRkpLnnnsyCT2UpRBh5FAPcArL7hNT+ysjI6gI2h/oDVt3cG6F3hmyapYE8B5YuekBHI0PPPL6UU4CQlXmCEpu7YVKzdFQlHMSFZ0EklihIeoT7qachQS6aaTrzJ4qJUeDCKhiys4UX9PpCiUchT6ujNEaiBnvbH4n9dNVFB1U8rjRBGOp4uChEEVwXFEsEcFwYqNNEFYUH0rxAMkEFY6yKIOwZ59eZ60Tiv2ecW+PivVqnkcBbAPDkAZ2OAC1MAlaIAmwOARPINX8GY8GS/Gu/ExbV0w8pk98AfG5w/vW53/</latexit>
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<latexit sha1_base64="TuV6mi/3oc1SQ0lRa6jFcZ9bex4=">AAACD3icbZC7TgJBFIZnvSLeUEubiURjhbvEKCWRxsICE7kksJLZ4SxMmJ1dZ2ZJyIY3sPFVbCw0xtbWzrdxgC0U/JNJvvznnJw5vxdxprRtf1tLyyura+uZjezm1vbObm5vv67CWFKo0ZCHsukRBZwJqGmmOTQjCSTwODS8QWVSbwxBKhaKOz2KwA1ITzCfUaKN1cmd3OA2hwdc6bSHREKkGA8FvrpPnLPi2Lj+jDq5vF2wp8KL4KSQR6mqndxXuxvSOAChKSdKtRw70m5CpGaUwzjbjhVEhA5ID1oGBQlAucn0njE+Nk4X+6E0T2g8dX9PJCRQahR4pjMguq/maxPzv1or1n7JTZiIYg2Czhb5Mcc6xJNwcJdJoJqPDBAqmfkrpn0iCdUmwqwJwZk/eRHqxYJzUXBuz/PlUhpHBh2iI3SKHHSJyugaVVENUfSIntErerOerBfr3fqYtS5Z6cwB+iPr8wdRVpro</latexit>
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Contributions & Summary
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• In the forward problem setting, we theoretically explained why the low complexity 
and low dimension structure of PDE operators do not suffer from CoD.

• Instead of adding regularization in the training stage, we propose to train NN on a 
regularized data set for inverse problems

• We show that the regularized inverse map is Lipschitz for the LASSO 
regularization and Bayesian regularization (empirical mean estimate).



Thank you!
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Questions


