THE SYMPLECTIC GEOMETRY OF POLYGONS IN HYPERBOLIC
3-SPACE

MICHAEL KAPOVICH*, JOHN J. MILLSON', AND THOMAS TRELOAR

ABSTRACT. We study the symplectic geometry of the moduli spaces M, = M, (H?) of
closed n-gons with fixed side-lengths in hyperbolic three-space. We prove that these
moduli spaces have almost canonical symplectic structures. They are the symplectic
quotients of B™ by the dressing action of SU(2) (here B is the subgroup of the Borel
subgroup of SL2(C) defined below). We show that the hyperbolic Gauss map sets
up a real analytic isomorphism between the spaces M, and the weighted quotients
of (S%)" by PSL>(C) studied by Deligne and Mostow. We construct an integrable
Hamiltonian system on M, by bending polygons along nonintersecting diagonals. We
describe angle variables and the momentum polyhedron for this system. The results of
this paper are the analogues for hyperbolic space of the results of [KM2] for M, (E*),
the space of n-gons with fixed side-lengths in E*. We prove M, (H?) and M, (F®) are
symplectomorphic.

1. INTRODUCTION

An (open) n-gon P in hyperbolic space H? is an ordered (n+1)-tuple (x1, ..., Z,1) of
points in H? called the vertices. We join the vertex z; to the vertex z;,; by the unique
geodesic segment e;, called the i-th edge. We let Pol,, denote the space of n-gons in HP.
An n-gon is said to be closed if x,41 = 1. We let CPol,, denote the space of closed
n-gons. Two n-gons P = [z1,...,xp41] and P’ = [z7,..., 2], ] are said to be equivalent
if there exists g € PSLy(C) such that gz; = =, for all 1 < ¢ < n+ 1. We will either
represent an n-gon P by its vertices or its edges, P = [z, ..., Tpt1] = (€1, ...ep).

Let r = (r1,...,7,) be an n-tuple of positive numbers. This paper is concerned with
the symplectic geometry of the space of closed n-gons in H? such that the i-th edge e;
has side-length r;, 1 < 7 < n, modulo PSLs(C). We will assume in this paper (with
the exception of §3) that r is not on a wall of D,, (see §2), hence M, is a real-analytic
manifold.

The starting point of this paper is (see §4)

Theorem 1.1. The moduli spaces M, are the symplectic quotients obtained from the
dressing action of SU(2) on B™.

Here B = AN is the subgroup of the Borel subgroup of SLs(C), B = {(3‘ )\z,l) :
A€ Ry, z € C}. B isgiven the Poisson Lie group structure corresponding to the Manin
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triple (sl(2,C),su(2),b) with (,) on s[(2,C) given by the imaginary part of the Killing
form.

Remark 1.2. As a consequence of Theorem 1.1, the spaces M, have an almost canonical
symplectic structure (the symplectic structure depends on a choice of Iwasawa decompo-
sition of SLo(C) or a ray in H>, but given two such choices, there exist (infinitely many)
g € SLy(C) inducing an isomorphism of the two Poisson structures).

Our next theorem relates the moduli spaces M, to the weighted quotients Qg =
Qsst(r) of (S?)™ constructed by Deligne and Mostow in [DM]. By extending the sides
of the n-gon in the positive direction until they meet S? = 0,,H?, we obtain a map, the
hyperbolic Gauss map v : Pol, — (S?)". We then have (here we assume M, is smooth)

Theorem 1.3. The hyperbolic Gauss map induces a real analytic diffeomorphism ~y :
M, — stt(r)'

Remark 1.4. In [KM2], the first two authors constructed an analogous analytic iso-
morphism v : M, (E?) — Qssi(r) where M, (E?) is the moduli space of n-gons with the
side-lengths v = (r1,...,m) in Euclidean space E?. Although they gave a direct proof, this
latter result was a consequence of the Kirwan-Kempf-Ness theorem, [Ki],[KN], relating
Mumford quotients to symplectic quotients. Our new result (Theorem 1.3 above) relates
a Mumford quotient to a quotient of a symplectic manifold by a Poisson action.

The key step (surjectivity) in the proof of Theorem 1.3 is of independent interest. We
could try to invert vy : M, — Qs as follows. Suppose we are given & = (&1, ...,&,) € Qsst-
We wish to construct P € M, with y(P) = ¢. Choose z € H?. Put the first vertex z; = .
Let o1 be the geodesic ray from z; to & . Let 25 be the point on oy with d(z1,z2) = r1.
Let oy be the ray from z, to &,. Cut off o9 at x3 so that d(zg,z3) = re. We continue in
this way until we get P = [z1,...,z,11]. However it may not be the case that P closes

up (i.e. Tp41 = 21).

Theorem 1.5. Suppose ¢ is a stable configuration (see §3.1) on (S?)*. Then there is a
unique choice of initial point x = z(r,€&) such that P closes up.

Remark 1.6. Let U be the atomic “measure” on S? which assigns mass r; to the point
&, 1 <1 < n, keeping track of the order of the &’s. Then the rule that assigns x =
z(v) = z(&,r) above is PSLy(C)-equivariant and is a multiplicative analogue of the
conformal center of mass, C(v), of Douady and Earle [DE], see also [MZ, §4]. Here v
is the measure v =Y 1" | 1i0(& — &).

Remark 1.7. We may use Theorem 1.3 to construct a length-shrinking flow on CPol,,.
Namely, let 0 <t < 1. Replace the weights r = (r1,...,ry) by tr = (try,...,tr,). We have

M, l) stt(r) = stt(tT) L My,

The composition fyt_rl o7, is the length-shrinking flow. Note that Qs () and Qs (tr)
are canonically isomorphic as complex analytic spaces. We obtain a curve z(t) = z(tr, £).
We have
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Theorem 1.8. limy;_,oz(tr,&) = C(v), the conformal center of mass of Douady and
Earle.

Remark 1.9. We see that C(v) is “semi-classical,” it depends only on the limit as the
curvature goes to zero (or the speed of light goes to infinity), see §3.3.

Our final theorems are connected with the study of certain integrable systems on M,
obtained by “bending an n-gon along nonintersecting diagonals” Precisely, we proceed
as follows. We define the diagonal d;; of P to be the geodesic segment joining x; to x;.
Here we assume ¢ < j. We let £;; be the length of d;;. Then /;; is a continuous function
on M, but is not smooth at the points where £;; = 0. We have the following description
of the Hamiltonian flow of ¢;; (it is defined provided ¢;; # 0).

Theorem 1.10. The Hamiltonian flow \If% of £;; applied to an n-gon P € M, is obtained
as follows. The diagonal d;; separates P into two halves. Leave one half fired and rotate
the other half at constant speed 1 around d;;.

For obvious reasons we call \Ilgj “bending along d;;.”

Definition 1.11. We say two diagonals d;; and dyp of P do not intersect if the interiors
of di; and dy, do not intersect, where dj; (resp. df,) is the diagonal of a convex planar
n-gon P* corresponding to d;; (resp. dgp).

We then have

Theorem 1.12. Suppose d;; and dg, do not intersect, then

{gi'agab} =0.
Remark 1.13. We give two proofs of t;u's theorem. The first is a direct computation of
the Poisson bracket due to Hermann Flaschka. The second is an elementary geometric
one depending on the description of the flows in Theorem 1.10. It corresponds to the
geometric intuition that we may wiggle flaps of a folded piece of paper independently if
the fold lines do not intersect.

We obtain a maximal collection of commuting flows if we draw a maximal collection
of nonintersecting diagonals {d;;, (¢,j) € I}. Later we will take the collection of all
diagonals starting at the first vertex, I = {(1,3), (1,4), ..., (1,n—1)}. Each such collection
corresponds to a triangulation of a fixed convex planar n-gon P*. There are n — 3
diagonals in such a maximal collection. Since dim M, = 2n — 6, we obtain

Theorem 1.14. For each triangulation of a convex planar n-gon P* we obtain an in-
tegrable system on M,. Precisely, we obtain a Hamiltonian action of an (n-3)-torus on
M, which is defined on the Zariski open subset M) defined by the nonvanishing of the
lengths of the diagonals in the triangulation.

We have a simple description of the angle variables and the momentum polyhedron
attached to the above integrable system. Let M? C M] be the subset such that none of

the n — 2 triangles in the triangulation are degenerate. Let @\ij be the dihedral angle at

~

d;j. Put 6;; = m — 0;;. Then the 0;; are angle variables.
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To obtain the momentum polyhedron we follow [HK] and note that there are three
triangle inequalities associated to each of the n — 2 triangles in the triangulation. These
are linear inequalities in the /;;’s and the r;;’s. If they are satisfied, we can build the
n—2 triangles then glue them together and get an n-gon P with the required side-lengths
r; and diagonal lengths /;;. We obtain

Theorem 1.15. The momentum polyhedron of the above torus action (the image of M,
under the €;;’s) is the subset of (R>g)"™% defined by the 3(n — 2) triangle inequalities
abowve.

As a consequence we obtain
Corollary 1.16. The functions 4;;, (i,5) € I, are functionally independent.

Our results on n-gon linkages in H? are the analogues of those of [KM2] for n-gon
linkages in E*. We conclude the paper by comparing the symplectic manifolds M, (H?)
and M, (E?). Assume henceforth that 7 is not on a wall of D,,.

Since the Euclidean Gauss map 7, : M, (H?) — Qs(r) is a canonical diffeomorphism
as is the hyperbolic Gauss map 7, : M, (E?) — Qss(r) we obtain

Theorem 1.17. The hyperbolic and Euclidean Gauss maps induce a canonical diffeo-
morphism
M, (E’) ~ M, (H).

The last part of the paper is devoted to proving
Theorem 1.18. M, (E?) and M, (H?) are (noncanonically) symplectomorphic.

This theorem is proved as follows. Let X, be the complete simply-connected Rie-
mannian manifold of constant curvature x. In [Sa], Sargent proved that there exists « > 0
and an analytically trivial fiber bundle 7 : & — (—o0, ) such that 7=1(k) = M, (X).
We construct a closed relative 2-form wy on £|(_ o) such that w, induces a symplectic
form on each fiber of m and such that the family of cohomology classes [wy] on &|(_og o)
is parallel for the Gauss-Manin connection. Theorem 1.18 then follows from the Moser
technique [Mo].

The results are closely related to but different from those of [GW] and [A].

ACKNOWLEDGMENTS. It is a pleasure to thank Hermann Flaschka for his help and
encouragement. He explained to us the set-up for the Sklyanin bracket (see §4.1) and
provided us with the first proof of Theorem 1.12. Also, this paper was inspired by
reading [FR] when we realized that the dressing action of SU(2) on B" was just the
natural action of SU(2) on based hyperbolic n-gons. We would also like to thank Jiang-
Hua Lu for explaining the formulas of §5.1 to us. We would also like to thank her for
pointing out that it was proved in [GW] that the cohomology class of the symplectic
forms w¢ on an adjoint orbit in the Lie algebra of a compact group was constant.

2. CRITERIA FOR THE MODULI SPACES TO BE SMOOTH AND NONEMPTY

In this chapter we will give necessary and sufficient conditions for the moduli space
M, to be nonempty and sufficient conditions for M, to be a smooth manifold.
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First we need some more notation. Let s be the point in H?> which is fixed by
PSU(2). We let Pol,(x) denote the space of n-gons [z1,...,z,41] with ;1 = % and
CPol,(x) = CPol, N Pol,(x). We let N, C Pol,(*) be the subspace of those n-gons
P = [z1,...,xp41] such that d(z;, zi41) =13, 1 <i < n. We put N, = N,/PSU(2) and
M, = N, N CPol,(*). Hence, M, = M,/PSU(2).

