THE SYMPLECTIC GEOMETRY OF POLYGONS IN THE 3-SPHERE
THOMAS TRELOAR'

ABSTRACT. We study the symplectic geometry of the moduli spaces M, = M, (S?) of
closed n-gons with fixed side-lengths in the 3-sphere. We prove that these moduli spaces
have symplectic structures obtained by reduction of the fusion product of n conjugacy
classes in SU(2), denoted C}', by the diagonal conjugation action of SU(2). Here C}' is a
quasi-Hamiltonian SU(2)-space. An integrable Hamiltonian system is constructed on M,
in which the Hamiltonian flows are given by bending polygons along a maximal collection
of nonintersecting diagonals. Finally, we show the symplectic structure on M, relates to
the symplectic structure obtained from gauge-theoretic description of M,. The results of
this paper are analogues for the 3-sphere of results obtained for M, (H?), the moduli space
of n-gons with fixed side-lengths in hyperbolic 3-space [KMT], and for M, (E*), the moduli
space of n-gons with fixed side-lengths in E* [KM1].

1. INTRODUCTION

In this paper we study the symplectic geometry of the space of polygons in S? with fixed
side-lengths modulo the group of isometries. We denote this moduli space by M, = M, (S3).
This paper is continuation of [KM1] and [KMT], which studied the polygonal linkages in
Euclidean 3-space and hyperbolic 3-space, respectively.

An (open) n-gon P in S? is an ordered (n + 1)-tuple (x1,...,7,,1) of points in S* C C?
called the vertices. We join the vertex z; to the vertex z;; by the unique geodesic segment
e;, called the i-th edge (here we must make the restriction z; and x;11 are not antipodal
points). We let Pol, denote the space of n-gons in S®. An n-gon is said to be closed if
ZTnt1 = 1. We let CPol,, denote the space of closed n-gons. The group G = SU(2) x SU(2)
acting on S by g -z = gla;g;l, r €S3 g =(g91,92) € G, is the group of isometries of S3.
Two n-gons P = (x1,...,2p41) and P' = (2], ...,z ;) are equivalent if there exists g € G
such that g- P = P', that is g - z; =z, for all 1 <¢ <n+ 1.

Let r = (rl, ,7n) € R} be an n-tuple of positive numbers with r; < 7 for 1 <4 <n. We
denote by N the space of open n-gons in which the side e; a has fixed length d(z;, z; 1) = r;.
We then let M, = N, N CPol,, N, = N, +/G, and M, = M, /G. This paper examines the
symplectic geometry of the space M,.

We have G = SU(2) x SU(2), K is the diagonal subgroup in G, and P = G/K which
we identify with SU(2). We equip G, K, P with the quasi-Poisson structures associated to
the standard Manin pair (g, ), where g = {(z,y) € su(2) ®su(2)} and ¢ = {(z,z) €g:z €
su(2)}.

The main theorem of this paper is:
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Theorem 1.1. The space M, is a symplectic manifold with the symplectic structure ob-
tained from reduction of the fusion product of n conjugacy classes in SU(2), Cp, ®---®C,., ,
by the diagonal dressing action (conjugation) of the quasi-Poisson Lie group K.

We are also interested in finding an integrable system on M,. We denote by d;; a
geodesic connecting the vertices x; and z; (we always assume 7 < j), which we call a
diagonal. Let Z;; be the length of the diagonal d;;. Then /;; is a continuous function on
M., but it is not smooth when either ¢;; = 0 or ¢;; = w. If d;; and dy,, are nonintersecting
diagonals, then

{fij, Ekm} =0.

By considering a maximal collection of nonintersecting diagonals, we obtain %dim(Mr)
Poisson commuting Hamiltonians.

The Hamiltonian flow \Ifgj associated to a ¢;; has the following nice description. Separate
the polygon into two pieces via the diagonal d;;, the Hamiltonian flow is given by leaving one
piece fixed while rotating the other piece about the diagonal at constant angular velocity
1. The flow \Ilfj is called the “bending flow” along the diagonal d;;.

The paper is organized ad follows:

In section 2, we give background material for Manin pairs and quasi-Poisson Lie groups.

In section 3, we define a symplectic structure on M, by quasi-Hamiltonian reduction on
the fusion product of conjugacy classes.

In section 4, we study the Hamiltonians ¢;; and their associated Hamiltonian flows.

In section 5, we study the an action of the pure braid group on M, given by the time 1
Hamiltonian flows of a certain family of functions.

In section 6, we relate the symplectic form on M, to symplectic form given on the
relative character varieties on n-punctured 2-spheres.

We note that the moduli spaces of polygons in the spaces of constant curvature give
examples of completely integrable systems obtained from the theory of Manin pairs associ-
ated to a compact simple Lie group [AMM?2]. The Manin pairs corresponding to the various
moduli spaces are:

e (su(2) x su(2)*,su(2)) for polygons in the zero curvature space (Lie-Poisson theory);
o (sI,(C) = 5u( ) ,51(2)) for polygons in negative curvature space (Poisson-Lie theory);
e (su(2) ®su(2),su(2)) for polygons in positive curvature space (quasi-Poisson Lie the-
ory).
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2. MANIN PAIRS AND QUASI-POISSON LIE GROUPS

2.1. quasi-Poisson Structures. In this section, we let K be any compact simple Lie
group with Lie algebra denoted by & Let G = K x K be the double of K with Lie algebra
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g =t @ ¢. The Killing form on £, which we denote by (, ), defines a nondegenerate bilinear
form B(,) on g given by

B((Xl,Xg), (Yl,YQ)) = (Xl,Yl) — (XQ,YQ), fOI‘ (Xl,Xg), (Yl,YQ) € g

If we now let K denote the diagonal subgroup of G then its Lie algebra £ is a maximal
isotropic subalgebra of g. The pair (g, £) is a Manin pair. We will construct a quasi-Poisson
Lie group structure on G associated to the Manin pair (g,€) which restricts to a (trivial)
quasi-Poisson Lie group structure on K. For background on quasi-Poisson Lie groups,
quasi-Poisson structures, Manin pairs, etc. we refer the reader to [AKS], [Le], [KS1], [KS2].

