PERIODIC POINTS FOR ONTO CELLULAR AUTOMA TA

MIKE BOYLE AND BRUCE KITCHENS

Summary. Let ' be a one-dimensionalsurjective cellular automaton map. We
prove that if ' is a closing map, then the con gurations which are both spatially
and temporally periodic are dense. (If ' is not a closing map, then we do not
know whether the temporally periodic con gurations must be dense.) The results
are special casesof results for shifts of nite type, and the proofs use symbolic
dynamical techniques.

1. Intr oduction and sermon

Let ' be a surjective one-dimensionalcellular automaton map (in the language
of symbolic dynamics, ' is a surjective endomorphism of a full shift). Must the
set of ' -periodic points be dense? This is a basic question for understanding the
topological dynamics of ' , and we are unable to resole it.

However, if ' is a closing endomorphism of a mixing subshift of "nite type
Y, then we can show the points which are periodic for both ' and ¥, are dense
(Theorem 4.4). This is our main result, and of courseit answers our question in
the casethat the c.a. map is closing. We give a separateproof for the special case
that ' is an algebraic map (Proposition 3.2). The proofs are completely di®eren
and both have ingredients which might be useful in more generalsettings.

The paper is organizedsothat a readerwith a little background can go directly
to Sections3 and 4 and quickly understand our results.

We work in the setting of subshifts of nite type, and to explain this to somec.a.
workerswe o®era few words from the pulpit. Dynamically, one-dimensionalcellular
automata maps are best understood as particular examplesof endomorphismsof
mixing subshifts of "nite type. The resourcesof this setting are neededto address
somec.a. questions,even if one caresnot at all about the larger setting. But, one
should. Even apart from other motivations, the setting of subshifts of nite type
(rather than just the full shifts of the c.a. case)is philosophically the right setting
for c.a. A c.a. mapis alocally determinedrule of temporal ewolution; allowing shifts
of "nite type asdomainssimply allows local conditions on spatial structure aswell.
This is natural \physically" and unavoidable dynamically: a cellular automaton
is usually not surjective, and usually the possible spatial con gurations after an
iterate are no longer those of a full shift.
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2. Definitions

Let S be a nite set of n elemerts, with the discrete topology. Let §, be the
product spaceS?, with the product topology. We view a point x in § , asa doubly
in‘nite  sequenceof symbols from S, so x = :::X; 1XoX1:::. The space§, is
compact, metrizable and one metric compatible with the topology is dist(x;y) =
1=(jnj + 1) where jnj is the minimum nonnegative integer suc that x, 6 y,. The
shift map %.: 8, ! 8, is the homeomorphismde ned by the rule ¥{x); = Xj+1 .
The topological dynamical system (8 n;¥j is called the full shift on n symiwls (S
is the symbol set). If X is a nonempty compact subsetof §,, and the restriction
of %to X is a homeomorphism,then (X; %}y ) is a subshift (We may also refer to
either X or ¥x asa subshift, alsowe may suppressrestrictions from the notation.)
Equivalently, there is somecountable set W of nite words suc that X equalsthe
subsetof §,, in which no elemen of W occurs. A subshift (X; %) is a subshift of
“nite type (SFT) if it is possibleto choosea nite setto be a de ning set W of
excludedwords. The SFT is k-stepif there is a de ning setW with words of length
at mostk + 1.

If A isanm£ m matrix with nonnegative integral ertries, let G, be a directed

edgesetof G, . Let § o bethe subsetof (Ea)? obtained from doubly in"nite walks
through Ga; that is, a bisequencex on symbol set En is in 8 if and only if for
ewvery i in Z, the terminal vertex of the edgex; equalsthe initial vertex of the edge
Xi+1 . Let ¥a = ¥s, . The system (8 a;%) (or 8a or ¥ ) is called an edge shift,
and it is a one-stepSFT.

