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The overdamped Langevin dynamics
dX, = — VV(X)dt ++/2p1dW,

The invariant density is the Gibbs density
Butane: u(x) = 7—1,—BV(x)

Motivation:
molecular dynamics

The generator

L =p71eVIV . (ePOIV) = pTIA-VV.V

c) p= 120°
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Tasks:

1. Find the
transition rates

2. Find low
dimensional
collective
variables.
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Figure from Klus Koltai Schutte ‘18

Typically, molecular systems exhibit (1) metastability
(2) ergodicity, and




Tasks:
1. Find the transition rates:
(Vanden-Eijnden & E, 2006) The transition rate is given by

i M _ |
Vg = liIm —— =
)

T J(x) - n(x) do(x) = ﬂ_lj 1V g()||51(x)dvol(x)

AB M B

Here g is the committor function which satisfies the committor problem

Lqx)=0, xed,g, q=0,x€0A, g=1,x€0B

2. Find low dimensional coordinates

(Coifman, Kevrekedis, Maggioni, Nadler '08) The optimal low dimensional coordinates
are given by the backward Fokker-Planck eigenfunctions {y;}'_, satisfying

2y = Ay, O =0

New Task: Approximate . on data ' C ./ and discretize the
relevant PDE.



New Task: Approximate Z on data 2 C ./ and discretize the
relevant PDE.

The Gaussian kernel The kernel density estimate The reweighted kernel
lloej = lel2 -yl
ke(x;, x;) = e P (%) = Zk (%3, X;) ke o(X;, X;) = e(n) 6
The Markov operator J 1 The generator ( ) (x)
J. 4 *ea i FOP(Y) dy P af %) = f(¥)
P e,af (x) = L Z e,af (x) =
|, kel V)p(y) dy €
€ 2 (" ~
JX)p(x) + SA(f(X)p(x)) + O(e”) _ap € 5
= : (ze) J ke(x,y) 8(v) dy = g + —Ag + O(€?)
p(x) + 5 Ap(x) + O(e?) s R 4 )

lim Iim L, , = Af+ (2 — 2a)( Vlog p, V)

e—=>0n—->oo

1
a=—, p=Z'le?V = limlim Le,%fz p (B~'AfF = VV - Vf)

2 e—=>0n—-oo

WARNING DMap appr*ommates the generator of the overdamped Langevm dynamlcs '

ONLY WITH data ~ Glbbs densﬂ:y




DMap approximates the generator of the overdamped Langevin dynamics
ONLY WITH data ~ Gibbs density

MD simulations by Luke Evans

10ns trajectory, 300K

10ns trajectory, 500K 10ns trajectory, Metadynamics
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Samples from Gibbs density will We need to use
result in poor accuracy in the enhanced sampling
transition region! data



We need to use

enhanced sampling data  How to combine this

\with diffusion map? |

Answer: Target Measure Diffusion (TMD) Maps ans et. aI '

2020)!
The Gaussian kernel The kernel density estimate
_ L=yl 1
kg(xa y) = € ¢ pe(n)(xl) —_ ; Z kg(x9 yl)
The reweighted kernel V;
: The Markov operator
— —1
Ke o(Xis X;) = PO ) — n= 2y ke (6 X)f (X))
v n_l Z]’;l ke,lu(xi’ X])
k€,,u('xl" x]) _ The g;)en;réa’;orf( |
X)— X
n _ &H
LI f(x) =
€
Theorem [Banisch et al. 2020] As n = o0, Vx € Q TMD map o Dmap
AL f(x) > Ly = Z + O(e). +Importance

sampling



Key advantage of TMD map: the sampling
density p can be arbitrary!

TMD map =Dmap
+ Importance

Theorem [Banisch et al.l] Ase > 0andn — o0, Vx € Q Sampllng

1 p
LW fx) - " (Af+ Viogpu - Vf) = Zg.

Questions:

1. How to choose p, €?

2. Can we quantify the consistency error
[487IL") f(x) — Zf(x)| = E(n, €3 p, i, )
3. Can we quantify the solution error |g, . — g| where
4p~Lq(x) = 0. x; € M\(AUB),
q(x) =0, x; €A,
qgqx)=1, x,€B



Bias error and variance error

|46~ 1L(”)f(X)

¢ Bias error:

t Variance error:

Discrete kernel density estimate:

Discrete TMDmap generator:

Exact generator:

Zf(x)| = E(n, €;p, u, f, x)

B L W) = L)

BGACAR)

P =~ Zk(xx)

\

[Zf1(x) = B~ Af(x) + Viog u(x) - V(x)

] 1
( Zn ke(xi’ xj)ﬂl/z(xj)f(xj) \
j=1 p(n)(x.)
L(n) ¥) = — e (x; i
f]( ) Z” ko, x ) 2(x) f( z)
\ =1 pe(n)(xj) )
( koG, I F) J
(2. Fl(x) = 1 ™ o Y
€U | ¢ I ke(xi,y)ﬂl/z(Y)d
M pLy) Y

- f(x)

)

J



The bias
and
variance
errors
including
prefactors.