Let p = {(%X, —%X) € g} be the anti-diagonal in g. Then p is an isotropic complement
of ¢. Note that p is not a Lie subalgebra of g ([p,p] C £), so the triple (g,¥¢,p) is a Manin
quasi-triple, rather than a Manin triple which arises in the theory of Poisson Lie groups.
We call this triple (g, €,p) the standard Manin quasi-triple.

A Manin quasi-triple gives rise to a Lie quasi-bialgebra (£, F', ). We can identify p with
£* via the bilinear form of g. The cobracket on ¥ is a map F' : £ — A€ which is the transpose
of the map from p A p — p, also denoted by F, defined by

F(&n) = ppl&,nl, &;m € p.

We can also define the element ¢ € A€ by the map p A p — € given by

90(5777) = Pk[fﬂl]a 577] €p.

For the Manin quasi triple (g, €, p) given above, we have F' = 0 and ¢ = % Zijk f;kei/\ej/\ek,
where [e;, ex] = X7, fiyer

We can also identify g with €@ £* via the bilinear form B(,). The canonical r-matrix on
g associated to the Manin quasi-triple (g,€,p) is an element 74 € g ® g defined by the map
re: g* — g given by r4(&, X) = (0,£) where X € g and £ € g*. Let {e;} be an orthonormal
basis of € and {e’} be the dual basis in €*, then

Tg = Z e e,
(3

The multiplicative 2-tensor wg = dLgrg — dRyry actually defines a bivector on G,
since the symmetric part of r4 is a multiple of the bilinear form B(,) on g. wg gives us
a quasi-Poisson Lie group structure on G. wg naturally restricts to the trivial bivector on
the subgroup K C G. There is also a natural projection of wy to G/K = P, which can
identified with K, via the map p : G — P defined by p(g1,92) = 9192_1. The bivector wp is
given by

1 A AP
wP:iZei Ne;.
13
A

Here e} (e) denotes the left-invariant (resp. right-invariant) vector field on P with value
e; at the identity. We will use this notation for vector fields on P throughout the rest of
the paper. Note that wp is not multiplicative, so P is not a quasi-Poisson Lie group. We
will see that in the next section that P is the target space of a generalized moment map.
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2.2. Moment map and reduction. The action of G on itself is by left multiplication
induces an action of K on P, the dressing action, which is given by conjugation.

We denote by xj; the vector field, more generally the multivector field, on M induced
by the action of K on M and x € t satisfying

(eat D)) = oo f (exp(~ta) - m)

where f € C®°(M) and m € M. This is a Lie algebra homomorphism, i.e. [z, yn] =
[x,y]a for z,y € L.
We have the following definition of a quasi-Poisson action.

Definition 2.1. Let (K, wg,p) be a connected quasi-Poisson Lie group acting on a man-
ifold M with bivector was. The action of K on M is said to be a quasi-Poisson action if
and only if

(1) glwsr, war] = par

(ii) Loy wyr = —(F(z)nm)
for all z € t.

The dressing action of K on P is a quasi-Poisson action. There is also a notion of a
generalized moment map associated to a quasi-Poisson action.

Definition 2.2. A map p: M — P, equivariant with respect to the action of K on M and
the dressing action of K on P, is called a moment map for the action of K on (M,wyr) if,
on any open subset of M,

wh(p*ay) =z
Here o € QY(P) is defined by < oy, Ep >= —(x,€) for x €€ and € € p.

Definition 2.3. The action of K on M is called quasi-Hamiltonian if it admits a moment
map. A quasi-Hamiltonian space is a manifold with bivector on which a quasi-Poisson Lie
group acts by a quasi-Hamiltonian action.

The following lemma will be useful in this paper for the proofs of Proposition 2.8 and
Theorem 2.7.

Lemma 2.4. Let (M,wy;) be a manifold with bivector on which the compact simple Lie
group K act in a quasi-Poisson manner. Then (M,wyr) is a quasi-Hamiltonian space if
and only if there exists a map p : M — P which is equivariant with respect to action of K
on M and the action of K on P by conjugation which satisfies

WA (,0) = 5 (16 + Ady)a)

for all x € ¢. Here w' : T*M — T.M is given by w'(a) = w(a,-) for o € T*M, and
0:T.,K — tis the left-invariant Maurer-Cartan on K. For K a matriz group 6 = k—dk.

Proof: See [AKS, Proposition 5.33]. O

Example 2.5. The basic example of a quasi-Hamiltonian space is the space P. The action
of K on P is the dressing action and the associated moment map is the identity map. The
bivector on P is given by wp = % > ef‘ Ner.
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In general, any K-invariant embedded submanifold of P is also a quasi-Hamiltonian
space with moment map given inclusion.

Example 2.6. Let (g,%,p) be the standard Manin quasi-triple. Let C C P be a conjugacy
class in P. The action of K on C given by conjugation is a quasi-Poisson action. The
momentum map associated to this action of is the inclusion map (i.e. u : C — P given
by u(g) = g). Since the bivector wp is K-invariant, the bivector on C is given by the
restriction wp|c

Even though a quasi-Hamiltonian space (M, i, wyy) is not in general a Poisson manifold,
%[w M>War] = par, there is still a notion of reduction to a symplectic manifold.

Lemma 2.7. Let (M,wy,p) be a quasi-Hamiltonian space such that the bivector wys is
everywhere nondegenerate. Assume M /G is a smooth manifold in a neighborhood U of
p(zo), where p: M — M/G and o € M. Let x € M be such that p(x) € U and s = p(z) €
D/G is a regular value of the moment map . Then the symplectic leaf through p(x) in the
Poisson manifold U is the connected component of the intersection with U on the projection

of the manifold =1 (s).

