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Summary. We investigate some properties of equilibrium liquid drops lying on a
horizontal plane, when small periodic perturbations arise in the properties of that
plane (due for example to chemical contamination or roughness). We prove the ex-
istence of a minimizer for the energy functional and study its regularity. Then, we
show that the free interface stays in a small neighborhood of a portion of sphere (cor-
responding to the equilibrium drop seating on a homogeneous plane), thus showing
the existence of sphere-like capillary drops.

1 Introduction

The energy of a drop described by the set £ C R"*! and resting on a hori-
zontal plane (z = 0) is given by

o[ [ ipel-o [ ept@0da+ [ propds 1)
z2>0 z2=0 z>0

where g is the characteristic function of E, ¢ is the surface tension, 3 is
the relative adhesion coefficient between the fluid and the solid, I" is the
gravitational energy and p is the local density of the fluid. In this paper, we
neglect the effect of gravity and assume

I'=0.

The Euler-Lagrange equation associated to the minimization of (1) under
a volume constrain gives rise to a mean-curvature equation, together with
a contact angle condition (see [Fin86]). This last condition, known as the
Young-Laplace equation reads:

cosy = 0,
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where v denotes the angle between the free surface of the drop OF and the
horizontal plane {z = 0} along the contact line (E N {z = 0}) (measured
within the fluid). The coefficient 3 is determined experimentally and depends
on the properties of the materials (solid and liquid). It is usually assumed to
be constant, but it is very sensitive to small perturbations in the properties of
solid plane (chemical contamination or roughness). These inhomogeneities are
responsible for many interesting phenomena such as contact angle hysteresis
and sticking drop on inclined surfaces (see [JdG84], [LJ92]). In [HM77], C. Huh
and S. G. Mason investigate the effect of roughness of the solid surface on the
equilibrium shape of the drop by solving approximately the Young-Laplace
equation, for some particular type of periodic roughness.

The purpose of this paper is to investigate the properties of the equilibrium
drop in the case of general periodic inhomogeneities, that is when the relative
adhesion coeflicient satisfies

B =px/e),

with y — B(y) Z"-periodic.

The existence of equilibrium drops (minimizing the energy functional) will
be shown, within the class of sets of locally finite perimeter. Then, we will
investigate the properties of that minimizer, showing in particular that the
contact line has finite Hausdorff measure. Finally, we will prove that the equi-
librium drop converges uniformly to a spherical cap when the size of the
inhomogeneities (¢) goes to zero (homogenization limit).

Note that this implies the existence of “sphere-like” viscosity solutions to
the following free boundary problem (which is the Euler-Lagrange equation
for the minimization of (1) when OF is a graph):

Du

div m) =K in {u > 0}
\/ﬁ ‘v =0(z/e) on d{u > 0}.

In [CM], we investigate further consequences of those results, justifying
in particular the two phenomena that we mentioned earlier: Contact angle
hysteresis and sticking drop on an inclined plane (for non-vanishing gravity).

2 Notations and definitions

2.1 Sets of finite perimeter

We recall here the main facts about sets of finite perimeter and BV functions.
The standard reference for BV theory is Giusti [Giu84]. Let {2 be an open
subset of R"*1; BV (£2) denotes the set of all functions in L!(£2) with bounded
variation:
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BV(2) = {feLl(Q): /Q|Df| < +oo}.

where
st =sw{ [ rexivgtais s g € (€@ lal <1}

If E is a Borel set, and {2 is an open set in R™*!, we recall that the perimeter
of E in §2 is defined by

P(E, Q) = /Q Do

A Caccioppoli set is a Borel set E that has locally finite perimeter (i.e.
P(E,B) < o for every bounded open subset B of 2).

Note that sets of finite perimeter are defined only up to sets of measure 0.
We shall henceforth normalize E (as in [Giu84]) so that

0 < |EnN B(z,p)| < |B(z,p)| for all x € OF and all p > 0.

Furthermore, it is well known that if the boundary 92 of (2 is locally
Lipschitz, then each function f € BV({2) has a trace f+ in L'(0£2) (see
Giusti [Giu84]).

From now on, we denote by {2 the upper half space:
2 =R"x (0,+00),
and we denote by (z, z) an arbitrary point in 2, with x € R” and z € [0, +00).

We denote by &(V) the class of closed Caccioppoli sets in 2 with total
volume V' > 0:

éo(V):{ECQ: /Q|D<,0E|<-&-oo,|E|:V}7

where |E| = | o ¢E demotes the Lebesgue measure of E. Since Caccioppoli
sets have a trace on 92 = R™ x {z = 0}, we can define the following functional
for every E € &(V):

g - | / 1Ds| - /  Bla)or(a,0)ds (2)
— P(E, Q) — / B(z) d" ().

En{z=0}
In this framework, equilibrium liquid drops are solutions of the minimization
problem:

J(E)= inf J(F) (3)

Fe& (V)
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2.2 Constant adhesion coefficient

When § = (3, is constant, the existence of a minimizer was established by E.
Gonzalez [Gon76]. The corresponding functional reads

To(E) = /Q Dy | — fo / (2,0 da. (4)

When 8, = —1 (hydrophobic surface), the absolute minimizers are the
spheres of volume V in {z > 0}. In particular, the equilibrium drop does not
touch the support plane. On the contrary, if 5, > —1, it is easy to see that,
though a sphere of volume V is still a local (degenerate) minimizer of the
functional 7, the absolute minimizer must touch the solid support.