Let X o bethe spaceof one-sidedsequence®btained by erasingnegative coordi-
natesin 8 a: that is, if a point x isin 8§ o, then the one-sidedsequencexoXix,::: is
in XA, and X contains only such points. The shift map rule 3¥{x); = X;j+; de nes
a cortinuous surjection X5 ! Xa, alsocalled ¥ (by abuseof notation). Except
in the trivial casethat X, is nite, this map ¥ is only a local homeomorphism.
The system (X a; %) is a one-sidel subshift of "nite type. The proof of our main
result arguesby way of the one-sidedSFTs.

An SFT is called irreducible if it has a denseforward orbit. A nonnegative
matrix A is irreducible if for every i;j there existsn > 0 suc that A"(i;j) > O,
and it is primitiv e if n can be chosenindependert of (i; j). An irreducible matrix A
de nes an edgeshift which is an irreducible SFT, and a primitiv e matrix A de nes
an edge shift which is a mixing SFT. For any A, if B is a maximal irreducible
principal submatrix of A, then we can view the edgesetEg asa subsetof EA, and
the edgeshift Xg is an irr educible component of X . Xg is a terminal irreducible
componert if there is no path in G, from Eg to a point in another irreducible
componert.

A homomorphism ' of subshifts is a continuous map between their domains
which commutes with the shifts. A factor map is a surjective homomorphism of
subshifts. There are two distinct types of factor maps betweenirreducible SFT's.
If there is a uniform bound to the number of preimagesof eat point the factor
map is called nite-to-one . If there is no uniform bound the map is called in nite-
to-one. Under an in nite-to-one factor map \most" points will have uncountably
many preimages. A topological conjugacy or isomorphism of subshiftsis a bijective
factor map betweenthem. If there is an isomorphism betweentwo subshifts, then
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they are topologically conjugate, or isomorphic. Any SFT is topologically conjugate
to someedgeSFT.

Now supposethat X and Y are subshifts, m and a are nonnegative integers
(standing for memory and anticipation), © is a function from the set of X -words of
length m + a+ 1into the symbol setfor Y, and' is a homomorphismfrom X to
Y de ned by the rule ' (X)i = ©(Xi; m :::Xi+a). The homomorphism' is called a
block code (a k-block codeif k = m+ a+ 1). The Curtis-Hedlund-Lyndon Theorem
(trivial proof, fundamertal obsenation) is that every homomorphism of subshifts
is a block code.

If * is a homomorphism of subshifts, and the domain and range of ' are the
samesubshift (X ; %), then' is an endomorphismof (X;%). Thusa one-dimensional
cellular automaton map is an endomorphismof somefull shift on n symbols.

A continuous map ' from a compact metric spaceX to itself is positively ex-
pansive if there exists2 > 0 suc that whenewer x and x° are distinct points in X,
there is a nonnegative integer k sud that dist(" ¥(x);' ¥(x%9) > 2. This property
doesnot depend on the choice of metric compatible with the topology. Now if ' is
an endomorphismof a one-sidedsubshift X and k 2 Z. , then let () denote the
sequenceof words [' "(X)o:::" '(X)k], i = 0;1;2::: . It is easyto chedk that ' is
positively expansive if and only if there existsk 2 Z, sud that the map x 7! 2()
is injective.

A factor map' betweentwo-sided subshifts is right-closing if it never collapses
distinct left-asymptotic points. This meansthat if * (x) = ' (x9 and for somel it
holds that x; = x?for j1 < i - 1, then x = x% An easycompactnessargumert
shows that ' being right-closing is equivalent to the following condition: there
exists positive integersM ;N such that for all x; x% if x; = x°forj M <i - 0, and
"(X);j =" (X9 forO- j - N,thenx;=x%. If' 184! 8§g and' is ak-block
code, then the condition can be stated with M "xed ask.

A factor map of one-sidedsubshifts, X5 ! Xg, is called right-closing if its
de ning block code de nes a right-closing map of two-sided subshifts, 85 ! 8§p.
From the "nite criterion of the previous paragraph we seethat a factor map of
one-sidedsubshifts is right-closing if and only if it is locally injective.

Left-closing factor maps are de ned as above, with \right* replaced by \left".
Howeer, left closing doesnot meanlocally injective on X o (it would meanlocally
injective on sequences: : X; 1Xo with shift in the opposite direction). An important
property of closing factor mapsis that they are always "nite-to-one. An endomor-
phism ' of an irreducible SFT is surjective if and only if it is nite-to-one and
consequetly ewvery closing endomorphismis surjective.

