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Abstract
The publication of official statistics at different levels of aggregation requires a bench-
marking step. Difficulties arise when a benchmarking method needs to be applied to a
triplet of related estimates, at multiple stages of aggregation. For ratios of totals, exter-
nal benchmarking constraints for the triplet (numerator, denominator, ratio) are that
the weighted sum of denominator/numerator/ratio estimates equals to a constant. The
benchmarking weight, applied to the ratio estimates, is a function of the denominator
estimates. For example, the United States Department of Agriculture’s National Agri-
cultural Statistics Service’s county-level, end-of-season acreage, production and yield
estimates need to aggregate to the corresponding agricultural statistics district-level
estimates, which also need to aggregate to the corresponding prepublished state-
level values. Moreover, the definition of yield, as the ratio of production to harvested
acreage, needs to hold at the county level, the agricultural statistics district level and
the state level. We discuss different methods of applying benchmarking constraints
to a triplet (numerator, denominator, ratio), at multiple stages of aggregation, where
the denominator and the ratio are modeled and the numerator is derived. County-
level and agricultural statistics district-level, end-of-season acreage, production and
yield estimates are constructed and compared using the different methods. Results are
illustrated for 2014 corn and soybean in Indiana, Iowa and Illinois.
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1 Introduction

Statistical agencies and policymakers require that the official statistics for nested levels
are consistent. For the case where estimates for an area containing small areas, are
published before the estimates for the small areas are constructed, it is desirable that
the estimates for the small areas aggregate to the prepublished values; the aggregation
of total estimates is a simple sum, however, the aggregation of ratio estimates is a
weighted sum. In this paper, we consider estimation for a set of related parameters, a
triplet (numerator, denominator, ratio), at two levels of aggregation. This is a difficult
problem because the final triplet estimates need to satisfy identity constraints (ratio of
numerator to denominator) as well as benchmarking constraints at multiple levels.

The process of adjusting the estimates to satisfy external upper-level constraints
is known as external, top–down, benchmarking. The agreement between lower-level
and upper-level estimates is necessary and it provides confidence for policy makers
when utilizing official estimates. Also, the benchmarking constraint provides external
protection against an imperfect model, when the final estimates are produced using
model-based methods; see (Pfeffermann and Barnard 1991).

Estimation and benchmarking methods produce reliable and reproducible official
estimates at nested levels. Benchmarking methods were developed for estimates of a
single quantity of interest, at one level of aggregation, by a number of authors, see
for example (Pfeffermann and Barnard 1991; Wang et al. 2008; Nandram et al. 2014;
Rao and Molina 2015). We note that (Ghosh and Steorts 2013) proposed a two-stage
benchmarking methodology, with extensions to multiple, unrelated, parameters of
interest. We benchmark the triplet (numerator, denominator, ratio) using draws from
the posterior distribution that are constructed for the denominator total and for the
ratio of two totals, as a result of independent model fitting. Estimates are produced
using the draws from the posterior distribution of the two quantities, the third (the
numerator total) being produced as a result. Our goal is to discuss the application
of the benchmarking adjustment to the triplet of estimates and its consequences to
maintaining the ratio identity at different aggregation levels.

The motivation for this research is county-level and agricultural statistics district-
level yield estimation at United States Department of Agriculture’s (USDA’s) National
Agricultural Statistics Service (NASS), where yield is defined as the ratio of produc-
tion to harvested acreage. Hence the triplet (numerator, denominator, ratio) of interest
is (production, harvested acreage, yield). NASS produces county-level and agricul-
tural statistics district-level estimates (groups of neighboring counties within a state,
hereafter denoted by ASDs) of acreage, production and yield that may contribute to
the magnitude of payout in some agricultural programs. The variances for the total
(acreage and production) survey estimates are calculated using the delete-a-group
Jackknife method with 15 replicate groups, and include adjustments for nonsampling
errors. The ratio (yield) survey estimator and its corresponding variance estimator are
constructed using a second-order Taylor series expansion for the ratio. See (Kott 1989)
for more details on the variance estimation for the survey estimates.

Currently, NASS publishes end-of-season county-level estimates using a top–down
approach, for a unique year-state-commodity combination. The official statistics are
a synthesis of survey and other data for small grains crops and major row crops,
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including corn and soybeans, achieved in a narrow timeframe, approximately twenty
days between the survey final date and the publication date. More details about NASS
production timelines can be found in Cruze et al. (2016). As a result, the official lower-
lever (county and ASD) statistics aggregate to the official upper-level (ASD and state)
statistics. National and state end-of-season crop estimates are produced using NASS’s
quarterly crops Acreage, Production and Stocks (APS) surveys, and published prior to
county-level estimates.Agricultural statistics district-level estimates are then produced
such that they aggregate to the state-level values. End-of-season crop estimates at the
county and ASD levels are produced using the APS surveys, and their supplement
County Agricultural Production Survey (CAPS). The county-level estimates need to
aggregate to the prepublished state-level values, while the intermediate agreements
with the ASDs need to hold. The survey county-level estimates may not aggregate to
the prepublished state-level values (targets). The extent of discrepancy can vary by
state and commodity crop; we note that, on average, in three cornbelt states (Illinois,
Indiana, and Iowa), survey county totals for harvested area of corn and soybeans
aggregate to approximately 92.8% of the state target, and county production totals
aggregate to approximately 91.3% of the state target. In this paper, the prepublished
state-level values are treated as targets, to which the county-level and the ASD-level
estimates will be benchmarked to.

Because the current NASS estimation procedures use expert opinion to combine
multiple sources of data including the aforementioned survey estimates, uncertainty
measures for the official estimates are not available for publication. Models are being
investigated to formalize the aforementioned composition of information, while giving
rise to estimates and associated measures of uncertainty, for use as official statistics.
A model-based estimation approach is proposed in Erciulescu et al. (2018), using
a subarea-level model that incorporates multiple sources of information, to produce
county-level and ASD-level acreage estimates and associated measures of uncertainty.
The authors investigated different benchmarking methods for acreage totals and (Nan-
dram et al. 2018) proposed a robust Bayesian benchmarking method for model-based
estimates. Although themodel-basedmethods in Erciulescu et al. (2018) andNandram
et al. (2018) could also be applied to yield, it is important to evaluate the effects of the
different benchmarking adjustments for yield, as the ratio of production and acreage.
The difficulty of the problem arises mainly from the need to estimate, preserve agree-
ment betweenmultiple levels of aggregation and preserve agreement between the three
quantities of interest simultaneously.