An important tool, when the adhesion coefficient is constant, is the
Schwartz symmetrization (see [Gon76]): For every E € &(V), the set

B = {(0.2) € @i el <pa} where p(2) = (w* [olez)is) (9
is a Caccioppoli set with volume V satisfying

Jo(E°) < To(E)

with equality if and only if E was already symmetric. This clearly implies that
any minimizer should have axial symmetry. Actually, it can be shown that the
minimizers are spherical caps; that is the intersection of a ball B, (0, z,) in
R™*! with the upper-half space 2. We denote by

B, (20) = By, (0,20) N {z > 0}

Po

such a spherical cap.
Our main result is a stability /uniqueness result for the minimization prob-
lem with constant coefficient:

Theorem 1. Let E be such that

E e &(V), E liesin a bounded subset Br of (2, (6)
36>0 st J(E)<T(F)+6 VFe&W). (7)

Then there exists a universal o > 0 and a constant C (depending on R) such
that
|EAB;‘O| < 0o,

where B is such that |B} | =V and the cosine of the contact angle is (3,.

Note that we recover in particular the fact that the gravity-free equilibrium
drop is a constant mean-curvature surface satisfying the Young-Laplace con-
dition.
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If moreover E satisfies some non-degeneracy conditions, then Theorem 1
implies the uniform stability in the following sense: For any 1 > 0, there exists
do such that if (7) holds with ¢ < ,, then

+ +
B(lfn)p cEcC B(1+n)p'
In other words, the free surface 9E N {z > 0} stays between 8B('E+n)p and
aB(JE*n)p'

2.3 Periodic adhesion coefficient

First of all, note that when the relative adhesion coefficient 3 depends on =,
the rearrangement (5) could increase the wetting energy

/ B(x)p i (z,0)d.

However, if = (z/e) is periodic with small period e, the wetting energy
should not increase by more that Ce after symmetrization. If we can prove
that fact, Theorem 1 will allow us to show that the minimizer associated with
a periodic adhesion coefficient is almost a spherical cap (in L' and L°°).

We now make our framework precise: We consider the following energy
functional:

am-[ [ 1Der - | Bla/orgete.0yda. (8)

where 3 satisfies
-1< f(z) <1, for all z € R

and
x — ((x) periodic

We denote by (5) the average of §:

o= s

and by B} (2,) = B,,(0,2,) N{z > 0} the minimizer of the constant adhesion
coefficient functional

e = [ D] | oot

Then we prove:

Theorem 2.



6 L. A. Caffarelli and A. Mellet

(i) For all V and € > 0, there exists E minimizer of J in &(V). Moreover,
up to a translation, we can always assume that

E C{|z| < RV#1,2€[0,T,Vi]}

with R, and T, universal constants.

(ii) The contact line O(E N {z = 0}) has finite (n — 1) Hausdorff measure in
R™.

(iii) There exists a constant C' such that if e < C(V)n" /e then

+ +
B(lfn)/oo cEC B(1+n)pu'
In other words, the free surface OE N {z > 0} lies between 8B(+1+n)po and
33("1_77)% for e small enough.

The proof of (i) is very classical and will be developed in Sections 3 and 4; It
relies on the properties of BV functions and some monotonicity formulas for
the minimizers of J. The regularity result (ii) is established in Section 5 and
allows us to show that the energy of the minimizer only differs by ¢ from the
energy corresponding to the wetting coefficient (3). The last point will then
follow using Theorem 1, the proof of which is presented in Section 6.

3 Constrained minimizer

The lower semi-continuity of the functional (2) in the L (£2) topology is easy
to establish. Moreover, it is a classical result that bounded sets of BV are
pre-compact in L], (£2). Those two facts give the convergence of a minimizing
sequence to a minimizer if |2| < 400. Since we are considering drops lying in
the upper half space, we can only prove the existence of minimizers if we first
restrict ourself to Caccioppoli sets lying in a bounded subset of {2 (constrained
minimizers); this is the object of this section. In Section 4, we will show that

this minimizer is actually an unconstrained minimizer

To guarantee the compactness of minimizing sequences, we first look for
minimizers that stay within a bounded subset of R™*!. Let

Trr ={(v,2) e R"™; |z| < R, z €[0,7]},

and
Epr(V)={Ec&V); ECIgrr}.

