MODEL COMPLETENESS FOR TRIVIAL, UNCOUNTABLY
CATEGORICAL THEORIES OF MORLEY RANK 1

ALFRED DOLICH, MICHAEL C. LASKOWSKI, AND ALEXANDER RAICHEV

1. Introduction

The present paper is a direct continuation of [2], where it is slvn that any strongly
minimal trivial theory is model complete after naming constats for a model. In this
paper we show that this result may be generalized to any uncowatily categorical,
trivial theory of Morley Rank 1. Speci cally we show:

Theorem 1. If T is a trivial uncountably categorical theory of Morley Rank 1hen
T(My), the theory obtained fromT by naming constants for a model, is model com-
plete.

We use this theorem to derive the same corollaries for the thées covered by the
theorem as were derived for the strongly minimal case in [2]. Wdso note that the
theorem is in some senses optimal. Speci cally we can easily coust trivial Morley
Rank 1 theories which are not categorical and for which the nolusion of the theorem
fails. Also Marker in [3] constructs trivial totally categoricd theories of Morley Rank
2 which are not model complete after naming any set of constants.

Throughout the ensuing sections we rely heavily on the expositi presented in [2],
so some familiarity with this paper will help the reader followthe present work. We
will use basic concepts from stability theory without commentsee [1] for background
material in the subject. Since we are generally concerned tvithe situation where
we have modelVi N and are attempting to prove that M N we do not have
the luxury of working in a universal domainC and assuming that all models are
elementary substructures of this structure. This entails thatsome of our notation
and terminology di ers somewhat from most references in stafiif theory, namely
we must be very careful to specify the ambient model for some ofemotions. We
establish the following two notational conventions to x the meaning of some basic
stability theoretic concepts in our context. In the ensuing weassumeT is a stable
theory.

Notation 1. For Mg M models of T and @;b from M we write a 5 MoBin M to
mean thattpy (a=Mob) does not fork overM,. We note that in this contexta 4 Mo b
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in M if and only if for any formula (X;b) 2 tpy (8=Mgb) there ist 2 M, such that
M F (c;b).

The reader is cautioned that wherMy M, Mo, N, M N and a;bare fromM
an Mo bin M does not necessarily imply tha@ 5 Mo bin N.

Notation 2. If Mgy is any model of T, p 2 S(My) is any type, and (X;y) is any
Mo-de nable formula, thend,X (X;y) is the de nition of the -part of p, namely of
the setfb Mg : (X;b) 2 pg.

It follows by results from stability theory that d,X (X;V) is equivalent to a positive
boolean combination of instances (t;y) of (X;y) for Tin Mo. We also readily see
that for any M such that Mg M, anya;bin M such thataF pandanj Mo bin

M, and any formula (X;y) with parameters from My, M F (a;b) if and only if
M E dpX (X;b). For details on this see [4].

2. Canonical Amalgamation of Trivial Rank 1 Structures

This preliminary section establishes an amalgamation result rfdrivial theories of
Morley Rank 1 which will be essential in the proof of the main tdmical Proposition
proved in the next section.

We make the following assumptionsT is a complete trivial theory of Morley Rank 1
in a languagelL and Mg is a model ofT.

Lemma 1. SupposeM, M1, Mg M,, and M,\ M; = Mgy. Then there is a
unique L-structure N with universeM ;[ M, such thatM; N andM, N.

Proof: We rst show that we may assume there is a large highly saturate@ £ T
so that M; Cand M, C. Pick Cto be any large saturated model off (My),
we may assume without loss of generality tham; C. Next note that since My
is algebraically closed irC, if a M n Mg then tpc(a=My) is non-algebraic. Hence
there is an L (My)-elementary embedding ofM, into C so thatg Mg = Id and
g(My)\ M; = Mg. By replacing M, by g(M,) we may asusme thatM, C. Also
since we have thatM;\ M, = Mg by triviality we must have that M, 5 Mo M, in C.

Claim 1. The setM;[ M; is the universe of a substructure o€C.

Proof: Let t(X;y) be any L(My)-term. Suppose thata M., b M, nM,, and
c2 Csuch that CF c¢c= t(a;b). Then CE c2 acl(Meab). If CE ¢ 2 acl(Ma) then
c2 M; sinceM; C. If CF ¢ Zacl(Ma) then by triviality Cj ¢ 2 acl(b) and so
c2 M, sinceM, C. HenceM;[ M, is a substructure ofC.

Let N Cdenote the substructure in Claim 1.