For a thorough introduction to thesetopics, see[K2] or [LM].

3. Algebraic  maps

In this sectionwe considerfactor mapswhich have an algebraicstructure. This is
the situation when the subshifts of nite type are also compact topological groups,
the shift is a group automorphism and the factor map is a group homomorphism.
An SFT which is also a topological group with the shift an automorphism is called
a Markov sulgroup. A result from [Kil] shaws that an irreducible Markov subgroup
is topologically conjugate to a full shift, although the transition rules may be fairly
complicated. We say a factor map betweenMarkov subgroupswhich is alsoa group
homomorphism s an algebaic factor map.
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Example 3.1. Considerthe full two-shift, f0;1g%, as a group where the group
operation is coordinate by coordinate addition, modulo two. The shift is clearly a
group automorphism. Dene ' by ' (x)j = x; + Xj+1 for all i. Then" is an onto,
two-to-one, group homomorphism.

Prop osition 3.2. Let' :8a ! 8a bean algebric factor map from an irr educible
Markov sulgroup to itself. Then there is a denseset of points in § o which are
periodic for both ' and the shift.

Proof Let M be a positive integer such that no point of § o has more than M
preimagesunder ' . Fix any prime p with p> M. Then' cannot map a point of
least ¥+period p to a point of lower period (for this would imply the ertire ¥zorbit
of p points mapsto a xed point). It follows that for all k > 0, the kernel of ' ¥
contains no point with least ¥period equal to p.

We know that §a is topologically conjugate to a full m-shift for somem, so
Fixp(8 o) consistsof mP j m points of least ¥period p and m ¥ xed points.
Restricted to the subgroup Fix (8§ »), the homomorphism maps the xed points
to the xed points and the points of period p to the points of period p. There is a
power, k, of ' sothat the image of Fix (8§ o) under’ ' is the sameas the image
under' X for all i , k. Therefore the points in the imageof' ¥ are' -periodic. The
cardinality of the kernel of ' ¥ on Fixp(8 a) is at most m, so at least 1=m of the
points in Fix,(§ o) are' -periodic.

are densein §,5. 2

Proposition 3.2 is a special caseof a theorem in [KS] which states that the
periodic points are densein all transitiv e, d-dimensional Markov subgroups.

For certain algebraic maps ' , the ' -periods of points of a given ¥period are
analyzedin [MOW]. These periods can be very di®erert.

4. Closing maps

The following result is a pillar of our proof. (The essenceof this result is due
independertly to Kurka [Ku] and Nasu [Na2]. We include an exposition in the last
section of the paper.)

Lemma 4.1. [BFF] SupmseA is a positively exmansive map A which commutes
with a mixing one-sidal subshiftof nite type. Then A is topologically conjugate to
a mixing subshift of nite type.

The closing property will let us exploit this characterization.

Lemma 4.2. Supmse' : Xa ! Xa is a right-closing factor map from an irr e-
ducible, one-sidel subshift of nite type to itself. Then for all sutciently largeN,
the map ¥4 is positively expansive.

Proof Suppose' is a k-block map. Since' is right-closing, if N is sut-
ciertly large then for all x and for all n , ki 1 the cylinder sets[Xp;:::;Xn]

positively expansiwe, it sutcesto show this sequenceof blocks determinesx.
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together determine Xy+k; 1. Likewise, the blocks for i = 1 and 2 determine
" (X)2n +k; 1 Which together with what we already have determines xy +x. Con-
tinuing in this manner we seethat x is completely determined. 2

Here is the one-sidedversion of our main result.

Theorem 4.3. Supmwse' : Xa ! Xa is aright-closing factor map from a mixing
one-sidel subshift of "nite type to itself. Then the points which are jointly periodic
for %and ' are densein X,.

Proof Appealing to Lemmas 4.1 and 4.2, we choose a positive integer N suc
that ¥ is topologically conjugate to a mixing subshift of nite type. The ¥ ' -
periodic points are densein X . We will shov thesepoints are jointly periodic for
Ysand ' .

