ON STRONG LOCAL ALIGNMENT
IN THE KINETIC CUCKER-SMALE MODEL

TRYGVE K. KARPER, ANTOINE MELLET, AND KONSTANTINA TRIVISA

ABSTRACT. In the recent papers [4, 5] the authors study the existence of weak
solutions and the hydrodynamic limit of kinetic flocking equations with strong
local alignment. The introduction of a strong local alignment term to model
flocking behavior was formally motivated in these papers as a limiting case
of an alignment term proposed by Motsch and Tadmor [6]. In this paper, we
rigorously justify this limit, and show that the equation considered in [4, 5]
is indeed a limit of the Motsch-Tadmor model when the radius of interaction
goes to zero. The analysis involves velocity averaging lemmas and several LP
estimates.

1. INTRODUCTION

In [6] Motsch and Tadmor identify an undesirable feature of the widely studied
Cucker-Smale flocking model (cf. [1, 2, 3]): In the Cucker-Smale model, the align-
ment of each individual is scaled with the total mass such that the effect of alignment
is almost negligible in sparsely populated regions. To avoid this, they propose a
new model in which the alignment term is normalized with a local average density
instead of the total mass. Motivated by this work, the authors of the present paper
proposed in [41] to combine the Cucker-Smale and Motsch-Tadmor models, letting
the usual Cucker-Smale alignment term dominate the large scale dynamics and the
Motsch-Tadmor term the small scale dynamics. This remedies the aforementioned
deficiency while maintaining the large scale dynamics of the Cucker-Smale model.
At the mesoscopic level, the proposed model takes the following form

fr+dive(vf) — divy, (fVL, ) + div, (fF[f]) + div, (fL"[f]) = 0. (1.1)

Here, the unknown is the distribution function f := f(¢,x,v). The first alignment
term F'[-] is the standard Cucker-Smale alignment term given by

FlfGo)l = [ @G =) w)w =) dudy (1.2

where ®(z) is the influence function (e.g ®(z) = 1/(1+|z|?)). The second alignment
term L[] is the Motsch-Tadmor alignment term given by (see [0]):

e e K@= ) g w) (w0 — ) duwdy
Llftw vl = Jpza K7 (x — ) f(y, w) dwdy

(1.3)
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where the index r denotes the radius of influence of K" (see (1.4) below for the
definition of K"). Finally, the function ¥(x) is a given confinement potential intro-
duced to avoid mass vanishing to infinity (it satisfies lim|; o ¥(7) = o0). Note
that this term is not necessary if we assume, for instance, that the initial distri-
bution f(0,z,v) has compact support in = and v (since (1.1) will propagate this
property).

The only difference between (1.2) and (1.3) is the renormalization by the local
average density [p.. K" (z —y)f(y,w) dwdy. We can also write L" as follows:

L'(f)=u"—v

where
ar(x) _ fRM KT(x — y)wf(y,w) d’LUdy
Jpza K7(x — ) f(y,w) dwdy -

In this form, it is obvious that the strength of the alignment force is now indepen-
dent of the total mass, which was the original intend of [6]. Another effect of this
renormalization is to break the symmetry of the alignment. As a consequence, (1.1)
does not conserve momentum nor energy, and the derivation of an energy bound
will be one of the main difficulty in the analysis of (1.1).

The purpose of this paper is to study the limit » — 0 in Equation (1.1) when
the function K" converges to the Dirac distribution Jg. In other words, we study
the limit of (1.1) when the Motsch-Tadmor term div, (fL"[f]) becomes a local (in
space) alignment term. For the sake of simplicity, we assume that K" has the form

K'(z) = r 9K (%) , (1.4)

where K is a given function satisfying
K € C.(RY), K(0) >0, K"(x) dv = 1. (1.5)
Rd

When r — 0, we then formally expect to have

_ Jrewf(z,w) dw

i (2) =9 u(x) =
a"(z) (z) [ F,w) dw

and so

r 0 Jpa flz,w)(w —v) dw
LT[f(z,0)] = =% e f (@ w) dw =u—v. (1.6)

Passing to the limit in (1.1), we thus obtain the equation
fr +divy(vf) — divy (VL) + div, (fF[f]) + divy (f(u —v)) =0, (1.7)

which is studied in [4, 5]. The new local alignment term can also be seen as a local
friction term centered at w.