Let 7 : CPol, — (R>0)" be the map that assigns to an n-gon e its set of side-lengths.
7T(6) = (T17 "'7Tn) with r; = d(LCi,.’L‘Z'+1), <2< n.

Lemma 2.1. The image of 7 is the closed polyhedral cone D,, defined by the inequalities
rr>0,..,r, >0
and the triangle inequalities
ri STt it 1<i<n

(here the ~means that r; is omitted).

Proof: The proof is identical to the proof of the corresponding statement for Euclidean
space, [KM1, Lemma 1]. O

We next give sufficient conditions for M, to be a smooth manifold. We will use two
results and the notation from §4.3 (the reader will check that no circular reasoning is
involved here). By Theorem 4.27 we find that M, is a symplectic quotient.

M, = (pl5,) 1 (1)/SU(2)
By Lemma 4.23, 1 is a regular value of ¢ unless there exists P & MT such that the
infinitesimal isotropy (su2)|p = {z € SU(2) : X(P) = 0} is nonzero.
Definition 2.2. An n-gon P is degenerate if it is contained in o geodesic.

We now have

Lemma 2.3. M, is singular only if there exists a partition {1,...n} = I I J with
#(I) > 1,#(J) > 1 such that
Sr=Yr

icl jeJ

Proof: Clearly (sug)|p = 0 unless P is degenerate. But if P is degenerate there exists
a partition {1,...,n} = I' I1 J as above (I corresponds to the back-tracks and J to the
forward-tracks of P). O

Remark 2.4. In the terminology of [KM1], [KM2], M, is smooth unless r is on a wall
of Dy,. Note that if |I| =1 or |J| =1 then r € 0D,, and M, is reduced to a single point.

There is a technical point concerning smoothness. We could also define M, as the
fiber of @ : CPol,,/PSLy(C) — D,, over r. It is not quite immediate that smoothness
of the symplectic quotient coincides with the smoothness of 7~!(r). Fortunately, this is
the case (note r is a regular value of 7 < r is a regular value of ).
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Lemma 2.5. r is a regular value of m < 1 is a regular value of ¢|N,.

Proof: The lemma follows from a consideration of the diagram

Ny

| X

CPol, (x) — Pol,(*) Y oB

g

(R>o)"
and the observation that ¢ : Pol,(x) — B (see §4.2) and the side-length map Pol,, (x) —
(R>p)™ are obviously submersions. Here we have abbreviated ¢| N, to ;. O

3. THE GEOMETRIC INVARIANT THEORY OF HYPERBOLIC POLYGONS

3.1. The hyperbolic Gauss map and weighted quotients of the configuration
spaces of points on the sphere. The goal of the next two sections is to construct
a natural homeomorphism v : M, — Q45 where Qg5 is the r-th weighted quotient of
(8%)" by PSLy(C) constructed in [DM] in the case that M, is smooth. Qs is a complex
analytic space. We now review the construction of Q).

Let M C (S?)" be the set of n-tuples of distinct points. Then @Q = M/PSLy(C) is
a (noncompact) Hausdorff manifold.

Definition 3.1. A point @ € (S?)" is called r-stable (resp. semi-stable) if

Z rj < Ll (resp. < L|)
=2 =2
=
for all v € S?. Here |r| = > j-17j- The set of stable and semi-stable points will be

denoted by My and Mg respectively. A semi-stable point @ € (S?)" is said to be a nice
semi-stable point if it is either stable or the orbit PSLs(C)d is closed in Mgg;.

We denote the space of nice semi-stable points by M,,ss;. We have the inclusions
Mst C Mnsst C Msst-

Let Meysp = Mssy — Mg We obtain the points M.y, in the following way. Partition
S = {1, ,n} into disjoint sets S = Sl U SQ with Sl = {il, ...,ik}, SQ = {jl, ---ajn—k} in
such a way that r;, +---+m;, = |g—| (whence rj, +--- 471, , = |g—|) Then @ is in Meysp
if either w;, = -+ = w;, or uj, = --- = u;, .. The reader will verify that @ € Mcysp is
a nice semi-stable point if and only if both sets of the equations above hold. relation R
via:

4= (mod R) if either

(a) 4@,W € Mg and W € PSLy(C)u,

or

(b) 4, W € Mcysp and the partitions of S corresponding to @, w coincide.
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The reader will verify that @, @ € Mysst — Mg then @ = @ (mod R) if and only if
W€ PSLy(C)i.
It is clear that R is an equivalence relation. Set

stt = Msst/Ra Qnsst = Mnsst/Ra Qst = Mst/Ra chsp = Mcusp/R

each with the quotient topology. The elements of ().,sp, are uniquely determined by
their partitions. Thus Q).ysp is a finite set. It is clear that each equivalence class in Qcysp
contains a unique PSLy(C)-orbit of nice semi-stable points whence the inclusion

Mnsst C Msst

induces an isomorphism

Qnsst = Mnsst/PSL2((c) — stt-

In case rq, ..., are rational then the quotient space Q55 can be given a structure of
a complex projective variety by the techniques of geometric invariant theory applied to
certain equivariant projective embeddings of (52)", see [DM, §4.6]. This concludes our
review of [DM, §4]. We now establish the connection with the moduli space M,

For the rest of this section (with one exception) we will use the ball model of hyper-
bolic space (so * = (0,0,0)). We will compactify H?> by enlarging the open three ball
to the closed three ball, thus we add S? = 0,,H?. Each point of S? corresponds to an
equivalence class of geodesic rays in H?>. Two rays o and 3 are equivalent if they are
asymptotic, i.e. lim; o a(t) = limy ,o B(t) in the closed three ball. Intrinsically the
equivalent rays are characterized by the property that they are within finite Hausdorff
distance from each other.

In what follows all geodesic segments, geodesics and geodesic rays will be parameter-
ized by arc-length. We now define the hyperbolic Gauss map 7y (in various incarnations).
Let o = [z,y], =,y € H3, be the oriented geodesic segment from x to y. Let 5(0) be
the ray, 7 : [0,00) — H? with 5(0) = x and 5(¢) = y (here £ = £(0) is the length of the
geodesic segment o). We define the (forward) Gauss map -y on oriented segments by

7(0) = lim o (7).
We may now define v : N, — (52)" by
v(e) = (v(er), - v(en))-

One of the main results of this paper is the following theorem — an analogue for Poisson
actions of the theorem of Kirwan, Kempf, and Ness, [Ki], [KN].

Theorem 3.2. (i) v(M,) C Mysst-
(ii) If P is nondegenerate, then y(P) € My,.
(iii) 7 induces a real analytic homeomorphism v : M, — Qsst-
(iv) M, is smooth if and only if Mg = Mss. In this case Qsg is also smooth and
v: My = Qsst s an analytic diffeomorphism.

Let 7 € S2. We recall the definition of the geodesic flow gbf? associated to 7). (Strictly
speaking, this flow is rather the projection to H? of the restriction of the geodesic flow on
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UT(H?) to the stable submanifold corresponding to 7.) Given z € H? there is a unique
arc-length parameterized ray o with 0(0) = z, lim;_,o, o(t) = 7. By definition,

P () = o (t).

We will also need the definition of the Busemann function b(z,¢), = € H?, ¢ € 05 HE.
Let o be an arc-length parameterized geodesic ray from * to &. Then

b(z,€) = lim (d(z,0(t)) —1).
Note that for k € PSU(2) = Stab(x) we have
b(kz, k&) = b(x,&).
Also, in the upper half space for H?, we have
b((x,y,z),00) = —log z.
We now prove
Ltemma 3.3. For fized &, —Vb(x,&) is the infinitesimal generator of the geodesic flow
Pe-

Proof: From the first formula above, it suffices to check this statement in the upper half
space model (so x = (0,0, 1)) for £ = co. By the second formula

—Vb(z,y,z) = z(% .

We will now prove (i) and (ii) in the statement of Theorem 3.2 above.

Lemma 3.4. (i) v(M,) C M.
(ii) P is nondegenerate < v(P) € Mg.

Proof: Let P € M, be a polygon with the vertices x1,...,xn4+1 = %n, we will use the
notation z;(t),0 < t < r;, for the parameterized edge e; (so that z;(0) = z;). We test
stability of v(P) with respect to a point € S?. Let b(z) := b(x,n) be the corresponding
Busemann function. Then for any unit vector v € T, (H?)

(1) —Vb(z) -v<1
with the equality if and only if the geodesic ray exp(R; v) is asymptotic to 7. Similarly,
(2) —Vb(z) -v> -1

with the equality if and only if the geodesic ray exp(R_wv) is asymptotic to 7. Let
I C {1,...,n} be the subset of indices such that y(e;) = 7. Let J be the complement of
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I'in{1,...,n}. Pubtrp =37, 7, 1y =3 ;c,rj- Since the polygon P is closed, using (1)
and (2) we get:

Tn+1 n=1 .
0=-b =% / () - Vb(wi (1) dt
1 i=1 "0
ZZW—ZW =TTy
il jer

with the equality if and only if every edge e;,j € J, is contained in the geodesic through
n and z;. Thus r; < ry, i.e. y(P) is semi-stable. If y(P) is not stable then each edge
ei, 1 <1 <mn, of Pis contained in the geodesic through n and z;, which implies that this
geodesic is the same for all ¢. Hence P is degenerate in this case. U

In order to prove that v : M, — Qpsst is injective and surjective, we will first need
to study a certain dynamical system f, ¢ €Diff(H?) attached to the configuration of n
points £ = (£1,...,&,) on S? weighted by r = (rq,...,m,). The weights r will usually be
fixed and we will drop 7 in f,¢.

3.2. A dynamical system on H? and the proof that the Gauss map is an
isomorphism. Let £ = (£1,...,&,) € (S?)". We define a diffeomorphism f; : H> — H?
as follows. Assume that r = (r,...,7,) € D, is given. Let z € H? be given. Let o
be the ray emanating from z with lim; ,o 01(t) = £. Put 1 = z and 2y = o1(ry).
Now let o2 be the ray emanating from zy with lim; o 02(t) = €. Put z3 = o3(r2).
We continue in this way until we obtain z,; = o,(r,) where o,, is the geodesic ray
emanating from z,, with lim; .o 0,(t) = &,. We define f¢ by fe(z) = x,41. Note that
the polygon P = (z1, ..., ,41) belongs to N,.
We now give another description of f:
fe= a0 o

where ¢2 is the time t geodesic flow towards £. We may interpret the previous formula
for f¢ as a product (or multiplicative) integral [DF]. Partition the interval [0, 1] into n
equal subintervals, 0 = tp < t; < --- < t, = 1. Let v be the atomic measure on [0, 1]
given by v(t) = Z?;()l 7 10(t — ;). Let X :[0,1] — S? be the map given by A|[t;, ti11) =
vi, 0 <3< n—1. Define A:[0,1] — C°°(H*,T(H*)) by A(t)(z) = Vb(2,A(t)). Then in
the notation of [DF],

in Diff(H?).

Remark 3.5. In fact, in [DF] the only integrals considered take values in GL,(C). We
have included the above formula to stress the analogy with the conformal center of mass.
The above integral is the multiplicative analogue of the gradient of the averaged Busemann
function

Vb, (z) = o Vb(z,m)(Asdr) (1)
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used to define the conformal center of mass (see §3.3).
We will first prove

Proposition 3.6. Suppose § consists of three or more distinct points. Then f¢ is a
strict contraction. Hence, if £ is stable, f¢ is a strict contraction.