Note that for each (X;y) 2 L (Mo) quantier free, a M, andb M, n My,
N E (&b if and only if d,X (X;y) 2 tpum,(b=My), where p = tpu, (a=My).
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Claim 2. NfF T(Mg), My N,andM, N.

Proof: All three of these facts will follow from the assertion thatN  C. For this
choose (z;X;y) 2L (Mg), @ Mj, andb M, nM,. Assume thatCF 9z (z;a;b).
If CE (z;a;b) is algebraic thenN F 9z (z;3;b) exactly as in Claim 1. Otherwise

(C;a;b) is in nite, in particular we may nd 4 MOaB realizing (z;a;b). Thus
sinceMy C and types not forking overMg are nitely satis able in Mg there is
c2 Mg such that CE  (c;a;b). Hence we have thatN  C.

Finally we need to establish the uniqueness statement. SupposatttN ° has universe
Mi[ M, M1 N%andM, NO By the above observation it su ces to show that
ifa My, b MynMg and (X;¥) 2 L(Mg) quanti er free then N°F  (a;b) if
and only if dyX (X;y) 2 tpm,(b=My) where p = tpu,(a=Mo). Hence we may choose
an elementary embeddind of N into C and verify this condition for the image ofN
under f . For simplicity we assume thatN® C. Fix a quanti er free L(Mj)-formula

(X;y), @ My, b MynMy. Letp= tpw,(@=Mo) and q = tpy,(b=M). Now
suppose thatC £ (a;b). Once again note that we must have thatvi; A Mo M, in
C and hence thatC = dyX (X;b). SinceM, N° Cwe getthatM; | dyX (X; b),
Le. dpX (X;y) 2 tpm,(b=My). This yields that N F (&;b). Hence we get that the
identity map on M;[ M, is an isomorphism betweemN and N°

De nition 1. For modelsM; M, as above we will refer to the modeN obtained
from the Lemma as thecanonical expansiorof M; and M, and we will simply denote
it by MiMo.

Lemma 2. If M;N F T(Mg), M N, g2 S(Mg),a M, andR 2 L(My) is
quanti er free then: if dyR(X;y) 2 tpm (@=Mo) then dyR(X; Y) 2 tpy (@=Mo).

Proof: Notice that without loss of generality we may assume thaa M n M.
Because of our assumptions o and the saturation ofMg we may nd M; My
such that M, contains any parameters fronM, appearing inR, q is the non-forking
extension ofg®= q M3, and such thathM; ci M, IS a saturatedL (M j)-structure.

Chooseb 2 My realizing ¢®. Suppose thatM F dyR(&;y), then M E dgyR(&;y)
and henceM F R(a;b) since we have thata 5 ML b inM. SinceM N andR is
quanti er free N £ R(a;b). Notice that sinceM, N we get that tpy (b =M;) = °
and an M,y b in N. These two fact yield that N F dypyR(a;y) and thus N
dyyR(a;y).

Corollary 1. Suppose thaM;N1; M, are all models ofT (Mg). Furthermore suppose
that M; Nj; andN;\ M, = My. Then the canonical expansion o ; and M, is a
substructure of the canonical expansion &, and M.
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Proof: ChooseR(X;y) 2 L (M) quantier free, a M, andb M, nM,. Let

q = tpwm,(b=My) = tpm,m,(O=My) = tpn,m,(b=My). Note these equalities follow
immediately from Lemma 1. Suppose thaM;M, E R(g;b), then d,yR(X;y) 2

tpm,m,(@=Mo). SinceM;  M;M,, we have thatdyR(X;y) 2 tpu,(a=Mo). By the

previous Lemma we get thatd,yR(X;y) 2 tpn,(a=Mp). SinceN;  N;M, we must
have that d,yR(X; ¥) 2 tpn,m,(8=Mo). HenceN:M, F R(a;b).

Corollary 2. SupposeM; N, My Ny, and N3\ N, = M\ M, = Mg. Then
M 1M is a substructure ofN;N>.

Proof: Apply the previous corollary twice, rst to establish that MM, N;M,,
and secondly to get thatN;M, N;N,. This gives the desired result.

We nish with some examples to show that our assumptions in this seonh are nec-
essary.