The purpose of this paper is to rigorously justify this limit » — 0. More precisely,
we will prove the following theorem:

Theorem 1.1. Let 0 < fo € LY(R?¥) N L>=(R??) be given and T be a finite final
time. For each r >0, let f"(t,xz,v) be a weak solution of (1.1) in the sense that

/ =0 Va4 [TVLUVLG — [TELTVo dodadt (18)
R2d+1

[ DI dudsdt = [ oo(0,) deds, 6 € C2(0.T) x B
R2d+1 R2d
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where L" is given by (1.3) and K" is given by (1.4). Then, asr — 0,
frA5f in L0, T; L (R?1) N LY (R2Y)),
d+2
FLT = =) i L(0,T) x B, g < T,
with u(t,x) such that j = pu (see (2.1) for a precise definition). Furthermore, the
limit f(t,x,v) is a weak solution of (1.7) in the sense that

/ —for —vfVad + VUV — fF[fIVy¢ dvdudt (1.9)

R2d+1

- / flu—v)V,¢ dvdedt = / 726(0,-) dvdz, V¢ € C2([0,T) x R*).
R2d+1 R2d

2. PRELIMINARY MATERIAL

In this section we have gathered some results that will be needed to prove The-
orem 1.1. We begin by introducing some convenient notations. We denote the first
and second moments of f, and their K" weighted counterparts, as follows:

ot,z) = [ [y, w) dwdy, o'(tx)= | K'(x—y)f(y,w) dwdy,
R2d RQd
R2d R2d
We also define the corresponding velocities
i(t Jr(t
U(t,.T):](’x), ar(t,x):{(7x)
o(t, ) o"(t, @)

Note that the definition of u (and @) is ambiguous if p (resp. g) vanishes. We thus
define u pointwise by

Jla,t) .
u(et)y =4 plop TAEDFO (2.1)
0 if p(z,t) =0

Since we have
1/2
i< ([urreona) o,

the bound on the energy of f will imply that j = 0 whenever p = 0 and so (2.1)
implies in particular j = pu.
With the above notation, we have L"[f] = 4" — v, and (1.1) can be written as

fe +divy(fv) — divy, (fV,0) + div, (fF[f]) 4+ div,(f(u" —v)) = 0. (2.2)

The following proposition states that (2.2) is well-posed in the sense of weak
solutions (see [4] for the proof).

Proposition 2.1. Assume that 0 < fo € [L>®° N LY(R?*?) and T < +oc are given.
Then, for any r > 0, (2.2) admits a weak solution 0 < f € C(0,T;L*(R%%)).
Moreover, f satisfies

cT
£l oo (0,7 p (r2y) < €% || foll e (r2ay, (2.3)
£(t) = / (Jof2 + W (2)) f(t,2,v) dvdz < CeCTE(0), (2.4)
R2d
where the constant C' might depend on r.

To conclude this section, we recall the following classical lemma, which will be
used to derive LP integrability of ¢ and j (see [4] for the proof):
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Lemma 2.2. Assume that f satisfies
I £l Lo o,y xR2ay < M, and /2d [ f dvdx < M.
R

Then there exists a constant C = C(M) such that

ol Lo 0,700 (ray) < C,  for every p € [1, d%?),
2

171l L o.rsLr®ay) < Cs  for every p € [1, 442),

where p= [ fdv and j = [vf dv.

(2.5)

2.1. The Velocity Averaging Lemma. When passing to the limit in (2.2), the
main obstacle is to obtain compactness of the product fu”. The instrument we
will use to obtain this is the celebrated velocity averaging lemma. We will use the
following version due to Perthame & Souganidis [7].

Proposition 2.3. Let {f"},, be bounded in L} (R?*1) with 1 < p < oo, and
{G"™},, be bounded in L? (R2+L). If f* and G™ satisfy

loc
4oV f"=vVEkGn,  fMimo = f° € LP(R*),

for some multi-index k and ¢ € Clck‘(Rgd), then {0} is relatively compact in
P (Rd+1).

loc

The previous proposition cannot be directly applied to obtain the needed com-
pactness. In fact, we will rely on the following lemma which can be seen as a
corollary of the previous proposition. The proof can be found in [4].