To introduce the problem setting and notation, let θT 1i j , θT 2i j and θ R
i j denote the

true (unknown) parameters of interest for the j th subarea, in the i th area (a group
of subareas), corresponding to two totals and their ratio, respectively. In the applica-
tion study, the subarea represents the county, the area represents the ASD, and the
triplet (T 1, T 2, R) represents the triplet (production, harvested acreage, yield). Let
aT 1, aT 2 and aR := (aT 2)−1aT 1 denote the fixed targets for the totals and for the ratio,
respectively. Then, the benchmarking constraints to be satisfied are

nci∑

j=1

w
ζ
i j θ̂

ζ,B
i j = θ̂

ζ,B
i ,
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m∑

i=1

w
ζ
i θ̂

ζ,B
i = aζ , (1)

where θ̂
ζ,B
i j and θ̂

ζ,B
i denote the final estimates for the subareas and for the areas,

respectively, for ζ ∈ {T 1, T 2, R} , j = 1, . . . , nci and i = 1, . . . ,m.
Without loss of generality, the methodology is illustrated for the subarea-to-target

constraints, using subscript j to denote the subarea,
nc∑

j=1

w
ζ
j θ̂

ζ,B
j = aζ , (2)

where nc = ∑m
i=1 nci is the total number of subareas. Area-level estimates are con-

structed using the information for all subareas j = 1, . . . , nci in area i . Two cases are
considered. The first case is inspired by Nandram et al. (2014) and Berg et al. (2014),
where model-based estimates for a ratio (in their applications, yield or cash rental rate,
the ratio of total rent to rented acreage) are benchmarked conditioning on the denomi-
nator estimates. For this case, the authors construct estimates for the ratio only, not for
the triplet, the benchmarking weights for the ratios are functions of the denominator
estimates, treated as fixed and known, and estimates for the numerator are constructed
as a result. The numerator estimates are the product of the ratio estimates and the
denominator estimates, θ̂T 1,Bj = θ̂

R,B
j θ̂

T 2,B
j , with estimated variances conditional on

the denominator estimates. Benchmarking adjustments applied to the final estimates
of one quantity of interest are discussed in Sect. 6.4.6 in Rao and Molina (2015), for
example, for a mean, a total or a ratio. Our contributions relative to these approaches
are that the benchmarking adjustment is applied at the (posterior distribution) draw-
level, instead of being applied to the posterior means, and that we benchmark a triplet
of estimates, instead of estimates for one quantity only, for example, the ratio. Alter-
natively, we introduce a second case, when the benchmarking weights for the ratios
are functions of the draws from the posterior distribution of the denominator. For this
case, the numerator estimates are constructed using the product of the draws from the
posterior distribution for the ratio and for the denominator. The variance estimation for
the numerator estimates is improved since conditioning on the denominator estimates
is not necessary.

The rest of the paper is organized as follows. In Sect. 2, we introduce themethods of
applying the benchmarking constraints to the triplet (numerator, denominator, ratio)
estimates and discuss the advantages and disadvantages for eachmethod. Estimates for
subarea and area levels are constructed for the methods described in Sect. 2. In Sect. 3,
we illustrate our methods to produce end-of-season, model-based, county-level and
ASD-level harvested acreage, production and yield estimates, for 2014 corn and soy-
beans in three selected states. Results for the application study are presented in Sect. 4.
A discussion is provided in Sect. 5 and technical details are presented in “AppendixA”.

2 Benchmarking a ratio using numerical approximationmethods

The three parameters of interest are two totals and their ratio. Therefore, it is sufficient
to construct Bayes estimates for two of the three parameters of interest, the third being
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constructed as a result. Moreover, since the benchmarking weights for the ratio depend
on the denominator, Bayes estimates for the denominator need to be constructed first;
only numerator and ratio may be derived. In this section, we introduce two estimation
methods, by modeling the denominator total T 2 and the ratio R independently, and
deriving the numerator total T 1 as a result. Estimating two quantities and deriving
the third is a method consistent with the data collection, as a survey respondent may
provide acreage and production (or yield) on the survey questionnaire. Although the
methods apply to any benchmarking adjustments, in this paper,we provide illustrations
of a ratio benchmarking [see (Rao andMolina 2015), Sect. 6.4.6, for a traditional ratio
benchmarking approach].

Following the notation defined for (2), we assume a general model specification.
Let θ̃ denote the vector of observed data (survey direct estimates) and let the vector
of subarea parameters of interest be θ = (θ1, . . . , θnc ). Let λ be a vector of nuisance
parameters and let X be a vector of covariates. Assume the conditional distribution
of θ̃ is f (θ̃ |θ,λ,X) and that the prior is π(θ ,λ). Then, the posterior distribution of
interest is p(θ,λ|θ̃,X) ∝ f (θ̃ |θ,λ,X)π(θ ,λ), which needs to be proper.

Two independent Bayesian models are fit to the denominator total and the ratio
survey estimates, respectively. Results are constructed using draws from the posterior
distributions for the two quantities, T 2 and R. Initial fitting of the models results
in draws that do not satisfy (2): let θ

T 2,noad j
jk and θ

R,noad j
jk denote the draws of θT 2j

and θ R
j , respectively, where k denotes the draw from the posterior distribution and

k = 1, . . . , K . For each of the two parameters ζ ∈ {T 2, R}, at every subarea j =
1, . . . , nc, the draws from the posterior distributions are:

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

j\k 1 2 ... K

1 θ
ζ,noad j
11 θ

ζ,noad j
12 . . . θ

ζ,noad j
1K

2 θ
ζ,noad j
21 θ

ζ,noad j
22 . . . θ

ζ,noad j
2K

...
...