First of all notice that Lemma 1 fails if the theory is not trivial. In particular

Th(Q; +), which is strongly minimal and locally modular, witnesses tis. Secondly
the Morley Rank 1 assumption is necessary. Consider the theofyin a language
L consisting of a single unary predicatéJ and a unary functionf whereM F T

if and only if U(M) is in nite and co-in nite and f de nes a bijection between the
unordered pairs inU(M) and the singletons in: U(M). One readily sees that this
theory is trivial, uncountably categorical, and of Morley Rank 2 but that Lemma 1
fails for it. Finally it is reasonable to assume that Lemma 1 shodlhold with My

replaced byacl(; ), but the following example demonstrates that we need the paM ;

and M, in Lemma 1 to be disjoint over a model.

Example 1. We begin with a theory T® in a languageL° consisting of two unary
functions f;g. We let T%by the theory of the structure with universeZ? where

f(hm;ni)= m+1;ni andg(hm;ni) = hm;n + 1i:

This theory is trivial and strongly minimal and notice that acl(;) = ;. Next in any
model of T°we have a de nable equivalence relatiokxX»;y;Yy> on pairs given by:

(X1 = y1™N X2 = ¥2) _ (f(X1) = x2™ f(y1) = y2) _ (9(X1) = X2 (Y1) = Y2):

Now let L = fEg and let T be the theory of the reduct of models oT°to E. Note
that T is strongly minimal and trivial and we have thatacl(;) = ;. Finally notice
that if M and N are disjoint models ofT (hence disjoint overacl(;)) then there are
two distinct models with universeM [ N such that both M and N are elementary
substructures.
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3. Mutually Algebraic Sequences

This section is devoted to establishing the main technical toale will need in order
to prove the main theorem. We begin with some assumptions.

In this section T is always a trivial uncountably categorical theory of Morlg Rank
1, and Mg is an uncountable model off. We x models M N of T(My) such that
M is of strictly greater cardinality than M.

We will need the following de nitions.

De nition 2. A formula (X) is absoluteif foranyt M, M F (T if and only if
N F (©.

De nition 3. Let R(Z) be any L (My)-formula. Fix M F T(Mp) andt2 M". We
write M F Tis R mutually algebraicif:

(1) M F R(D). B

(2) For every partition Z = X-y, if c = dethen M F : dXR(X;€) for every

P2 Sixj(My).

Remark 1. As an easy consequence of the de nition of mutually algebraic veget
that for t6 My, if M E Tis R mutually algebraic wheret = ¢;:::c, 1 and ¢ 2 My
then M F co;G;ciii 6 1 is R mutually algebraic where:

R(Xo0;¥; X111 Xn 1) = R(Xo:Xn 1) MY = Xi:

Lemma 3. For xed R there is a type r(zw) with parameters fromMg such that
for any b2 M the set of realizations of r(zb) is the set:

fc2 M": M E tis R mutually algebraic andc, 1 = bg:

Proof: Simply let r(zw) be the following set of formulas:

f. dXR(X;Y) : p2 Sx(Mo)g[f R(Z) ™ zh 1= wg

Z=X-Y

Lemma 4. SupposeM F T(Mg);b2 M nM, and that R(Z) is given.
Q) Ifc2M";c, 1= b and M F Tis R mutually algebraic thenc acl(Mgb) n
Mo.
(2) fc2 M": M E tis R mutually algebraic andc, 1 = bgis nite.

Proof: 1) Let € be the subsequence afconsisting of those elements iacl(Mgh). Let
d be such thatt = d- g, note that without loss of generality we may assume thag is
a nal segment. Note that for everyd; 2 d we have thatd, 2 acl(Myg). Hence since
T is assumed to be trivial of Morley Rank 1 we have thad 4 v, €N M. So, ifd6 ;
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this contradicts that M E Tis R mutually algebraic. Which yields thatc acl(Mgb).
But notice there is nothing special about so in fact we get thatc  acl(Mog) for
all ¢ 2 ©. So if for somec; we have thatc 2 Mg thent Mg which contradicts that
b2M,. Hencet acl(Mgb) nMy.

2) The set
fc2 M" : M E tis R mutually algebraic andc, ; = by

is type de nable with parameters fromMgb by Lemma 3, and is a subset ddcl(Mb)
by part 1. Hence it is nite by compactness.

We now need to make more assumptions about our theory. Fix dn(Mg) formula,

(x; ¥) which is absolute betweerM and N and such that in any model ofT (M)
the set de ned by9 "y (x;y) is in nite and co-in nite. For notation let A(x) be the
setde ned by 9 "y (x;y) and B(x) its complement.

De nition 4. Forany M F T(Mg) and any 2 2" ann-tuplet2 M" is of type
in M ifforalli<n;M E A(g)ifand only if (i) =0.

