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Tasks: 

1. Find the 
transition rates

2.  Find low 
dimensional 
collective 
variables.

dXt = − ∇V(Xt)dt + 2β−1dWt

The invariant density is the Gibbs density

The generator

μ(x) = Z−1e−βV(x)

The overdamped Langevin dynamics

ℒ = β−1eβV(x)∇ ⋅ (e−βV(x) ∇) = β−1Δ − ∇V ⋅ ∇

Butane: 

Motivation: 
molecular dynamics

Typically, molecular systems exhibit (1) metastability, 
(2) ergodicity, and (3) low intrinsic dimensionality. 

Figure from Klus Koltai Schutte ‘18



Tasks: 

1. Find the transition rates: 

(Vanden-Eijnden & E, 2006) The transition rate is given by 

Here  is the committor function which satisfies the committor problem

νAB = lim
T→∞

NAB

T
= ∫ΣAB

J(x) ⋅ n(x) dσ(x) = β−1 ∫ℳAB

∥∇q(x)∥2
2μ(x)dvol(x)

q
ℒq(x) = 0, x ∈ ℳAB, q = 0, x ∈ ∂A, q = 1, x ∈ ∂B

New Task: Approximate  on data  and discretize the 
relevant PDE.  

ℒ 𝒳 ⊆ ℳ

2. Find low dimensional coordinates

(Coifman, Kevrekedis, Maggioni, Nadler ’08) The optimal low dimensional coordinates 
are given by the backward Fokker-Planck eigenfunctions  satisfying

 

{ψi}m
i=1

ℒψi = λiψi, ∂nψi = 0



The generator

Lϵ,α f(x) =
Pϵ,α f(x) − f(x)

ϵ

The Markov operator

Pϵ,α f(x) =
n−1 ∑n

j=1 kϵ,α(xi, xj)f(xj)

n−1 ∑n
j=1 kϵ,α(xi, xj)

New Task: Approximate  on data  and discretize the 
relevant PDE.   

ℒ 𝒳 ⊆ ℳ

Approach: Use Diffusion Map (Coifman and Lafon ’06)   

kϵ(xi, xj) = e−
∥xi − xj∥

2

ϵ

The Gaussian kernel

ρ(n)
ϵ (xi) =

1
n

n

∑
j=1

kϵ(xi, xj)

The kernel density estimate

kϵ,α(xi, xj) =
e−

∥xi − xj∥2

ϵ

(ρ(n)
ϵ )α(xj)

The reweighted kernel

lim
ϵ→0

lim
n→∞

Lϵ,α = Δf + (2 − 2α)⟨∇log ρ, ∇f ⟩

α =
1
2

, ρ = Z−1e−βV ⇒ lim
ϵ→0

lim
n→∞

Lϵ, 1
2

f =
β
4 (β−1Δf − ∇V ⋅ ∇f)

WARNING. DMap approximates the generator of the overdamped Langevin dynamics  
ONLY WITH data  ~ Gibbs density

=
f(x)ρ(x) + ϵ

2 Δ( f(x)ρ(x)) + O(ϵ2)

ρ(x) + ϵ
2 Δρ(x) + O(ϵ2)

(πϵ)−d/2 ∫ℝd

kϵ(x, y) g(y) dy = g +
ϵ
4

Δg + O(ϵ2)

𝒫ϵ,α f(x) =
∫

ℳ
kϵ,α(xi, y)f(y)ρ(y) dy

∫
ℳ

kϵ,α(xi, y)ρ(y) dy
ℒϵ,α f(x) =

𝒫ϵ,α f(x) − f(x)
ϵ



DMap approximates the generator of the overdamped Langevin dynamics 
ONLY WITH data  ~ Gibbs density

C5

MD simulations by Luke Evans

Samples from Gibbs density will 
result in poor accuracy in the 
transition region!

We need to use 
enhanced sampling 
data



Answer: Target Measure Diffusion (TMD) Maps (Banisch et. al 
2020)!   