...
...

...

nc θ
ζ,noad j
nc1

θ
T 1/T 2/R,noad j
nc2

. . . θ
ζ,noad j
ncK

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where ( j, k)denotes the kth draw for subarea j , k = 1, . . . , K . The j th subarea estima-
tor is θ̂

ζ,noad j
j = K−1 ∑K

k=1 θ
ζ,noad j
jk . Hereafter, it is assumed that the benchmarking

weights for the denominator total, wT 2
j , are fixed and known (do not depend on k). So

wT 2
jk = wT 2

j , for all k = 1, . . . , K . The benchmarking constraint
∑

j w
ζ
jkθ

ζ,noad j
jk =aζ

may not be automatically satisfied, for fixed k, using the model output prior to adjust-
ments.

Note that the pair (θ̂T 2,noad jj , θ̂
R,noad j
j ), j = 1, . . . , nc, is a set of estimators for the

denominator and ratio, but the benchmarking constraints in (2) may not hold. More-
over, the benchmarking constraints in (2) may not hold at the (posterior distribution)
draw level. We will use different methods to construct the weights wR

jk that ensure the
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constraints in (2) and the identity between the ratio and the totals, at the (posterior
distribution) draw level, after benchmarking adjustment, in Sects. 2.1 and 2.2 In each
of the two sections, we will construct the estimator for the numerator, as a result of
modeling the denominator and the ratio.

The estimates of the denominator and the ratio, E(θT 2j |data) and E(θ R
j |data), are

constructed using the traditional arithmetic mean of the draws:

K−1
K∑

k=1

θ
T 2,noad j
jk = θ̂

T 2,noad j
j ,

K−1
K∑

k=1

θ
R,noad j
jk = θ̂

R,noad j
j , (3)

where θ̂
T2,noad j
j and θ̂

R,noad j
j are the Monte Carlo estimators of θT 2j and θ R

j , respec-
tively, before the benchmarking adjustment.

The benchmarking constraints, given in (2), are used to adjust the Bayes estimates,
computed at the kth draw. For example, for a fixed k and using a ratio benchmarking
adjustment,

θ
T 2,noad j
ik , θT 2jk = θ

T 2,noad j
jk

aT 2
∑nc

j=1 wT 2
jk θ

T2,noad j
jk

,

θ R
jk = θ

R,noad j
jk

aR
∑nc

j=1 wR
jkθ

R,noad j
jk

. (4)

Note that for each draw k, the subarea-level draws aggregate to the target values,

nc∑

j=1

wT 2
jk θT 2jk =

nc∑

j=1

wT2
jk θ

T 2,noad j
jk

aT 2
∑nc

j=1 wT 2
jk θ

T 2,noad j
jk

= aT 2,

nc∑

j=1

wR
jkθ

R
jk =

nc∑

j=1

wR
jkθ

R,noad j
jk

aR
∑nc

j=1 wR
jkθ

R,noad j
jk

= aR . (5)

If θT 2jk and θ R
jk are the adjusted draws, then the posterior subarea means are estimated

by

Ê(θT2j |data and constraint)] = K−1
K∑

k=1

θT 2jk := θ̂
T 2,B
j ,

Ê(θ R
j |data and constraint) = K−1

K∑

k=1

θ R
jk := θ̂

R,B
j , (6)

and the posterior subarea variances are estimated by
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̂Var(θT 2j |data and constraint) = (K − 1)−1
K∑

k=1

(
θT 2jk − K−1

K∑

k=1

θT 2jk

)2

,

̂Var(θ R
j |data and constraint) = (K − 1)−1

K∑

k=1

(
θ R
jk − K−1

K∑

k=1

θ R
jk

)2

. (7)

Using the adjusted subarea-level draws θT 2jk and θ R
jk [for example, defined in (4)],

for all j = 1, . . . , nci within area i , define the adjusted area-level draws

θT 2ik =
∑

j∈Di

wT 2
jk θT 2jk ,

θ R
ik =

∑

j∈Di

wR
jkθ

R
jk, (8)

where Di is the set of all subareas within area i . Then the posterior area means are
estimated by

Ê(θT 2i |data and constraint) = K−1
K∑

k=1

θT 2ik := θ̂
T 2,B
i ,

Ê(θ R
i |data and constraint) = K−1

K∑

k=1

θ R
ik := θ̂

R,B
i , (9)

and the posterior area variances are estimated by

̂Var(θT 2i |data and constraint) = (K − 1)−1
K∑

k=1

(
θT 2ik − K−1

K∑

k=1

θT 2ik

)2

,

̂Var(θ R
i |data and constraint) = (K − 1)−1

K∑

k=1

(
θ R
ik − K−1

K∑

k=1

θ R
ik

)2

. (10)

We consider two choices for wR
jk in Sects. 2.1 and 2.2 For Sect. 2.1 (method R11),

wR
jk ∝ θ̂

T 2,B
j , for k = 1, . . . , K , and θ̂

T 2,B
j are treated as fixed and known. For

Sect. 2.2 (method R12), wR
jk ∝ wT 2

jk θT 2jk , for k = 1, . . . , K . Both cases ensure the
benchmarking constraints at the (posterior distribution) draw level, but only the first
case at the subarea level. Similar choices of weights are investigated for the area-level
estimates.