Notation 3. For 2 2" we let (Xo:::X, 1) be the formula:
N N

A(xi) ® B (xi):
(i)=0 (i)=1
Also fortc2 M" we write () for the unique 2 2" such thatM F (T).
For convenience we also de ne:

De nition 5. denotes the \componentwise partial order" or2". Namely for
1, 222" 4 o if and only if for all i<n; (i) o(i).

Notice that if forsomea2 M, M F :9 'y (a;y)then N F 9 'y (a;y). Hence we
have:

Remark 2. If M N are models ofTf (Mg) andc2 M" then  (0) n (©).
Notation 4. For a formula R and 2 2" we will write M E Tis (R; ) mutually
algebraic in place oM F Tis R” mutually algebraic.

We are now in a position to prove one of our main lemmas.

Lemma 5. (Transfer) SupposeM;N F T(Mp), M N, R is an absolute formula,
22", ct2M"andM E tis (R; ) mutually algebraic. Then there is an absolute
L(My) formulaR and 2 2" such thatN F Tis (R ; ) mutually algebraic.



TRIVIAL, UNCOUNTABLY CATEGORICAL, MORLEY RANK 1 7

Proof: Fix N;M;R;; C. LetM; Mg be countable such thatR and are formulas
in L(M,). First note that if T Mg then the Lemma is immediate. So by Lemma 4
we may assume that M nMy. For any proper partition Z = x-y (i.e. Ilg(x) 1)
let t= d & be the associated partition o. Now chooseg for i <n in My such that
tp(e=M;) = tp(e=M,) and such that the setf&y:::&, 19 is independent oveiM ;. Note
this is possible sincéM is saturated angl\ uncoAuntabIe whileM ;1 is countable. Let
R (z2)= R(2)" ' R(X;®§) :
Z=X-y i<n

SinceR is absolute so iR . Choose suchthatN E  (©).
Claim. N g cis (R ; ) mutually algebraic.
For the ensuing argument we assume thall is elementarily embedded in a large
saturated modelC of T. Note of course thatM need not be an elementary submodel
of C.
We rst show that N F R (Y~ (T). SinceR is absolute we clearly haveN
R({@) ™ (¢). Fix a partition Z = Xx-y and i < n and suppose that by way of
contradiction N F R(d;&) (wheret= d" ©).
Let p = tpy(d=M;). SoN [ dyXR(X;&), sihced N nMyandg M, But
tpn (8=M1) = tpy (E=M;) so we also have thalN F d,XR(X; €).
Now let N%be an isomorphic copy ofN over M, elementarily embedded inC such
that N O, Mo N in Cand x f an automorphism ofC xing M, pointwise and taking
N to N° Let M°be the image oM underf. So we also have thaM °is isomorphic
to M over M. Also note that M © 4 w,MinC LetN = NNC%andletM = MM ¢
the canonical amalgamations. By Lemma 1 we have tha;N°® N and that
M;M©® M and by Corollary 2 we have thatM N .
Let d = f(d). Sinced M we also have thatd MO Also sincef is an
isomorphismtpy (d =M;) = tpyo(d =M;) = tpn(d=M;) = p. We also have that
N F dpXR(X; € and hence thatN = R(d ;€). But since R is absolute we have that
M E R(d ®). Also sinceT is trivial of Morley Rank 1 we have thatM ° 4§ Mo Mi in
M .
Let r(X) = tpy (d =M1). Thus M F d,XR(X;€) and henceM F d,XR(X;€). Also
M E (c)and soM E ¢ (d). Sincetpy (d=M,) = tpyo(d =M;) we get that M °

< (d) and hence that 42 r. Thus we have thatM F d,X[R(X;8) " (X;©)].
But M is elementary inM so the same holds d¥1 and henceM F d;ju,X[R(X; &) "

(X; ©)]. But this contradicts that M F Tis (R; ) mutually algebraic.

To nish suppose that Z = X-y is a partition of Z (SoT = d €. Assume for
contradiction that N | dpX[R (X;€)" (X; €)] for somep 2 Sikj(Mo). ChooseN® N
with @ 2 N%such thata E pjN. In particular we have that N° = R (&;€) and so
we haveN°® F : R(g;g) for all i < n while alsoN° £ R(a;g). But note that
sincelg(@) < n and T has Morley Rank 1,tp(a=M;) has weight less thann. So
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for somei < n we must have thata, M, & in N% Thus for this i we have that
tpno(@e=M;) = tpno(ag=M;) But R is a formula overM; so we get a contradiction.