Proof: See [AKS, Theorem 5.5.5]

2.3. Fusion product of quasi-Poisson manifolds. Given quasi-Hamiltonian spaces M,
and M, each acted on by K with associated moment maps p; : My — P and pg : My — P,
it is not true that M; x My with the product bivector structure is a quasi-Hamiltonian
K-space with the action being the diagonal action of K on My x Ms. We can define a new
bivector on M; x My such that diagonal action is a quasi-Poisson action with respect to
this new bivector. M; x Ms with this bivector is called the fusion product and is due to
[AKSM].

As defined in the previous section, the subscript M denotes the vector field, or multi-
vector field, induced by the action of K on M.

Proposition 2.8. Let (M, wy,p1) and (Ma, wy, u2) be quasi-Hamiltonian K-spaces in the
sense of [AKS]. Then M = M; x My with the action of K on M given by the diagonal
action, bivector on M given by

1
wy =witwyt g Z(ej)Ml A (e5) My
J
and moment map pu = 12 is a quasi-Hamiltonian K -space. Recall {e;} is an orthonormal
basis of €. M with this structure is called the fusion product of My and Ms and is denoted
by M = M; ® Ms.

Proof: We begin by showing the diagonal action of K on (M, w,) is a quasi-Poisson action.
For this we need to show,

(1) glwa, wn] = oum

(if) Ly, wp =0.

We will then show that p : M; x My — P given above is the moment map associated
to the diagonal action.
It is a straightforward calculation to show (7):
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1 1 1 1
5 [wMawM] = 5 [wl twr+ g Xj:(ey’)Ml A (ej)asy, w1+ w2 + 5 Xk:(ek)Ml A (ek)MJ
1 n
= [wl,wl} [wz,wz} + [w1 +wa, 5 > (e A (ej)M2]
j=1
1 1 1
5 |:§ XJ: e] My N\ e] My 5 Xk:(ek)Ml A (ek)M2]
1
= 5[ 1} +5 [w27w2} + [wl +w272(ej)M1 A (ej)Mz}
J
1
§ ([ (€) s (ex)m } A (ej)ar, N (er) s, + |:(ej)M27 (ek)Mz} A (€5)nn A (ek)M1>
But % [wi, wi} = @y, for 2 = 1,2 since the K- actions on M; and M, are quasi-Poisson
actions. Also, we have [(ex)nrs,, wi] = Lie,),, w1 = —(F(ek)>M where F : & — A%t is

the cobracket. But F' = 0 for the standard quasi-Poisson Lie group K we have, thus
[(ex)m;, wi] = 0. Let fZ denote the structure constants on £. The above equations then
become

1
= om T +0+ g > [ejaek}M A (ej) e A (er)rs
ik '

1
g2 el , A lesn A (el
j7k
1 : 1 '
= 5 ngz'k;(e’i)Ml A (&), A (ek)ar, + 2 Zf;‘k(ei)Mz A (e5) My A (€k) s
ijk ijk

1 . 1 .
+3 D Finlean A (ej)an A er)as, + 3 > Fiklean A (ej)a A (er)an,

ijk ik
= % Zf;k ((ei)Ml + (ei)Mz) A ((ej)M1 + (ej)M2) A ((ek)M1 + (ek)M2)
ijk
= % Zf;k(ei)M A (ej)m N (ex)m
ijk

= M

To show (4i), we again use L., ),, wa; = 0.
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Ley)Wm Lieryan, +ewhar, (W1 + w2 + Y (€)1, A (ej)M2>
Lier) ar, +

o

ex)ary (Z(ej)Mz A (ej)M2>

= Z |:(ek)M17 (ej)Ml] A (ej)M2 - Z [(ek)sz (ej)Mz] A (ej)Ml
= chij(ei)Ml (ej), — chy ei)ar A (€5)an

= 0

er) M,

We next use Lemma 2.4 to show that u = pypus : M7 X My — P is indeed the moment
map associated to the diagonal action.

W (e, 0) = w((upe)” (,0))
"((2, 130 + Ad,-1176))

= wF(3(e,0) + 1} (Ady,0))

=k (i (Ad,z,0)) +h (43(,0)) + 5 3 (i (A, 0)) )2, ) (e5),

J

w
w

5 3 (s ) e, ) e,
J

(M;,w;) is a quasi-Hamiltonian space with moment map u; : M; — P;, so we have by
Lemma 2.4

wf (4t ,0)) = 5((+ Ady )

We can also see that

> (05 @) e ) (e, = (@, Adyrei = i) (e,

) 2

- Z(Adﬂjx — 3, ¢)(ei) my

= (Ady,z — @)

So the above becomes
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wu(u*(X, 0)) = %(Adﬂ2 + Adyy e, X))y + %(1 + Ady, X ) v, + %(AdulmX — Ady, X)
5 (Adu, X — Xy
= %((1 + Adyy iy ) X) My + %((1 + Adyy 1) X)
= %((1 + Ady, o) X)) M
]

Remark 2.9. [t is a quick calculation to show the fusion product is associative, that is
M; & (Mo ® M3) ~ (M; ® My) ® Ms. The bivector is given by

1 1 1
w=w +wz +ws+ 5 zi:(ez’)Ml A (ei)ar, + 3 zi:(ez’)Ml A (e) vy + 3 Xi:(ei)Mz A (€i) ms-

The quasi-Hamiltonian space we are most interested in for this paper is the fusion
product of n conjugacy classes in P. Recall from Example 2.6 that C,, C P is a quasi-
Hamiltonian space with action given by conjugation and the associated moment map
given by inclusion. The fusion product of n conjugacy classes C) = C,, ® --- ® C,, ,
r=(ry,...,7n) € Ry is also a quasi-Hamiltonian space with action given by the diagonal con-
jugation and moment map i : M — P given by multiplication, (g1, g2, .-, gn) = 9192 * - gn-
The bivector on this space is given by

U XA 1 ¢ A p A p
wzﬁgzk:(ek/\ek)i—i-iz : (ek—ek>i/\(ek—ek>j

1<j
where the subscripts 7, j denote the vector field on Cy,;, Gy, C CY.