2.1 Fixed benchmarking weights (R11)

For this case, we define the subarea-level adjusted draws for the ratio, θ R
jk , as in (4) with

wR
jk := wR

j = (aT 2)−1θ̂
T 2,B
j , for all k = 1, . . . , K . Similarly, the area-level adjusted
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draws for the ratio, θ R
ik , are defined as in (8) with wR

ik := wR
i = (aT 2)−1θ̂

T 2,B
i , for all

k = 1, . . . , K .
Subarea-level draws for the numerator are constructed as

θT 1jk := θ̂
T 2,B
j θ R

jk, (11)

and the estimator θ̂
T 1,B
j is constructed as

Ê(θT1j |θ̂T 2,Bj , data and constraint) = K−1
K∑

k=1

θ̂
T 2,B
j θ R

jk = θ̂
T 2,B
j θ̂

R,B
j := θ̂

T 1,B
j ,

satisfying automatically the benchmarking constraint (see A1 in “Appendix A”), with

̂Var(θT 1j |θ̂T2,Bj , data and constraint)

= (K − 1)−1
K∑

k=1

(
θ̂
T 2,B
j θ R

jk − K−1
K∑

k=1

θ̂
T 2,B
j θ R

jk

)2

= (K − 1)−1
(
θ̂
T 2,B
j

)2 K∑

k=1

(
θ R
jk − K−1

K∑

k=1

θ R
jk

)2

=
(
θ̂
T 2,B
j

)2
̂Var(θ R

j |data and constraint).

Area-level draws for the numerator are constructed as

θT 1ik := θ̂
T 2,B
i θ R

ik, (12)

and the estimator θ̂
T 1,B
i is constructed as

Ê(θT 1i |θ̂T2,Bi , data and constraint) = K−1
K∑

k=1

θ̂
T 2,B
i θ R

ik = θ̂
T 2,B
i θ̂

R,B
i := θ̂

T 1,B
i ,

satisfying automatically the benchmarking constraint (see A1 in “Appendix A”), with

̂Var(θT 1i |θ̂T2,Bi , data and constraint)

= (K − 1)−1
K∑

k=1

(
θ̂
T 2,B
i θ R

ik − K−1
K∑

k=1

θ̂
T 2,B
i θ R

ik

)2

= (K − 1)−1
(
θ̂
T 2,B
i

)2 K∑

k=1

(
θ R
ik − K−1

K∑

k=1

θ R
ik

)2

=
(
θ̂
T 2,B
i

)2
̂Var(θ R

i |data and constraint).
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Note that, while the benchmarking constraints are satisfied for all three param-
eters of interest, the posterior summaries for the numerator are conditional on the
denominator estimates; see (11).

2.2 Random benchmarking weights (R12)

For this case, subarea-level benchmarking weights wR
jk are set equal to the ratio of the

weighted denominator total draws to the denominator total target (aT 2)−1wT 2
jk θT 2jk =

(aT 2)−1wT 2
j θT 2jk . The benchmarking weights wR

jk are applied to the draws θ
R,noad j
jk ,

leading to the benchmarked draws θ R
jk and to the adjusted ratio estimator θ̂

R,B
j . Draws

for the numerator total θT 1jk are constructed as the product of the draws for the denom-

inator total θT 2jk and the draws for the ratio θ R
jk ,

θT 1jk := θT 2jk θ R
jk, (13)

and the estimator θ̂
T 1,B
j is constructed as

Ê(θT 1j |data and constraint) = K−1
K∑

k=1

θT 1jk := θ̂
T 1,B
j ,

satisfying automatically the benchmarking constraint (see A2 in “Appendix A”), with

̂Var(θT1j |data and constraint) = (K − 1)−1
K∑

k=1

(
θT 1jk − K−1

K∑

k=1

θT1jk

)2

= (K − 1)−1
K∑

k=1

(
θT 2jk θ R

jk − K−1
K∑

k=1

θT 2jk θ R
jk

)2

.

Under the choice of random weights, the benchmarking constraints are satisfied,
at the (posterior distribution) draw level, for the three parameters of interest and the
posterior summaries for the numerator are not conditional on the denominator esti-
mates; see (13). However, the benchmarking constraints for the ratio are not (exactly)
satisfied at the subarea and area levels, and the equality between the subarea-level ratio
estimator and the ratio of the subarea-level estimators for the totals is not (exactly) sat-
isfied; the differences in the subarea-level estimates are illustrated in A2 of “Appendix
A”.

The area-level estimators for the numerator are derived in a manner similar to the
subarea-level estimators. The area-level weights wR

ik are set equal to (aT 2)−1θT 2ik and

applied to the draws θ
R,noad j
ik , leading to the benchmarked draws θ R

ik and to the adjusted

ratio estimator θ̂
R,B
i . Draws θT 1ik are constructed as the product of θT2ik and θ R

ik ,

θT 1ik := θT 2ik θ R
ik, (14)
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and the estimator θ̂
T 1,B
i is constructed as

Ê(θT 1i |data) = K−1
K∑

k=1

θT 1ik := θ̂
T 1,B
i ,

satisfying automatically the benchmarking constraint (see A2 in “Appendix A”), with

̂Var(θT 1i |data and constraint) = (K − 1)−1
K∑

k=1

(
θT 1ik − K−1

K∑

k=1

θT 1ik

)2

= (K − 1)−1
K∑

k=1

(
θT 2ik θ R

ik − K−1
K∑

k=1

θT 2ik θ R
ik

)2

.

3 Application to the end-of-season crop estimates at NASS

Model-based estimates for 2014 end-of-season crop harvested acreage, production
and yield are constructed for corn and soybeans in three selected states. Survey direct
estimates are available from the NASS’s summary of pooled data from the quarterly
crops Acreage, Production and Stocks (APS) surveys and its supplement, the County
Agricultural Production Survey (CAPS). Official county-level, ASD-level and state-
level estimates of acreage, production and yield are obtained from NASS QuickStats
at USDA (2018); recall that the official estimates are constructed using multiple data
sources, hence they are different from the survey direct estimates. As stated earlier,
the goal of this section is to use model-based estimation methods to produce county-
level and ASD-level estimates for the triplet (harvested acreage, production, yield),
such that the benchmarking constraints between the three levels (county, ASD and
state) hold. The state-level values are published prior to substate-level estimation and
considered as fixed targets in the benchmarking. Estimation is conducted state by state
and commodity by commodity.