Remark 3. Notice that in the above Lemma there is nothing special about #
formula . In particular if we let ()5\) be any LA(M o)-formula and forl  n set

1 (X) = x)™ o (xi):
i21 i21

The above Proof yields: Suppos®l;N F T(Mg);M  N;R is an absolute formula
and is anyL(My)-formula. If M E TisR” | mutually algebraic for somel n

(wheren = Ig(c)) then there is an absolutel (M) formula R and | n such that

N F cisR” | mutually algebraic. In particular (setting (x) to be x = x in the

preceding statement) we get that iR is absolute andM E Tis R mutually algebraic
then for someR , N F Tis R mutually algebraic.

Lemma 6. SupposeM N are models ofT (Mg), R(Z) is an absolute formula, and
t2 M" suchthatM £ (c)andN F (©). ThenM F tTis (R; ) mutually algebraic
if and only if N F Tis (R; ) is mutually algebraic.

Proof: This follows immediately from the fact that any formula whit does not fork
over My is satis able in My,.

With these Lemmas we may establish the main result of this section.

Proposition 1. Suppose thafl is uncountably categorical. Furthermore suppose that
the theory T obtained from our theoryT(Mo) by adding predicates forA and B is
model complete, then the de nable se&s(x) and B(x) are absolute betweeM and
N.

Proof: To begin we establish the following:

Claim 1. (Existence) Leta 2 M nMy such thatM E A(a) also letp 2 SY(Mg) be
a non-algebraic type such thap(x) = B(x). Then there is a quanti er free L (M)
formula R(z) and 2 2" andt2 (M nMy)" such that:

1) w=a

(2) M E tis (R; ) mutually algebraic.

B) e 1F P

Proof of Claim 1: By the uncountable categoricity ofT we have thattpy, (a=Mg) 67
p. So sinceT is of rank 1 there is anL (Mg)-formula (u;Vv) such that (a;b for some
b realizing p and such thatM E 97%u (u;b). We may choose so that k is as small
as possible and also without loss of generality we may assume that

8uBv( (u;v) ! Do(u) ™ D1(V)):
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whereDy and D; areL (Mg) de nable strongly minimal sets for whicha; bare generic
respectively. We may also assume that

8v(9u (u;v) 19 “Ku (u;v)):

Note sinceT is model complete we can nd a quanti er freel (M) formula R(uzv)
and 2 2"*2 (wheren = Ig(Z)) such that

T 8u8v[ (u;v) $9 Z(R(uzv)® (uzv))]:

ChooseR such thatlg(z) = n is minimal.
Sub-Claim. If a2°2 M nMgyandM F R(@cH » (a%t) thenc\ My = ;.
Suppose not and without loss of generality assume that 2 Mg. Consider the
formula (u;v) = 9z;:::9z, 1(R(ucozi::zn V) N (UGHZiiiiz, 1V)). By assumption
T 8u8v( (u;v) ! (u;v)). For any b realizing p we can nd a% such that
tp(a®:Mp) = tp(a=My) and M £ (a;b. We also have that if b realizesp then
(M; b) (M;b). From these two facts and the minimality ofk we must have that
for b realizing p that (M;b) = (M;b). Since the setD;(M) is strongly minimal
and p is its generic type there are only nitely many elementsn;:::m; 2 D;(My) such
that (M;m;)6 (M;m;). Forl i |lethy::h;, list (M;m;), note that for each
i this must be nite and a subset ofMy. Now consider the following formula
7\
€u;v) = 923z, 1(J( v6 m;) ! R(uceziiizy (V)N
i=1
Al Ji
[ (v=mi! — u=h)]" (ucziiizy 1v)):
i=1 r=1
it is the case that for somem; the set (M;m;) is empty we replace the clause
L u= h, in the above formula byu 6 u.)
Under our assumption we must have thaM E 8u8v( (u;v) $ €(u;v)), but this
violates the minimality of n, a contradiction which establishes the sub-claim.

Sub-Claim. If 822 M nMyandM F R(@&P)” (a%W) then at acl(MyP) nMo.

Suppose the sub-claim is false. The fact tha®\ My = ; is immediate from the
previous claim. By choice of we must have thata®2 acl(M k), so for the claim to
be false we must have that some 2 T is such thatc 2 acl(MylP). Fix such ac. Let
X = fa%c:icg\ acl(Mog). By assumption and the above claim no element of is
in Mo. So by the exchange property and the triviality ofT we must have thata®2 X .
For notation sett = d- & whered enumeratesX , and € enumeratesX 's complement
in T.