Lemma 2.4. Let {f™}, and {G"}, be as in Proposition 2.3 and assume that
f" is bounded in L>°(R?4*1),
(|v]? + W) f™ is bounded in L>°(0,T; L* (R?*¢T1)).
Then, for any ©(v) such that |o(v)| < clv| and g < %, the sequence

([ row ) o

is relatively compact in L((0,T) x R%).

2.2. An important technical lemma. In view of Lemma 2.2 and 2.4, it is clear
that in order to get convergence results for f” and its moments, we will need to
obtain some estimate on f” that are uniform with respect to . The main difficulty
will be to show that the energy estimate (2.4) holds with constants independent on
r (which does not obviously follows from the result of [4]). For this we will make
use of the following technical lemma, which can be found in [4] (the proof is given
below for completeness):

Lemma 2.5. Assume that there exists 0 < Ry < Ry < oo such that

K(x) >0 for |x] < Ry, K(x)=0 for|z| > Rs. (2.7
There exists a constant 4
su K
C ~ .pﬂ e} (2.8)
1nfBR1 K Rl
such that @)
p\x d
K(x — de < C, VyeR?
R (x=v) Jpa K(x — 2)p(2)dz " — 4

for all nonnegative functions p € L'(R?).
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The most important part of this lemma is the formula (2.8), which implies that
if we replace the function K with «K(Sx), for any « > 0 and 8 > 0, then the same
results holds with the same constant.

We deduce:

Corollary 2.6. Assume that K" is given by (1.4) where R satisfies (1.5). Then,
there exists a constant C' independent of r such that

r p(ﬂf) d
K'(z—y de <C, VyeR
e KT T R e D)z

for all nonnegative functions p € L'(R?).

Proof of Lemma 2.5. We recall that p(x) = [,. K(x — z)p(z) dz and we note that

K(x —vy) o) dx < (sup K)/ pz) dx.

R p(x) Br, (y) px)
Next, we cover Bg,(y) with balls of radius R;/2: We have
N
Br,(y) C U Br, j2(w;)
i=1

with N ~ (Ry/R1)?. We can thus write

VG pl@) .
RdK(x y)ﬁ(x)d <( pK);/BRl/Q(zi) e

Moreover, clearly,
plz) = K(x—2)p(z)dz > / K(x — 2)p(2) dz.
R4 Bry /2(2i)
By combining the two previous inequalities, we see that
N

Y oD plz) v
. K( y)ﬁ(x)d <( pK);/Bm/QW fBRl,Q(mK(x_Z)”(’Z)dzd '

Now, using the fact that when x, z € Bg, /o(x;) we have |z — z| < Ry, we deduce

N
sup K
Ko — y)/j(x) do < 5P / p(z) i
Rd p(x) lnfBR1 (0) K i=1 " Bry/2(z:) fBRl s2(x:) p(z) dz
. . d
<. sup K N<C. sup K (Rg)
1nfBR1 (0) K IIlfBRl (0) K R1
and the proof is complete. O

2.3. A priori estimate. We can now conclude this preliminary section by proving
that f" satisfies some a priori estimates uniformly with respect to r. We recall that
the energy functional is defined

E(t) = / <|112|2 + W(m)) f(t,z,v) dvdz. (2.9)
R2d
We then prove:

Proposition 2.7 (Energy bound). Let 0 < fy € LY (R?¥)NL>(R??) be given, let T
be a finite final time, and let f be the corresponding weak solution of (1.1). There
is a constant C' > 0 independent of r > 0 such that such that

cT
||f||L°°(O,T;LP(IR2d)) <ev? ||f0||LP(R2d)7 (2-1())
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and

1
sup £(t)+ = flu—v|* dvdx
t€(0,T) R2d

1

+ 5/ ®(x — y) f(z,v)f(y,w)|w — v|* dwdydvdz < C(T)E(0).
R4d

(2.11)

The proof of Proposition 2.7 relies on two auxiliary results (Lemmas 2.8 and 2.9
below) which we will prove prior to proving the proposition. We begin with the LP
estimate (2.10):

Lemma 2.8. Let f be a weak solution of (1.1). There is a constant C, independent
of r, such that

sup || fll Lo rzay < |l foll o (reaye®™. (2.12)
te(0,T)

Proof. Let B(f) be a continuous function and let b(f) = fB'(f) — B(f). By
multiplying (1.1) with B’(f) and integrating, we obtain

d

@t Jooa B(f) dvdx:/ vVb(f) dvdx

R2d
+ /de(F(f) + L7(f) — Vo ¥)V,b(f) dvdx (2.13)

=— b(f) (divy, F(f) 4+ div, L7 (f)) dvdz.