3.1 Survey direct estimates

Three states that are major United States producers of corn and soybeans are consid-
ered in this application: Illinois, Indiana and Iowa. The number of counties in each
state equals 102, 92 and 99, respectively. The number of ASDs is 9 in each of the three
states. The survey summary provides the county and ASD survey direct estimates
and their corresponding sampling variances, for the three parameters of interest, the
ratio definition being satisfied for the three sets of survey estimates; i.e., yield survey
estimates equal to the ratio of production survey estimates to harvested acreage survey
estimates. However, the benchmarking constraints in (2) do not hold for the survey
estimates. The county-level survey estimates will be used as inputs into the mod-
els and for model assessement, and the ASD-level estimates will be used for model
assessement only.
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The county sample size, defined here by the number of records used to construct the
county-level survey estimates, differs from state to state, commodity to commodity,
and parameter to parameter. The county sample sizes range from 1 to 98, for corn in
Illinois, Indiana and Iowa. The production and yield sample sizes are equal and are less
than or equal to the acreage sample size. The estimated coefficients of variation (CVs)
for the survey estimates increase as the county sample size decreases, and their ranges
also differ from state to state, commodity to commodity, and parameter to parameter.
For harvested acreage (HV) survey estimates, the CVs range from 8.1 to 92.3%, for
production (PD) survey estimates, the CVs range from 8.6 to 100.0% and for yield
(YD) survey estimates, the CVs range from 0.0 to 11.7%. While the CVs for yield
survey estimates are smaller than 12%, the estimates do not satisfy the benchmarking
constraint to the state-level yield. Figure 1 shows the distribution of the CVs of the
county-level corn survey estimates, relative to the county-level corn sample sizes.
Similar CVs and sample sizes are identified for soybeans.

3.2 Auxiliary sources of information

Weselect three sources of auxiliary information for covariates: theUSDAFarmService
Agency’s planted acreage data (FSA.PL), the USDA Natural Resources Conservation
Service’s National Commodity Crop Productivity Index (NCCPI) and the National
Oceanic andAtmospheric Administration’s weather data. The county-level covariates,
FSA.PL and NCCPI, were selected from a larger pool of variables, using correlation
analysis and model comparison criteria. As expected, exploratory data analysis shows
that strong linear relationships exist between the survey acreage estimates and the
FSA.PL, and that strong linear relationships exist between the survey yield estimates
and the NCCPI values. The ASD-level covariate, NOAAMarch Precipitation (PCPN),
was also selected based on correlation analysis andmodel comparison criteria, from an
initial pool of 204 weather variables, including temperature, precipitation and drought
indices. It is also known that March precipitation may impact the corn planting prac-
tices (see Erciulescu et al. 2018) and March is the first month of planting activity for
corn and soybeans, across the United States, see USDA (2010).

3.3 A hierarchical Bayesianmodel

Following (Erciulescu et al. 2018), the proposedmodel is a subarea-levelmodel, where
the area represents the ASD and the subarea represents the county. Let i = 1, . . . ,m
be an index for the m ASDs in the state, j = 1, . . . , nci , be an index for the nci
counties in ASD i , and ni j be the county sample size of the j th county in the i th ASD.
The total number of counties in the state is

∑m
i=1 nci = nc and the state sample size

is
∑m

i=1
∑nci

j=1 ni j = n. The county-level covariate values are xi j and the ASD-level
covariate values are zi .

Let θ̃i j be the survey estimate in county i and ASD j , σ 2
i j be the sampling variance

in county i and ASD j , and ci j be known constants (to be specified). Illustrated for one
state, one commodity and one parameter, let the hierarchical Bayesian subarea-level
model be
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c−1
i j θ̃i j

∣∣∣
(
θi j , σ

2
i j

)
ind∼ N

(
θi j , c

−2
i j σ 2

i j

)
,

θi j

∣∣∣
(
β, vi , σ

2
u

) ind∼ N
((
1, xi j , zi

)
β + vi , σ

2
u

)
,

vi
∣∣σ 2

v

i id∼ N
(
0, σ 2

v

)
.

(15)

Model (15) borrows information from all the counties in an ASD and from all the
ASDs in the state, while combining auxiliary information available at different levels
of aggregation. To improve the symmetry of the distribution of the survey estimates, the
model in (15) fitted to total survey estimates (acreage) uses ci j = ni j . The distribution
of the county-level yield estimates is approximately symmetric, so the survey estimates
are modeled without scaling. That is, when the model is fit to yield, ci j = 1.

Exploratory data analysis suggested strong relationships between the survey direct
estimates for totals and their associated sampling errors. To utilize these relationships,
the model for total (acreage), has an additional hierarchical level, corresponding to a
shrinkage model for sampling variances,

(
ni j − 1

) σ̃ 2
i j

σ 2
i j

∣∣∣σ 2
i j

ind∼ χ2
(ni j−1)

,

log
(
c−2
i j σ 2

i j

) ∣∣∣
(
α, σ 2

) ind∼ N
((
1, log

(
xi j

))
α, σ 2

)
.

(16)

A priori independent parameters and noninformative proper priors are considered
for (α′,β ′, σ 2

u , σ 2
v , σ 2). Specifically, the prior distributions for the model parameters

(β ′,α′) are normal distributions with mean and variance equal to the mean and 103

times the variance of the least squares estimates of (β ′,α′), obtained from simple
linear fits as described in Erciulescu et al. (2018). The prior distributions for the model
variance components σ 2

u , σ 2
v , and σ 2 areUni f orm(0, 1013),Uni f orm(0, 1013), and

Inverse-Gamma(103, 103), respectively.

3.3.1 Model fit and estimation

For each state and for each commodity, model (15, 16) is fit to the survey direct
estimates of harvested acreage per unit and model (15) is fit to the CAPS survey
estimates of yield, independently. The harvested acreage total, the production total
and the yield ratio correspond to the T 2, T 1 totals and to the R ratio in Sect. 2,
respectively. As a result of variable selection, each model is fit using one county-
level covariate and one ASD-level covariate. The county-level covariate for acreage is
the administrative acreage, divided by the county-level sample size. The county-level
covariate for yield is the NCCPI. The ASD-level covariate is the March precipitation
available from NOAA.