We get that d 4 " a¥fein M. Choose a countabl®l; Mg such thatd 5 " M ade
in M, M; contains any parameters fronM, appearing inR or
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By the saturation of Mg there isd My such that tp(d =M;) = tp(d=M;): Hence
we get that tp(d atfe=M;) = tp(datfe=M;). But then we must have that M

(ad e®)~ (ad el), which violates the previous claim. Hence we have a contrasli
tion and our sub-claim is proved.

To establish the Claim, givena we may nd brealizingp such thatM = (a;b. Next
choosed such thatM E R(adb”™ (adb. Then setting t = adbwe obtain the desired
result for Claim 1.

We may now nish the proof of Proposition 1.

We x a2 M such thatM F A(a). Our goal is to show thatN E A(a). If a2 My
the result is immediate so we may assume tha 2 M,. Let pg;:::; pm list all the
non-algebraic elements 08!(Mg) such that p;(x) = B(x). Now apply Claim 1 to a
and p; for eachi. So we getR'(z); ';andc for1 i msuchthatM F T is
(R'; ) mutually algebraic andc, = a. By repeatedly applying Remark 1 we may
assume thatlg(c) = Ig(g;) = nforall i;j . Letb = ¢, ;, sob F pi. By Lemma 4 we
have that M nMy.

Claim. There is a nite set F of pairs (R; ) whereR is quanti er free and 2 2"
such thatifc2 M" and for somei, M  Tis (R; ) mutually algebraic with (R; ) 2
F andc, ;= b thenN F cis (R ; ) mutually algebraic forsome R ; )2F.

To establish the claim we inductively de ne an ascending sequenof nite sets Fy
for k 1 with the following properties:

Q) Fx F k1.
@F 1=;.
(B) Fo=1f(R'; :1 i mg.

(4) Ift M issuchthatM F tTis (R; ) mutually algebraic forsome R; ) 2 Fy
andc, , = b for somei then N F tTis (R ; ) mutually algebraic for some
(R ) 2Fka.

B)IF(R; )2Fk nFywith k Othen < for some suchthat (R; )2
Fr nFy, 1 for someR.

First we show that if we can construct theF, as above we have the claim. But
this is trivial since condition (5) above guarantees that thee must be ak such that
if k k then Fy = Fy , since otherwise we would have to have arbitrarily long
increasing chains of elements of 2 Hence we can seE = Fy . To construct
the Fy we let F ; and Fo be as required. Next giverFy for k 1 we show how
to obtain Fy.;. We tentatively de ne Fy.; = Fy and determine if we need to add
more elements to satisfy condition (4). Let be such thatM E Tis (R; ) mutually
algebraic andc, 1 = b for some R; ) 2 F (note there are only nitely many such
Cs). If (R; ) 2 F¢ 1 then condition (4) is satis ed by the inductive hypothesis, so
we may assume thatR; ) 2 FynFyg ;. If N F (T then by Lemma 6 we have
that N £ cis (R; ) mutually algebraic and hence clause (4) above holds for this
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€ without adding anything new to Fy.;. If on the other handN E  (T) for some
6 then rst of all notice that < and by Lemma 5 we can ndR such

that N F cis (R ; ) mutually algebraic. So add R ; ) to Fy:+1. Note that this

construction then satis es the conditions (1)-(5) above. Hencee have the claim.

Let G'(M) be the following set:
fc2 M": forsome R; )2F:M E tis (R; ) mutually algebraic andc, ; = Hg:
Note that by Lemma 4G'(M) is nite. Furthermore note that by Lemma 3 for any
i, G'(M) is the set: [
fc:M E g (cB)g:
(R; )2F
In particular the cardinality of G'(M) is property of the type of b over My. Since
eachG'(M) is nite after renumbering we may assume that for somen, m we
have that G'(M) is of largest possible size if and only if 1 i my.
Claim. For1l i mgwe have thatG'(M)= G'(N). _ ‘
For the claim note that by the properties ofF we already have thatG'(M)  G'(N).
SoifG'(M) 6 G'(N) we must have thatG'(N) is of strictly larger size thanG'(M).
SinceM F Bbi we have ghatN F Bbi and hence thattpy (h=Mo) = p; for some
1 J mButG(N)= R fC:NF g (cB)g, thus foranyb2 M realizing
S ' .
p; we must have that (R: )2F fc:M F g (Chg = jG'(N)j: But then in particular
we would have thatjG! (M)j > jG'(M)j, contradicting the maximality of the size of
G'(M).
As a consequence note we must that if 1 i mg there is 1 j Mo such that
tpn (B=Mo) = tpm (B =Mo).
For notation let:

