
Riemannian Geometry
9/25/02 Lecture notes

Existence and uniqueness of a connection that respects the metric and has vanishing
tension:

We consider a coordinate neighbourhood U and write
Xi = ∂

∂xi
and gij = 〈Xi, Xj〉 and Γijk = 〈∇Xi

Xj, Xk〉.
The torsion free condition sats that
∇Xi

Xj = ∇Xj
Xi or, equivalently Γijk = Γjik

The condition of respecting the metric sats that
Xi〈Xj, Xk〉 = 〈∇Xi

Xj, Xk〉 + 〈Xj,∇Xi
Xk〉

or, equivalently
Γijk + Γikj = ∂

∂xi
gjk (1)

Γjki + Γjik = ∂
∂xj

gik (2)

Γkji + Γkij = ∂
∂xk

gij (3)
=⇒ (1) + (2) + (3) : 2Γijk = ∂

∂xi
gjk + ∂

∂xj
gik − ∂

∂xk
gij

Suppose, we have a connection, then
∇Xi

Xj =
∑
l

Γl
ijXl (a)

and Γijk =
∑
l

glkΓ
l
ij (b)

thus Γm
ij =

∑
k

gmkΓijk (c)

Do (a), (b), (c) in the other direction and see that Γijk determines the connection.

Curvature:
Rijkl = 〈∇Xi

∇Xj
Xk, Xl〉 − 〈∇Xj

∇Xi
Xk, Xl〉

= 〈∇Xi

∑
m

Γm
jkXm, Xl〉

= 〈∑
m

∑
k

Γk
imΓm

jkXm, Xl〉 + 〈∑
m

∂
∂Xi

Γm
jkXm, Xl〉

=
∑
m

∑
k

Γn
imΓm

jk +
∑
m

∂
∂Xi

Γm
jkgml

=
∑
m

ΓimlΓ
m
ik +

∑
m

∂
∂Xi

Γm
jkgml

Example to compute curvature:

The Hyperbolic plane is covered by a single coordinate patch with coordinates

{(x, y) |y > 0} , g =

( 1
y2 0

0 1
y2

)

An orthonormal basis is given by X := y ∂
∂x

Y := y ∂
∂y

It follows that [X,Y ] =
−X.

Differentiating < Y, Y >= 1, we learn that ∇XY and ∇Y Y are both perpendicular to
Y and therefore multiples of X. We write accordingly, ∇XY = αX and ∇Y Y = βX.



Similarly, ∇XX and ∇Y X are both multiples of X. Differentiating < X, Y >= 0, we obtain
∇XX = −αY and ∇Y X = −βY . From the symmetry, it now follows that

∇XY −∇Y X = αX + βY = [X,Y ] = −X,

which yields α = −1 and β = 0. This now allows a direct computation of the sectional
curvature R(X,Y,X, Y ). We have

R(X,Y,X) = ∇Y ∇XX −∇X∇Y X + ∇[X,Y ]X.

The first two terms give 0, the last is ∇−XX = −∇XX = −Y . It now follows that
R(X,Y,X, Y ) = −1.

Tensors and Indices

Some definitions:

- T (M) is the tangent bundle of M.

- T ∗(M) is the dual of the cotangent bundle of M.

- Sections of T (M) are vector fields and are generated locally by ∂
∂xi

.

- Sections of T ∗(M) are differentials and are generated locally by dxi.

- A tensor field on M is a section of (T ∗(M))m ⊗ (T (M))n.

- A section of T ∗(M)m is called covariant.

- A section of T (M)n is called contravariant.

The metric g is a section of (T ∗)2 and is generally written as gijdxidxj.

The curvature tensor R of (x, y, z, w) is a section of (T ∗)4.

The metric g allows us to identify T (M) with T ∗(M) as follows: If ω is a 1-form and x is a
vector, then ω is identified with x provided g(x, y) = ω(y) for all y. And we have:

x =
∑

ai ∂

∂xi

ω =
∑

bjdxj
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y =
∑

ci ∂

∂xi

〈x, y〉 =
∑
ij

gijc
iaj

ω(y) =
∑

cibj

which implies

bi =
∑

gija
j

If we denote the inverse matrix to gij by gij and transport the metric on T to a metric
on T ∗, then gij turns out to be the coefficient matrix for that metric.

〈X,Y 〉 >=
∑

gija
icj

Let η correspond to Y so that η =
∑

didxi =
∑

gijc
j. Then,

∑
ij

gijbidj =
∑ ∑ ∑

gijgjka
kgilc

l

If we have a tensor which is a section of T ∗ ⊗
T ∗ ⊗

. . .
⊗

T
⊗

T , we can obtain a new tensor
by contraction by letting a factor of T ∗ and a factor of T act on each other to produce a
number or by using the metric to produce a number from two factors of the same type.

Definition: The curvature tensor R is given by R =
∑

Rijkldxi ⊗ dxj ⊗ dxk ⊗ dxl.

In the case of the Riemannian connection,

Rijkl + Rkijl + Rjkil = 0

Consequently, Rijkl = Rklij.

Definition: The Ricci tensor is given by

Rij =
1

n

∑
kl

Rikjlg
kl
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where n is the dimension of the manifold.