The models are fit using R JAGS and the posterior distributions constructed using
MCMC simulation, using 10,000 Monte Carlo samples, 1000 burn-in samples, 3
chains, each thinned every 9 samples. Hence, the number of draws from the posterior
distribution used for inference is 3000. Standard methods discussed in Gelman and
Rubin (1992) and Geweke (1992) are used to monitor convergence: trace plots, mul-
tiple potential scale reduction factors (values less than 1.1) and the Geweke test of
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stationarity for each chain. Also, to monitor simulation accuracy, the effective sample
size is constructed once the simulated chains have mixed.

We construct posterior summaries from the posterior distributions of the county-
level and ASD-level estimates, under the different benchmarking scenarios presented
in Sect. 2, treating the i j index as the j index and K = 3000 as the number of draws.

The ratio benchmarking adjustment is applied to county-level estimates, under the
constraint to the fixed, prepublished state-level values. The benchmarking weights
for yield are functions of the harvested acreage estimates. Let θ R

j denote the yield

parameter at the county-level, let θT 2j denote the harvested acreage parameter at the

county-level and let θT 1j denote the production parameter at the county-level. Then the

benchmarking weights for the acreage wT 2
jk are set equal to the county-level sample

sizes, for all k = 1, . . . , K , because the models are fit to the scaled totals. Hence, the
benchmarking weights for production equal to the benchmarking weights for acreage
wT 1

j = wT 2
j = wT 2

jk , for all k = 1, . . . , K . The model-based point estimates are
compared to the corresponding NASS official estimates (denoted by ASB), and the
model-based standard errors of the point estimates are compared to the NASS survey
errors.

4 Results for the application study

We present results for model-based estimates for the triplet (HV, PD, YD), for corn
and soybean. The draws for HV and YD are used to construct posterior summaries
for the denominator and the ratio, under the two choices of benchmarking weights
for YD, as described in Sect. 2. The relative differences between the model-based
estimates (MERB) and the ASB estimates, and the relative differences between the
standard errors of the model-based estimates (MERBSE) and of the survey estimates
(CAPSSE), are quantified using three metrics that protect the confidentiality of the
data.

Results for the 2014 county-level HV estimates in Illinois, Indiana and Iowa, com-
bined, are presented in Table 1, and are consistent with the results in Erciulescu et al.
(2018). The median relative differences between the HV model-based estimates, ratio
adjusted to satisfy benchmarking constraints, and the ASB estimates, are 3.54% for
corn and 4.46% for soybeans, which are approximately equal to 0.43 and 0.54 model
standard errors for corn and soybeans, respectively. Moreover the estimated error in
the model-based HV estimates is lower than the estimated error in the survey HV esti-
mates; the model-based estimates have variances approximately 50% lower than the
variances of the survey estimates for both corn and soybeans. As a result, the estimated
CVs for the model-based county-level HV estimates are approximately 40−45% of
the corresponding estimated CVs for the county-level survey estimates. This is a result
of the model’s strength of borrowing information across counties and ASDs, and from
auxiliary data.

Results for the 2014 county-level PD andYD estimates in Illinois, Indiana and Iowa
are presented in Tables 2 and 3, and Fig. 2. Table 2 contains median absolute relative
differences of county-level yield estimates, where the median is applied over all the
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Table 1 Median absolute relative differences of County-Level HV 2014 Corn and Soybeans estimates in
Illinois, Indiana and Iowa combined

∣∣∣∣
MERB−ASB

ASB

∣∣∣∣ (%)

∣∣∣∣
MERB−ASB

MERBSE

∣∣∣∣

∣∣∣∣
MERBSE−CAPSSE

C APSSE

∣∣∣∣ (%)

Corn 3.54 0.43 51.37

Soybeans 4.46 0.54 49.65

Table 2 Median absolute relative differences of County-Level YD 2014 Corn and Soybeans estimates in
Illinois, Indiana and Iowa

State Estimator

∣∣∣∣
MERB−ASB

ASB

∣∣∣∣ (%)

∣∣∣∣
MERB−ASB

MERBSE

∣∣∣∣

∣∣∣∣
MERBSE−CAPSSE

C APSSE

∣∣∣∣ (%)

Corn

IL R11 0.50 0.30 5.37

R12 0.50 0.29 5.32

IN R11 0.59 0.27 6.08

R12 0.59 0.27 5.95

IA R11 0.56 0.34 7.84

R12 0.56 0.34 7.78

Soybeans

IL R11 0.55 0.26 3.69

R12 0.55 0.26 3.55

IN R11 0.82 0.44 3.47

R12 0.82 0.44 3.64

IA R11 0.97 0.52 6.16

R12 0.97 0.52 6.20

counties in a particular state. The point estimates are similar when benchmarked using
fixed and randomweights because the variance of the randomweights is negligible (in
the range (10−6, 10−7)), see the results in the first column, in Table 2. Although, under
random weights, the equality between the yield estimates and the ratio of production
estimates to harvested acreage estimates is not exactly satisfied, the percentage medi-
ans of relative differences, relative to the ASB estimates are equal for the two cases
(R11 and R12), up to two significant digits. Recall that R11 is the method of Sect. 2.2
and R12 is the method of Sect. 2.2 The results in the first two columns in Table 2
show that most of the yield county-level estimates are within 0−1% from the corre-
sponding ASB estimates, or within 0−0.52 standard errors from the corresponding
ASB estimates; 99.7% of the ASB estimates fall inside the 95% credible intervals of
the corresponding model-based estimates. The reduction in the county-level standard
errors of the survey estimates is illustrated in the last column in Table 2, the percentage
medians of relative differences are in the range 3.47−7.84%.