2.4. Poisson bracket on C*®(P")X. For a general quasi-Hamiltonian space (M, wyy), the
bracket on C*°(M) defined by the bivector wys is not a Poisson bracket. This is easy to
see since the Shouten bracket [wys, wpr] = @ar is an invariant trivector field. The bracket
does however define a Poisson bracket when we restrict to the space C°(M)¥X of smooth
K-invariant functions on M.

Lemma 2.10. Let K be a connected quasi-Poisson Lie group acting on a manifold (M, wyy)
in a quasi-Poisson manner. Then the bivector wys defines a Poisson bracket on the space
C®(M)X of the smooth K -invariant functions in M.

Proof: See [AKS, Theorem 4.2.2] O
For ¢ € C*°(P™) we define
Dip: P" — &, Dlp:P" — ¥
as follows. Let g = (g1, ..., 9n) € P™ and z = (x1,...,x,) € €, then

d .
di¢g($p) = (DZQ/17$) = %|t:0¢(gl, “"etngi’ 7gn)

d :
iy (%) = (Digp, ) = Zleotb(g1, v, i€ 0.
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Here (,) is the Killing form extended to € by (z,y) = >_i" (4, ;) for z,y € €.
Remark 2.11. It is easy to see that
Adg, Ditp(g) = Dirh

We also define
j—1

Ti(g) = [Dﬂ/)(g) - Diw(g)] + Djy(9)
i=1
We now define the Poisson bracket on C*°(P")K

Proposition 2.12. Let ¢, € C®°(P™")K then
{#:9}9) = (Djlo) — Dilg), ¥;5(9))
j=1

Proof:
Let us first note that for z,y € £ ) .(z, e;)(y, ;) = (z,y). Now,

{o.9}(g) = w(de,dy)
= IS (@) ) + S0 (6 - e (e — ) ) ()

i=1 k 1<j k

_ % SO ST dipled) dinp(ef) — dilel)disp(e))

i=1 k

+2 ZZd plex — en)djp(er —ef) — djd(ep — ef)dip(ep — ef)

z<y k

= % Zz; Z (D;gb, ek) (Dﬂ,/l, ek) - (Di¢7 €k> (D’;wa €k>

k

+§ >3 (Dl — Dig,er ) (Djwo = Dyprex) = (Djp = Dy e ) (Do = D e

i<j k
- . > (Dig, D) — (g, Diy)

VI (- s 0) - (-5 105

1<j
_ % z:; (it D) = (Dig, D)

%Z (D;¢—Di¢,D}¢—Dj¢) = (Dg¢—Di¢,D;-¢—Dj¢)

i<j i>j

But since 1 € C®°(P")¥ is K-invariant, a quick calculation shows
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n

> [Dith — Djgp] = 0

i=1
Using this fact and also that (D¢, Ditp) = (D;¢, D;j3p) for all i, we can rewrite the above
as,

{9} = % z”: (DQ, ¢ — Di¢, Dip + DQQ/J)
=1

_%Z (Dggb— Dj, Dlp — Dﬂ/)) - % Z <D§¢—Di¢,D91/) —DjT/J>

i>] i>]

n
= > (Div - Diw, i)

=1

O
From the above Proposition we can also define the Hamiltonian vector field X, associ-
ated to 1) € C®°(P")X by Xy = w(dy).

Corollary 2.13. The Hamiltonian vector field Xy(g9) = ((X1(9),...,Xn(g)) associated to
the K -invariant function ¢ € C®(P™)X is given by

Xj(g) = dLq, ¥ — AR, Wj, 1< G <.

and g = (917927 79n)

Proof: We use the convention {¢,9} = dp(Xy) = E?:l d;jo((X;(g)). Proposition 2.12
gives us

dp(Xy(9)) = {¢,9}

= > <D§¢ - Dj¢, Wj)

7=1

- Z djp(dLg; V) — djp(dRg, V)
7=1

= D did(dLy,V; — dRy, V)
7=1

3. THE SYMPLECTIC STRUCTURE ON M, (S?)

Throughout the rest of the paper, we let G = SU(2) x SU(2), K = SU(2), and P ~
SU(2). In this section, we will define a symplectic structure on M, obtained from the
reduction of the fusion product of conjugacy classes to a symplectic manifold.
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Recall, we defined Pol, () to be the open n-gons in S? with side-length less than 7, so
that we can choose an unique geodesic between vertices. The map ® : P* — Pol,(x) C
(S3)" defined by

D(g) = (%, 91%,9192%, .-, 9192 * * gn*)
is a diffeomorphism.

Proposition 3.1. The map @ is a K-equivariant diffeomorphism where K acts on P"™ by
the dressing action (diagonal conjugation) and on Pol,(x) by the diagonal action on (S®)".
Proof: x € P is an element in P which is fixed by the K-action, that is Ady(x) = * for all
ke K. For k€ K and g € P", k- p = (Adkg1, ..., Adkgn), SO

O(k-g) = (xAdk(gr)*, ..., Adi(g1 - gn)*)
(Adg*, Adg (g1, , Adg(g1 -+ - gn*))
= k- (*0g1%, ..., g1+ Gn¥).

O

Remark 3.2. The map ® induces a diffeomorphism from {g € P" : g1---g, = 1} to
CPol(x).

We have seen that the K-orbits in a quasi-Hamiltonian space are quasi-Hamiltonian
spaces. In particular, a conjugacy class C' C P is a quasi-Hamiltonian space. Let r € R”,
with 7 = (r1,...,7,). Let C,, C P denote the conjugacy class in P such that r; = d(x, g;*) =
cos™! ( — %trace(gﬂ) € R for all g; € Cy,.