We will need the following lemma

Lemma 3.7. Let £ € S? and gz’Jg be the geodesic flow towards £&. Then, for each t > 0,

(i) d(gbg(zl), ¢2(22)) < d(z1, z2) with equality if and only if z1 and ze belong to the same
geodesic n with end-point €.

ii) If Z € T,(H®) is a tangent vector, then

(i) 9

1D (Z)]] < ||Z]|
with equality if and only if Z is tangent to the geodesic n through z which is asymp-
totic to &.

Proof: We prove (ii) noting that (ii) implies (i). Use the upper half space model for H?
and send ¢ to oo. Then, if Z = (a, b, c) is tangent to H® at (z,y, z), we have

and

|D# (a,b,c)|] = Ve 2a? + e 4+ 2 .
(wy,ez)
]
Remark 3.8. 1. In case of equality in (i), the points z1, 22, gbg(zl), ¢2(22) all belong to
7.
2. The above lemma also follows from the fact that ngg(Z) is a stable Jacobi field
along 1.

We can now prove the proposition. By the previous lemma, fe = ¢2: 0---0 ¢g does
not increase distance. Suppose then that d(f¢(z1), fe(z2)) = d(z1, z2). Then,

(g, (21), @g, (22)) = d(z1, 22).
Hence, z1, 29, qﬁg(zl), gbg (29) are all on the geodesic n; joining 21 to &;.
Next,
(g (Dg; (21)), Do (¢, (22))) = (@ (21), P, (22))-
Hence,. gbg (21), gbg.(zg), bez (P, (zl)‘), gbg (gbg(ZQ)) are all on th(? same geodesic. This
geodesic is necessarily 72, the geodesic joining gbg (21) to &, since it contains <;Sg (21) and
P (¢, (21)). But since n; contains ¢! (Zlv ) and ¢ (22) it also coincides with 7;. Hence,
either {; = & or & is the opposite end ¢; of the geodesic 7;. We continue in this way
and find that either & =& or & =&, for all 1 <i < mn. O

Our next goal is to prove that f; has a fixed-point in H3. Let H be the convex hull
of {&1,...,&,}. Let ; be the negative of the Busemann function associated to &; so



THE SYMPLECTIC GEOMETRY OF POLYGONS IN HYPERBOLIC 3-SPACE 11

increases along geodesic rays directed toward ¢;. Fix a vector r = (71, ...,7,) and r-stable
configuration ¢ = (£1,...,&,) € S2. For 1 > h > 0, we shall consider Jhre H? — H3
where hr = (hry, ..., hry,). Note that fp,, ¢(H) C H.

Lemma 3.9. There exist open horoballs, O;, 1 < i < n, centered at &;, which depend
only on r and &, such that for each 1 <1 <mn, ifx € O; N H, then

Bi(frre(2)) < Biw)
(50 frre(x) is “further away from” & than x).

Proof: The angle between any two geodesics asymptotic to &; is zero, thus by continuity,
for each € > 0, there exists a horoball O;(¢) centered at ¢&; so that for each x € O;(e) N H
and for each point §; which is different from ¢;, the angle between the geodesic ray from
z to & and Vb(z,§;) is <e. Let I ={f e {l,...n}: & =&}, J:={1,..,n} —I. Recall
the stability condition means:
rr = ng <ry:= er
el jed
thus we can choose 7/2 > € > 0 so that
r; — cos(e)ry < 0.

We define L by O;(e) = {§; > L} for this choice of €, then we define O; by O; := {3; >
L + |r|}. Pick z € H N O;, this point is the initial vertex of the linkage P with vertices

w1 =@, T3 = ¢ (21); s Tnp1 = QL (€n) = Fare(®)-

Note that since the length of P equals h|r|, (and h < 1), the whole polygon P is contained
in H N O;(e). We let z;(t),t € [0,hr;] be the geodesic segment connecting z; to ;41
(parameterized by the arc-length). Then,

Tr41

Bi(tni1) — Bi(z1) = > Pilz)
k=1

n hry,
= > VBi(xk(t)) - xj,(t)dt
k=170
th

te1 /0 =
Recall that ||V (z(8)]] = 1, ||#,(£)]] = 1, if £ € I then

VBi(e(t)) - 23(t) = 1,

Tk

if j € J then
VBi(w;(t)) - 23(t) < —cos(e)
since z(t) € O;(e) for each 0 <t < hr;. Thus,
Bi(zp+1) — Bi(z1) < th — hcos(e) er = h(rr — cos(e)ry) < 0.

el jeJ
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We let O; := {; > L+ 2|r|}, then
Proposition 3.10. fy, ¢ has a fized point in K := H —J;_, O,.

Proof: We claim that if z € H — |J!' ; O; then for all m > 0, ff(m) () ¢ Ui, O We
first treat the case m = 1. Since d(z, fe(x)) < |r| we see that © € H — |J;_; O; implies
fe(z) ¢ U;—, O}. But if there exist an m — 1 such that y = fg(mfl)(:v) e U, (0; —0)),
then fém) (z) = fe(y) ¢ U;—, O} by Lemma 3.9 and the claim is proved.

We find that the sequence { ff(m) ()} is relatively compact and contained in K. Let
A C K be the accumulation set for this sequence. This is a compact subset such
that f¢(A) C A. If f¢ does not have a fixed point in A then the continuous function
O(x) := d(z, fe(x)),2 € A is bounded away from zero. Let zy € A be a point where 6
attains its minimum. However (since f¢ is a strict contraction)

0(fe(wo)) = d(fe(wo), f£ (o)) < d(o, f(20)) = O(x0),
contradiction. O

We can now prove Theorem 3.2. We first prove that v : M, — Qs Is injective. This
easily reduces to proving that if P,Q € M, with v(P) = v(Q), then P = Q. Let z; be
the first vertex of P, z) be the first vertex of @, and £ = vy(P) = ¥(Q). Since P closes
up, we have fe(x1) = z;. Since @ closes up, we have fe(z}) = 2. But, f¢ is a strict
contraction, hence z; = 2. It follows immediately that P = Q.

We now prove that v is surjective. Let £ € M. There exists z € H? with fe(z) = z.
Let P be the n-gon with y(P) = £ and first vertex z. Then P closes up and we have
proved that v is onto the stable points. If £ is nice semi-stable but not stable, then
¢ = y(P) for a suitable degenerate n-gon. Hence, v is surjective and Theorem 3.2 is
proved.

Remark 3.11. We have left the proof that the inverse map to v : M, — Qg s smooth
(resp. analytic) in the case M, is smooth to the reader. This amounts to checking that
the fized-point of fe depends smoothly (resp. analytically) on .

3.3. Connection with the conformal center of mass of Douady and Earle. In
this section, we prove Theorem 1.8 of the Introduction. We begin by reviewing the
definition of the conformal center of mass C(r) € H?, where v is a stable measure on
5% = 9,,H?. Here we are using

Definition 3.12. A measure v on S? is stable if
||

v({o}) < 5z e 52

Here, |v| is the total mass of v.

We define the averaged Busemann function, b, : H> — R, by

bie) = [ i)
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We recall the following proposition ([DE], [MZ, Lemma 4.11]):

Proposition 3.13. Suppose v is stable. The b, is strictly conver and has a unique
critical point (necessarily a minimum,).

Definition 3.14. The conformal center of mass C(v) is defined to be the above critical
point. Thus,
Vb,,|c(,,) = 0.

The main point is the following,

Lemma 3.15. The assignment v — C(v) is PSLy(C)-equivariant,
Clgwv) = gC(v).

Here g.v is the push-forward of v by g € PSL(2,C).

We now return to the set-up of the previous sections. We are given r = (ry,...,7)
and a stable configuration ¢ = (£, ...,&,) € (S?)™. We have the dynamical system fy, ¢
of the previous chapter, with fixed-point z = z(tr,£). We put v = > " ri0(& — &),
where ¢ is the Dirac probability measure supported on the origin in R3®. We now have,

Lemma 3.16. p
%ftT‘,f ‘t:(): _Vbll .

Proof: We abbreviate —Vb(z,&;), the infinitesimal generator of the geodesic flow associ-
ated to &;, to X;. Thus we want to prove

n

d
%ftr,{ o= Z i Xi.

But if ¢y and v, are flows with infinitesimal g(:;;rators X and Y respectively, then
% L povte) = Bt?;tg R ey (@)
= 8%2 - ©o © Py, (T) + 8%1 o Pty © tho()
= % - y, (z) + % . e ()
= Y(z) + X(=z).

Recall that
Firg(@) = gm0 gl t o0 g (x).

Hence,
d

dt

B fire(w) = ZXi(%‘)-

t
O
We are ready to prove Theorem 1.8 of the Introduction. We abbreviate —Vb, by X.
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Theorem 3.17. Let x(tr,&) be the unique fived point of fi e, 0 <t < 1. Then
limz(tr, ) = C(v).
t—0

Proof: We note that fo,¢ = id. Hence, applying Lemma 3.16, the Taylor approximation
of fi¢(x) around ¢t = 0 is

Jire(x) =2 +tX(x) + tQR(:v, t)

(where R(z,t) is smooth). Let ¢(x,t) = X(z) + tR(z,t). By definition, the conformal
center of mass C(v) is the unique solution of

o(z,0) = X(x) =0.

Since b, is strictly convex, if v is stable, [MZ, Corollary 4.6], C(v) is a nondegenerate
zero of X and we may apply the implicit function theorem to solve

p(x,t) =0

for x as a function of ¢ near (C'(v),0). Thus, there exists ¢ > 0 and smooth curve, (),
defined for |t| < 9, satisfying

(i) @(z(t),t) =0

(ii) z(0) = C(v).
But clearly, (i) implies fy¢(£(t)) = £(t), 0 < ¢t < 4. Since the fixed-point of fi ¢, 0 <
t <1, is unique, we conclude Z(t) = z(tr,§), 0 < t < §. Hence,

limz(tr, &) = %ima?;(t) =C(v).

t—0 —0

4. THE SYMPLECTIC GEOMETRY OF M, (H?)

4.1. The Poisson-Lie group structure on B”. In this section we let G be any (linear)
complex simple group, B = AN be the subgroup of the Borel subgroup such that N
is its unipotent radical and A is the connected component of the identity in a maximal
split torus over R, and K be a maximal compact subgroup. We will construct a Poisson
Lie group structure on G which will restrict to a Poisson Lie group structure on B. For
the basic notions of Poisson Lie group, Poisson action, etc. we refer the reader to [Lul],
[GW], [LW], and [CP].

Let R, and L, be the action of g on G' by the right and left multiplication respectively.
Let g denote the Lie algebra of G, £ be the Lie algebra of K and b be the Lie algebra
of B. Then g =b @ ¢ and G = BK. Let pg (resp. pp) be the projection on € (resp. on
b). We define R := py — pp and let 3(,) be the imaginary part of the Killing form on g.
In the direct sum splitting g = € @ b we see that € and b are totally-isotropic subspaces
dually paired by (,).

Let ¢ € C®(G). Define Dp: G — gand D'p: G — g by

(D'g(9),v) = Selivioloe”)
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(Do(g),v) = %It:ow(ewg)

for v € g.
We extend (,) to a biinvariant element of C*°(G, S*T*(G)) again denoted (, ). Now
define Vp € C*(G,T*(G)) by

(Ve(g),z) = dpy(z),z € Ty(G)
We have
Dy(g) = dR,'V(g)

D'p(g) = dL;'Vp(g) = Ady—1 Dp(g)
The Sklyanin bracket {¢, 1} is defined for ¢, € C°(G) by

{o,9}(9) = %((RD’w(g),D'@b(g)) — (RD¢(g), Dy(g)))

where R = p¢ — pp.
Lemma 4.1. The bracket {p,} is a Poisson bracket on C*(G).