R2d

Next, using the definition of the alignment terms, we see that

div, FIf) = ~d | @~ ) f(y.w) dudy,
R2d
::7dﬁWdKT@**waAW)de/:
Jrza K7 (2 = ) f(y,w) dwdy
Setting these identities in (2.13), we find that

a
dt R2d

div, L"[f]

mﬂmmzf

R2d

Mﬁ(d+d4wémyﬁ@ﬂwdwm>dwx

g‘/1 b(F)(d + AM]| @] o o)) dude,
R2d

where M is the total mass. Next, we let B(f) = f? such that b(f) = (p—1)f?. An
application of the Gronwall inequality then provides the bound

p—1
sup || fllze2ay < || foll Lo meare™™ “r,
te(0,T)

which is what we set out to prove.
O

The main difficulty in proving the energy estimate (2.11) (even for r > 0) is to
control the non-symmetric Motsch-Tadmor alignment term. This is the goal of the
following Lemma, which relies on Lemma 2.5:

Lemma 2.9. There is a constant C, independent of v, such that

/ foL"[f] dvdz < CE(t) — 1/ fla" —v|? dvdz. (2.14)
R24 2 Jroa
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Proof. By definition of L", we have that

1 T
il = s [ K@= e - o) dudy
o(x) Jraa
. ~ (2.15)
r . ¥l ~
= — K(rx—y)(ly) —oly)v)dy=%=—v:=u—n.
5] o (z = y)(i(y) — e(y)v) 5
By adding and subtracting, we obtain
/ foL"[f] dvdx = f@—v)v dvdz
R2d R2d
1 ~ 1 .
=—— f@ —v)? dvdx 4 = fa? — fv? dvdr  (2.16)
2 Jpoa 2 Jroa
1 o 1 ~2
<—= fu—v)* dvde + = ou” dz.
2 Jpoa 2 Jpa

From the Hoélder inequality, we have that

2

ou = K"(z —y) f(y,v)v dvdy < 3% ( K"(z —y)f(y,v)v* dvdy)
R2d R2d

Hence, the following inequality holds
ou’ < | K'(z —y)f(y,v)v* dvdy,

R2d

from which we deduce

/ ou? dx < K'(x — y)@f(y, v)v? dydvdz
Rd R3d o(z)

< sup (/ K"(z — y)@ dm) E(t) < CE®),
y R o(x)
where the last inequality follows from Lemma 2.5. Inserting (2.17) in (2.16) con-
cludes the proof.

(2.17)

O

We have now gathered all the ingredients we need to prove Proposition 2.7.

Proof of Proposition 2.7. Only (2.11) remains to be proved. By direct calcula-
tion,
d [l [v]

2 2
— v —_ = v — 2.1
0t Joon fU+f 5 dvdz /de i+ fi 5 dvdzx (2.18)

_ / VU — 0f VU + foF[f] + foL"[f] dvda.

Using the symmetry of K, we write

fuF[f] dvdx = / O(xz —y)f(z,v) f(y, w)(w — v)v dwdydvdx

R2d R4d

- /RM q)(x o y)f(x7 U)f(:% w)('U - ’LU)’LU dwdydvdzx

1

- ! / B — ) (2, 0)f (g w)|w — vf? dwdyduds.
2 Jpaa

Then, we conclude the proof by applying this identity and Lemma 2.9 to (2.18).
O
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3. CONVERGENCE AND PROOF OF THEOREM 1.1

Equipped with the bounds of the previous section, we are ready to send r — 0 in
(1.1) and thereby proving Theorem 1.1. For this purpose, we let {r"},, be a sequence
of positive numbers such that ™ — 0 as n — oo and consider the corresponding
solutions f™ of