Lemma 3.3. The map @ induces a K-equivariant diffeomorphism from Cp, X --- x C,. to

Nr, the space of open n-gons with fized side-lengths based at x, where r; = d(g1-gi*, g1-gi—1%),
foralll1 <i<mn.

Proof: Follows from the fact that k fixes side-lengths. O

Corollary 3.4. ® induces a diffeomorphism from the space {g € C}' : g1---gn, = 1}/K to
M, the moduli space of closed n-gons in S3.

In §2.3 we saw that the fusion product of n conjugacy classes in P, (C}',n,w), is a
quasi-Hamiltonian space with the moment map /i given by multiplication. So, z~*(1)/K =
{g€Cl:¢g1-gn =1}/K. We must determine when this restriction and quotient gives
rise to symplectic manifold. Lemma 2.7 tells us that z~'(1)/K is a symplectic manifold

when

e w is everywhere nondegenerate on C}!

e 1 is a regular value of /.
We use the following remark from [AKS, Example 5.5.4] to give the nondegeneracy condi-
tion.

Remark 3.5. Let K be a quasi-Poisson Lie group arising from the standard quasi-triple
and (M, p,w) is a quasi-Hamiltonian space. Then (M, p,w) is nondegenerate if and only
if, for each m € M,

ker(wh) = {u*(x,0) : = € ker(1 + Adyim)) -
Here z € L.
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It follows that the fusion product of conjugacy classes is nondegenerate.

Lemma 3.6. 1 is a regular value of fi if and only if ¢, = {z € € : zcp = 0} = 0 for all
g€ ().

Proof: We refer to Lemma 2.4. Let € ¢&. Then z € (Im(djly))*t & (z,45"0) = 0 &
0 = (2, 5°0)) = (1 + Adgp)7)cp = (20)c. 0

A polygon is said to be degenerate if it can be contained in a geodesic in S3. It follows
from the above lemma that if there does not exist g € i 1(1) C C” such that ®(g) is a
degenerate polygon, then 1 is a regular value of .

Theorem 3.7. The moduli space M, containing no degenerate polygons has a symplectic
structure which is the transport structure from the moduli space p='(1)/K.

In §6, we need a formula for the symplectic form on M, i in §6.
Remark 3.8. The symplectic form is given by
n 1 n n B B
G=) wi+ 3 Y (Adgyog, 0 Ay Adg, .y, 05) .
i=1 i=1 j=i+1

where w; is the quasi-Hamiltonian 2-form on the conjugacy class C; C SU(2), see [AMMI],
and 0; is the right-invariant Maurer-Cartan form on C; C SU(2). We denote by Ay the
wedge product together with the killing form on G.

4. BENDING HAMILTONIANS

4.1. Hamiltonian vector fields. Recall, K = SU(2) and C}' = C,, ® --- ® C;,,, where
Cy, C P is a conjugacy class in P ~ SU(2). Let (z,y) = —3Tr(zy). In this section we will
compute the Hamiltonian vector fields Xy, associated to the functions f; € C®(C™ME given
by

filg) =tr(gi---g5), 1 <j<n.

See §2.4 for the definition of the Poisson bracket on C*°(C?)X. We leave it to the reader
to verify the following lemma.

Lemma 4.1.
Diw1fi(9) = Difj(g), 1<i<j—1
Difi(g) = Djfi(g)
forall1 <7 <n.
We define F; : P — € by
Fj(g) = ((91"'9j) - (91"'93')_1)-
We then have the following lemma.

Lemma 4.2. Fj(g) = D f;(g)
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Proof: For g € C' and X € ¢

d

(D1fi(9),X) = %tzotr(etxglgz---gj)

= tr(Xgi92---9j)
= tr(gig2---9;X)

but since
tr((grg2---9;) ' X) =tr((g1--- 9;)*X) = tr(X*g1--- g;) = —tr(g1 -~ g;X)

it follows that

tr(gige -+~ g;X) = —tr(((glgz e g) — (g1 gj)*l)X>

Since —((91 ~-gi) — (g1~ --gj)_1> € ¢ and (,) is a nondegenerate bilinear form, we have

Difi(g) = —((91 i) = (91 --gj)‘l) = —Fj(9). B
We have the following formula of the Hamiltonian vector fields Xy, .

Theorem 4.3. The Hamiltonian vector field Xy, is has an i-th component given by

(X5 (9)i=0,j<i<n

Proof: Recall from Corollary 2.13 that for ¢ € C®(C™)X, X, (g) is given by
(Xy(9))i = dLg, Wi(g) — dRy, ¥i(9g)
where U;(g) = D1¢(g) — Di¢(g9) + D2tp(g) — - -+ — Di_1(g) + D;s2p(g). This together with

Lemma 4.1 gives us

(Xf;(9))i = dLg; D1fi(g) — dRg D1 fi(g), 1 <i <
and
But from Lemma 4.2, —Fj;(g) = D1 fj(g), completing the proof.
O
4.2. Commuting flows. In this section we will show the family of Hamiltonians {f; };-‘:1

Poisson commute for 1 < j < n.

Proposition 4.4. {f;, f;j} =0 for alli,j.
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Proof: Without loss of generality we may assume ¢ < j, then by Proposition 2.12

J
U fiMo) = Y (Dhfilg) = Dufil9), Fil9))

Here we used Zzzl(Dkfi —D;.fi) =0. =

4.3. Hamiltonian flow. In this section we will calculate the Hamiltonian flow, <I>§-, asso-
ciated to f;. Recall that the Hamiltonian flow is the solution to the ODE

” Wi = 4Ry, Fj(g) — dLg Fj(g), 1 <i <j
dgz —0]<Z<n

Lemma 4.5. Fj;(g) is invariant along solution curves of (*).

