
Scientific Computing II Homework #2
CMSC / AMSC 661, Spring 2015 Due March 12, 2015

Problem 1. (ESW, Problem 1.11)
Show that the determinant of the Jacobian matrix associated with bilinear finite
elements is a linear function of the coordinates (ξ, η).

Problem 1. (ESW, Problem 1.12)
Show that if a mapped Q1 element is a parallelogram with vertices (x0, y0),
(x0 + hx, y1), (x1 + hx, y1 + hy), and (x1, y0 + hy), then the Jacobian matrix
associated with the mapping is a constant matrix.

Problem 3.
Consider the linear system of equations Au = f where A is a symmetric positive-
definite matrix. Richardson iteration for this system starts with u0 and then
generates iterates of the form

uk+1 = uk + αrk,

where rk = f −Auk is the residual. Show that the error ek = u− uk satisfies

ek = (I − αA)ke0,

and that the Euclidian norm of the error is bounded by

‖ek‖2 = µk‖e0‖2,

where µ is the maximum eigenvalue of I − αA. (Note: this entails establishing
a connection between the matrix norm ‖I −αA‖2 and its eigenvalues.) Show in
addition that the choice of α that minimizes the maximum eigenvalue of I−αA
is

α =
2

λmin(A) + λmax(A)
.

Problem 4. (ESW, Problem 2.3)
For a chosen u(0), if r(0) = f −Au(0) and p(0) = r(0), and for k = 0, 1, . . .

αk = 〈p(k), r(k)〉/〈Ap(k),p(k)〉
(1) u(k+1) = u(k) + αkp(k)

(2) r(k+1) = ff −Au(k+1)

βk = −〈Ar(k+1),p(k)〉/〈Ap(k),p(k)〉
(3) p(k+1) = r(k+1) + βkp(k)

show that (2) and (1) imply

r(k+1) = r(k) − αkAp(k).
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Prove that the definition of αk implies 〈r(k+1),p(j)〉 = 0 for j = k and that the
definition of βk implies 〈Ap(k+1),p(j)〉= 0 for j= k. Prove also that 〈r(k+1), r(j)〉 =
0 for j = k. Now by employing induction in k for k = 1, 2, . . ., prove these three
assertions for j = 1, 2, . . . , k − 1. (The inductive assumption will be that

〈r(k),p(j)〉 = 0, 〈r(k), r(j)〉 = 0, 〈Ap(k),p(j)〉 = 0, j = 0, 1, . . . , k − 1

and you may wish to tackle the assertions in this order.)

Problem 5. (ESW, Computational Exercise 2.3)
Using the ifiss function it solve, solve Examples 1.1.1 and 1.1.4 by cg iter-
ation using diagonal and ic(0) preconditioning. Construct a table of iteration
counts for a sequence of uniform grids and compare your results with those
given for the unpreconditioned cg algorithm in Tables 2.1 and 2.2. Repeat the
exercise using a sequence of stretched grids for each problem. What differences
(if any) do you notice in the performance of the preconditioners?

Problem 6. (ESW, Computational Exercise 2.4)
Replace the call to cholinc in the function it solve with the following set of
matlab statements:

setup.type =′ nofill′; setup.milu =′ row′; [M1, M2] = ilu(Agal, setup);

This produces the modified incomplete Cholesky factorization for use as a pre-
conditioner and enables solution of Example 1.1.1 by cg iteration with this
preconditioning strategy. Construct a table of iteration counts for a sequence
of uniform grids, and compare the performance with those obtained using stan-
dard ic(0) in Problem 5. Then, using the matlab eigs function, compute the
extremal eigenvalues of the preconditioned system for both modified and un-
modified incomplete Cholesky preconditioning for the same sequence of grids.

Problem 7. (ESW, Computational Exercise 2.12)
For Example 1.1.3, use it solve with cg and algebraic multigrid precondition-
ing and observe the AMG grid sequence. Select point damped Jacobi smoothing
and observe convergence. Then solve the same problem using geometric multi-
grid preconditioning with 1 pre- and 1 post-smoothing step of Jacobi smoothing
and compare the convergence with that observed for AMG.
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