First we claim the two maps¥'' and ¥%have the samepreperiodic points. Every
Yxpreperiodic point is a ¥'" -preperiodic point becausefor each * and p the points
X 2 Xa with %7P(x) = ¥®(x) form a nite, ¥"' -invariant set. Similarly, every
¥ -preperiodic point is a ¥spreperiodic point.

Next we shav the ¥ ' -periodic points are ¥speriodic. Supposex 2 X o is sudh
that (34'' )P(x) = x. Becausex must be ¥spreperiodic, there are * and q sud that
¥P (x) has ¥speriod . Therefore #Ni DP' P (3P (x)) is alsoa xed point of ¥4.
But ¥Ni DP' P (3P (x)) = (A )P(X) = x.

Finally we shav the 34" -periodic points are ' -periodic. If x 2 X has 34" -
period p, then it has ¥period ¢ for somegq, and therefore' Pd(x) = ' P43 PI(x) =
(%aN)PA(x) = x. 2

It is now an easyreduction to obtain our main result, the two-sided version of
Theorem 4.3.

Theorem 4.4. Supmwse' : 8a ! 84 is aright or left-closing factor map from
a mixing subshift of "nite type to itself. Then the points which are jointly periodic
for 3% and' are densein §4.

Proof Suppose' : 8a ! 84 is a right-closing factor map with anticipation a
and memory m. Then ¥"' is a right-closing factor map with no memory and with
anticipation a+ m. We canuse¥"' to de ne a right-closing factor map from the
one-sidedsubshift of "nite type X a to itself. By Theorem 4.3, the points which are
jointly periodic for ¥%and ¥4"' are densein Xa.

Since(8 a; %) is the natural extensionor inverselimit of ¥acting on X o and the
jointly periodic points for %and ¥"' are densein X the resulting points which
are jointly periodic for ¥%2and "' in 8 are dense. Applying the reasoningused
in the proof of Theorem 4.3 we concludethat the points which are jointly periodic
for %sand ' are densein §4.

If ' is left-closing with respect to ¥, then ' is right-closing with respect to
(¥a)i * and we may apply the right-closing result. 2



6 MIKE BOYLE AND BRUCE KITCHENS

5. Examples of closing maps

Most cellular automata are not closing maps, but many are. For example, all
automorphisms are closing maps. Constructions of Ashley [A] yield noninjective
closing endomorphisms of mixing shifts of "nite type (and in particular closing
cellular automata) with a rich range of behavior on subsystems.

The permutive maps of Hedlund [H] are a large and accessibleclass of clos-
ing maps. Becausethey can be analyzed very easily we include a brief discus-
sion. Let ' be a one-sidedk-block cellular automaton map (that is, an endo-
morphism of a one-sidedfull shift) with k > 1. Suppose' is right permutive; if
X1:iiXk 1 = X§iiixg, ; and Xk 6 xi, then ' (x)1 6 ' (x91. It is clearthat * is
positively expansive and soby lemma4.1" is topologically conjugate to an SFT.
A conjugacy can also be displayed directly. De ne a one-sidedSFT (X: ;%3 asfol-
lows. The symbols of X. arethe (ki 1)-blocks of X 5. De ne transitions by saying

i1;:::;ik; 1] canbefollowed by [j1;:::;j«; 1] whenthere is a block [i9;:::;iP, ;] s0
that " ([iq;:::50k; 1;i2;":;i{3i ) =1l1::550k 1]. Toapoint x in X assaiate the
sequenceX = Xo;Xg;::: where X; is the word ' '(X)o:::"' "(X)k; 2. Then it is not

ditcult to ched that the rule x 7! X de nes a topological conjugacy from (X ;")
to (X ;9).