74 div (0f™) — divo (VW) + div, (F FLFY) + div, (f° (@ — ) =0, (3.1)
where we recall the notation
T S KT @ =y 0y dudy
0" Jpea KT (2 = y) fr(y, w) dydw

Our starting point is that Lemma 2.8, Proposition 2.7, together with Lemma 2.2,
asserts the existence of a function 0 < f € C(0,T; L*(R?%)) N L>(0, T; L>=(R?%)),
such that, as n — oo,

f* = f in L°°(0,T; L= (R?*?) N LY (R??)),

(3.2)

* d+2
o" = o in L>®((0,T); LP(RY)),  for every p € [1, ;),

* d+2
§™ g in L°((0,T); LP(RY)),  for every p € [1, d—tl)

Moreover, the velocity averaging Lemma 2.4 is applicable. By setting ¢(v) = 1 and
©(v) = v in Lemma 2.4 we obtain respectively

d+2
o" — o in LY((0,T) x R?),  for every ¢ < ﬁ,
(3.3)
d+2
j" —j in LY((0,T) x RY),  for every q < i,
d+1
along some subsequence as n — oo. Furthermore, we can prove:
Lemma 3.1. Given the convergences (3.2) - (3.3), we have
;" =d @ = e in LY(0,T) xRY), (34)

where the convergence takes place along the same subsequence as in (3.3).

Proof. We commence by recalling the following classical results concerning molli-
fiers like K™ = K"": For any € > 0, there is a m such that

| K™ %o — Q”LQ(]Rd) <e Vn>m.

Now, consider a subsequence n¥, where n* > m, along which ¢* — 0. By adding
and subtracting, we obtain

0" — ollLarey < 110" — K™ % 0l pa(ray + 1K™ * 0 — ol La(ra)
= [|K" % (0" = o)l pa(ray + [ * 0 — oll La(ra)
< lo" — ol paray + € = 2¢,

for any ¢ < g—ﬁ. The same argument can be applied to prove compactness of 5",

which concludes the proof.
O

Lemma 3.2. From the convergences (3.2) - (3.3), it follows that

fran = fuoin L°((0,T); LP(RY))  for every p e {1, ZI?)
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Proof. For the sake of clarity, let us introduce the notation

~ N ~n _n

o= o) dv,  mj =u"g}.
R

For any smooth function ¢ (z,v) := ¢(x)p(v), we write

/R% fru™y dvdr = /Rd " (z) (/Rd Fro(v) dv) i

(3.5)
— ~n n d — ~n d .
/Rdu 0,0 dz /Rdmw(b T
Now, using the Holder inequality, we find that
Ml Lamay < @l oo mayllo ”Lﬁ(Rd)”(g )20 || L2 (ray (36)

< Clle" Iy g €™ @ p2grey,
which is bounded by (2.17) and Lemma 2.2 provided

d+2 N < d+2
d NS
Hence, there exists a function m € L*((0,T); L4(R?)) and a subsequence such that

p<

mg Xomoin L°°((0,T); LP(R?)),  for every p € [1, Zii),
and it only remains to prove that
m = ug,, where uis such that j = ou.
Let us first verify the existence of such a function u. Consider the set
Ar =A{(t,z) € Br(0) x (0,T); o(t, ) = 0},

where Bg(0) is the ball of radius R centered at 0. By direct calculation,

1

2
/ |jn| dadt < < / o™ |[u"|? dasdt) ( / o" dzdt)
AR AR AR

<CT (/ o" dxdt) =0,
AR

and hence we have that j = 0 a.e in A®. If we define the function u as

itx)
ult,z) = o(t,z)’ if o(t,z) # 0, (3.7)
0, if o(t,z) =0,

we have that j = pou and it remains to prove that m = gyu. To this aim, we first
observe that we can deduce as in (3.6) that

n—oo

Il o an) < Clle"IEnayy =30,
and hence it suffices to check that
m(t,z) = u(t,x)o,(t,z), whenever o(t,z) # 0.
For this purpose, we consider the set
By = {(t,x) € Bg(0) x (0,T); 0(t,x) > €}.