Table 3 contains median absolute relative differences of county-level productions
estimates, where the median is applied over all the counties in a particular state. Sim-
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Table 3 Median absolute relative differences of County-Level PD 2014 Corn and Soybeans estimates in
Illinois, Indiana and Iowa

State Estimator

∣∣∣∣
MERB−ASB

ASB

∣∣∣∣ (%)

∣∣∣∣
MERB−ASB

MERBSE

∣∣∣∣

∣∣∣∣
MERBSE−CAPSSE

C APSSE

∣∣∣∣ (%)

Corn

IL R11 2.17 1.14 88.52

R12 2.17 0.31 58.13

IN R11 4.49 2.12 88.11

R12 4.48 0.43 38.83

IA R11 4.58 2.61 88.39

R12 4.58 0.65 53.59

Soybeans

IL R11 3.12 1.37 86.47

R12 3.13 0.37 49.63

IN R11 6.76 3.05 86.84

R12 6.76 0.61 38.31

IA R11 5.91 3.21 87.34

R12 5.91 0.83 54.22

ilarly to the results for yield, the point estimates are similar when benchmarked using
fixed and random weights because the variance of the random weights is negligible
(in the range (10−6, 10−7)), see the results in the first column, in Table 3. The results
in the first two columns in Table 3 show that most of the production county-level
estimates are within 3−7% from the corresponding ASB estimates; 52% of the ASB
estimates fall inside the 95% credible intervals of the corresponding model-based esti-
mates. However, in the last column in Table 3 we show that the variance estimates for
production (R11) are artificially decreased, as a result of conditioning on the acreage
estimates: the percentage medians of relative differences in the standard errors of the
estimates are in the range 86.47−88.52% for the (R11) method, and in the range
38.31−58.13% for the (R12) method. Hence, the percentage medians of relative dif-
ferences in the point estimates, given in the second column in Table 3 are as high as
3.21%, for method (R11).

Results for the 2014 ASD-level corn PD and YD estimates in Illinois, Indiana and
Iowa, are presented in Tables 4 and 5, and Fig. 3. The organization of results in Tables 4
and 5, and Fig. 3 is similar to the organization of results in Tables 2 and 3, and Fig. 2,
respectively. Table 4 contains median absolute relative differences of ASD-level yield
estimates, where the median is applied over all the ASDs in a particular state. Because
the ASD-level estimates are aggregates of the county-level estimates, the percentage
medians of relative differences, relative to the ASB estimates are equal for the two
cases (R11 and R12), up to two significant digits, as was the case for the county-level
estimates. The results in the first two columns in Table 4 show that most of the yield
ASD-level estimates arewithin 0.5% from the correspondingASB estimates, or within
0.5% standard errors from the corresponding ASB estimates, better agreement than it
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R11.17

R12.17

R11.18

R12.18

R11.19

R12.19

YD: 100%*(MERBij −ASBij) ASBij

Percent Difference

R11.17

R12.17

R11.18

R12.18
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Difference (Model Standard Error Equivalents)

R11.17
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Percent Difference

R11.17
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PD: (MERBij −ASBij) MERB.SEij

Difference (Model Standard Error Equivalents)

R11.17

R12.17

R11.18

R12.18

R11.19

R12.19

−5 0 5 10 15 −1 0 1 2 −40 −30 −20 −10 0

−20 0 20 40 60 80 −10 0 10 20 −100 −50 0 50

PD: 100%*(MERB.SEij −CAPS.SEij) CAPS.SEij

Percent Difference

Fig. 2 County-level Model-based Estimates versus ASB Estimates 2014Corn in Illinois, Indiana and Iowa.
The box plots illustrate the relationship between the county-level survey direct estimates, the model-based
estimates (R11, R12) and the ASB estimates, for production and yield. The model-based estimates are ratio
benchmarked using the methods described in Sect. 2. The three horizontal sets of box plots correspond to
the three states, denoted by their FIPS codes (17 for Illinois, 18 for Indiana and 19 for Iowa). One county
with sample size equal to one was removed from the visual representations because its (approximately zero)
corresponding survey variance decreased the visual precision. Results are similar for soybeans

was observed at the county-level. The reduction in theASD-level standard errors of the
survey estimates is illustrated in the last column in Table 4, the percentage medians
of relative differences are in the range 7.68−28.98%, greater than it was observed
at the county-level. It is expected that the absolute relative differences between the
model-based ASD-level estimates and the corresponding official estimates be smaller
than the absolute relative differences for the county-level because the survey direct
estimates are also more reliable at the ASD-level than at the county-level due to larger
sample sizes at the ASD-level than at the county-level.

Table 5 containsmedian absolute relative differences ofASD-level productions esti-
mates, where the median is applied over all the ASDs in a particular state. The results
in the first column in Table 5 show that most of the production ASD-level estimates
are within 1.37−4.35% from the corresponding ASB estimates. However, in the last
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Table 4 Median absolute relative differences of ASD-Level YD 2014 Corn and Soybeans estimates in
Illinois, Indiana and Iowa

State Estimator

∣∣∣∣
MERB−ASB

ASB

∣∣∣∣ (%)

∣∣∣∣
MERB−ASB

MERBSE

∣∣∣∣

∣∣∣∣
MERBSE−CAPSSE

C APSSE

∣∣∣∣ (%)

Corn

IL R11 0.25 0.31 13.61

R12 0.25 0.31 12.77

IN R11 0.27 0.32 23.93

R12 0.27 0.32 21.31

IA R11 0.20 0.33 9.08

R12 0.20 0.32 7.68

Soybeans

IL R11 0.31 0.49 13.60

R12 0.31 0.48 12.76

IN R11 0.44 0.67 28.98

R12 0.44 0.64 26.86

IA R11 0.29 0.44 20.42

R12 0.29 0.43 19.48

Table 5 Median absolute relative differences of ASD-Level PD 2014 Corn and Soybeans estimates in
Illinois, Indiana and Iowa

State Estimator

∣∣∣∣
MERB−ASB

ASB

∣∣∣∣ (%)

∣∣∣∣
MERB−ASB

MERBSE

∣∣∣∣

∣∣∣∣
MERBSE−CAPSSE

C APSSE

∣∣∣∣ (%)