Proof: To prove the lemma, it suffices to show that t;(g) = g¢1---g; is invariant along
solution curves of (*).

d d

i) = 2 (g1(t)gz(t) - 9;(1))

= Y 0gat) - g5(0) + ba() 22
= [0 (1) - 01 (OF; (o(t)ox(0) g
= a0e(0) [Ei(00)g (1) — 05 E gl
= Flg(t)or() 0500 — g1(0) - g5(0)Fy (1)

(1) g;(0) + -+ o (Bealt) - )

=0
]
Lemma 4.6. The curve exp (tFj(g)) is periodic with period 2w/ /4 — fj2
Proof: Left to reader. [

We are now able to find the Hamiltonian flow <I>§-.

Theorem 4.7. The Hamiltonian flow, @;, associated to the Hamiltonian f; given by @; (9) =
(91(2), .-, gn(t)) where

~ o JAd(exp(tFj(g)))gi, 1 <i<j
gz(t) = . .
gi,J <1 S n.

The flow is periodic with period 2w/ /4 — f]2

t) + g1(0)[F;(9(t))g2(t) — g2() F(9(2))] - -
]

+g5(t)
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The flows {@g} do not give rise to a torus action on M, since they do not have constant
period. We now look at the length functions ¢;(g) = cos '(—1 f;(g)). Then

1
dlj = ——=df;
N
and 1
X, = 7ij.

i \/4_71?

It is not difficult to see that the family of functions {¢; ;‘:_21 also Poisson commute, but

their Hamiltonian flows are not everywhere defined. If we restrict to the space M, such
lj # 0 or £; # m for all diagonals in M,. The Hamiltonian flows {4} on M; associated
to {¢;} are periodic with constant period 27 and constant angular velocity 1. These flows
define a Hamiltonian (n — 3)-torus action on the space M|

5. BRAID ACTION ON M,

There exists an action of the pure braid group P, on the manifold M, which preserves
the symplectic structure. In this section, we show that the generators of the pure braid
group arise as the time 1 Hamiltonian flows of the family of functions h;;,1 <i < j<n-—1
where h;; € C®(M,)E is defined by,

1 _ 1 2
hij(g) = 5((303 (- 5757”(91'93‘))) :
Let C12 denote C ® Cy, where C; C P is a conjugacy class. Let wio denote the quasi-
Poisson bivector on C12. We have the following proposition.

Proposition 5.1. The diffeomorphism R : C; & Co — Co ® Cy given by R(g1,92) =
(Ady, g2, 91) is a bivector map taking wiz to wy;.

Remark 5.2. The diffeomorphism R' : C1®Cy — Co®C given by R'(g1,92) = (QQ,Adgglg]_)
s also a bivector map taking wiz to wo;.

Remark 5.3. RoR' =1Idc,ec, =R oR

We now define R; : C1®---®(C; ®Cj11)®- - ®C, > C1®---®(Cip1 ®Cy) ®---®C)y
to be the map given by

Ri(gla - 9is Jit+1, gn) = (gla S3) Adgigi-l-lagia () gn)
that is, R applied to the ith and (i + 1)th term of M,. R] can be defined in a similar way.

Lemma 5.4. The full braid group B,, has a faithful representation as a group of automor-
phism of the closed n-gons in S3 in which side-lengths are fized but the order of the sides is
not fized. The generators of By, are given by R;, 1 <1 <mn— 1.

We now restrict B,, to P, to get an action of the pure braid group on C}'. This action
induces a symplectomorphism on the moduli space M,..

Corollary 5.5. Let Aij = Rj,1 o--roR;j410 Rz2 o R’~+1 0---0 R;'fh 1<i<y<n. Aij

(3
induces a symplectomorphism from M, to itself. A;j, 1 <1 < j < n are the generators of

P,, which has a faithful representation as a group of automorphisms of M,..
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We will now show that the braid group actions A;; can be realized as the time one
Hamiltonian flows of the Hamiltonians h;; given at the start of the section. We begin
by studying the Hamiltonian flows associated to the functions f;; € C>®(C™ME given by

fij(9) = tr(gig;). Define Fy; : I — ¥ by Fy;(g) = ((9:9;) — (9i95) *)-
The Hamiltonian flow associated to f;; is given by <I>§j (9) = (g1(t), .-, gn(t)) where

gk, 0<k<iandj<k<n-+1
gk (t) = Ad<eXP (tFij(g)))gk, k=17
fu(apuﬂﬂmﬁympb¢ﬂﬂmﬁgﬁm”i<k<¢

The following formula is used to relate <I>§j to Ajj.

cos_l(—%tr(g)) T
wp( ) 9=97)) =y

Lemma 5.6.

—1(_1lg.
We now notice that for time ¢t = %}if(”gg))
2 (g

The time for which the @fj flows depends on the point in M, at which flow begins. We
would like time to be independent on the starting point. We can achieve this by taking
the Hamiltonian flows of the functions hj; = 3 (cos™ (-3 fij))Q. The Hamiltonian flow :I)/f]

2
associated to h;j is the renormalization of the flow <I>fj so that

b

S
on M,. We can see the pure braid group as the integer points in the Hamiltonian flows
Tt . .
@ij, 1<i <y <n.
6. CONNECTION WITH SYMPLECTIC FORMS ON RELATIVE CHARACTER VARIETIES OF
n-PUNCTURED 2-SPHERES

In this section, we relate the symplectic form on M, (S3) given in Remark 3.8 to the sym-
plectic form of Goldman type obtained from the description of M, (S3) as the moduli space
of flat connections on an n-punctured 2-sphere. We follow the arguments of Kapovich and
Millson [KM1, §5] which considers the analogous question for M, (E*). We begin with the
general case in which G is any Lie group with Lie algebra g which admits a nondegenerate,
G-invariant, symmetric, bilinear form.

6.1. Relative characteristic varieties and parabolic cohomology. Let ¥ = S? —
{p1,..-,pn} denote the n-punctured 2-sphere and Uy, ..., U, be disjoint disc neighborhoods
of pi1,...,pn, repectively. Further, I' is the fundamental group of ¥ with generators -;,
T = {I't,...,[',} is the collection of subgroups of I' with I'; the cyclic subgroup generated
by vi,and U =U; U---UU,.