Proof: See Theorem 1 of [STS].

Let w € C°(G, A*T(G)) be the bivector field corresponding to {-,-}. We now show
that {-,-} induces a Poisson bracket on C*°(B).

Lemma 4.2. w(b) is tangent to B , i.e. w(b) € A*Ty(B) C A*T(G) for all b € B.

Proof: 1t suffices to prove that if ¢ vanishes identically on B then {y,t} vanishes
identically on B for each . However if ¢ vanishes identically on B then Vp(b) € T,B
for allb € B. Hence Dp(b) € b, D'p € b for each b € B. This implies that RDy = — Do,
RD'¢ = —D'p and

2{ip,1h}(b) = —(D'¢(b), D" (b)) + (Dp(b), Dip(b))
But D'p(b) = Ady-1Dp(b), D')(b) = Ady-1D1)(b) and (,) is Ad-invariant. O
For the next corollary note that T;(B) is a quotient of T (G).

Corollary 4.3. Let 7 be the skew-symmetric 2-tensor on T*(G) corresponding to w.
Pick b € B and o, € T;(G). Then =w|b depends only on the images of o and 3 in
Ty (B).

We will continue to use 7 for the skew-symmetric 2-tensor on 7%(B) induced by 7
above.

Remark 4.4. An argument identical to that above proves that w(k) is tangent to K.
Hence {-,-} induces a Poisson structure on K. With the above structures K and B are
sub Poisson Lie subgroups of the Poisson Lie group G.
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We will need a formula for the Poisson tensor = on B. We will use (,) to identify
T*(G) and T'(G). Under this identification Ty (B) is identified to T,(G) /Ty (B). We will
identify this quotient with dRyt. We let 7|, denote the resulting skew-symmetric 2-tensor
on dRyt. Finally we define @ € C®(B, (A%£)*) by

7?|Z(x,y) = 7?|b(de:v,dey), T,y €L
We now recover formulae (2.25) of [FR] (or [LR, Definition 4.2]) for #".
Lemma 4.5. #[}(z,) = {pe(Ady-12), po(Ady11)).

Proof: Choose p,9 € C*(G) with Vp(b) = dRyx and Vi(b) = dRpy. Then
tlp(z,y) = #lo(dRyz, dRpy) = #[s(Vp(b), V(b))
= 7lp(dip(b), dip(b)) = {,9}(b)

= S(RALy V), dLy V(0) — 5 (RAR, Y p(b), AR, V()

1
2

1 1
= §(RAdb71x,Adb71y) — E(R:v,y)

But z,y € ¢ implies (Rz,y) = 0. Hence,

. 1 1
wly(@,y) = 5(pe(Adyr2), Ady-ry) — 5{po(Adp-12), Adp-1y)
1 1
= S{pe(Ady-12), poAdy-1y) — 5 (po(Ady-12), peAdy-1y)
= (pe(Adp-12), po(Ady-1y)).
The last equality holds by skew-symmetry, see [LR, Lemma 4.3]. O

We will abuse notation and drop the ™ and 7 in the notation for 7" henceforth.

Remark 4.6. The Poisson tensor on K, g, induced from the Skylanin bracket on G is
the negative of the usual Poisson tensor on K (see [FR], [Lul]). Throughout this paper
we let m (k) =dLy X AY —dR, X AY, where X =3 (% §) and Y =1 (97).

We now give G the product Poisson structure, hence B inherits the product struc-
ture. We introduce more notation to deal with the product. Welet g; Cg" =g®...D g
be the image of g under the embedding into i-th summand. For ¢ € C*°(G™) we define

Dip:G" —g;, Dip:G" —g;
as follows. Let g = (g1, ...,9n) € G™ and v € g;, then

d
<D7/907 V> = £|t:090(917 ey etygiJ ) ng)

d
<D1,,(707 V> = £|t=0(p(glv "'7g’ietV7 7gn)
Here we extend (,) to g™ by

n

(6,7) =D (0,7

1=1
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for § = (01,...,0n),7y = (71, ---,7n). We define d;, V; in an analogous fashion. Finally
define the Poisson bracket on C*°(G™) by

n

{,9}(0) = 3 S [RDll9), Dit(9)) ~ (RDielg), Div(o)].
1=1

As expected we obtain an induced Poisson bracket on C°°(B™) using the above formula
with g € G replaced by b € B.

Now let 7 be the Poisson tensor on G™ corresponding to the above Poisson bracket.
Let n# € Hom(T*(G™),T(G")) be defined by B(n#(a)) = m(a,8). Let p € C®(G™).
We have

Definition 4.7. The Hamiltonian vector field associated to ¢ is the vector field X, €
C>®(G", T(G™)) given by
X, = 7 dy
We will need a formula for X .

Lemma 4.8. Let g = (g1,...,9n). Then X,(g9) = (X1(9), ..., Xn(g)) where

1
Xi(9) = 5[dRy RDip(9) — dLg RDip(9)]

Proof: We will use the formula

{p, 9} = —dp(Xy) = —(Xy, V)

Here V is the gradient with respect to (,) on g”, see above, hence Vip=(V11, ..., Vyp1b).
We have

n

{o.9}9) = [((RDi¢(g), Diwp(9)) — (RDip(g), Ditp(9))]

N | =
-
Il
—

[(RDje(g),dLy Vitp(g)) — (RDip(g), Ry Vitp(g))]

Il
N —
=

-
Il
_

= 2 ML, RD(g), Vitbla)) — (dRy RDiola). V()]
i=1

= S{X1(9), o Xa9)), (V2(0), -, Vb (0)))

= SX,(0), Viblo))

O

Remark 4.9. Since w(b) is tangent to B" the field X ,(b) will also be tangent to B".
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4.2. The dressing action of K on B" and the action on n-gons in G/K. The
basic reference for this section is [FR]. In that paper the authors take n = 2 and write
G = KB. We will leave to the reader the task of comparing our formulae with theirs.

In what follows we let G = SLy(C), K = SU(2), and B be the subgroup of G
consisting of upper-triangular matrices with positive diagonal entries. We let pp, px be
the projections relative to the decomposition G = BK. For the next theorem (in the
case n = 2) see [FR, Formula 2.15].

Theorem 4.10. There is a Poisson action of K on the Poisson manifold B™ given by
k- (by,....by) = (b, ..., b))

with b, = pp(pk (kbi---bi—1)b;), 1 <i<n.

Definition 4.11. The above action is called the dressing action of K on B".

Definition 4.12. Forn =1, we denote by B, = Kb the dressing orbit of b, where b € B
and d(bx,*) =r.

We will also need the formula for the infinitesimal dressing action of € on B™. This
action is given for x € £ by

- (b, bn) = (&1, ., 6n) € Ty(B")
with &; = dLbipbAdb_—lpEAd(bl---bi,l)—lx- Note that & € T, (B).
Remark 4.13. In order to pass from the K-action to the ¥-action observe that pg (bg) =

pr(g) and pp(bg) = bpp(g). Accordingly we may rewrite the K-action as k- (by,...,b,) =
(b, ..., 0L,) with

b, = bipp(b; Lpr((by -+ bi1) kb -+ -bi1)b;), 1 <i < n.

Recall, * € H? is the element fixed by the action of K, K - * = . Since B acts
simply-transitively on G/K we have

Lemma 4.14. (i) The map ® : B” — Pol,(*) given by
@(bl, ey bn) = (*, bl*; veey bl tet bn*)

s a diffeomorphism.
(ii) The map ® induces a diffeomorphism from {b € B™ : by---b, = 1} onto
CPol,,(%).

We now have

Lemma 4.15. ® is a K-equivariant diffeomorphism where K acts on B™ by the dressing
action and on Pol, () by the natural (diagonal) action.

Proof: Let k- (by,....,b,) = (bY,...,b) be the pull-back to B™ of the action of K on
Pol,,(%). Then
bl% = kb
BIBI% = kbybos
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b’l'---b;;*:kbl---bn*
We obtain
b'l'...b;’ = pp(kby---b;)

bf = pp((b] -~ bf_ 1) k(br - ;) = p((pB(B] -~ b_1)) " kby -+ bi_1b;)

= pp((pp(kby -+ b;—1)) " "kby - bi_1b;) = pp (oK (kby -+ - bi_1)b;)

O
There is another formula for the dressing action of K on B" that will be useful.
Lemma 4.16. With the above notation
b; = pp(pr (- (pic (kbi)b2) - - bi—1)b;)
———
i—1 times
Proof: Induction on i. O
We obtain a corresponding formula for the infinitesimal dressing action of € on B”.
Lemma 4.17. z - (by,...,b,) = (&1, ...,&n) where
& = dLbipbAdbi—lpEAdbi—_ll . 'pEAdbl—l.’L'.
We now draw an important consequence.
Lemma 4.18. The map ® induces a diffeomorphism between B]'! = B, X --- X B,

and the configuration space of open based m-gon linkages N,, where if b € B]', then

r=(r1,.,n) and d(by - bk, by -+ - bi_1%) =1y, for all 1 <i<n.

Proof: Let b € Bl be given. Then ®(b) = (x,b1*,...,b1 - - byx). The K-orbit of ®(b) is
[%, kby*, ..., k(b1 - - by)%]

The i-th edge e; of ®(b) is the geodesic segment joining kby - - - bj_1* to kby - - - bjx. Clearly
this is congruent (by kb; ---b;_1) to the segment connecting * to b;*. O

Corollary 4.19. The symplectic leaves of B™ map to the configuration spaces ]Vr under
.

Proof: The B’ are the symplectic leaves of B™. O
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4.3. The moduli space M, as a symplectic quotient. We have seen that ® induces
a diffeomorphism from {(by,...,b,) € B} : by---b, = 1}/K to the moduli space M, of
closed n-gon linkages in H? modulo isometry. In this section we will prove that the map
¢ : B" — B given by (b1, - ,b,) = by---b, is a momentum map for the (dressing)
K action on B"™. Hence, M, is a symplectic quotient, in particular it is a symplectic
manifold if 1 is a regular value by Lemma 4.24 below.

The definition of a momentum map for a Poisson action of a Poisson Lie group was
given in [Lul].

Definition 4.20. Suppose that K is a Poisson Lie group, (M, x) is a Poisson manifold,
and K x M — M is a Poisson action. Let © € ¢, ay be the extension of z € € = (£*)*
to a right-invariant 1-form on K*, and & be the induced vector field on M. Then a map
w: M — K* is a momentum map if it satisfies the equation

—W#(,D*Oéx =3

Remark 4.21. For the definition of K*, the dual Poisson Lie group, see [Lul]. In
our case K* = B.

The next lemma is proved in [Lul] and [Lu3]. We include a proof here for completeness.

Lemma 4.22. Suppose that M is a symplectic manifold, K is a Poisson Lie group and
K x M — M is a Poisson action with an equivariant momentum map ¢ : M — K*.
Assume 1 is a regular value of . Then ¢~ '(1)/K is a symplectic orbifold with the
symplectic structure given by taking restriction and quotient of the symplectic structure
on M. If we assume further that the isotropy subgroups of all x € ¢ '(1) are trivial then
o Y(1)/K is a manifold.