F =f 22": thereisR such that (R; )2 Fg:
Also for each 2F let G' (M) be the set:
fc2 G'(M): M E tis (R; ) mutually algebraic for someR such that (R; ) 2 Fg:

Note that G' (M) = ~ . ,zfC:M F & (cB)g.

List F as 1:: , suchthatif , sthenr s. After renumbering we may assume
that for somem; mg we have thatGiI is of maximal size for1 i mg if and
onlyifi  my.

Claim. For1 i m;we have thatG' (M)= G' (N).

For the claim rst note that G' (M) G' (N) since ifc2 G' (M) thent2 G'(N)
and hence inG' for some but . by Remark 2 and hence we must have
= 1. SoifG' (M) 6 G' (N)then we must have that G' (M) < G' (N). Now
argue exactly as above to conclude that for some 1 j my we must have that

G/ (M) = G (N) > G' (M), a contradiction.
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Now we can renumber again to ndm, m; such that GiI . is of maximal size for
1 i myifandonlyifi m,. Similarly we can now also show thatfor1 i mj;
we have thatG' (M)= G' (N).

We can repeat this argumentto ndm  msuchthatifl i m thenG (M) =
G (N)forall 2F .

Fix1 i m.Wehavethatd 2 G',(M) and hence thatc 2 G',(N). In particular
we have thatN F A(a).

4. Proof of the Main Theorem

We now have established all of the necessary tools we need in ortdeprove the main
theorem. At this point the proof closely follows that in [2].

In this section T is a trivial uncountably categorical theory of Morley Rank 1 We
X My to be an uncountable (and hence saturated) model af and aim to show
that T(My) is model complete by showing that ifN and M are models ofT (M) of
cardinality > jMgjwith M N thenM N. We letL be the languageL of T
expanded by constants foM.

Note that as pointed out in [2] in order to show that for any modeMg of T that
T(My) is model complete it su ces to show the result some speci ¢ moddlly, hence
our assumption that M, is uncountable does not limit the generality of our result.

We repeat the following de nitions from [2] (which we inclue@ for simplicity of expo-
sition):

De nition 6. An L formula (X;Vy)isan (n;m)-formulaif Ilg(X) = nandlg(y) = m.
We identify the following families of statements:
Anm, the statement that for all absolute f; m)-formulas (X;y), the formula
9<ly (x;y) is absolute.
Bnm, the statement that for all absolute f; m)-formulas (X;y) if b2 M"
andN E 9ty (b;y) then (b;N)= (b;M).
Chm, the statement that for all absolute f; m)-formulas (X; V), the formula
9y (X;V) is absolute.

We plan to show that same sequence of Lemmas interrelating thesgigus statements
as in [2], and hence deduce model completeness. We begin withnapée special case.

Lemma 7. Suppose that the Morley Degree af is m and that there are absolute
L -formulas 1(x)::: m(X) such that for alli, M F 9' x ;(x) and for all i 6 j,
MFE:9x(i(xX)" j(x)). ThenM N.

Proof: In this special case we simply repeat the proof for the strongly mmal case
in [2].

We now proceed to reprove the main lemmas in [2] to obtain ouredired result. We
consider rst the following two lemmas.
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Lemma 8. Forall nym 2!, Bny implies Cpyp,.

Lemma 9. Forall nym 2!, Bpm implies Apma+z .

The proof of both these lemmas mirror the analogous lemmas & vith only minimal
changes.

The proof of the following Lemma also closely mirrors that of & analogue in [2] but
we include an outline pointing out the relevant changes.

Lemma 10. For all n;m;Bpm+1 and Ansr.m iMmply Brigm.

Proof: As in [2] we may assume than 1. Choose (X;y;Z);b;b;T as in the
strongly minimal case. Choos&;:::&, 2 (M nacl(Mgb)" independent realizing all
the generic typesp 2 S'(Mg). (We can do this due to cardinality assumptions and
the uncountable categoricity.)

We rst deal with an easy case:

Case 1N F 9% z (b;g;2) for all i.