We call constrained minimizer a set E € &g (V) satisfying

J(E)= min J(F). (9)

F€£}R,T(V)

We have the following proposition:



Capillary Drops on an Inhomogeneous surface 7

Proposition 1. If R and T are such that there exists a ball B with volume
V in I'r 1, then there exists a minimizer Er p for (9). Moreover, we have

P(Epy) <OV#T  and A" (ErrN{z=0}) <OV, (10)

The proof is very classical. The key is to establish the lower continuity of the
functional in a topology that makes minimizing sequences pre-compact. We
recall the following classical result for functions with bounded variation (see
[Giud4]):

Lemma 1. Let 2 C R™ be an open set, and (f;) a sequence of functions in
BV (£2) which converges in L}, .(£2) to a function f. Then

[ 1pr <timint [ D
] J—00

It follows:

Lemma 2. The functional J is lower continuous with respect to the L' topol-
ogy: If (E;) is a sequence of Caccioppoli sets such that E; — E in L' then

J(E) < liminf J(E;)

J—00

Proof: Assume on the contrary that there exists § > 0 such that

/ / Deg,| < / / sl + [ Blos — on,)dz — 6
z2>0 z>0 z=0

We recall the following estimate (see [Giu84]):

[ tee-eniiz< [ [ pesi+ [ [ Den,
2z=0 I'r;: I'rt
—|—C’(t)// lor — vE,|drdz — 6.
z2>0

The last term clearly goes to zero as j goes to infinity, so

liminf// |Dog;| S// |D<pE|+// |Dog| — 6,
O\I'r,+ 2>0 I'r:

from which we derive a contradiction, taking into account the lower continuity
of the perimeter (Lemma 1), and letting ¢ goes to zero. O

Next, we recall the following compactness result for functions of bounded
variations:

or

Lemma 3. Let {2 be a bounded open set in R™ with Lipschitz boundary. Then
sets of functions uniformly bounded in BV -norm are relatively compact in
LY(92).
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The existence of a constrained minimizer is therefore a consequence of the
following lemma:

Lemma 4 (A priori estimates). If —1 < 5 < 1, then

1 — MPmax 1 — Mmax
E) 2 =g [ D+ 10 [ pps
z>0 z=0

forall E € &(V).
Note that Lemma 4 and the fact that B lies in I'z 7 give (10), since
J(E) < J(B) = pV it

Proof: Note that if g(x) is a non-negative function, then

[ swipel> [ oworar

z=0

1+ B(a) 1+ B(a)
e R B et

Hence

and therefore

/Z>O (1 - 1_2[3(@) |Dep| > /z:o (1_5@) +ﬁ(x)> opds

)= [ T nesl+ [ =

or

O

Lemma 2, 3 and 4, together with the fact that &g (V) # 0 gives Propo-
sition 1.

We now have to prove that if R and T" are large enough, Er 7 is in fact
an unconstrained minimizer.

4 Unconstrained minimizer

In this section we prove the following result:

Proposition 2. There exists T, and R, such that if
R > R,V and T > T,V

then Er 1 € &r, . In particular, Er 1 is an unconstrained minimizer.

After rescaling, we only have to prove the result when |E| =V = 1.
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4.1 Bounded above.
First, we prove that for T large enough, the minimizer for J in &g (V) is
actually a minimizer in &g (V). This follows from the following result:

Proposition 3. There exists Ty such that for all T > Ty, there exists a min-
imizer E of Jrr with E € &, (V).

The proof relies on a slight modification of an argument first presented by E.
Barozzi in [Bar83] (see also E. Barozzi and E. Gonzalez, [BG84]). The key
lemma is the following:

Lemma 5. There exists T1 > T, such that for T > Ty and E minimizer of J
in Epr(V), there exists t, T, <t < Ty with
HA(ENn{z=t})=0.

Let us recall here that the coarea formula gives
+oo
|E| = H(EN{z=t})dt,
0

which in particular implies that
H(EN{z=1t}) < oo a.e. t € R.

Proof of Proposition 3: Let £ be a minimizer of J in &g r(V), and let
t be as in Lemma 5. Then, the part of E that lies above z = t contribute to
the perimeter of E by at least

1

|EN {2 > )=,
Hn+1

where fi,41 is the isoperimetric constant. Thus, if we define

E in {0<z<t}\B
E0: @ 1D{Z>t} 5
EUpB in B

with p such that |E,| = |E|, we have

J(Eo) < J(E) = J(F),

min
FEéaRVT(V)
and E, € &r,1, (V).

Taking T — oo, the compactness property of the minimizing sequence
gives the existence of a set E € &g 1, (V') such that

J(E) = Felg,i:gv) J(E).
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In other words, F is a vertically-unconstrained minimizer. O

Proof of Lemma 5: Let t, t and t3 be three positive numbers with
O0<ti <ty <ty <T.

We denote
U1:|Eﬂ{lf1 <Z<t2}‘

U2:|Eﬂ{t2 <Z<t3}‘
and
m= max H"(EN{z=1t;}).
i=1,2,3

The isoperimetric inequality yields:

vt < pu(2m 4+ S)

n

’UQHJrl < M(2m + SQ)?

where S; is the surface of the lateral boundary:
S; = / |D<,0E| = P(E, {tl <z < ti+1})
{t;i<z<tit1}

In particular, we have:

n

of T 40l < p(dm + 9) (11)

Let us now define the set F' by

E inFR7T\{Tf1<Z<t3}\§
F=0 NiD{Vt1<Z<t3} s
FUpB in B

where we recall that B is a ball with volume V lying in I'r 7, and p is such
that |F| = |E|. Then,