Proof: Let w be the symplectic form on M and m € ¢ (1) € M. Let V,, be a
complement to Ty, (1) in T,, M. Let €-m C T}, M be the tangent space to the orbit
K -m. Hence ¢, = {Z(m) : z € £}. We first prove the identity
wmE(m) = —p ag|m

Here we use wy, to denote the induced map 7, M — T M as well as the symplectic
form evaluated at m. Indeed we have the identity

—rpt oy = &
Applying w we get

wi = —p a,
We claim that if m € ¢ !(1) the €. m is orthogonal (under w,,) to T},(¢ '(1)), in
particular it is totally-isotropic. Let &(m) € €-m and u € T),(¢ (1)). Then

wm(E(m), u) = =@ ag|m(u) = —ag|m(donu)

But dy,,u = 0 and the claim is proved. Hence, the restriction of wy, to T,,(¢~1(1))
descends to Tp,, (¢~ 1(1))/€ - m = Tk.m(¢~1(1)/K). We now prove that the induced form
is nondegenerate.
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To this end we claim that € -m and V,, are dually paired by wy,,. We draw two
conclusions from the hypothesis that 1 is a regular value for . First by [FR, Lemma
4.2] the map ¢ — ¢-m given by z — Z(m) is an isomorphism. Second, dyy, : V,,, — € is
an isomorphism. Let {z1,...,zy} be a basis for ¢, whence {Z1(m),...,Zx(m)} is a basis
for £-m. We want to find a basis {v1,...,on} for V;, so that w,,(Z;(m),v;) = d;;. Choose
a basis {vy,...,ox} for V,, such that {dp,,v1,...,dpy,on} C € is dual to {z1,...,zx}.
Then

win (Zi(m), vj) = =" U, Im (v5) = —Qa,|m(dpvj) = —dpvj(zi) = =04
As a consequence of the previous claim, the restriction of wy, to £-m ® V,, is nondegener-
ate. We then have the orthogonal complement (£-m @ V;,)~* is a complement to €-m oV,

and wy,|(€-m @ Vp,)* is nondegenerate. But then (&-m @ Vj,,)*+ maps isomorphically to
Tien(p ' (1)/K)- -

We will also need

Lemma 4.23. (m) is a regular value for ¢ if and only if ¢, = {x € £: &(m) =0} = 0.

Proof: Let € €. Then z € (Imdp|n)*t & ¢*a, =0 0= —mp*a, = &(m). O

We now begin the proof that ¢ is a momentum map for the dressing action of K on
B™. We will need some notation. Let z € £ = b*. Recall that «, is the extension of = to
a right-invariant 1-form on B. Thus if ( € T(B) we have

aglp(¢) = (dRyz, ().
Lemma 4.24. —n%ay|, = dLypyAd), 1.

Proof: Let y € ¢. It suffices to prove that
7|y (cz (), oty (b)) = —avylo(dLyppp Ady-12)

Now

7|y (b), ay (b)) = m|p(dRpz, dRpy) = 7" [o(2,y) = (pe(Ady-17), po(Ady-1y))
according to Lemma 4.5. Also

—ayls(dLepo Ady-12) = —(dRpy, dLype Ady-12)
= —(Ady-1y, ppAdy-12) = —(peAdy-1y, pp Ady-17) = (peAdy-12, pp Ady-1Yy)
O

Lemma 4.25. ¢ aglp = (g, lpy, s, b, ), where z1 =z and x; = pe(Adp,..p;,_,)-17),
2<i<n.

Proof: We will use the following formula (the product rule). Let b = (by,...,b,) and
¢=(C1,--,Cn) € Ty(B™). Then

dgob(C) = (de2...an1 + dLblde3...an2 + -+ dLbl...bnflgn)
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Hence

(e ag)b(C) = aglpy-b, (ARby.b,C1 + dLp dRpy.p,Ca+ ++++ dLp,.pp,_,Cn)
+(dRp, .., %, dLp, ...t,,_,Cn)
= (dRp,x,(1) + (de2Adb1—1:E, Co)+--- + <denAd(b1"'bn—1)_lx7 Cn)

= Z o, (Gi)
=1

Proposition 4.26. ¢ is an equivariant momentum map for the dressing action of K on
B".

Proof: To show that ¢ is a momentum map we have to check that

—71'#90*049;|b =x-(by,...,bn)

But —n#¢*a, = (—7#ay,, - ,—7"ay,) and the result follows from the previous two
lemmas. To show that ¢ is equivariant we have to check that ¢(k- (b1, ...,b,)) = k-by...by,.
This is obvious from the point of view of polygons. O

As a consequence of the above proposition we obtain

Theorem 4.27. The map ® carries the symplectic quotient (p|pr) *(1)/K diffeomor-
phically to the moduli space of n-gon linkages M,.

Remark 4.28. We obtain a symplectic structure on M, by transport of structure.

4.4. The bending Hamiltonians. In this section we will compute the Hamiltonian
vector fields Xy, of the functions

fi(0) = tr((by---bj)(b1---bj)"), 1 < j <n.

Throughout the rest of the paper, we will assume G = SLy(C). Then G = BK, where
B={(§ ;1) € SLyC)la € Ry, z € C} and K = SU(2).

We will use the following notation. If A € M,,(C) then A° = A — Ltr(A)I will be
its projection to the traceless matrices.

Theorem 4.29. Define F; : B" — € for b= (b1, ba,...,b,) by
Fj(b) = V=1[(b1 -+ bj)(b1 - -- b;)*]"
Then Xy, (b) = (Fj(b) - (b1, .-, 07),0,...,0) where - is the infinitesimal dressing action of ¢
on BJ, see §4.2.
Proof: 1t will be convenient to work on G™ and then restrict to B™. By the formula for
X, of Lemma 4.8 it suffices to compute D;f; and D} f;. We recall that
Dip(g) = Ad -1 Dip(g)

hence it suffices to compute D; f;(g). We first reduce to computing D1 f; by
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Lemma 4.30. D;f;(g) = Ad(gl---giq)_llej(g)'
Proof: By definition
d v
(le](g)7 V> = %|t=0fj(gla teey et Giy ey gn)

But it is elementary that

fj(g].7 ) etygiJ EaS) ng) = fj((Adgl"'gifletll)gh (R ng)

Differentiating at ¢ = 0 we obtain

(Difj(g)uy> = <D1fj(g)7Ad91"'gi71V> = (Ad(gl---gi_l)—llej(g)vV)

O
We next have
Lemma 4.31. D f;(g) = Fj(g).
Proof: By definition
d v v k
(Difi(g),v) = Eh:otr[(et 91"'9j)(€t g1 95)"]
tri(vgr---g;) (g1~ 9;)" + (91 95)(vgr---g5)"]
= tr{(vgi---g;)(g1---g;)" ]+ tr[(vgr---gj) (g1 g;)"]"
= tr{(vgr---g;)(g1--- g5)"] +tr((vgr---g;)(g1- - g;)*]
= 2Retr[(vg1---g5)(g1- - 95)"]
= 2Imv-1tr[v(gi---g;)(91 - 9;)"]
Since v € sl(C) we may replace
(91---95)(g1---95)"
by its traceless projection
[(g1---gi)(g1---9)1° .
Since tr is complex bilinear we obtain
(Difi(g),v) = 2Imtr(vV/=1[(g1---g;) (91~ 9;)*]°)
= (V-1lg1---gj)(g1---97)"1°, ).
O

Now we restrict to B" and substitute into our formula for X, (b) in Lemma 4.8. We
obtain

Lemma 4.32. (Xy,;); = (D1fj(b) - (b1,...,bn))i= the i-th component of the infinitesimal
dressing action of D1 f;(b) € k.
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Proof: By Lemma 4.8 we have

(Xp,)i = 3[Ry RDf5(8) — ALy RDLF;(0)

1
= 5[deiRAd(bl...biil)—lD]_fj(b) — dLbiRAdbi—lAd(bl...biil)—lD]_fj(b)]

We write
Ad(bl---bi,l)—llej(b) =X;+ 71

with X; € € and n € b. Hence

X1 = pe(Adp,..;_,)-1D1;(b))

m= pb(Ad(bl"'bifl)_llej(b))
Then
RAd(bl---bi_l)*llej (b)=X1—m

We write

Adbi_le =Xo+n,Xo€ln €b
Then Xy = pe(Ad,-1X1),n2 = pp(Ad,-1X1) and

Ady 1 (X1 +m) = Xo + 2+ Ady 1

Hence
RAdbi_l Ad(bl---bifl)—llej(b) = Xp—m— Adbi_lnl
= Xo+m =2 — Adym
= Ady-1 Xy —2n2 — Ady—im
Hence

1
(ij)i = i[dein - deiT]l - dLbiAdbi_le + 2dLbi’I72 + dLbiAdbi_lnl]
But dLy, Ady-1 = dR;, and we obtain
(X7;)i = dLp,m2
Since ng = pp(Ady-1pe(Ad, .., )-1D1f;(b))) the lemma follows.

With this Theorem 4.29 is proved.
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4.5. Commuting Hamiltonians. In this section we will show the functions
fi(®) = tr((br---bj)(br--b;)"), 1< j<n
Poisson commute. The proof is due to Hermann Flaschka.

Proposition 4.33. {f;, fr} =0 for all j,k.

Proof: Again we will work on G™ and then restrict to B™. Without loss of generality we
let 7 <k.
Recall from Lemma 4.30

It is easily seen that
Difi(g9) = D;i_1 fj(g), for 1 <i <.

We now have,

Ui fidlo) = 5D URDLS;(0), Difi(a)) — (RDif3(9), Difisla)]

=1
J

= 5 Y URDLS;(9), Didsla)) — (RD:f;(9), Difi(a)]
=1

= SHRDLf5(0), Difel9)) — (RD: f3(g), D fs(a)]

= %[(IR’Ad(gl-"gj)*llej(g)vAd(gy--gj)*llek(g)) - (Rlej(g)alek(g»]

1

= 5 (RAd(g1~~~gj)—1D1fj (g), Ad(gl ---g]-)—llek (g)>

since D1 f;(g) € ¢ for all 7. The proposition follows if we can show
(RAd g, .41 D1f(9), Adg, ..q;-1 D1 fr(g)) = 0.
It follows from the proof of Theorem 4.29 that

Ad(gl...g].)—llej(g) == \/__1Ad(g1~~~gj)—1 [(91 e gj)(gl e gj)*]o
= V-1[(g1---9))*(g1---g;)]° € .
Hence,
{fja fk}(g) (RAd(g1~~~gj)—1D1fj(9), Ad(gl~~~gj)—1lek(g)>
- <Ad(91"'gj)*1D1fj(g)a Ad(gl...gj)*l D fk(9))
(

D1 £i(g), D1.fx(9))
=0

since (,) is Ad-invariant. This proves the proposition on G™. The result then holds when
we restrict to B™. O
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4.6. The Hamiltonian flow. In this section we compute the Hamiltonian flow, <p',5€,
associated to fg.

Recall from Theorem 4.29 the Hamiltonian field for fy is given by Xy, (b) = (#}(b) -
(b1,...,05),0,...,0) where - is the infinitesimal dressing action of K on B". We now need
to solve the system of ordinary differential equations

dbs — ), j+1<i<n

(%) {(izé = (Fj(b) - (b1,...,05));, 1 <i <

Lemma 4.34. D fj(b) = F};(b) is invariant along solution curves of (*).