Corn

IL R11 1.40 2.48 89.18

R12 1.40 0.44 49.33

IN R11 2.66 3.77 88.60

R12 2.66 0.61 24.20

IA R11 3.54 6.97 87.60

R12 3.54 1.04 13.69

Soybeans

IL R11 1.37 1.68 86.59

R12 1.37 0.48 33.86

IN R11 3.94 4.09 88.21

R12 3.94 0.64 26.19

IA R11 4.35 7.95 86.69

R12 4.35 1.27 13.88

column in Table 5 we show that the variance estimates for production (R11) are arti-
ficially decreased, as a result of conditioning on the acreage estimates: the percentage
medians of relative differences in the standard errors of the estimates are in the range
86.69−89.18% for the (R11) method, and in the range 13.69−49.33% for the (R12)
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R11.17
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Percent Difference
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Fig. 3 ASD-level Model-based Estimates versus ASB Estimates 2014 Corn in Illinois, Indiana and Iowa.
The box plots illustrate the relationship between the ASD-level survey direct estimates, the model-based
estimates (R11, R12) and the ASB estimates, for production and yield. The model-based estimates are ratio
benchmarked using the methods described in Sect. 2. The three horizontal sets of box plots correspond to
the three states, denoted by their FIPS codes (17 for Illinois, 18 for Indiana and 19 for Iowa). Results for
soybeans are similar

method. Hence, the percentage medians of relative differences in the point estimates,
given in the second column in Table 5 are as high as 7.95%, for method (R11).

Median results for the three choices of metrics are presented in Tables 2, 3, 4 and
5. For completeness, we present distributions of the three metrics (as percentages) in
Figs. 2 and 3, for corn. There is good agreement between the model-based estimates
and the official statistics and the model-based estimates are more precise than the
corresponding survey-estimates.

5 Discussion

NASS’s interest in producing reliable end-of-season yield estimates and associated
standard errors, subject to constraints at multiple aggregation levels, has motivated
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the research presented in this paper. The problem of estimating and benchmarking
three related quantities of interest leads to the investigation of the effect of bench-
marking constraints for the (numerator, denominator, ratio) triplet, for example the
(production, harvested acreage, yield) triplet. We presented different methods of con-
structing model-based estimates for two totals and their ratio at lower-level areas that
aggregate to fixed values at upper-levels. In this paper, we introduce and compare
methods of applying the benchmarking adjustments to model-based estimates at mul-
tiple stages. The methodology presented applies to any benchmarking method. We
chose to illustrate the methods using the ratio benchmarking adjustment, one of the
two classic benchmarking adjustments: ratio and difference. The reason we did not
pick the difference adjustment is that it may lead to negative estimates for the ratio of
positive totals. The applicability of these methods is not restricted to yield estimation,
as the methods can be applied to any ratio estimation, for example, wage rates, poverty
rates or body mass index.

The (R11) application of benchmarking adjustment to ratio estimates, where the
estimates of the denominator are treated as fixed and known, is common practice at
NASS for projects where only one quantity is of interest (such as yield forecasting
or cash rental rate estimation). We showed that the (R11) estimates are conditional
on the denominator estimates, resulting in an underestimated variance for production
estimates.As a solution to produce reliable numerator estimates,we introducedmethod
(R12). For the application study, the construction (R12) provides a valuable set of
estimates for the triplet, the inconsistencies in the ratio identity may be avoided with
a simple rounding. Moreover, the estimated CVs for the county-level yield (R12)
estimates are approximately 80−90% of the corresponding estimated CVs for the
county-level survey estimates and the estimated CVs for the county-level production
(R12) estimates are approximately 40−45% of the corresponding estimated CVs for
the county-level survey estimates.

The methods illustrated in this paper are a good fit for a selected state-year-
commodity combination. Some minor adjustments are needed, including state-
year-commodity-specific variables selection. Specific to the benchmarking methods
proposed in this manuscript, additional adjustments would be needed to account for
county-district-state-specific structures, since we can only discuss triplet estimation
for a county with survey data available on both totals (acreage and production) and
their ratio (yield).

We presented harvested acreage, production and yield estimates for 2014 end-of-
season corn and soybeans in Illinois, Indiana and Iowa, three states that are major
United States producers of corn and soybeans. Posterior summaries are available for
the county-level estimates and ASD-level estimates, for the triplet that closely satisfies
the benchmarking constraints at both levels. Extensions of the methods, to produce
posterior summaries for any intermediate aggregation level between county-level and
state-level, such as groups of counties or groups of ASDs, is straightforward. In this
paper, we presented posterior means and posterior variances and compared the results
to the survey estimates and to the official estimates. We showed consistency between
the modeled YD estimates (R11, R12) with survey and official estimates. In an oper-
ation environment, either (R11) or (R12) may be used, with a caution that (R11) is
conditional on the denominator. If the user is concerned with production and yield
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estimation only, assuming that good harvested acreage values are already available,
then the (R11) construction may be used, keeping the harvested acreage values for the
denominator as fixed and known.

The emerging remote sensing estimation procedures provide good sources of yield
estimates, available for selected commodities and for selected states. See, for exam-
ple, Johnson (2014). However, the remote sensing estimates are subject to coverage
errors due to the environment, they are not benchmarked to the state-level values, and
measures of uncertainty, associated with the estimates, are not available. Applying
a benchmarking adjustment to such estimates may or may not fall under one of the
methods illustrated in this paper, and it is left for future investigation. Our prelim-
inary results show that the remote sensing estimates follow a different pattern than
the model-based yield estimates (R11, R12). Nevertheless, the remote sensing yield
estimates and other remote sensing data (such as Normalized Difference Vegetation
Indexes) may be used as potential covariates in the yield models.
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Appendix A

A1. Fixed benchmarking weights

For a ratio benchmarking adjustment, the R11 subarea-level numerator estimates sat-
isfy the benchmarking constraint. The proof is as follows
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by definition of wR
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since aT 2 is constant
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Similarly, the R11 area-level numerator estimates satisfy the benchmarking con-
straints. The proof follows immediately,
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The ratio estimator for the set of all subareas is theweighted sumof the subarea-level
ratio estimators,
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A2. Random benchmarking weights

Note that, from the derivation of production total estimates, the benchmarking weights
for the two totals are equal. Hence, wT 1

j = wT 2
j = wT 2

jk , for all k = 1, . . . , K .
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For a ratio benchmarking adjustment, the R12 subarea-level numerator estimates
satisfy the benchmarking constraint. The proof is as follows
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