From Egorov’s theorem and the compactness of ¢ and ¢" (Lemma 3.1), we have
the existence of a set C,, C B, with measure |B§; \ C,| < n on which 9" and o
converge uniformly to ¢. Then, for n sufficiently large,

0" >€/2 in Cy,
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and since

N
n o _

~n n_] n
mgp U’QLP_E?QLP7

we can pass to the limit on (), to deduce
m = ]EQW =ug, in Cy.
Since this holds for all > 0, we can conclude
m =up, in Bg,
for every R and €. We conclude that,

m =ug, on {o>0}.

O

Proof of Theorem 1.1: The weak formulation of (3.1) reads

T
/ F (s +v - Vatp — Vo UV 0) dodxdt
0o Jrz (3.8)
=17+ 15— | fe(0,) dede, Vi e C2((0,T) x R*),
R2d
where we have introduced the quantities
T
B=— [ [ e @ ) - oV, ) dedydvdode,
0 R4d
T
13 = —/ @™ — o)V dvdxdt.
0 R2d
By virtue of (3.2), we can pass to the limit in (3.8) to conclude
T

/ f(Why +v -V = VUV 1)) dvudadt

0o Jr2 (3.9
=1 + lim I} — fo(0,-) dvde,
n— oo R2d

where I} = — fOT Jpaa @@ — ) f(z,0) f(y, w)(w — V)V yih(z,v) dwdydvdadt.
From Lemma 3.2, we have that f"a" = fu in L°((0,T); L9(R?>?)), for any
g < %, and hence there is no problems with passing to the limit in I3 to discover

lim I3 = — lim fr@"” — o)V dvde = f/ flu—v)Vyuy dode.
n—oo n—oo R2d de

By setting this in (3.9) and recalling that ¥ is arbitrary, we conclude that the limit

f is a weak solution to

fi +dive(vf) — divy (V) + div, (fF[f]) + divy (f(u — v)) = 0.
This concludes the proof of Theorem 1.1.

REFERENCES

[1] F. Cucker and S. Smale. Emergent behavior in flocks. IEEE Transactions on automatic
control, 52 no. 5: 852-862, 2007.

[2] F. Cucker and S. Smale. On the mathematics of emergence. Japanese Journal of Mathematics,
2 no. (1):197-227, 2007.

[3] S.-Y. Ha, and E. Tadmor. From particle to kinetic and hydrodynamic descriptions of flocking.
Kinet. Relat. Models 1 no. 3: 415-435, 2008.

[4] T. Karper, A. Meller, and K. Trivisa. Existence of weak solutions to kinetic flocking models.
Preprint 2012.



STRONG LOCAL ALIGNMENT 11

[5] T.Karper, A. Meller, and K. Trivisa. Hydrodynamic limit of the kinetic Cucker-Smale flocking
with strong local alignment. Preprint 2012.

[6] S. Motsch and E. Tadmor. A new model for self-organized dynamics and its flocking behavior.
Journal of Statistical Physics, Springer, 141 (5): 923-947, 2011.

[7] B. Perthame and P.E. Souganidis. A limiting case for velocity averaging. Ann. Sci. Ecole
Norm. Sup. (4) 31 no. 4: 591-598, 1998.

(Karper)
CENTER FOR SCIENTIFIC COMPUTATION AND MATHEMATICAL MODELING, UNIVERSITY OF MARY-
LAND, COLLEGE PARK, MD 20742

E-mail address: karper@gmail.com

URL: folk.uio.no/ trygvekk

(Mellet)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARYLAND, COLLEGE PARK, MD 20742
E-mail address: mellet@math.umd.edu
URL: math.umd.edu/ " mellet

(Trivisa)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARYLAND, COLLEGE PARK, MD 20742
E-mail address: trivisa@math.umd.edu
URL: math.umd.edu/"trivisa


file:karper@gmail.com
http://folk.uio.no/~trygvekk
file:mellet@math.umd.edu
http://www.math.umd.edu/~mellet
file:trivisa@math.umd.edu
http://www.math.umd.edu/~trivisa

	1. Introduction
	2. Preliminary material
	2.1. The Velocity Averaging Lemma
	2.2. An important technical lemma
	2.3. A priori estimate
	Proof of Proposition 2.7

	3. Convergence and proof of Theorem 1.1
	Proof of Theorem 1.1:

	References