J(F)<JE)—S+2m+ %(vl +v2)#.
Since F is a minimizer, we deduce:
Sg2m+i(u1+v2)# (12)
Thus, inequalities (11) and (12) implies

n n n
,Uanrl + ,U2n+1 _ (vl + U2)n+1 S Cm
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and therefore
min(vy, vy) < Cmatt (13)
Let a, =T, and b, = T;. Given aj, and by, we define
v = |Eﬂ{ak <z < bk}|

Then, for h = w it is possible to find t; € (ag,ar + hi), t2 € (‘ak;bk -
%, ak-Q‘rbk + %) and t3 e (bk — h]€7 bk) such that

HMEN{z=t}) < Z—’“ for i =1,2,3
k

Setting
vf:|Eﬂ{ti<z<ti+1}|, 1=1,2
Vg1 = min(of, v§)
we choose ( ) . .
. tl,tg if’Ul S’UQ
(@kt1,brt1) = { (ta, t) if 0F < oF
Let

my = 1Ln1a2X3% (En{z=t}),

It follows from (13) that

n+41

V1 < Cmy"
Vk
my < ——
hi

and by — agr1 > bkga’“ (and thus Ay > %’“) It follows that

n+41
mMr+1 S h—mk”
k

and therefore, with the motation o = nLH,

Oltata’++ak S

Z
= k
hk+1h‘g-~-h? o

Ca—k+...+1 @
< v
= —k —k+1 o
thrlhg g

Since hy > b"S}““, we deduce

v «
mip < <C ° >
b, — a,

Thus, choosing T3 large enough so that

m
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Vo C Vo

C =
bo—ao Tl—TO

<1

we have
my — 0 as k — oo,

which conclude the proof of Lemma 5. O

4.2 Monotonicity Formula

The proof of Proposition 2 now relies on some monotonicity formula that we
derive in this section. We start with a simple observation:

min J< min J < min j—i—V ”“5V. (14)
éaR(Vo) gR(VO+§V) gR( o

To establish this fact, take E minimizer of 7 in &g (V,). The vertical dilatation
of E: B
By ={(x,2) e R"™; (z,(1+t)"'2) € E},

satisfies
|E|=Q+t)|E|, and  P(E,2)<(1+t)P(E, ),
but the wetting energy is left unchanged. Thus
J(Ey) < J(E) +tP(E, ).
So if we take t = §V/V,, we get
E, € &r(V, +6V),
and

J(E,) < J(E) + tP(E, Q)

<
< min J + C(V,)dV,
Er(Vy)

where C(V,) = V%P(E, (2), thus giving the second inequality in (14) (using
the fact that P(E, 2) < |V,|#+1).
Similarly, if F' is a minimizer of J in &r(V + 6V), then the set

ﬁt:{( )ER"+1 (ya(1+t))€E}a
with ¢ = §V/V satisfies
By =1+t)"YF| =V, and P(F,,2) < P(F, Q)

and therefore

J(F) < J(F),
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proving (14).

The first monotonicity formula guarantee the non-degenerescence of F
near a point of the contact line. It will allow us to show that E lies in a
bounded set of 2. Let I'.(z,) denote the cylinder

I(zo) = BM(20) x R = {(x,2) e R"; |2 — 2| <7},
then we have the following:

Lemma 6. There exists c1, ¢, > 0 such that for any minimizer E of J in
Er(V), if x, lies in the projection of E onto {z = 0} (i.e. there exists z, such
that (z,,2,) € E) then

|ENa(2,)] > cor™™,
for all v such that |E N I.(x,)| < c1]E].
Proof: We denote

U(r) =|EN T (z,)],
S(r) = #™(E NI (x,) N {z > 0})

Note that U’(r) = S(r). We also introduce
Ay(r)=P(E, [.N{z > 0})

the area of the free surface in I, and
As(r) :/ vr(z,0)dx
B (o)

the wetted area in I,.. Since E is bounded above, if x € E N {z = 0}, going
from the slice {z = 0} to the slice {z = T'}, we must cross OF. Therefore we
have

Ay < Ay

The isoperimetric inequality then gives:
V()" < p(24; + S(r)).
Consider now the set F' = E\ I'.(z,). It satisfies:
J(F) < J(E)— A1 + BmaxA2+ S, and |F| = |E|-U(r),
and using (14), with |F| =V, and §V = U, we get

J(E)= min 7= min J<JF)+C(ENU).

It follows that
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min(l,1 — Buax)A1 < A1 — BmaxAs < S+ C(|F))U(r),
with C(F) < - P(E, 2) < C(|E|) as long as U < |E|/2. Thus
U(r)™ ") < cU'(r) + CU(r),
and if U < C~("*1) /2 we deduce
U ()™ < Cu' (),
and Gronwall’s Lemma gives the result. 0O

Using similar arguments, we can also establish the following monotonicity
formula:

Lemma 7. Let (z,,2,) € OF with z, > 0. There exists ¢, universal constant,
such that for all r < z, we have

| B, (20, 20) N E| > cr™™!
|Br (20, 20) \ E| > cr™*!