Proof: 1t suffices to show ¢;(b) = by - - - bj is constant along solution curves.
Let b(t) = (b1(?), ..., bn(t)) be a solution of Xy;. Then

%Wj(b(t)) = Ci;’tl( t)bo(t) - - - bj(t) + bo(t )ddth (t)---b;(t) +---+b1(t)b2(t)---%(t)

= 5[(RD1fj(b(t)))b 1(8) = bL(B)RD1 £ (b(£))]b2(2) - - - b; (£)

+bi(t ) 5 (RD2f;(b(1)))b(t) — ba(t)RDy f(b(£))]ba(8) - -~ b (8) + -~ +

DO (2) by (D5 [(RD, f5(6(2)))b5(0) — b (ORD} 5 (6(0)]
= STRDL OB )+ b;(6) — bi () by (OYR(D, £ b(1)))]
1

= SUDOENbO) -+ bi(E) = ba(8) - () (D £(0(2))]
= SIDLOEE) by (2) — bi(0) -+ by(0)(Adipy a1 DaF5 (1))
= SIDLGONbL() - b;(8) — (D) ba(8) - by ()] = 0

Thus ¢(b) is constant along solution curves of Xy, , proving the lemma. O

Remark 4.35. It also follows from the previous proof that f;(b) is constant along solu-
tion curves of (*).

Let b = (5 ,%1) with @ € Ry and z € C, then it follows from a simple calculation
that )
det(Fy (b)) = Z(a4 + a7t 4 |2t — 2 + 262 |2)* + 2a72)2)?).
Since a > 0 we see that a® + a=* > 2 with equality if @ = 1. Therefore, det(Fy (b)) >
with equality iff b6 = 1. From the above argument it follows that det(F;(b)) > 0 w1th
equality iff by ---b; = L.
It is also an easy calculation to show

det(Fj(b)) = 1f;(b)> — 1, Vbe B"
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Lemma 4.36. The curve exp(tF;(b))is periodic with period 2m/y/1 f;(b)? — 1

Proof: To simplify notation, let X = F;(b) € ¢&. Then

1
X1t=- X
det(X)
giving us
X% = —(det(X))X 1 X = —det(X)I
So,
X"
exptX = '
n!
n=0
o o
X
sin (t det )
= cos ( det(X )
det(X)
1 an 1/ T, 1)
= cos (t 1/5(b) 1> I+ F;(b)
i) =1
Therefore the curve is periodic with period 2r/y/1f;(b)? — 1. O

We can now find a solution to the system (*)
Proposition 4.37. Suppose P € M, has vertices given by by, ...,b,. Then P(t) = ¢} (P)
has vertices given by bi(t),...by(t) where
bilt) = (exp(F;(8)) - (b1, b))y 1 < <
bi(t) =b;, k+1<i<n.
Here - is the dressing action of K on B,

Proof: This follows from Fj;(b) being constant on solution curves of (*). We can see
immediately that the b;’s are solutions curves of our system of ordinary differential
equations. O

Corollary 4.38. The flow ¢! (P) is periodic with period 2m/4/ 1 f;(b)? —

Remark 4.39. If the k-th diagonal is degenerate (by---by = 1) then P is a fized point
of (p',;. In this case the flow has infinite period.

Let £1(b) = 2cosh™" (3 f1(b)), then

1
dly, = ———=df;

Tfe(b)? —
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and consequently

ka:ka/ ifl?_l

where X, is the Hamiltonian vector field associated to /. Since f; is a constant of
motion, Xy, is constant along solutions of (*) as well. Let U} be the flow of X,,. We
have the following

Proposition 4.40. Suppose P € M) has vertices by, ...,b,. Then P(t) = Wi (P) has
vertices by(t), ..., by (t) given by

bilt) = exp((tFj(b))/ Lf(b)2 — 1) by b))i 1 <0 < K

bi(t) =b;j, k+1<i<n
where - is the dressing action of K on B™.

Thus \Il'/fc is periodic with period 27 and rotates a part of P around the k-th diagonal
with constant angular velocity 1 and leaves the other part fixed.

4.7. Angle variables, the momentum polyhedron and a new proof of invo-
lutivity. We continue to assume that our n-gons are triangulated by the diagonals
{dii, 3 <i<n—1}. We assume P € M/ so none of the n—2 triangles, A1, Ay, ..., Ny _2,
created by the above diagonals are degenerate. We construct a polyhedral surface
S bounded by P by filling in the triangles Ay, Ag,...,An_2. Hence, A has edges
e1, ez,and di3, As hasedges di3, e3,and di4, ..., and A, _3 has edges di ,,—1, e,—1,and ey,.

We define éz to be the oriented dihedral angle measured from A; to A1, 1 < i <
n — 3. We define the i-th angle variable 6; by

0i=m—0;, 1<i<n-—3.

Theorem 4.41. {0y, ...,6,_3} are angle variables, that is we have

(i) {€i,0;} = dsj
(i) {6;,0;} = 0.

Proof: The proof is identical to that of [KM2, §4]. O

We next describe the momentum polyhedron B, for the action of the above (n-3)-
torus by bendings. Hence,

B, = {Z(Mr) C (Rzo)n_3 0= (21, ...,gn_g)}.

Let (¢1,...,4n—3) € (R>0)" 3 be given. We first consider the problem of constructing
the triangles, Ay, Ao, ..., A\, 2 above. We note that there are three triangle inequalities
Ei(¢,r), 1 < i < n — 2, among the r;’s and ¢;’s that give necessary and sufficient
conditions for the existence of A;. Once we have obtained the triangles A1, Ao, ..., A, o,
we can glue them along the diagonals dj;, 3 <4 < n—1, and obtain a polyhedron surface
S and a n-gon P. We obtain
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Theorem 4.42. The momentum polyhedron B, C (Ro)"™3 is defined by the 3(n — 2)
triangle inequalities

lri—ra| < b <1t

[l —r3| < by <li+ry

|gn—4 - Tn—2| < Uz <Ulp_sg+rp_2
|7”n71 - Tn| < £n73 <rp_1+71,

Here r = (11, ...,1y) 15 fized, the £;’s, 1 < i <n — 3, are the variables.
As a consequence we have
Theorem 4.43. The functions £1,0o,....4, 3 on M, are functionally independent.

The theorem follows from Corollary 4.45. We will apply the next lemma with M =
¢71(BY?), the inverse image of the interior of the momentum polyhedron under ¢ =
(21,22, ...,gn_g). Then M ~ B? X (Sl)nfg.

Lemma 4.44. Suppose M = M; is a connected real-analytic manifold and F =
(fi,eor fr) : M™ = R¥ n >k, is a real-analytic map such that F(M) contains a k-ball.
Then the 1-forms dfy,...,dfy are linearly independent over C*°(M).

Proof: Since the 1-forms dfy, dfs, ..., df; are real-analytic, the set of points € M such
that dfi|s,...,dfx|, are not independent over R is an analytic subset W of M. Let
MP® = M —W . Hence either M? is empty or it is open and dense. But by Sard’s Theorem,
F (W) has measure zero. Since F'(M) does not have measure zero, M # W and M? is
nonempty, hence open and dense. Therefore, if there exists o1, ..., € C°°(M) such
that Zle widf; = 0 then p;|p0 =0, 1 <i <k, and by density ¢; =0,1 <i < k. O

Corollary 4.45. The restrictions of dly,dls, ...,d¢,_5 to M C M, are independent over
C®(M).

Remark 4.46. Since ¢ is onto, if there exists ® € C°°(B,) such that ®(¢1(x),..., (7))
0, then ® = 0.

We conclude this chapter by giving a second proof that the bending flows on disjoint
diagonals commute. Since M is dense in M,, it suffices to prove

Lemma 4.47. Wf(@;(P)) = \Ilg(\llf(P)), for P € M.

Proof: We assume 7 > j. We observe that the diagonals dy; and dy; divide the surface S
into three polyhedral “flaps”, I, 11, I11 (the boundary of I contains e;, the boundary
of I contains e¢;, and the boundary of /11 contains ej). Let R; and R;- be the one
parameter groups of rotations around dy; and dy;, respectively. We first record what
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U?o \Ilg does to the flaps.

W? o Wh(I) = RIR)(I)
W? o Wh(IT) = R{(II)
s o WH(IIT) = 111
Now we compute what \Ilg o U? does to the flaps. The point is, after the bending

on dy;, the diagonal di; moves R}d;;. Hence, the next bending rotates I around R}d;;.
Hence, the next bending curve is R} o R;- o R7°. We obtain

W} o Wi (I) = (RIRSR;*)R; (1)
Wl o Wi(II) = Ri(1I)
WhoWi(I11) = I11.

5. SYMPLECTOMORPHISM OF M, (E®) AND M, (H?)

Recall r is not on a wall of D,,. Then by Theorem 3.2 of this paper, the hyperbolic
Gauss map v = vy, : M, (H?) — Qgs(r) is a diffeomorphism. Moreover by Theorem 2.3
of [KM2], the Euclidean Gauss map e : M,.(E®) — Qss:(r) is also a diffeomorphism. We
obtain

Theorem 5.1. Suppose r is not on a wall of D,, then the composition ”)/,;1 o Ve :
M, (E3) — M, (H?) is a diffeomorphism.

Remark 5.2. The result that M,(E*) and M,(H?) are (noncanonically) diffeomorphic
was obtained by [Sa).

It does not appear to be true that -y, Lo Ye is a symplectomorphism.

5.1. A Formula of Lu. In the next several sections we will prove that M, (H?) is
symplectomorphic to M, (E3).

We first define a family of nondegenerate Poisson structures m, € € [0, 1], on the
2-sphere, S? ~ K/T. Letting w, be the corresponding family of symplectic forms we
show the cohomology classes [w] of w, in H?(S?) are constant.

Fix A € Ry and A = X AY € A%, where X = 2 (% §)and Y = £ (%%). The
following family of Poisson structures w. on K/T ~ S? for € € (0,1] are due to J.-H. Lu
[Lu2].

Te = €[Too — T(€) 0]
where moo = pumg = pi(dLpA — dRiA), T(€) = Hﬁ, and 79 = 2dLi A. Here p: K —
K/T is the projection map. Then

2
me(k) = e(dLyA — dRA) — ﬁ dLjA.
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Lemma 5.3.

lim 7,

e—0 - EWO

Proof: The proof of the lemma is a simple application of L’Hopital’s rule.
Lemma 5.4. 7, is nondegenerate for € € [0, 1].

We will prove Lemma 5.4 in Proposition 5.23, where we show (K /T, m) is symplec-
tomorphic to a symplectic leaf of the Poisson Lie group (B, 7B,)
We leave it to the reader to verify the Poisson structures on S? can be written

1 9 8 8

and 5 5
_1 2 212

7r0—2(1+a +3°) — Aaﬁ

where (a, ) are coordinates obtained by stereographlc projection with respect to the
north pole (see [LW]). 7y is the Bruhat-Poisson structure on K/T. We now let w, be
the symplectic form obtained by inverting 7, (this is possible since 7, is nondegenerate).

—da Ndp
,€
e(3(1+ a2+ 62) — Lir(e)(1 + o2 + 52)2)
Let wp be the limiting symplectic structure

€ (0,1]

We =

da N\ dg
I+t )2

/ wo — —87A
R2

B da N\ dg
/Rz‘”“ - / it P

=27 prr=cc
_ —8)\/ / rdr/\2d0
0= r= +T

= —167r)\/ (1/ 2du
u=1 U

wyp = —

Lemma 5.5.

Proof:

= -8\

Lemma 5.6.

