Change in Notation
If f: M — N is a smooth map, then df : T(M) — T(N) is the induced map

on the tangent bundles.
In particular, if N = R, then df(X) = X f.

0.1 Induced Length

Because a metric induces a volume on every orientable manifold, then the in-
duced metric induces a volume on every submanifold.

The most important example of this is the length of a curve. If g is a
Riemannian metric on M and c: [tg,¢1] is a smooth curve, then the length of ¢

is given by

The length-minimizing curve is called a geodesic. This will be covered later.

1 Differentiating a Section of the Vector Bundle

E
Let | be asmooth vector bundle, with the n being the dimension of M and

M
m being the fiber dimension of E - the dimension of the vector space 7—!(x)

Ve M.

A section 1 of E' is a map M — E with 7 on = identity.

It seems like we should be able to differentiate locally, though perhaps not
globally (different vector spaces). But it is not obvious how to do it.

Suppose we want to differentiate cross-sections of E.

e Let X be a vector field on M

e Let 1 be a section of F

e Let Vxn be the result of “differentiating” 7 along X
Then V xn should have the following properties.

1. Vxn should be R-linear in both n and X

2. Vxn should depend on the germ of 7 at x, but only on the value of X (x)
at x. As a result it follows that Vxn is C°°(M)-linear in X.



3. Vxn should satisfy Leibniz’ rule with respect to 7, i.e.

Vxfn=fVxn+Xfn
where f € C*°(M)

A rule X,n — Vxn that satisfies 1-3 above is called an affine connection
on the smooth vector bundle E.

Theorem Affine connections always exist
Proof

1. Let V!, V? be affine connections on E; and let f;, f> be smooth functions
with f; + fo = 1. Then f; V! + f,V? is an affine connection.

2. If m,---,nm are a local basis of E over U, then we can define a local
connection by setting Vxn; = 0 Va,1

3. We can now define a connection as Y ¢,V® where V* are local connec-
tions and > ¢, is an appropriate, locally finite, partition of unity.

Proposition Let V!, V? be two connections on E, then Vin — V37 is
tensorial. It is C°°(M)-linear in both X,n. To compute the values at any
given point, you only need the values of X, 7 at that point.

Proposition Let ¢ : M — N be a smooth map; E be a smooth vector
bundle over N, with affine connection V. E’ will be the pull back of E to N,
so that we have the following commutative diagram.

E % g
] |
M 2 N

Then 3! V' on E’ such that if 1 is a section of F and X is a vector field on
M, then!

0" (Vapyn) = Ve (noy)

Proof We restrict to an open set U C N for which F is locally trivial and
an open set U’ for which T'(M) is trivial and ¢(U’") C U.

Let n1,---,m, be a local basis for F over N, and let X1,---, X, be a local
basis for T(M). Then {¢ ! (n; 0 )} is a local basis of E’ over U’. Now set

1

Vi, omjop = 'Vauxon

and extend using linearity and Leibniz’ rule

Lthis is a generalization of proposition 2.2 on page 50 where M = [to,t1] and E = T(N).



Vi Y gie e = D gi0 Vapxon + > Xigie 'nje
Vx, (hjop)e e = Vxo ! (hinp)
= ¢ 'Vagxhin

As so often in this sort of context, global existence is a consequence of local
uniqueness.

A connection A on a vector bundle F is called flat if M is covered by open
subsets U on which E admits a basis over C*°(U) consisting of sections n; for
which Axn; = 0 for all vector fields X. Such sections are called covariantly
constant. Every trivial vector bundle admits a flat connection (Take any basis
of global sections and declare them to be covariantly constant. Then A is defined
by Ax > fini .) A vector bundle that admits a flat connection is not necessarily
trivial. Suppose {n;} and {v;} are bases of the covariantly constant sections over
U. Let Aj;j(x)x for x € U be such that v; = ) A;;n;. Then for any vector field
X, 0=Axv; =) XA;;n;. Since the n; are linearly independent over C*>°(U)
it follows that X A;; =0, so A;;(x) does not depend on X.