Lemma 4.2 shows that a right-closing map composedwith a high enoughpower
of the shift is positively expansive and we just saw that a k-block, right-p ermutive
map is itself positively expansive whenk > 1. The multiplication cellular automata
studied by F. Blanchard and A. Maass [BM] are nontrivial natural examples of
right-closing maps and many of them are not positively expansiwe. Given positive
integersk and n greater than 1, with k dividing n, the multiplication c.a.' is the
endomorphismof the one-sidedn-shift which expressesnultiplication by k (modulo
1) in basen. Blanchard and Maass shaved this map is right-closing and will be
positively expansiw if and only if every prime dividing n also divides k. We give
an example (with an explanation pointed out to us independertly by F. Blanchard
and U. Fiebig).

Example 5.1. View X g as the set of one-sidedin nite sequencesobtained by
expressingthe real numbers in the unit interval as decimalsin baseten. Then
de ne the right-closing factor map from X 1 to itself using multiplication by two,
as real numbers, on these sequences. Consider a rational number with a power
of ten as the denominator. It has two expansions. For example, 000100 :: and
0000999 ::. Multiplying by two gives00020G :: and 000199 ::. Multiplying again
gives 000400 : : and 000399 ::. Continuing, we seethat the two sequenceslways
agreein the rst three coordinates. All rational numberswith a power of ten asthe
denominator hastwo such represenations and sothis map on X 19 is not positively
expansiwe.

6. Closing ar guments

The purposeof this sectionis to provide somebadkground proofsand facts involv-
ing closingmaps, and to explain how someof thesefacts becomemore transparent
(for us, at least) if viewed in terms of resolving maps.

Let' :Xa ! Xpg beaone-block factor map betweentwo irreducible one-sided
subshifts of nite type. Consider the following conditions on a map on symbols
(also called ' ):
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(1) (Existence) If ' (a) = band b’ follows b in Xz, then there exists a symbol
a%sudch that a® follows a and ' (a% = .

(2) (Uniqueness)If ' (a) = band b’ follows b in Xg, then there is at most one
symbol a° such that a°follows a and ' (a°% = K.

A one-block factor map betweenirreducible SFT's satisfying conditions (1) and (2)
is called right-resolving A right-resolving factor map is clearly "nite-to-one. It
follows from condition (1) that a right-resolving map is locally injective and from
condition (2) that it is an open map. So, a right-resolving factor map between
two one-sidedSFT's is a local homeomorphism. On the other hand, when' is
a nite-to-one factor map between irreducible SFT's, it is a consequenceof the
Perron-Frobenius theorem that conditions (1) and (2) are equivalert. (See[LM]
Prop. 8.2.2for (2) ) (1); the corverseis similar.) There is of course a similar
de nition of left-resolving. The resolving maps have played a certral role in the
coding theory of symbolic dynamics ([K2],[LM]).

A right-resolving map is clearly right-closing and modulo a recading the corverse
is true. It is a standard result in symbolic dynamics ([K2] Prop. 4.3.3) which we
formulate in the following lemma.

Lemma 6.1. Supmpse' : Xa ! Xg is a right-closing factor map between one-
sided irr educible subshiftsof "nite type, then there is an irr educible subshiftof nite
type Xc, a right-resolvingfactor map A : X¢c ! X and a topological conjugacy
®:Xa ! Xc suchthat' = ®*A.

Lemma 6.2. Supmse' : Xa ! Xg is a factor map betwe=n one-sidel irr educible
subshiftsof nite typethen' is right-closing if and only if it "nite-to-one and open.

Proof A right-closing map is "nite-to-one and by lemma 6.1 is open.
Suppose' is a nite-to-one and open. An easy compactnessargumert shows
this is equivalert to the following uniform existencecondition.

2 There exists N > 0 sudch that for all x;y: if ' (X); =y for0- i- N then
there exists x? such that x§ = xo and ' (x) = y.

A recading argumert similar to the one usedto prove lemma 6.1 can be usedto
shawv that any map satisfying the uniform existence condition can be recoded to
satisfy condition 1 (Existence) in the de nition of right-resolving. Since we have
also assumedthe map is "nite-to-one the recoded map will be right-resolving and
sothe original map wasright-closing. (This wasdoneexplicitly in [BT], Prop. 5.1.)
2

The characterization above, well known in symbolic dynamics, will make some
topological properties of closingmapsobvious. (Note, though, in the caseX , = Xpg
we have not produceda topological conjugacy of endomorphisms: asiterated maps,
the maps' and A above may be quite di®eren.)