/ we = —8mA, € € (0,1]
RZ
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Proof: Note that 7(e) < 0. Then

/‘w - _2/‘ do A dp
Rz g2 (L+ a2+ 32) —7(e)(1 + a2 + [52)2

2 9%/‘ rdr A df
n o—0 Jr (14+72) —7(e)(1 4+ r2)2
o Am v (1/2)du
BT ST e )
2 -1
_ g 7(€)
€ 7(€)
2
S log(e45/\)
€
= —8mA

We have proved the following
Lemma 5.7. The cohomology classes [we| of we in H?(S?) are constant.
Remark 5.8. The previous lemma is a special case of Lemma 5.1 of [GW].

5.2. Symplectomorphism of (X,(¢),7p, ) and (K/T,7) ). In this section we obtain
the Poisson structure m, from a deformed Manin triple (g, €, b.).

For € > 0, we define the isomorphism f, : g. — g by fe = pe+€pp, so that fo(X +¢&) =
X + €€ for X € tand £ € b. We will define a Lie bracket on g, by the pullback of the
Lie bracket on g, [u,v]c = fi/c[feu, fev]. We also define (, )¢ as the pullback of (,). Here
[,] and (,) are the usual structures on g. We define B, : g — g* as the map induced by
(,)e- To simplify notation, the subscripts will be dropped when € = 1.

The following lemma gives us a formula for the Lie bracket on g..

Lemma 5.9. [X+a,Y+ﬂ]€ = [X, Y]+EPE[X7 ﬂ]—i—epg[a,Y]—i—pb[X, B]—'_pb[au Y]+€[a7/8]7
where X, Y € € and o, B € b.

Proof:
X +aY+8le = fiylfdX +a) f(Y +5)]
= fi/elX +ea,Y +€f]
= fid[X, Y]+ €lX, 8] + e[, Y] + €°[a, A]}
= fie{[X, Y]+epe X, B]+epo[ X, Bl+epelor, Y] +eppler, Y]+€ [, B}
= [X, Y]+ epe|X, B] + epelo, Y] + po[ X, B] + pole, Y] + €[, f]

O
We leave it to the reader to check

Lemma 5.10. (,) = €(,)
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Let G¢ be the simply-connected Lie group with Lie algebra g.. Let F, : G¢ — G be
the isomorphism induced by f.. We have a commutative diagram of isomorphisms.

QGLQ

exp* l lexp

q. L g

Let = € g.. We use the identity map to identify g and g. as vector spaces. In what
follows, we will make frequent use of

Lemma 5.11. lel(exp6 z) = Ad(exp ex) as elements in GL(b) for all x € b, = b. Here
Ad denotes the adjoint action of G, on g..

Proof: By [Wa, pg. 114],

lel(expe ) = '
— eead:c
— ead(ex)

= Ad(expez)

O

Given our deformed Manin triple on G, (g, £, b¢), we will construct a Poisson struc-

ture 7, on B, the simply-connected Lie group with Lie algebra, b.. We will denote all
quantities associated to the deformed Manin triple with a hat ™ .

We define the Poisson Lie structure on B, by the Lu-Weinstein Poisson tensor [LW]

7. (0)(dRy-1cx, dRy-1ry) = (pe(Ady-1 B (ax)), pol(Ady—1 B (o))
where ax,ay € b}, ax = (X,-); and ay = (Y, )1.

Remark 5.12. Since lime,¢(,)e = 0, it appears as if the limiting Poisson structure
lim,_,o 7p, will vanish. However, we will see in Proposition 5.1/ that the limiting Poisson
structure is associated to the Manin triple (go, ¥, bo) and (,)o = %L:O(,)E,

We denote by 7p, the Poisson structure on B, using the scaled bilinear form %(, Ye =
(,). Then

g, (D) (dRy-1ax, dRy-1y) = (pe(Ady—1 By (ax)), po(Ady-1 By Hay)))

where ax, ay € bZ. For the following we will let X, = B-(ax) € €, again dropping the
subscript when € = 1, so that X, = %X

Lemma 5.13. 7p, = irp,
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Proof:
. (0)([dRy-10x,dRy-10y) = (pe(Ady-1Xc), po(Ady-1Ye))e
1 1
= (pe(Ady- 1= X), po(Ad,- 1= Y))e

Proposition 5.14. lim._, 7p,_(b) (@Z_lax,ci}\%;;_lay) = —(logh, [X,Y]).
Proof:

—x —x 1
lim%Be(b)(deflax,deqay) = lim - (pg(Adb 1X) pb(Adb 1Y)>

0 0
= li_%%2[7’”tr(pe(Adefelong)pb(Ade—elong))
= 21_13(1) 2Imtr(pe(Ad,-c1060 X )pp(—logbY + Y logh))
—2Imtr(Xpellogh,Y])
—2Imtr(X[logb,Y])
—2Imtr(loghlX,Y]))
—(log b, [X, Y])

O

Remark 5.15. Before stating the next corollary, note that the limit Lie algebra by is
abelian whence the limit Lie group By is abelian. Hence, expy : by = T,(By) — By is
the canonical identification of the vector space By with its tangent space at the origin.
Hence, expy is an isomorphism of Lie groups and exp( carries invariant 1-forms on By
to invariant 1-forms on by.

Corollary 5.16. lim. ,o7p, is the negative of the Lie Poisson structure on € ~ by
transferred to By using the exponential map on the vector space By.

Proof: The proof is left to the reader.
Remark 5.17. (K, eng) is the dual Poisson Lie group of (B¢,Tp,).

We will denote the dressing action of K on B, by D‘q and the infinitesimal dressing
action of € on B, by dﬂ By definition df(b)( ) = 7B, (-, ax). We then have the following.

Lemma 5.18. d/(b)(X) = Lat(b)(X)

Proof: Follows immediately from Lemma 5.13 and the definition of dressing action. [

Remark 5.19. lim,_od(b)(X) = ad*(X)(log b)
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For the remainder of the section, fix A € Ry and a = exp* A\H € B, where H =
diag(1,—1) € a.. Let . : K — X5 C B, be the map defined by ¢ (k) = D!(k)(a) =
pB.(kx*a), where X is the symplectic leaf through the point a € B.. The map ¢, induces
a diffeomorphism from K/T onto X§ which we will also denote by ¢.. Recall the family

of Poisson tensors on K/T given in §5.1
Tre = €(Too — T(€A) ).

Lemma 5.20. The map ¢, : K/T — B, is K-equivariant, where (K,eng) acts on
(K/T,mx.) by left multiplication and B by the dressing action.

Proof: pe(g - k) = Di(gh)(a) = Di(9)(DL(K)(a) = g - pe(k). O
Remark 5.21. The action of (K,eng) on (K/T,my ) by left multiplication is a Poisson

action.

Since K/T is a symplectic manifold, there is a momentum map for the action of K
on K/T, see [Lul, Theorem 3.16]. We will see as a consequence of Proposition 5.23

Lemma 5.22. The momentum map for the action of (K,enk) on (K/T, 7)) is @e.

Proposition 5.23. The map ¢, induces a symplectomorphism from (K/T,my ) to
(25, 7B.)-

Proof: Since the K-actions on K/T and X are Poisson and the map ¢, : K/T —
¥ is a K-equivariant diffeomorphism, if (dec)e(mae(e)) = 7, (a) then it follows that
(doe)k(mae(k)) = 7B, (p(k)) for all k € K/T.

We will need the following lemmas to prove the proposition. We let E = (§3) € b

and A = EANME € bAb. If we set T (D) = %(cﬁb A—dR, A), we then have the following.

Lemma 5.24. 7p |, = %%A|a for a = exp® AH.

Proof: Let X = (L %), Y = ("% Y )et

—U —S8% v —t

p.(a)(dR,r0x,dRyray) = ~(pe(Adg-1X), py(Ady1Y))

A= =

(X, Adqpy(Ady-1Y))

)

We can see,
Adupo(Ad, 1Y) = Adupo (Ada (e,

= @apb( AV )

- Zl\da(g@’“ e%*)v)

)
= (- (8p)
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so that
1 — — 9 . E
(X, Adupo(Ady 1)) = Zrmtr (2 2) (907 )]
2
= __(1 _ 646)\)Im(a/u)
€

- %(646)‘ 1) Im(av),

If we evaluate the right-hand side of the above formula we see

1 s s 1 -
E%A(a)(dRa_laX, dR,-1ay) = E[ax Nay(AdE, AdyiE) — ax ANay (B, iE)
2
= Z[e*Im(av) — Im(aw)]
€
2

= ;(646)\ — 1)Im(uv)

= 7p.(a)(dR,-r0x,dR, -1 ary)

O
We then have the following.
Corollary 5.25. 7, (a) = & (1 — e~ *})dL, (E A iE)
Proof:
1 —~ —
Tp.(a) = 5 [dLo(E NiE) — dR,(E NiB)
1 ~ —
= 5 LB NiE — Ady- (E NiE)]
1 —~
= 5 dLENIE ~ e NENIE))
€
1 —
= —(1—e*NdL, (E NiE).
2€
O

The diffeomorphism ¢, : K/T — ¥ gives us (dpe). : ¢/t = T, X5 C T, B, defined by
(dpe)e(§) = LdLopy(Ady-1€). Now let X = 2 (% 8) and Y =3 (9§) as in §5.1, then
1

5o(e N =ML E and (dpoe(Y) =

1 —
— (e %A — 2 NdL,iE.

(dipe)e(X) = %

It then follows that

Lemma 5.26. (dy.).(m(e)) = 7B, (a)
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Proof:
(dpc)e(maele)) = (dpe)e(€(mao(e) — T(eA)mo(€)))
= e(dpo)e(Toole)) — er(eN)(dpe)e(mole))
0 —2e7(eA)(dpe)e(X NY)

_ —%T(EA)((%A _ 2N2L (B A GE)

= _2%(6—46* —1)dL4(E A iE)

= %Be (a)

O

This completes the proof of Proposition 5.23. U

We can next look at the product (K/T)". We give (K/T')" the product Poisson
structure my = my, ¢ + -+ - + My, . Define the map

O, : (K/T)" — B, x -+ x 5
given by
B (ki ooy in) = (91 (K1), o 05, (k) = (DE(R1)(an,), oy DE(kn)(0r,))
where ¢$(k;) = ﬁf(ki)(@\i) and ay, = exp(\;H) € B.. We note the map o : (K/T)" —
NS, X -+ x X is a symplectomorphism.
We leave the proof of the following lemma to the reader.
Lemma 5.27. The action of K on (K/T)" given by
ko (ki,...kn) = (kki, pc (k1 (k1)) ks, ... pic (ko1 (k1) - - - 01 (Kn—1))Kn)
is the pull back under :ISE of the e-dressing action on 3§ X --- X X§ C B

The momentum map for the action of (K, emg) on ((K/T)", 7)) is
U, : (K/T)" — B

where

ek, k) = G1(R2) %% 0,y (Rur).

5.3. The e-dressing orbits are small spheres in hyperbolic 3-space. Let b be the
Killing form on g divided by 8. We have normalized b so that the induced Riemannian
metric (,) on G/K has constant curvature -1. We let b, = f’b, hence b, is the Killing
form on g.. Then (,). = F7(,) is the induced Riemannian metric on G./K and G/ K
has constant curvature -1 (since Fg is an isometry). We will call (,). the hyperbolic
metric on G¢/K.