Fix po € Hom(I',G) a representation. In [KM2] the relative representation variety
Hom(I',T; G) is defined as the representations p : I' — G such that p|r, is contained in the
closure of the conjugacy class of pylr,.
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Remark 6.1. If G = SU(2), there exists a py such that the relative character variety
Hom(T', T; G)/G is isomorphic to M,(S3). We will make this isomorphism explicit later on.

Let p € Hom(I', T'; G). Then p induces a flat principal G-bundle over ¥. The associated
flat Lie algebra bundle will be denoted by ad P.
We define the parabolic cohomology, H! (X, ad P) to be the subspace of the de Rham

par
cohomology classes in H},,(Z, ad P) whose restrictions to each U; are trivial.

6.2. Gauge theoretic description of the symplectic form. Let b be the nondegener-
ate, G-invariant, symmetric, bilinear form on g. A skew symmetric bilinear form

B:H! (3,adP) x H, (%,ad P) - H*(Z,U;R)

par par

is defined by taking the wedge product together with the bilinear form b. Evaluating on
the relative fundamental class of 3 gives the skew symmetric form,

A:Hl (Z,adP) x H:, (2,ad P) — R

par par
Poincare duality give us nondegeneracy of A, so A is a symplectic form on Hom(T',T'; G).
We will show A corresponds to the symplectic form @ given in Remark 3.8.

We first pass through the group cohomology description of H,, (2, ad P) to make this
correspondence explicit.

We identify the universal cover of ¥, denoted Z with the hyperbolic plane, H?. Let
P Y % by the covering projection. We define the A'(Z p*Ad P) with A'(E g) by
parallel translation from a point z¢. Given [n] € H'(X,ad P) choose a representing closed
1-form 1 € AY(X,ad P). Let 77 = p*n. Then there is a unique function f : P g satisfing:

o f(x0) =0
.« & =7
A 1-cochain h(n) € CY(T', g) is defined by

h(n)(v) = f(z) — Ady(y) f(v"'2).

This induces an isomorphism from H'(X,ad P) to H'(I',g). It can be seen that [n] €
H! (¥,ad P) if and only if h(n) restricted to I'; is exact for all i. That is, there exists an

par
z; € g such that h(n)(v¥) = z; — Ad,(yF)z; for each ; a generator of T.

We construct the fundamental domain D for I' operating on H? as in [KM1]. Choose
2o on X and make cuts along geodesics from xp to the cusps. The resulting fundamental
domain D is a geodesic 2n-gon with vertices vy, ..., v, and cusps v, ..., vy ordered so that
as we proceed clockwise around 0D we see v1,v7°, ..., v, v;°. The generator 7; fixes v and
satsfies ;0,41 = v;. Let e; be the oriented edge joining v; to v;° and é; be the orlented edge
joining v?° to v;41. Then y;&; = —ez

Let p € Hom([', T;G) and ¢, ¢ € T, (Hom(T',T; G)/G) ~ Hj,, (T, g) be tangent vectors
at p. The corresponding elements in H' (3, adP) are denoted « and /. So f : ¥ — g

par

which satisfies df = @ and f;(zp) = 0. Let f(v®) = 2;. Then
c('Yi) = f(x) - Adp(’yi)f('Yi_lm)
= f(vfo) - Adp(Vi)f(Vflv?o)

= f(v7°) — Adyey) f(v7°)
= @i — Adpy(y,)zi

par
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There is an equivalent formulas for ¢, o/, and f’ with f'(v3°) = z!.
Let Be(I') be the bar resolution of I'. Thus By (I") is the free Z[I']-module on the symbols
[yilve] -+ ] with

k—1
Ol vl = mibvel -+ ] + D (-1 R B [ IR G Y DO B |
=1

Let Ck(I') = Bg(I') ®zr) Z with Z[I'] acting on Z by the homomorphism € defined by
Z az’}’z = Z Qg
= =1
Then Cj(7) is the free abelian group on the symbols (yi|--- |vx) = [71]72| -+ |7x] ® 1 with
k-1 ,
Omlyal -+ ve) = (val -+ ) + D (=1 (| -+ lyavisal -+ lwe) + (D (- - [ve=1)-
i=1

A relative fundamental class F' € Cy(I") is defined by the property

OF = Z(%’)-
im1

Let [T, 0T] = 371 o(v1 -+ vi—1|n) € Ca(T), then

Lemma 6.2. [[,01'] is a relative fundamental class.

Proof: The proof is left to the reader.
We will now give the symplectic form A in terms of group cohomology. We denote by
Up the cup product of Eilenberg-MacLane cochains using the form b on the coefficients.

Proposition 6.3.

Ala, ) =) (e Uy i), (7)) — (¢ Uy ¢, [L, 0L))
=1

We will use the next Lemmas to prove Proposition 6.3.

Lemma 6.4.

[ B+ [ BUE) = b (e, 1 0F) = b (el £ ()
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Proof: Recall y;e; = —e;, so that €; = —yflei. We then have

/eiB(f,&')-l-/aB(f,&’) = /_B(f,&ff)Jr/AB(f,&q)

€; €

B+ [ | B

1
Y €

B(f,&) + / (7 1Y B(f.a)

i €

B(f,&) +/ B((y; 1) f, () a)

i 7

B (fv &’) + / B (Adp(Vi)(Vfl)*fv Adp(Vi)(Vfl)*al)

2

7

B(f - Adp(Vi)(7i_1)*f’ d)

[l
U T T T

P

= B (c(7i)7&,)

e

(C(F)/i)u f’(vfo)) —b (c(’Yi)u f,(’UZ))

IS

Il
SH

Lemma 6.5.

n n n

D b (cvi), 1) =D b (eri), F(05°)) =D (e Upyis (1)) + (e Uy ¢, [T, 0TY)