Proof. For r < z,, we define

Ui(r) = |Br (%0, 20) NE|  Si(r) = A (0B (20, 2,) N E)
Ua(r) = |Br(20,20) \ E|  S2(r) = A" (9B (20, 20) \ E)

As in the previous proof, the minimality of E and the fact that B, lies entirely
in {2 for r < z, give (by estimating J(E \ B,) and J(F U B,) respectively):

P(E, By (%0, 20)) < S1(r) + CU(r)
P(E7Br(xovzo)> S SQ(T)v

which together with the isoperimetric formula yields

Since U/(r) = S;(r), Gronwall’s Lemma gives the result. O

4.3 Unconstrained minimizers

We now complete the proof of Proposition 2: Let G denote the projection of

1
nt1

E onto {z = 0}. As a consequence of Lemma 6, there exists p, = C|E
such that if x € G, then

[ENT,, @) 2 Cpit!
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Consider the familly {B,, (z) |z € G}. We can extract a subfamilly B, (x;)
with finite overlapping still covering G. In particular,

2= IUEN L, ()]

> C(n )Z\Eﬂfpo(%‘ﬂ
an—}-l.

This implies that the subfamilly contains at most |E|/p,""! balls. Using the
periodicity of 3, we deduce that G has at most radius

|E]

GopFrPe = CIEI.

So the proof of Proposition 2 is complete. O

5 Properties of the minimizers

In this section, we investigate the regularity of the minimizer E. The regularity
of the free surface OE N {2 is a consequence of classical regularity results for
minimal surface. We then determine the Hausdorff dimension of the contact
line OF N {z = 0}.

5.1 Regularity of the free surface.

Note that if F is a solution of (3), then E also minimizes the functional

/ |DsoF|+/ lor — gilde

among the Caccioppoli subsets of {2 satisfying |F| = |E|. We can therefore
apply the classical regularity results for minimal surfaces (see E. Gonzalez et
al. [GMT83]):

Theorem 3. If E minimizes the functional J in &(V), then 0*E N 2 is an
analytic (n-1)-manifold and H*[(OE\ O*E)N 2] = 0 for all s > n —8. In
particular, if n + 1 < 7, the singular set is empty.

5.2 Hausdorff measure of the contact line

We now establish the following proposition:
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Proposition 4. The contact line O(E N {z = 0}) in R™ has finite n — 1
Hausdorff measure in R"™ and

AN O(EN{z=0})) < OV,

The proof relies on the monotonicity formula and a couple of lemma. We start
with the following:

Lemma 8. Let x, be a point in R™. There exists a critical 6, > 0 such that if
B (2,,0)\ {z < 8,7} C E,

then
B:—/2($O, 0)CE

Proof. Let us renormalize and take » = 1. The proof relies on a De Giorgi
type argument: Consider the vertical cylinders

1
I, =B xR, and I} =B x(0,6) with 7 = 5 + 27k,

and consider
Vie = E°N (IR \ I}yl
Then, between I} and I%1, there is a cylinder I, such that
A0, NE°N{0 < z < d}) <2V,
If we consider F = E.UI?, we get
T(F) = TJ(E) < —(1 = Bmax)P(E, %) + ™0, N E°N {0 < z < §})
Since F is a minimizer, the previous quantity must be positive, that is
(1 = Bmax)P(E, %) < ™0, N E°N{0 < z < §}) < 2V,

By the isoperimetric inequality, we get

n+1

|ESN T, <~y(2P(E, %)+ #"0I,NE°N{0<z<d8}) ™

and thus
n+1

Vi1 < C(2F13) 5.

Therefore, 28V}, — 0 if V; is small enough (That is if 6 is small enough). O
This Lemma, together with the monotonicity formula (Lemma 7) allows
us to control the perimeter of E in the neighborhood on the contact line:

Corollary 1. If (z,,0) € OF, then for every r,

P(E, B} (0,0)) > "
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Proof. Let

Vi = |ENBy(z.), S = #"(ENB,(x,))
Vo = [Br(z,) \ E| Sy = A" (0B, (2,) \ E).

By the previous lemma, either B, (z,,0) \ {z < d,r} C E°, or there exists
(Yos 20) € OE N By j3(x0,0), with z, > 6,7/2. In the first case, we clearly have

Va(r) > er™tl

and
Vilr) ~|EN T (x,)| > er™tl

by Lemma 6. In the second case Lemma 7 gives:
Vi > |E N Bs, o, zo| > ¢(8or)"

and
V2 > ‘Béoryoa Zo \ E| > C((SOT)TH_l.

In either case, we deduce
Vi(r) > ™™ =1, 2 (15)

Moreover, the isoperimetric inequality gives

=
g
IA

tn+1(S1 + P(E, Br(y,)))
Mn+1(S2 + P(Ev BT(yO)))

<3
i
IN

and
2V + V2)) 7T = pp12(S1 + S2).

It follows that
VI VT — (Vi Vo) ™5 < i1 P(E, B (30)),

which yields the result thanks to (15). O

Proposition 4 will now be a consequence of the following Lemma:

Lemma 9. There exists a constant C such that
P(E,{0<z<t}) <OVt

Proof of Proposition 4. Let U;Bs(x;) be a covering of 0{E N {z = 0}} with
finite overlapping. Then by Corollary 1, we have

P(E, Bs(z;)) > 0"

But thanks to the finite overlapping property,
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S P(E, Bs(z))) < CP(E,{0 < 2 < 6}) < CVii§,

and therefore the number of balls is less than C'V #51 0'~", hence the result.
O

Proof of Lemma 9. Let F the set obtained by cutting E at level ¢:
F={(z,2) eR"™; (z,24+t) € E}n{z > 0}.
Then

|F|=|E|—{EN{0<z<t}}
> |E| —w,R™t

and thanks to (14) we have
J(E) < J(F)+Ct.