Definition: The scalar curvature K is given by

K =
1

n(n − 1)

∑
ijkl

gikgjlRijkl.

We can restrict the metric and the curvature tensor to any two-dimensional subspace of
the tangent space. The complete contraction of the restricted curvature tensor is called the
sectional curvature for that subspace.

Geodesics
A geodesic is a curve c : [t0, t1] → M in a Riemannian manifold such that Dc( ∂

∂t
is parallel

along c. In coordinates,

d2xk

dt2
= −∑

ij Γk
ij

∂xj

∂t
∂xi

∂t

if c(t) = (x1(t), . . . , xn(t)). The push forward of d
dt

is
∑

dxi

dt
∂xi

∂t
.

If η =
∑

aiη
i where the ηi are sections for some local trivialization, then η is covariantly

constant means that

∑
i

dxi

dt
∇xi

η = 0 =
∑

i

dxi

dt

∑
jk

ajΓ
i
jkηk +

∑
ij

dxi

dt

∂aj

∂xi

ηj

Geodesics on the Hyperbolic Plane:

( 1
y2 0

0 1
y2

)
= metric

Γx
xy = Γy

yy = − 1
y2 , Γy

xx = 1
y
.

These are nonzero because they have an even number of x’s. The rest are zero.

Geodesics on the upper-half plane are vertical lines and circles centered on the plane.
The length of a vector in the hyperbolic plane is the Euclidean length divided by y.

x = cos θ, y = sin θ
dx
dt

= − sin θ dθ
dt

, dy
dt

= − cos θ dθ
dt
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dθ
dt

must be proportional to y. (in order to get constant length)

Then
dx

dt
= − sin θ

dθ

dt
and

dy

dt
= cos θ

dθ

dt
.

By parallelism, we have y = c
dθ

dt
for some constant c. For computational ease, we may

assume c = 1, and thus
dx

dt
= −y2 and

dy

dt
= xy. Then

d2x

dt2
= −2xy

=
2

y
(
dy

dt
,
dx

dt
)

= −2Γx
xy

dx

dt

dy

dt
and

d2y

dt2
= x2y − y3

= −Γy
yy(

dy

dt
)2 − Γy

xx(
dx

dt
)2

=
1

y
(
dy

dt
)2 − 1

y
(
dx

dt
)2 which shows that (cos θ, sin θ) is a geodesic in the hyperbolic plane.

For vertical lines, we will assume x = 0 and t = log y. We want to show that
d2y

dt2
=

1

y
(
dy

dt
)2. This is true since

dy

dt
=

1

y
and

d2y

dt2
=

1

y
(
dy

dt
) = − 1

y3
.

Theorem: Let M be immersed in N. Let g be a metric on N and the induced metric on
M. Let ∇̄ be the Riemannian connection on T(N), and the induced connection on T(N)|M .
Let ∇ be the Riemannian connection on M. If X and Y are vector fields on M then ∇XY is
the orthogonal projection of ∇̄XY on T(M).

Lie Groups on Manifolds

Let G be a Lie group with Lie algebra g identified both with Te(G) and with the Lie algebra
of left invariant vector fields on G. Left invariant in the sense that x < y, z >= 0 ∀x, y, z ∈ g.

Any positive definite inner product on g induces a metric on G. Such a metric, <,> is
called bi-invariant if ∀x, y, z ∈ g 〈[x, y], z〉 + 〈y, [x, z]〉 = 0.

Proposition

If <,> is a bi-invariant metric on G, the Riemannian connection is given by ∇XY = 1
2
[X,Y ]

∀X,Y ∈ g.
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∇XY −∇Y X =
1

2
[X,Y ] − 1

2
[Y,X]

= [X,Y ]

0 = X < Y,Z >

= 〈[X,Y ], Z〉 + 〈Y, [X,Z]〉
= 〈∇XY, Z〉 + 〈Y,∇XZ〉

Now inspect the curvature.

R(X,Y )Z = ∇[X,Y ]Z − (∇X∇Y Z −∇Y ∇XZ)

=
1

2
[[X,Y ], Z] − 1

4
[X, [Y, Z]] +

1

4
[Y, [X,Z]]

= −1

4
[Z, [X,Y ]] using the Jacobi identity

R(X,Y, Z,W ) =
1

4
〈[X,Y ], [Z,W ]〉

If X ∈ g then ∇XX = 1
2
[X,X] = 0.

One-parameter Subgroups

gt is a one-parameter subgroup of G if gt1−t2 = gt1g
−1
t2 .

G acts on itself both on the left and on the right and manifestly the two actions commute.
(G × G) acts on G by (g1, g2) G = g−1

1 Gg2.
For a one-parameter subgroup gt, let Xg = d

dt
ggt|t=0, then X is left invariant, because

left and right actions commute.
Let H ⊂ G be a Lie subgroup, then the coset space G/H is a manifold and is called a

homogeneous space.
gH → G

↓
G/H

G acts on G/H on the left.

A bi-invariant metric on G induce a metric on G/H as roughly the orthogonal compliment
to the tangent bundle along the fibers. We will go further into this later.
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