How to combine this 
with diffusion map? 

kϵ(x, y) = e− ∥x − y∥2
ϵ ρ(n)

ϵ (xi) =
1
n ∑

yi

kϵ(x, yi)

The Gaussian kernel The kernel density estimate

kϵ,α(xi, xj) =
e−

∥xi − xj∥
2

ϵ

(ρ(n)
ϵ )α(xj)

The reweighted kernel
The Markov operator

The generator

L(n)
ϵ,μ f(x) =

Pϵ,μ f(x) − f(x)
ϵ

P(n)
ϵ,μ f(x) =

n−1 ∑n
j=1 kϵ,μ(xi, xj)f(xj)

n−1 ∑n
j=1 kϵ,μ(xi, xj)

Theorem [Banisch et al. 2020] As ,  

.

n → ∞ ∀x ∈ Ω

4β−1L(n)
ϵ,μ f(x) → ℒϵ,μ = ℒ + O(ϵ)

We need to use 
enhanced sampling data

TMD map = Dmap 
+ Importance 
sampling

kϵ,μ(xi, xj) =
e−

∥xi − xj∥
2

ϵ

ρ(n)
ϵ (xj)

μ1/2(xi)



Questions: 
1. How to choose ? 

2. Can we quantify the consistency error 

3. Can we quantify the solution error  where 

ρ, ϵ

|4β−1L(n)
ϵ,μ f(x) − ℒf(x) | = E(n, ϵ; ρ, μ, f, x)

|qn,ϵ − q |

4β−1L(n)
ϵ,μq(xi) = 0, xi ∈ ℳ∖(A ∪ B),

q(xi) = 0, xi ∈ A,
q(xi) = 1, xi ∈ B

Key advantage of TMD map: the sampling 
density  can be arbitrary!ρ

Theorem [Banisch et al.] As  and ,  ϵ → 0 n → ∞ ∀x ∈ Ω

ℒϵ,μ f(x) →
1
4 (Δf + ∇log μ ⋅ ∇f) ≡

β
4

ℒ .

TMD map = Dmap 
+ Importance 
sampling



Bias error and variance error
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Discrete TMDmap generator:     [L(n)
ϵ,μ f ](xi) =

1
ϵ

∑n
j=1

kϵ(xi, xj)μ1/2(xj)f(xj)

ρ(n)
ϵ (xj)

∑n
j=1

kϵ(xi, xj)μ1/2(xj)

ρ(n)
ϵ (xj)

− f(xi)

Discrete kernel density estimate:          ρ(n)
ϵ (x) =

1
n

n

∑
j=1

kϵ(x, xj)

Continuous TMDmap generator:          [ℒϵ,μ f ](xi) =
1
ϵ

∫
ℳ

kϵ(xi, y)μ1/2(y)f(y)
ρϵ(y) dy

∫
ℳ

kϵ(xi, y)μ1/2(y)
ρϵ(y) dy

− f(xi)

Exact generator:          [ℒf ](x) = β−1Δf(x) + ∇log μ(x) ⋅ ∇f(x)

Bias error:          4β−1ℒϵ,μ f(x) − ℒf(x)

Variance error:          L(n)
ϵ,μ f(x) − ℒϵ,μ f(x)

|4β−1L(n)
ϵ,μ f(x) − ℒf(x) | = E(n, ϵ; ρ, μ, f, x)
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The bias 
and 

variance 
errors 

including 
prefactors. 

 Scaling 
between  
𝜀 and n
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If the manifold is 
locally flat,

<latexit sha1_base64="SQWVMpEDPZzzSYxV2QLJuYvOEe4="></latexit>

Q = @i
i@

j
jf(x) + 2@ii

iif(x).

The main theorem
<latexit sha1_base64="vyCSi6UFDEzKRFWVvZjpFBWhDI0="></latexit>

Let M be a compact d-dimensional manifold without boundary. Let X (n) ⇢
M be a point cloud sampled i.i.d. with density ⇢, 0 < ⇢min  ⇢(x)  ⇢max < 1.

Let x 2 M be an arbitrary point. Let f 2 C
2
(M) be an arbitrary function.