Moreover
T(E) — J(F) = P(E.{0 < z < t}) - / B(a/e) [z, 0) — pp(rt)]dr,

but if 2 belongs to the symmetric difference of EN{z =0} and E N {z = t},
then, going from the slice {z = 0} to the slice {z = t}, we must cross E, and
therefore

/|SDE(~T70) — pp(r,t)|de < P(E,{0 < z < t}).

we deduce L
min(1,1 — Bmaz)P(E, {0 < 2z < t}) < CV it

which completes the proof. O
5.3 Sphere-like minimizers

We can now prove the following result:

Proposition 5. There exists a spherical cap B,‘)"O such that
|EABF | < C(ViF1e)”.
Moreover, |B | =V and the cosine of the contact angle is ().

Proof. We observe that

/\ Bz/e)|¢r(x,0)dr < Z/ (Bmax — Bmin)dx (16)
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where we sum on all the cells C; of eZ™ that intersect the contact line. Thanks
to the results of the previous section, the number of such cells cannot exceed

n—1 4 . .
Vnsiel=" Since the area of each cell is €, we deduce:

- /WWE(%O)de < */6(%/6)@0E(x,0)d:c +OViTe.

Thus, if we introduce the energy functionnal in which the adhesion coefficient
B(x/e) is replaced by its average (0):

gir)=a [ [ 1Der] - / _ rer(a0)do

J(E) < J(E) + CVirie.

we have

Moreover, if F, denotes the minimizer of J,, we also have
T(B,) < Jo(Eo) + CV e,
hence (using the fact that J(F) < J(E,))
To(E) < Jo(Eo) + CVitie, (17)

and so FE satisfies (7) with § = C’V:%rie, and Theorem 1 gives the proposition.
O

5.4 Proof of Theorem 2-(iii)

We conclude this section by proving that this implies Theorem 2-(iii): It is a
consequence of the following nondegeneracy result:

Lemma 10. Let 0 < n < 1/2, then
(i) If there exists (x,z) € E'\ BaJrn)p then
[E\BY| = Clup)" "

(i) If there exists (x,z) € B(Jgfn)p

\ E then
|Bf\ E| > C(np)"+.

Proof of Theorem 2-(iii). Let 0 < n < 1/2. Theorem 1 yields that if § =
CVivie < C(pn) ™D/ then

|[E\Bf| <C(np)"™"  and B} \ E| < C(np)"*!

Thus, for e < C(V)n»+D/® Lemma 10 implies
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and B

E\B (1-m)p

\E =0,

+ _
(I+mp — 0,

which gives the last part of Theorem 2. O

Proof of Lemma 10. We only give the detailed proof of (i). We have to
distinguish the case z > np and z < np. When z > np, the monotonicity
formula Lemma 7 yields

|Bpo(x,2) NE| > C(np)"t,

and this B,,(z,2) N By = 0, the result follows. When z > np, then the
monotonicity formula Lemma 6 gives

|an/2($) n E| > O(np)nJrl
A simple geometric argument shows that if n < 1/2, then
F,,]p/g(l') M B: = @

The Lemma follows 0O

6 Stability

We now turn to the proof of Theorem 1. Throughout this section, we assume
that F is such that (6) and (7) hold.

6.1 Schwartz symmetrisation

The first step is to prove that F has almost axial symmetry. More precisely,
we prove:

Proposition 6. If E is such that (6) and (7) hold, then there exists a uni-
versal constant C' and oo > 0 such that

|EAE®| < C°.

Moreover, E* also satisfies (7).

For the sake of simplicity, we restrict ourself to the 3-dimensional case (n = 2).
We recall that E* denotes the Schwartz symmetrization of E:

E* ={(2,2); |2] < pp(2)}

with
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with the notation

We recall that E® is a Cacciopolli set satisfying |E®| = |E| (the schwartz
symmetrisation preserves the volume) and so (7) yields

To(E®) < To(E) < To(E°) +6.

Since
60/4,0,9(56,0) dxzﬂo/goEs(x,O) dx,

we deduce
P(E*, Q) < P(E,Q) < P(E*, Q) +6, (20)

To deduce something on the symmetry of the drop, we establish the fol-
lowing proposition:

Proposition 7. Let F' be a subset in (2, such that F' C I'rr, and let F'* be
the set obtained by replacing each horizontal slices of F by a disk with same
area and same center of gravity:

F* = Uz p(2)201 D(ar (2), pr(2)),

with .
ap(z) = () /xgap(m,z)dx

Then there exists a constant C(R,T, P(F)) such that
FAF* < C(P(F) — P(F3))'/3,

The proof relies on the following Bonnesen type inequality: If we define the
Fraenkel asymmetry of each horizontal slices F, of F' by

H"(F2AD(a(2), p(2)))

Ar(z) = o (F) : (21)

then there exists a constant 1 such that
p(=) = 2mp(2) (1 + mA(=)?). (22)

So we need to estimate the isoperimetric default p(z) — 2mwp(z), which will
be done using the following lemma, the proof of which is postponed to the
appendix:

Lemma 11. Let F be a set in (2, let p(z) denotes the (n—1)-perimeter of the
slice F,. Let p(z) be defined by (18), and let F'® be the Schwartz symmetrization
of F'. Then
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P(F) > / VP T @rpp )P dz

and

P(F) = [ V/@rpP + raplds
Proof of Proposition 7. Lemma 11, implies

2wp

S S
p® + (2mpp’)?