=1 =1 1=1

Proof: By definition, for any = € H? and v € I' we have
CI(FY) = f,(x) - Adp('y)f,(ry_lx)
Let v = v; and © = v;, then
(i) = f'(vi) — Adp(y,) ' (vig1)
Using f'(v1) = 0, we obtain
cl(’Yl ) = f,(vl) - Adp(’yl---%)f,(%'_1 T 71_11)1)
= _Adp(’rl---’n)f’(le)'
We will also need
Alyrvi) = i) + Adpiyy o) (i)
= d(n)+ Adp(“ﬂ)c,(W) +oeet Adﬂ(vl--mq)cl(%)
and, since 1 -+ -y, = 1,
0=c(m- ) =c(m)+ Adﬂ(vl)cl(W) +oeet Adﬂ(vl---vn_l)cl(%)
We then have,

19
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D b (e f(v) = =D b () Adpiyyeyy-1€ (71 -+ Yic1))
i=1 1=1
- Z b (Adﬂ(’Yr"%fl)C(%)a () + Adp(’yl)cl(’h) + e+ Adp(vl...%ﬂ)cl('yi_l))
=1
n 1—1
= — Z Z b (Adp(,yl...%fl)C(’yi), Adﬂ(’yl""ijl)Cl(fyj)>
i—1 j—1
= — Z Z b (Adp(’Yl""Yifl)c(’Yi)’Adﬂ(Vl""Yj,l)c'(fyj))
j=1i=j+1
noJ
= Z Z b (Adp('yl---%_l)c(')’i)a Adp(71"'71—1)0,(’)’j))
j=1 i=1
= Z b (C(’Yl S5, Adp(.yl....yj_l)c'(’yj))
j=1
= Z b (C(’Yl " '7j—1) + Adp('yl-"’Yj_1)c(7j)7 Adp(%....yj_l)cl(’)/j»
7j=1
= b (eln 1) Adyyony ¢ (1) + Db ()€ ()
Jj=1 j=1
= <C Ub C,)7 [F, 8F]> + Z b (C(")/:])7 f’(’[);o) — Adp(’yj)fl(v;o))
j=1
= U AT + 3 b (el £ 05) — S (Bl ()
J=1 j=1

Proof of Proposition 6.5:

Ala,ol) = /EB(a,a')

- /DB(&, &)

= B(a, f')
oD

-2

1=1 i

5@.f)+ [ B n)

= Z(C Up I;), (7])) - (C Up CIJ [F, 8F]>

j=1
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6.3. Correspondence between M, (S?) and Hom (T',7; SU(2)) /SU(2). We now restrict
to the case G = SU(2). We define the isomorphism

T : Hom (T, T; SU(2)) — M,,
where MT is the closed polygonal linkages in S? based at a point, by
T(p) = (p(11), s p(0)) -
This induces an isomorphism, which we also denote by T,
T : Hom(I',T;SU(2))/SU(2) — M,.
The differential dY,, : T),(Hom(T', T'; SU(2))/SU(2)) — Ty(,)M; is then defined by

dTp(C) = (dRp(,yl)C(’)/l), ""dRp(’Yn)c(’Yn)) .
Here T,(Hom(I', T; SU(2))/SU(2)) is identified with an element of Z!,.(I', g). We have

par
dY,(c) = (dRg,x1 — dLg, 1, ...,dRg, x,, — dLg, xy,)
and

dY,() = (dRy, 2| — dLy, ', ...,dRy, x;, — dLg, x},) .

gnn gnn

Recall, the symplectic form on M, is given by
n 1 n n
G= witg ), >, (Adgg ,0; Ny Adg,..q,,0;).
i=1 i=1 j=i+1
We can now prove the main result of this section
Theorem 6.6. T*w=A

Proof:
First we note that

T70i(c) = ()

and
(T*wi)(c, ') = wi (dRy,c(vi), dRy,c (i)
(Ad,- () + el )
(i), Adg, z} + z})
), () = (e(ni), Adyg,7)

Adgl"'gi—lc(ﬁ)/i% Adgl"'giflcl(ﬁ)/i)) + <c Usp :U;), (7Z)>

—~ — —~
Q
—~
=2

NN =N =N =

It follows that
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- n . 1 . B )
(T*@)(c,d) = Z(T w;)(c,c') + 52 Z T* (Adyg,...q, 0 Ao Adg, ...q;_,0;) (c, )
i—1 i=1 j=it1
n n 1
= Z(C Up a;;), (%)) - Z 5 (Adgl"'gi—lc(%)a Adgl"'gi—lc’(’)’i))
i=1 =1
+Z Z (Adgl-"gi—lc(’)’i)aAdgl"'gj—lcl(7j))
i=1 j=i+1
n n
_Z Z (Adgl"'gi—lc,(%)aAdgl"'gj—lc(7j))
i=1 j=i+1
n n 1
= Z(C Up x5, (7)) _25 (Adgl gi1¢(73), Adyg, g, (’Yz))
i=1 1=1
n j—1
+ZZ 91 9i—1€ ) Adgl"'gj—lcl(’)/j))
j=21i=1
n 7
+ZZ dgy-g;i—, ’Yz) Adgl---gj—lc(’)’j))
i=1j5=1
n n j—1
= D AeUnal (1) + 31 D (Adgyg, 10(i); Adgyg, 1€ (7))
i1 =2 i=1
= Y {eUpa}), (1)) + D (Adgyeg, ¢ ()i el 7im1))
i=1 j=2
= > (eUpal, (1)) = (cUp &, [T, 0T))
=1
= A(a,d)

]

It is easily seen that the functions ¢; from §4.2 corresponds to the following Goldman

functions. Let ¢ : G — R be defined by ¢(g) = cos ! (—%trace(g)). We then defined the
function ¢, : Hom (I', 75 SU(2)) /SU(2) — R by @ga(p) = ¢ (p(—ga)). We see that

T = Py

Then choosing an maximal collection of nonintersecting diagonal on M, corresponds to a
pair of pants decomposition on 3.
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