Furthermore, let ✏ be the kernel bandwidth and µ be the target density used for

constructing the TMDmap generator L
(n)
✏,µ . Then as n ! 1 and ✏ ! 0 so that

lim
n!1
✏!0

n✏
2+d/2

log n
= 1,

with probability greater than 1� 2n
�3

, we have:

|4��1
L
(n)
✏,µf(x)� Lf(x)|  ↵✏

⇢1/2(xi)

⇣
2krf(x)k✏1/2 + 11|f(x)|

⌘

| {z }
variance error

+ ✏ |B1[f, µ] + B2[f, µ, ⇢] + B3[f, µ, ⇢]|+O(✏
2
)| {z }

bias error

.

The expressions for ↵,B1,B2, and B3 are given by:

↵ =
1

(2⇡)d/4

r
log n

n✏4+d/2
,

B1[f, µ] :=
1

4

h
Q
⇣
fµ

1/2
⌘
� fQ(µ

1/2
)

i
+

1

16

⇣
2rf ·r

⇣
µ
1/2

!

⌘
+ (µ

1/2
!)�f

⌘
,

B2[f, µ, ⇢] := � 1

16

✓
2rf ·r

✓
µ
1/2�⇢

⇢

◆
+

✓
µ
1/2�⇢

⇢

◆
f

◆
,

B3[f, µ, ⇢] :=
1

16


�(µ

1/2
)

µ1/2
�

✓
�⇢

⇢
� !

◆�
f
�(µ

1/2
)

µ1/2
� �(µ

1/2
f)

µ1/2

�
.

Here, Q is a non-linear di↵erential operator and ! is a smooth function on M.



If f is the committor, 
the manifold is flat, 
and  the sampling 

density 𝜌 is uniform: 

<latexit sha1_base64="vyCSi6UFDEzKRFWVvZjpFBWhDI0="></latexit>

Let M be a compact d-dimensional manifold without boundary. Let X (n) ⇢
M be a point cloud sampled i.i.d. with density ⇢, 0 < ⇢min  ⇢(x)  ⇢max < 1.

Let x 2 M be an arbitrary point. Let f 2 C
2
(M) be an arbitrary function.

Furthermore, let ✏ be the kernel bandwidth and µ be the target density used for

constructing the TMDmap generator L
(n)
✏,µ . Then as n ! 1 and ✏ ! 0 so that

lim
n!1
✏!0

n✏
2+d/2

log n
= 1,

with probability greater than 1� 2n
�3

, we have:

|4��1
L
(n)
✏,µf(x)� Lf(x)|  ↵✏

⇢1/2(xi)

⇣
2krf(x)k✏1/2 + 11|f(x)|

⌘

| {z }
variance error

+ ✏ |B1[f, µ] + B2[f, µ, ⇢] + B3[f, µ, ⇢]|+O(✏
2
)| {z }

bias error

.

The expressions for ↵,B1,B2, and B3 are given by:

↵ =
1

(2⇡)d/4

r
log n

n✏4+d/2
,

B1[f, µ] :=
1

4

h
Q
⇣
fµ

1/2
⌘
� fQ(µ

1/2
)

i
+

1

16

⇣
2rf ·r

⇣
µ
1/2

!

⌘
+ (µ

1/2
!)�f

⌘
,

B2[f, µ, ⇢] := � 1

16

✓
2rf ·r

✓
µ
1/2�⇢

⇢

◆
+

✓
µ
1/2�⇢

⇢

◆
f

◆
,

B3[f, µ, ⇢] :=
1

16


�(µ

1/2
)

µ1/2
�

✓
�⇢

⇢
� !

◆�
f
�(µ

1/2
)

µ1/2
� �(µ

1/2
f)

µ1/2

�
.

Here, Q is a non-linear di↵erential operator and ! is a smooth function on M.
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Why is the 
uniform 

sampling 
density 
good?

Minimized!

If 𝜔=0

If 𝜌=const

If f=committor

The main theorem

SS, Luke Evans 
Maria Cameron 
arXiv:2312.14418

If the manifold is 
locally flat,

<latexit sha1_base64="SQWVMpEDPZzzSYxV2QLJuYvOEe4="></latexit>

Q = @i
i@

j
jf(x) + 2@ii

iif(x).
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Let M be a compact d-dimensional manifold without boundary. Let X (n) ⇢
M be a point cloud sampled i.i.d. with density ⇢, 0 < ⇢min  ⇢(x)  ⇢max < 1.