P(F) = P(F) = [ (0 2mp)
For any borel set A, in R, we have

/ Az)H™(F) dz :/ Mz)mp(2)? dz
A, A

o

coff poree) ([ wre)”

1/2
< CRT'/? (/A (p— 27rp)pdz> .

o

So if A, is the set
A, = {Z; VP2 + (2mpp)2 > (P(F) — P(FS))—1/3}7
we have |4,| < P(F)(P(F) — P(F*))'/3, and

H(F. AD(a(2), p(2))) d= = / NHM(F.) d=

R\A, R\A,

P(F)— P(F5) \'*
(P(F) = P(F*))Y/ 3)
< ORTY?(P(F) — P(F®))Y/3,

< CRT'/? (

It follows that
|FAF*| < C(R*P(F) + RTY?)(P(F) — P(F*))'/3
which gives Proposition 7. 0O

Proof of Proposition 6. If we tried to apply Proposition 7 directly to E,
we would still have to determine how E* differs from E*. This means that we
need to control the variations of the center of gravity a(z), which appears to
be a delicate task. Instead, we make use of a different approach:

Let H be an hyperplane in R"*!, perpendicular to {z = 0}, and let H+
and H~ be the two half space defined by H. By sliding H in the normal
direction, we can positioned H in such a way that it cuts the set E into two
sets EY = ENHT and E~ = EN H~ with same volume V/2.
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If we denote E; the set formed by adjoining to £ its reflexion with respect
to H, and F5 the set form by adjoining to E~ its reflexion with respect to H,
we obtain two set £y and E5 such that

|E1|:|E2|:V7 P(E17Q)+P(E2ag):2P(E7Q)

Repeating the same operation with F; and E5, with respect to an hyperplane
H' perpendicular to H and {z = 0}, we obtained four sets satisfying:

|Ey| = |E2| = |E3| = |Es| =V,
P(El,.Q) + P(EQ,Q) +P(E3,Q) +P(E4,Q) = 4P(E, Q)

Moreover, each of those set is symmetric with respect to the axis H N H',
which we assume to be given by = = 0, and therefore

Now, if we denote
S(F) = / vg(z,0)dz,
{z=0}

we have
S(E1) + S(E2) + S(E3) + S(Ey) = 4S(E),

and using (17), we deduce:
jo(El) + jo(EZ) + jo(ES) + jo(E4) == 4j0(E) S 4j0(Eo) + 63

for any E, € &(V). If we choose E, to be a minimizer for J,, we also have
To(Ey) < Jo(E;) for each i =1---4, and thus

Jo(Ei) < To(Eo) +9,  i=1---4.
But P(E?) < P(E;) and S(E?) = S(E;); therefore

P(E;) - P(ES) <6, i=1---4.
Proposition 7, together with (23) implies

B AE;| <83 i=1---4. (24)

In order to conclude, we now reconstruct the set

E’ = (E;NHTNHTU(ESNH NH' T )U(BSNH NHTYU(ESNH NH'™),

We clearly have |EAES| < C§'/3, so we only have to check that
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|ESAE®| < C5'/3.

To that purpose, we need to show that for a given z, the slices £} , have almost
the same radii for ¢ = 1---4. This is a consequence of the strict convexity of
the square function: We note that the sum of the area of the slices F;, is equal
to four times the area of F,, and the same is true for the perimeter. In other

words:
>_pi(z) = 4p(2)
> 07 =407,
where p; and p; denote respectively the perimeter of E;, and the radius of E, .

Thus, if we denote by u; = p; — 2mp; the defect in the isoperimetric inequality
for the slice E;,, we have:

1 1
2mp<p=7 ) pi <y (2mpit ).
It follows that
1 , (1 2
ZZPi < <4Zm “F,Ui)
by strict convexity of the square function, we deduce:

Slpi—piP <Y i+ pipy, i=1---4.

Proceeding as in the proof of Proposition 7, we show that

/ 17 dz S/ pipi dz < C(P(E;) — P(E;))*/®

o Ao

with A, = {z; \/p2 + 2mpp))2 > (P(E;) — P(E$))~'/3}. We deduce that
[ oz < o
R\A,

which implies that
[ 16z < cst,
R\ A,

Since |A,| < C3'/3, the result follows. O

6.2 Sphere-like minimizer

Proposition 6 shows that F has almost axial symmetry. We now complete the
proof of Theorem 1 by showing that a symmetric set satisfying (7) cannot
differ too much from a spherical cap:
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Proposition 8. There exists a ball B,,(z,,2,) in R™ ™ such that
|EA(B,, (o, 20) N §2)| < C6*.