The map ¢ : Be - G¢/K given by ((b) = b K is a diffeomorphism that intertwines
the e-dressing orbits of K on B, with the natural K action on G./K given by left
multiplication (using the multiplication in G¢). We abbreviate the identity coset K in
G¢/K to zp and use the same letter for the corresponding point in G/K. We have
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Lemma 5.28. The image of the e-dressing orbit X5 under ¢ is the sphere around xo of
radius €.

Proof: Let d. be the Riemannian distance function on G¢/K and d the Riemannian
distance function on G/K. We have

de(wo,expy, AH) = d(zo, Feexpy, A\H)

(
d(zo,expy, fo(AH))
d(zo,exp,, eXH)

= €A

0

5.4. The family of symplectic quotients. In this section we will continue to use the
notation of §5.2. Let p: E = (K/T)" x I — I be a projection. Here we define I = [0, 1].
We let T°"{(E) C T(E) be the tangent space to the fibers of p. Hence \?Tv"*(E) is a
subbundle of A\’ T'(E). We define a Poisson bivector 7 on E by 7(u,€) = Taely- T8 a
section of \? TVt (E).

Let S C B" x I be defined by S = {(b,¢€)|b € ¥§}. Welet (K, erg) act on (K/T)" x 1
by k- (u,e) = (ko u,€), where o is the action given in Lemma 5.27, and act on S by
k- (bye) = (ﬁf(k)(b),e) We then define the map ® : E — S by ®(u,¢) = (. (u),e€)
which is a K-equivariant diffeomorphism. We also define ¥ : E — B by ¥(u,€) = U, (u).

Remark 5.29. V|, 1) is the momentum map for the Poisson action of (K,emx) on
(K/T)" x {e}.

We need some notation. Suppose n > m, F : R** — R™ is a smooth map,
and 0 € R™ is a regular value of F. Let M = F~1(0). Write R**! = R* x R with
z €R", t € R Let p: R*™ — R be the projection onto the ¢-line. The next lemma, is
taken from [Sal.

Lemma 5.30. Let (z,t) € M. Suppose %—I; () has mazimal rank m. Then dp|y. )
Ty ) (M) — Ty(R) is onto.

Proof: It suffices to construct a tangent vector v € T{, ) (R*+1) satisfying
(i) v € ker dF|(y )
(i) v =30 gl + 5
Put ¢ = (c1,...,¢;) and write the Jacobian matrix dF| ;) as (A,b) where A is the
m by n matrix given by A = g—l;kx,t) and b is the column vector of length m given by

b= %_I; (z,t)- We are done if we can solve

Ac+b=0.

But since A : R® — R™ is onto we can solve this equation. O
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Remark 5.31. We need to generalize to the case in which R* is replaced by the closed
half-space H = {(z,t) : = € R*, t > 0} and the t-line by the closed half-line. Given
(z,0) € OM we wish to find v = Y ;" | cia%i + % with dF|(;.0)(v) = 0 (s0 v is in the
tangent half-space to M at (£,0) € OM). The argument is analogous to that of the
lemma and is left to the reader.

Corollary 5.32. Suppose M is compact and for all (x,t) and further that %—il(x,t) has
mazximal rank for all (z,t) € M. Then p: M — R is a trivial fiber bundle.

Proof: p is proper since M is compact. This is the Ehresmann fibration theorem [BJ,
8.12]. O

Remark 5.33. We leave to the reader the task of extending the corollary to the case
where the t-line is replaced by the closed t half-line.

We now return to our map ¥ : (K/T)" x I — B. We have

W(u,€) = @i (ur) * - * gy (un).

Let € > 0. We apply Lemma 2.5 to deduce that 1 € B is a regular value for u — ¥(u,€)
(recall we have assumed 7 is not on a wall of D,). Now let € = 0. It is immediate (see
[KM2]) that 0 € R? is a regular value of u — ¥ (u, €) (again because  is not on a wall of
D,,). We obtain

Lemma 5.34. p: U~!(1) — I is a trivial fiber bundle.

Now let M = ¥~1(1)/K. We note that p factors through the free action of K on
¥~1(1) and we obtain a fiber bundle p : M — I. This gives the required family of
symplectic quotients.

Proposition 5.35. p: M — I is a trivial fiber bundle.
r

(E?) and p~*(1) = M,.(H?) and we may identify M with

Remark 5.36. p—1(0)
the product M, (E*) x I.

We now give a description of the symplectic form along the fibers of p. Recall that
if 7: E — B is a smooth fiber bundle then the relative forms on E are the elements of
the quotient of A®*(E) by the ideal generated by elements of positive degree in 7" A®*(B).
Note the restriction of a relative form to a fiber of 7 is well-defined and the relative forms
are a differential graded-commutative algebra with product and differential induced by
those of A*(E).

Lu’s one parameter family of forms we of §5.1 induces a relative 2-form we on K/T x I
which is relatively closed. By taking sums we obtained a relative 2-form w, on (K /7)™ x I
and by restriction and projection a relative 2-form w, on M. Clearly w; is relatively closed
and induces the symplectic form along the fibers of p: M — I.

We let [w] be the class in H%(p~!(e)) determined by w.
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5.5. [we| is constant and Moser’s Theorem. To complete our proof we need to
review the i-th cohomology bundle associated to a smooth fiber bundle = : £ — B. The
total space HY, of the i-th cohomology bundle is given by H%, = {(b,2) : b€ B, z €
H'(p~'(b))}. We note that a trivialization of E|y induces an isomorphism between ’HfE|U
and H . But HZUXF ={(z,2) : z €U, z€ H'(F)}, whence bep =UxH{(F). Tt is
then clear that H!; is a vector bundle over B with typical fiber H*(F'). We next observe
that the action of the transition functions of £ on H*(F) induce the transition functions
of H%,. Hence if we trivialize E relative to a covering Y = {U; : i € I} such that all
pairwise intersections are contractible then the corresponding transition functions of HiE
are constant. Hence ng admits a flat connection called the Gauss-Manin connection.
We observe that a cross-section of ng is parallel for the Gauss-Manin connection if when
expressed locally as an element of H%,X 7 as above it corresponds to a constant map from
U to H'(F).

Remark 5.37. If 7 is a relative i-form on E which is relatively closed then it gives
rise to a cross-section [1] of H', such that [T](b) is the de Rham cohomology class of
T(O)z-1(5)-

We now consider the relative 2-form @, on M. The form @, is obtained from the
corresponding form @, on (K/T)" x I by first pulling @, back to ¥~!(1) then using the
invariance of w, under K to descend w. to w.. We observe that [we] (reps. [w.]) is a
smooth section of H%K/T)"x[ (resp. H3,))-

We obtain a diagram of second cohomology bundles with connection

H%K/T)"XI - H?p—l(l) —— Hiy
where i : W1(1) — (K/T)" x I is the inclusion and 7 : ¥=(1) — M is the quotient
map. We have
T[] = i [We].

Proposition 5.38. (@] is parallel for the Gauss-Manin connection on HA,.

Proof: By Lemma 5.7, [w] is parallel for the Gauss-Manin connection on (K/7T)" x 1.
Hence i*[w] is parallel for the Gauss-Manin connection on 7—[\21,,1(1). But an elementary
spectral sequence argument for the bundle K — U~1(1) — M shows that * : H5, —
7-[\21,,1(1) is a bundle monomorphism. Hence if 7*[w,] is parallel, so is [we]. O

Corollary 5.39. The cohomology class of we is constant relative to any trivialization of
p:M—1.

We now complete the proof of symplectomorphism by applying a version of Moser’s
Theorem [Mo] with M = M, (E?). For the benefit of the reader we will state and prove
the version of Moser’s Theorem we need here.

Theorem 5.40. Suppose we is a smooth one-parameter family of symplectic forms on
a compact smooth manifold M. Suppose the cohomology class [we] of we in H*(M) is
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constant. Then there is a smooth curve ¢, in Diff(M ) with ¢g = idps such that

We = ¢:w0-

Proof: Choose a smooth one-parameter family of 1-forms 7, such that

dwe
de

(We may choose 7. smoothly by first choosing a Riemannian metric then taking 7, to be

the coexact primitive of d(‘i‘f - here we use the compactness of M).

Let (. be the one parameter family of vector fields such that

= —dr,.

U We = Te-

Now we integrate the time dependent vector field (. to a family W, of diffeomorphisms
(again we use that M is compact). We have

Drw = Wit u
= Ulldi, we — dre]
= Vi[dre — dr]
= 0.
Hence Uw, is constant so ¥fw, = wy and w, = (¥_1)*wp. O

5.6. The geometric meaning of the family M of symplectic quotients - shrink-
ing the curvature. We recall that X, denotes the complete simply-connected Riemann-
ian manifold of constant curvature k. Let r = (rq,r9,...,7,) € (Ry)™ with r not on a
wall of D,,. Let M, (X,) be the moduli space of n-gon linkages with side-lengths r in the
space X,. The following theorem is the main result of [Sa].

Theorem 5.41. There exists a > 0 and an analytically trivial fiber bundle © : € —
(—00,a) such that 71 (k) = M.(X,).

Let M be the family of symplectic quotients just constructed (except we will take
(—00,0] as base instead of [1,0]). We then have

Theorem 5.42. We have an isomorphism of fiber bundles
£|(foo,0] ~ M.
We will need

Lemma 5.43. Let A > 0. Then we have a canonical isomorphism

My (X)) = My (X/n)-

Proof: Multiply the Riemannian metric on X, by A. Then the Riemannian distance
function is multiplied by A and the sectional curvature is multiplied by % O
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Remark 5.44. There is a good way to visualize the above isomorphism by using the
embedding of X, k < 0, in Minkowski space (as the upper sheet of the hyperboloid
R T e ;—21) or Xe, k>0 in R* (as the sphere 22 +y? + 22 + 1% = K—lz) The
dilation map v — Av of the ambient vector space maps Xy to X, \ and multiplies the
side-lengths by .

Now we can prove the theorem. Let p : M — (—00,0] be the family constructed is
§5.4. By Lemma 5.28 we see that p~'(€) ~ M,.(X ;). Thus we are shrinking the side-
lengths of the n-gons as € — 0. But we have just constructed a canonical isomorphism

M (X_1) ~ My(X_0).

So we may regard the deformation of §5.4 as keeping the side-lengths fixed and shrinking
the curvature to zero.
To give a formal proof we will construct an explicit diffeomorphism

M —>8|(foo,0}
N
(_0070]

To this end, observe that the map B x (—o00,0] = G/K x (—o0,0] given by (b, k) —
(b x K, k) induces a K-equivariant diffeomorphism

B" x (—00,0] —& (G/K)" x (—00,0]

I

(—O0,0]

given by F((by,...,bp), k) = (K, b1 * K, ..., b1 * -+ by_1 x K), k).
We give 7 1(k) the Riemannian metric |k|(,)s. Let & C (G/K)" x (—00,0] be
defined by

E = {(Y1s ey Y K) Y1 = T0, de(Yisyir1) =70, 1 <i < n}

Here d,; is the distance function on 7 1(k) associated to the Riemannian metric |s|(, ).
Let ¥, x (—00, 0] be the dressing orbit through (e", ..., e™H) for the K-dressing action
of K on p (k). Welet M C %, x (—o0, 0] be the subset M = {(b1, ..y b, K) : by * ba %
-+ % by, = 1}. Then F carries M diffeomorphically onto & and induces the required
diffeomorphism M — &|(_u o]- O

Remark 5.45. The relative 2-form w. is a symplectic form along the fibers of p. Thus
we have made the restriction of the family of [Sa] to (—o0,0] into a family of symplectic
manifolds. Can w, be extended to (—oo,a)for some a > 07
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