Let x 2 M be an arbitrary point. Let f 2 C
2
(M) be an arbitrary function.

Furthermore, let ✏ be the kernel bandwidth and µ be the target density used for

constructing the TMDmap generator L
(n)
✏,µ . Then as n ! 1 and ✏ ! 0 so that

lim
n!1
✏!0

n✏
2+d/2

log n
= 1,

with probability greater than 1� 2n
�3

, we have:

|4��1
L
(n)
✏,µf(x)� Lf(x)|  ↵✏

⇢1/2(xi)

⇣
2krf(x)k✏1/2 + 11|f(x)|

⌘

| {z }
variance error

+ ✏ |B1[f, µ] + B2[f, µ, ⇢] + B3[f, µ, ⇢]|+O(✏
2
)| {z }

bias error

.

The expressions for ↵,B1,B2, and B3 are given by:

↵ =
1

(2⇡)d/4

r
log n

n✏4+d/2
,

B1[f, µ] :=
1

4

h
Q
⇣
fµ

1/2
⌘
� fQ(µ

1/2
)

i
+

1

16

⇣
2rf ·r

⇣
µ
1/2

!

⌘
+ (µ

1/2
!)�f

⌘
,

B2[f, µ, ⇢] := � 1

16

✓
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✓
µ
1/2�⇢

⇢

◆
+

✓
µ
1/2�⇢
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◆
f

◆
,
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1

16
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1/2
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⇢
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)
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�
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Here, Q is a non-linear di↵erential operator and ! is a smooth function on M.



Error in the TMDmap solution to BVPs

{ℒu = f, x ∈ Ω
u = g, x ∈ ∂Ω

u    = The exact solution
vn,𝜀 = The TMDmap solution

Theorem [SS, Evans, Cameron, 2023]
<latexit sha1_base64="J98BO/Xtf5xy3hB0aKvByHIoWmg="></latexit>

lim
n!1
✏!0

n✏
2+d/2

log n
= 1.

Then 9✏0 > 0 and 9n0 2 N: 8✏  ✏0 and n � n0

with probability � 1� 4n�2 � exp (�nE[I⌦])

|vn,✏(xi)� u(xi)|  ✏


max
x2M

Cu,µ,⇢(x) + 1

�
|�(xi)|

where � is the exact solution to L� = 1, x 2 M\⌦ and � = 0, x 2 ⌦, and

Cu,µ,⇢(x) := max
✏✏0
n�n0

"
↵
�
2krf(x)k✏1/2 + 11|f(x)|

�

⇢1/2(x)

+ |B1[u, µ](x) + B2[u, µ, ⇢](x) + B3[u, µ, ⇢](x)|+O(✏)] .

Proof: the maximum principle and the method of comparison functions



The 2nd-order kernel expansion formula

<latexit sha1_base64="3Uo/QZeL5/QyyCU7sbCPKSqcX+0="></latexit>

Let f 2 C
1(M) and G✏ be the integral operator defined by

G✏f(x) =

Z

M
k✏(x, y)f(y) dvol(y).

Then, for small enough ✏, G✏f admits the following expansion at x:

(⇡✏)�d/2G✏f(x) = f(x) +
✏

4
(�f(x)� !(x)f(x)) +

✏
2

4
Qf(x) +O(✏3),

where Q is a fourth-order di↵erential operator on M.
In particular, if M is isometric to Rd in a neighborhood of x
(i.e M is locally flat) then

Q = @
i
i@

j
j + 2@ii

ii .

The key tool for computing the bias error

Lemma [SS, Evans, Cameron 2023]



The 2nd-order kernel expansion formula
The key tool for computing the bias error

Goal: Expand the following integral:

∥x − y∥2
2 = (dℳ(x, y))2 −

(dℳ(x, y))4

12
∥H( ·γxy(0), ·γxy(0))∥2

2

+o((dℳ(x, y))4)

Key idea 1: Keep track of fourth order correction factor to intrinsic/
extrinsic distance (Jost ’08) 

gij(u) = δij +
1
3

Riαβjuα uβ + O(∥u∥3)

d vol(y) = det gij du := 1 + C2
x (u), C2

x = O(∥u∥2
2)

Key idea 2: Keep track of third order correction to volume form:



Variance error: key ideas
Bernstein’s inequality:

Amplification: 

Unlike Singer (2006), or Berry & Harlim (2015), 
we don’t remove the point from the point cloud!