In this case we can proceed exactly as in the analogous case |n [2

Case 2 For somei, N F 9! z (b;q;2).

Fix e such that we haveN F 9! z (b;g;2).

Working with this e in place of thee in the strongly minimal case we can follow
the proof in [2] to get formulas | for 1 | r(i) (the i superscript indicates the
dependence om).

Note also that if N = |(b;k;c ) for somej then as in the strongly minimal case we
are done. B

Now x m nsuchthatfori m we have thatN F 91z (b;g;2) and if i >m

N F 9z (b;g;2).

So we may assume tha  : [(b;k;c)foralli mandallj.

Now let (X;y;Z) be the formula: N

(Xy;2)"9°' Z (Ry;2) " - jXyiz):
i mij<r (i)
ThenN F (b;b;c)and is absolute as in the strongly minimal case.
We claim: N F 9! yz (b;y;2). Set
F=ff 2N :NF 9z (b;f;2)g:
As in [2] we show thatF is nite. For convenience letD; for1 i n be strongly
minimal pairwise disjoint sets such thatg is generic forD;. We must show thatF\ D;

is nite for each i. Fori m the niteness of F\ D; is exactly as in the strongly
minimal case (replace with g). So now suppose thai> m . As in [2] we would have
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to get that N F 9z (b; e;Z). But in particular this means that N F 9! z (b;g;2)
which contradicts thati>m .

SoF is nite. Now we can nish exactly as in the strongly minimal case.

All that is left to prove is the following Lemma, its proof requres Proposition 1 from
the previous section.

Lemma 11. Forall m2 !B 1., holds.

Proof: Notice that exactly as in [2], if for any theoryT we can establish this lemma
then in conjunction with the previous Lemmas we may deduce & T (M) is model
complete.

Let n be the Morley Degree off. We also need to de ne a \quanti er free degree"
for the theory. Namely for any trivial, uncountably categorcal theory T° of Morley
Rank 1 letng (T9 be the maximal number of pairwise disjoint in nite quanti er free
L (M 9-de nable sets in a model ofT (M9, where M °is some model off

Our proof will be by induction onn  ng (T).

The casen ngy (T) =0 is handled by Lemma 7.

For induction suppose we know the result (and hence also the modmimpleteness
result) forn  ng(T) m and we are now in a situation wher@ ng (T) = m+1.
Fix an absolute L (Mg)-formula (X;y). Chooser 2 N such thatM F 9 'y (V;a).
Let A(x) be the set de ned by9 "y (y;x) and B(x) its complement. Suppose that
M F A(a) for somea 2 M, to establish the Lemma it su ces to show show that
N F A(a). The case whereA(M) is nite or co- nite is immediate, so without
loss of generality we may assume thaA(M) is in nite and co-in nite. If we can
nd quanti er free L(My)-de nable subsetsY;:::Y, of M such that the symmetric
dierence of A(M) and Y[ :::[ Y is nite then we are done, hence we may assume
that this is never the case. Letf be the theory obtained fromT(M,) by adding
predicates forA and B.

Claim. ng (T) < ng ().

Proof: Let X1:::Xp, (1) be pairwise disjoint in nite quanti er free L(Mj)-de nable
subsets ofM. Our claim is immediate if for for some 1 i ng(T) we have that
Xi\ A and X; nA is in nite. So we may assume that this is never the case, i.e. for
all 1 i ng(T) either X;\ Ais nite or X;nA is nite. After renumbering we
may assume that thereis 1 | ng (T)+ 1 such that X;\ A is nite if and only if
i<l. Our Claim is also immediate ifA n(X.1 [ =:[ Xp, (r)) is in nite. But if this

is not the case then the symmetric di erence oA and X,y [ [ Xp, (1) IS nite,
contradicting one of our initial assumptions.

By induction we have that T is model complete. But then by Proposition 1 we get
our desired result.
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Proof of Theorem 1: As noted above the main theorem follows immediately from
the preceding Lemmas exactly as in [2].

Exactly as in the strongly minimal case our Theorem has the folving corollary.

Corollary 3. If T is trivial, uncountably categorical, and the Morley Rank of is 1
then:
(1) T is 3 axiomatizable.
(2) If L is a computable language an@l has a computable mode¥l then T is
decidable in; %

Finally notice that Theorem 1 does not generalize to any trial uncountably cat-
egorical theory, even if we assume that theory is aldo-categorical. This fact is
demonstrated by examples constructed by Marker in [3] which artrivial, totally

categorical, and not 3; axiomatizable.
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