Moreover, B, (zo,%,) N §2 is the minimizer associated to the averaged func-
tional J, and is fully determined by the conditions

|B,, N 02| =V, cosy = (f).
Proof. For any given ball B,(z, z), we denote
B} = By(x,2)N 12 and B = By(z,2) \ 2.
In view of the result of the previous section, we only have to show that
|ESABp+O| <06 (25)

where E*® denotes the Schwartz symmetrisation of E. Again, after rescaling,
we assume that V = 1.
Let X' denotes the wetting surface

¥ =FEn{z=0}.
Note that ¥ is a disk, so there exists a ball B,(x,, z,) in R™ satisfying
BNn{z=0}=2%, [BN{z>0} =V

To establish inequality (25), we compare the perimeter of B and that of the
set obtained by adjoining B, = B,(%,,2,) N {z < 0} to E*:

G=E°UB,.

‘We have

Moreover, (7) implies
Jo(E) < To(Bf) + 0

and since J,(E?®) < J,(E) + ¢, we deduce

/ |D<PG|§/ Dpp, | +5
Rn-{—l Rn+1

0 < P(G,R"") — P(B,,R""!) < Ce (26)

or
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which measure the quantitative loss in the isoperimetric inequality.
R.R. Hall proved in [Hal92] that if we introduce

with p such that |B,(a)| = |F|, then there exists a constant ¢ such that
P(F) > P(B,)(1+ cA(F)Y).

Moreover, the exponent 4 can be replaced by 2 in the case of axially symmetric
domains (which is the case of G). Therefore, we have

Finally, since V' = 1, the measure of the wetting surface 5" (X) is bounded,
and so the radius p (and therefore P(B,)) is bounded. It follows that

MG) < Cot/?

which gives (25).

To complete the proof of Proposition 8, it remains to see that
+ AR+
|B, AB,, | < C§,

where B;’O is a spherical cap with volume V such that the cosine of the contact
angle is [3,. First, we notice that B,j' satisfies (7), and in particular

Jo(Bf) < Jo(B}) + C6. (27)

So the result will follow from a simple computation: If B; is a spherical cap
with radius r and contact angle v (see Figure 1), the volume conditions yields

3V 1/3
"= (7r(2 + cosy)(cosy — 1)2> (28)

which implies

71.1/3(3‘/)2/3
(cos~y + 2)2/3(cosy — 1)1/3

Jo(B) = 7 (cosy) = (Bo(1 + cosv) —2).

We deduce:

211 /3(3V)2/3
(cosy — 1)4/3(cos~y + 2)5/3

S (cosy) = (cosy — o)
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Fig. 1. B}

In particular, the only minimum is reached when cosy = 3,, and since

2rl/3(3V)%/3

///(ﬂo) = (ﬂo — 1)4/3(,60+2)5/3 >0

we deduce that for every f, € (—1, 1), there exists a constant C' such that
Jo(BY) = Jo(B;,) = Cleosy — fo[?
and so (27) gives that the contact angle v of B} satisfies
|cosy — 3,2 < C6.

Next, we recall that 8, < 1, and so either cosy < (14 3,)/2, in which case
(28) yields
[p = pol < C(B,)] cosy — Bol,

or cosy > (1+ f3,)/2 and in particular | cosy — B,| > (1 — f3,)/2 which yields
§ > C(Bo).

In either case, using (27), we deduce the existence of constants C' and «
such that
|BfAB; | < C6%,

so the proof of Proposition 8 is complete. O
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A Proof of Lemma 11.

Let n(z, z) be an extension of the unit outward normal vector to dF, in R,
and take
b(x, 2) = (u(z)n(z, 2),v(2))

a test function, with u(z) and v(z) satisfying
lu(2)|? 4+ [v(2)]> <1 for all z € R.

Then

/Fdlvrngd:cdzf// pdive (n(z)) deu(z dz+// b dz 0,0(z
— - [peut) - /A'()()

u(z) = _ ) and wv(z) =

we check that |u(z)|? + |v(2)|? < 1 and therefore

/|D80F| Z/\/p2+(2ﬂpp’)2d2-

Taking

We now prove that there is in fact equality in the case of the Schwartz
symmetrisation F'*: Let ¢(x, z) be a test function, then:

/gopb d:vdzf// SZJdxdz
D(0,p) 0z

and if we denote v(6) = (cos 6, sin ) the unit normal vector, we have

0 o [P [T
— T,z da:z—/ / rv, z)rdf dr
52 o P =g [
:// &pdx
D(0,p) 0z

+ / o'o(pv, z)pdl
0

2m
/gpr drdz = // o(pv, z)do dz

Next, for all ¢ € (C(R""1))? we have

Therefore
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/ngsdiquﬁdxdz:// divy¢pdz dz
D(0,p)

_ //0% S(pv, 2) - vpdd dz

Thus, if & = (¢, @) satisfies |P| < 1, we have

2m
/(ppsdivxyz@dxdz = —//0 p(p)p(pv, 2) do dz

_/A%qﬁ(py,z)ﬂ/pdﬂdz
_ _//02” (pi/) . (‘%”) (pv, =) d d=

and so
‘/@deivm)z¢d$ dz| < /27r\/p2 + (pp')? dz.
O
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