14

<latexit sha1_base64="B3LQL0y3X+AM/m+v301/9eSvJIw="></latexit>

Let X (n) = {xj}nj=1 ⇠ ⇢(x). Let x 2 M. Then for ✏ ! 0 and n ! 1 so that

lim
n!1
✏!0

n✏2+d/2

log n
= 1,

with probability at least 1� n�4,
���⇢(n)✏ (x)� ⇢✏(x)

��� < 5(⇡✏)d/2⇢1/2(x)✏2↵

where

↵ =
1

(2⇡)d/4

r
log n

n✏4+d/2
.

Theorem [Discrete Kernel Density Estimate]



V(θ) = 4 (cos
θ
2

−
3
2 )

2

Two-well potential on  the unit circle

Committor, q

t(θ) = sin θ

Uniform 𝜌 Nonuniform 𝜌 Test functions: 

! uniform, f = q(") 
! uniform, f = sin(") 
! non-uniform, f = q(") 
! non-uniform, f = sin(")

sin𝜃 Committor

Uniform 
density 0.778 0.398

Nonuniform 
density 1.024 1.148

Prefactor |b| of the bias error 

If  , the variance error ~ const, then the total error .n(ϵ)/log(n(ϵ)) = 0.25ϵ−5/2 4β−1L(n(ϵ))
ϵ,μ f(x) − ℒf(x) ∼ a + ϵb

15

Error   ∼
log n

nϵ2+d/2
𝒱[ f, ρ, x] + ϵℬ[ f, μ, x, ρ]



Conformal changes in butane

16

S. Sule, L. Evans, MC, 2024

𝜀* Rate A↔B

Metadynamics 0.0016 0.0109

Metad + 𝛿-net 0.0039 0.0112

Ground truth 0.0114

A BB

0.2 0.20.4

12D data mapped to the dihedral angle space

-net: Crosskey and Maggioni (2017)δ

Error   ∼
log n

nϵ2+d/2
𝒱[ f, ρ, x] + ϵℬ[ f, μ, x, ρ]



Key conclusions

1. Bias error at a point is simplified when (1)  is flat, the (2) sampling density 
 is uniform, or (3) when the test function is the committor.  

ℳ
ρ

2. Worst case variance error is minimized when , 
i.e the uniform density

ρ ∝ vol (ℳ)−1

3. The solution error is controlled by an  perturbation of the consistency 
error, so improving consistency will improve solution accuracy. 

O(ϵ)

TMD map admits an arbitrary sampling density, so we can post process our 
pointcloud to improve the accuracy of the committor/eigenfunction by uniformizing.

In particular, spatially uniform subsampling improves both accuracy and stability to 
the bandwidth parameter. These gains in accuracy are practically realizable! 

Sharp estimates reveal that:



1. We post-process datasets generated using 
metadynamics into -nets.

• -nets are spatially quasi-uniform random sets 
where points are dependent! 

• Numerical experiments suggest that -nets lead to a 
better scaling between n and .

• What is the kernel density estimate and the 
variance error for -nets?

2. Spectral convergence: Belkin and Niyogi (2006) 
showed that control on the norm of the residual 
operator in the bias error leads to spectral 
convergence. Here we have a much more 
quantitative result. Spectral convergence rate?

3. The sampling question: TMD map accepts arbitrary 
sampling densities, but in theory practice, the uniform 
density does best. Can we train a generative model 
to sample only the support of a distribution? 

δ

δ

δ
ϵ

δ

Future work

A 𝛿-net, PC: Maria Cameron



Appendix A: Estimating the transition 
rate (Evans, Cameron, Tiwary 2021)

νAB = β−1 ∫ℳAB

∥∇q(x)∥2
2μ(x)dvol(x)

Appendix B: Langevin on Manifold (Hsu ’02)