Scaling
between
candn

SS, Luke Evans
Maria Cameron
arXiv:2312.14418

If the manifold is
locally flat,

Q = 0/ f(x) + 20}, f ().

The main theorem
Let M be a compact d-dimensional manifold without boundary. Let X'(n) C
M be a point cloud sampled i.i.d. with density p, 0 < pmin < p(2) < Pmax < 0.
Let z € M be an arbitrary point. Let f € C?(M) be an arbitrary function.

Furthermore, let € be the kernel bandwidth and p be the target density used for

constructing the TMDmap generator LE"”;Z Then as n — oo and € — 0 so that

ne2+d/2

li_r>n 1
mn o0
e—0 0g 1

= OO,

with probability greater than 1 — 2n =2, we have:

4B L) f(2) — L ()] € —o

< e (20 F@)lle/? + 11| f ()]

7

WV
variance error

+E|Bl[f7:u] —l_BQ[fMUMO] +B3[f7:u7p]| +O(62)J’

TV
bias error

The expressions for «, B, By, and B3 are given by:

B 1 | logn
@ = (QW)CZ/AL ned+d/2’

Bt = [ (402) = QU] + oo (2959 (wV20) + (w1 Pw)Af)
Balf, 1, p] = —% (Wf AY (um%) + <u1/2%> f) ,
1 [AWY?E) (A A(pt?)  A(ut2f)
B3[f7“7p] - 16 [ ,ul/2 _ (7 _w>] [f ,u1/2 R /1‘1/2 ] )

Here, Q is a non-linear differential operator and w is a smooth function on M.

9



The main theorem

Why is th e Let M be a compact d-dimensional manifold without boundary. Let X' (n) C
A M be a point cloud sampled i.i.d. with density p, 0 < pmin < p(z) < pPmax < 0.
un|form Let £ € M be an arbitrary point. Let f € C?(M) be an arbitrary function.
Io Furthermore, let € be the kernel bandwidth and p be the target density used for
Samp .Ing constructing the TMDmap generator LS”;Z Then as n — oo and € — 0 so that
denSIty _ pe2td/2 If f is the committor,
gOOd? nil—i%o logn - % the manifold is flat,
and the sampling
with probability greater than 1 — 2n=3, we have: density o is uniform:

(874

457 LE @) = £F@)| S s (ATS@ + 117 @)]) < minimizea

7

WV
variance error

+e|Balf, u) + Bolf, i, p] + Bs[f, . pl| + O(€?).

-~

bias error

The expressions for a, By, B2, and Bs are given by:

SS, Luke Evans

Maria Cameron . 1d/4‘/ ljfi:f/z, If =0
arXiv:2312.14418 (1%) ne
= 1/2 1/2 1/2
Bilf,ul = [Q (Fu/?) - FQ(u?)] + M\ 3 wAS),
. A A _
Balf, u, p] := —1% ( AV Y | — : If p=const
- . —+6-X p P / / ~
If the manifold is - AT+ P AL -
) 1 : u\
|Oca||y ﬂat, [fvlufa ] . 16 { U1/2 — —7 — ”/ ,LLL/IZ 1/2 If f=committor

Q = 0/ f(x) + 20}, f (). Here, Q is a non-linear differential operator and w is a smooth function on M. 0



Error in the TMDmap solution to BVPs

Zu=f x€Q u = The exact solution
u=g, x € 08D Vne = The TMDmap solution
Theorem [SS, Evans, Cameron, 2023]
ne2td/2
lim — 00.
"5 logn

Then deg > 0 and dng € N: Ve < ¢y and n > nyg
with probability > 1 — 4n~?% — exp (—nE[Iq])

(" )

n,e() — u(i)| < € | max Cu (o) + 1 [0

- y
where ¢ is the exact solution to Lo =1, x € M\Q and ¢ =0, x € €2, and

o (2| V f(x)||e"/? + 11| £ (z),
Cupp() 1= Hax ( o172 z) )

n>ng L

+ ‘Bl [ua ,u](a:) + BQ[ua M p](:z:) + B3[“7 M IO](CE)‘ + O(E)] '

Proof: the maximum principle and the method of comparison functions



The 2nd-order kernel expansion formula

The key tool for computing the bias error

Lemma [SS, Evans, Cameron 2023]
Let f € C*°(M) and G, be the integral operator defined by

G f(z) = /M k(2 y) f (y) dvol(y).

Then, for small enough ¢, G, f admits the following expansion at x:
r )

2
_ € €
(me)~2Gcf () = f(2) + 7 (Af (@) — w(@)f(2)) + 7 Qf (x) + O(€?),
- J
where Q is a fourth-order differential operator on M.
In particular, if M is isometric to R in a neighborhood of z
(i.e M is locally flat) then

Q = 9i0) + 20!