Lemma 6.3. Let' : X5 ! Xg be a nite-to-one factor map between two irr e-
ducible one-sidal subshiftsof "nite type. The following are equivalent.
(1) * is right-closing (i.e. locally injective on X 4)
(2) * is an open mapping
(3) ' is a local homeomorphism
Proof Clearly alocal homeomorphismis locally injective and open. Conversely if

is right-closing or open, then by lemma6.1and lemma6.2it is a homeomorphism
followed by a local homeomorphism,soit is a local homeomorphism. 2
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Lemma 6.4. [Pa] SupmseX is a one-sidal subshift. Then it is a subshiftof nite
type if and only if ¥is an open mapping.

with ~ | k, then ¥2mapsit onto the time zero cylinder set[iy;:::;i-] and so %ais
an open mapping.

Suppose¥sis an open mapping. Then ¥%of any cylinder setis open and compact
and sois a nite union of cylinder sets. There is a k sothat ¥%of every time zero,
length one cylinder setis a union of time zero, length k cylinder sets. This means
¥%.0f a time t, length * cylinder setis a union of time t, length * + k cylinder sets
and (X;%) is a k-step SFT. 2

Lemma 6.5. [Ku] Supmse' is a positively exmnsive endomorphism of a one-
sided subshift. Then ' is right-closing.

Proof Let N > 0 be sud that x = x°whenewer' '(x)x = ' '(x9 for0- k- N
for all i , 0. Then the restriction of ' to any cylinder of the form fx : Xg:::xy =
Wp :::W,Qg must beinjective. 2

Lemma 6.6. Supmse' : Xa ! Xa is a factor map from an irr educible one-
sided subshift of nite type to itself. Then (X ;') is topologically conjugate to a
one-sidel subshiftof nite type if and only if ' is positively exmnsive.

Proof Suppose' is a positively expansiwe. By lemma6.5" is right-closing, and
then by lemma 6.3"' is open. Thus' is conjugate to a subshift which is an open
map, and by lemma 6.4 this subshift must be of "nite type.

The other direction is trivial, becauseconjugacy respects positive expansiveness
and every subshift is positively expansiwe. 2

Lemma 6.6 is due independertly to Nasu (who proved it [Na2]) and Kurka (who
in a special casegave an argumert which works in general[Ku]). Lemma6.6is false
if the hypothesisof irreducibilit y is dropped [BFF]. The analogousqguestionfor two-
sided subshifts is an important open question of Nasu [Nal]: must an expansiwe
automorphism of an irreducible SFT be topologically conjugate to an SFT?

Notice, the property that a factor map is right-closing does not change under
composition with powers of the shift. So,if ¥'" is topologically conjugateto a one-
sided irreducible SFT, then ' must be right-closing. Thus our proof of Theorem
4.4 can only work for right-closing maps"' .

Proof of Lemma4.1 We are given a positively expansive map A which commutes
with someone-sidedmixing SFT (Xa;%). By Lemma 6.6, there is a conjugacy
of A to some one-sidedSFT (Xg:;%). This conjugacy conjugates ¥a to some
mixing endomorphism' of (Xg ;¥ ). Following [BFF], we will shav ¥ is mixing.
Supposeit is not, then (perhapsafter passingto a power of A) (Xg ;%) has more
than oneirreducible componert. Since' permutes the irreducible componerts of
¥g, we may chooseN sud that ' N maps ead irreducible componert of Xg to
itself. Let x be a point in someterminal componert C and let x° be a point in
someother componert C° Because' is mixing, for somek > 0 there is a point z
sud that zo = xo and (AN z)o = x8. The point z can only be cortained in C, and
the ¥ -periodic points are densein C, sowe can take z to be periodic. But then
AN sendsa periodic point of C to a periodic point which must lie in C° and this
is cortradiction. 2
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If in Lemma 4.1it is only assumedthat ¥ is irreducible, rather than mixing,
then one can only concludethat A is conjugate to a disjoint union of irreducible
subshifts of "nite type (that is, an SFT with denseperiodic points).
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