The 2nd-order kernel expansion formula

The key tool for computing the bias error

Goal: Expand the following integral:

G.f(z) = /M ke(z,9)f (3) dvol(y).

Key idea 1: Keep track of fourth order correction factor to intrinsic/
extrinsic distance (Jost '08)
(dﬂ(xa y))4

1x = ylI5 = (d 4 (x, 3))* - >
+0((d 4/(x, y))*)

Key idea 2: Keep track of third order correction to volume form:

IH(7,,(0), 7,,(O)I3

I 3
gii(u) = 5z'j+§R u®uf + O(||ull’)

iafjj

dvol(y) =y [detg; du := 1+ Ci(u). C; = O(lluly)



Variance error: key ideas

Bernstein’s inequality: p (Z X; >t

< ex Vi > 0.
i=1 ) Y [ 227:1 E[Xf] T %Mt]

Amplification: P,, (0 (z:) — pe(z:s) > t) =P, (Z X;>t— Xz-) <P, (Z X; > t)

| Unlike Singer (2006), or Berry & Harlim (2015), |
| we don't remove the point from the point cloud!

Theorem [Discrete Kernel Density Estimate]
Let X(n) ={x;}7_; ~ p(x). Let z € M. Then for ¢ — 0 and n — oo so that

ne2+d/2

i, =
n
e—0 g

= OO,

with probability at least 1 — n =4,

P (@) = pe()| < 5(re) 2! (2)e%a

B 1 \/ logn
= (Qﬂ)d/4 ned+d/2’

where

14



Two-well potential on the unit circle

logn o %
Error ~ T Lfs p, X1 + € B ], 1, x, p]

Uniform p Nonuniform o Test functions:

Committor, g

t(0) = sin 6

If n(e)/log(n(e)) = 0.25¢7>2, the variance error ~ const, then the total error 4ﬂ_1L€(Zf€))f(x) — ZLf(x) ~ a+ eb.

Estimating bias error prefactors

S ——— Prefactor | bl of the bias error
m— p Uniform, f = sin(6)
e ot
g sinB Committor
I 0.025
E Uniform
(o 0.000 e
23 . 0.778 0.398
5 oo density
Ig*—O.OSO N .f
onuniform
-0.075 . 1 -024 1 -1 48
density 5

-0.100 0.024 0.026 0.028 0.030 0.032



Conformal changes in butane

logn o %
Error ~ [ =71 p.x] + B pox. ]

Computing Vag
| | T \

1.4, = Metadynamics
- Metadynamics + delta-net, delta = 0.15
1.21
1.0
E
12D data mapped to the dihedral angle space 308
<
Attaining uniform densities =
with 6-nets 2 06
0.25-

e Metadynamics
Metad. + delta-net

o
N
—_——

0.20- 0.2
0.0 : : . .
0.001 0.002 0.003 0.004 0.005
>.0.15] €
a c* Rate A<~B
0.10
Metadynamics 0.0016 0.0109
0.05-
Metad + d-net 0.0039 0.0112
0.00-
0 1 2 3 4 5 6 Ground truth 0.0114
Dihedral angle 16

0-net: Crosskey and Maggioni (2017) S. Sule, L. Evans, MC, 2024



Key conclusions

Sharp estimates reveal that:

1. Bias error at a point is simplified when (1) .Z is flat, the (2) sampling density
p 1s uniform, or

2. Worst case variance error is minimized when p o vol (J/ )~
l.e the

3. The solution error is controlled by an O(¢) perturbation of the consistency
error, so

TMD map admits an arbitrary sampling density, so we can post process our
pointcloud to improve the accuracy of the committor/eigenfunction by uniformizing.

In particular, spatially uniform subsampling improves both accuracy and stability to
the bandwidth parameter. These gains in accuracy are practically realizable!



Future work

1. We post-process datasets generated using
metadynamics into o-nets.

- O0-nets are spatially quasi-uniform random sets
where points are dependent!

- Numerical experiments suggest that o0-nets lead to a
better scaling between n and €.

* What is the kernel density estimate and the
variance error for 0-nets?

2. Spectral convergence: Belkin and Niyogi (2006)
showed that control on the norm of the residual
operator in the bias error leads to spectral
convergence. Here we have a much more
guantitative result. Spectral convergence rate?

3. The sampling question: TMD map accepts arbitrary
sampling densities, but in theory practice, the uniform
density does best. Can we train a generative model
to sample only the support of a distribution?



Appendix A: Estimating the transition
rate (Evans, Cameron, Tiwary 2021)

Vg = ﬂ‘ll IV g1 2u()dvol (o)
M

AB

1
[ 1aB]

Uap =

> [Plab )], =7 20 Do Lullali — [4)*

1€lap

Appendix B: Langevin on Manifold (Hsu ’02)

{Zt}t>0 is a M-valued diffusion process generated by L if {Z;};>( is an F,-adapted semimartingale and
¢

M (2), = §(2Z2) — f(Zo) — / Lf(Zs)ds,

0
is an F,-adapted local martingale for all f € C'°(M).