Let C : [0,1] — M be a curve and let 79 be in 7=1(C(0)). The connection
on E (whether flat or not) pulls back to a connection in the induced bundle E’
over [0, 1]. Let us assume that C([0, 1]) is in some U with E|y trivial. Then E’
is trivial, and we choose a trivial section. Let <% be the flat connection induced

dt
by that trivialization. Let A’ be the pullback connection on E’. Then, A’ 4X =

C{% + A(t)x, where A(t) is an n by n matrix. Such a system has a unique solution
by a standard theorem on linear ODE’s. The system 7(0) = 7o, ’fi—’z + Aty =0
has a unique solution 7(t), which is by definition covariantly constant along
[0, 1].
If we also write C : E' — E for the lift that makes the diagram
c

F — FE
=
0,1 — M

commutative, C(n;) is called the parallel transport of C(ng) along the curve 7.
It is a standard ODE theorem that the parallel transport is independent of the
parametrization.

Let xg,x1 be points of M. We can now define parallel transport along any
curve from xg to x7 by considering subcurves contained in open sets for which
the restriction of F is trivial.

Theorem. If A is flat and ¢y, ¢2 are homotopic rel g, z1 curves with ¢1(0) =
¢2(0) = zg and ¢1(1) = c2(1) = x; then the parallel transport along either curve
produces the same result.

Proof. Let H be the homotopy from c¢; to c;. Let

E — FE

H — M



be the pullback bundle. Assume, for the moment, that the image of H is
contained in some U for which F|y admits a covariantly constant basis. Let
no € 7 Y(zo) with ng = > a;ni(wg) where {n;} is the covariantly constant
basis. Then > a;n; is the unique covariantly constant section over U for which
n(zo) = 10-

If E, a bundle over M, is a bundle with a flat connection A, then for any
xg € M, (M, z0) acts on 7~ 1(z0), and the nontriviality of that action is the
only obstruction to the triviality of E. In particular, if M is simply connected,
then any bundle admitting a flat connection is trivial.

Suppose A is a flat connection on E. Let 11,...,m, be a local basis of co-
variantly constant sections. Then, a general section has the form Y f;n;. Let
X and Y be vector fields. We want to compute AxAyn — Ay Axn.

AyAxn = Z(YXfi)m;
AxAyn—AyAxn =Y [X,Y]fini = Axyin-

Definition 1 A connection V is called flat, if E admits local bases of covari-
antly constant sections.

Proposition 1 If V is flat, then [Vx,Vy] = V[x y].

Definition 2 For every connection V on E, we define the curvature, Ry, by
Ry (X,Y,n) = VxVyn — VyVxn — Vixyn, where X andY are vector fields
and n is a section of E.

Proposition 2 Ry (X,Y,n) is anti-symmetric in X, Y and is C°(M)-linear
in all three arguments.

Proof Anti-symmetry follows from the defintion and the Lie bracket being anti-
symmetric. Ry (fX,Y,n) = VyxVyn —VyVixn—Vixyn = fVxVyn—
fVyVxn =Y fVxn — fVixyn + Vysxn = fR(X,Y,n), and so by anti-
symmetry the same holds for Y. Lastly, R(X,Y, fn) = VxVyfn—VyVxfn—
Vixy1fn= fVxVyn+X fVyn+VxY fn—{anti—symmetric terms} = fR(X,Y,n),
since the anti-symmetric terms cancel out all unwanted terms. [

Definition 3 Let <, > be a metric on E. A connection V is said to respect
the metric on E if X< n1,n2 >=< Vxn1,m2 >+ < m, Vxns >, for all vector
fields X.

Theorem 1 For every metric on E, there exists a connection, V, that respects
the metric.

Outline of Proof



1. Apply Gram-Schmidt to a local basis, to obtain an orthonormal basis.

2. Declare the local orthonomal basis to be covariantly constant to obtain a
local connection that respects the metric.

3. Observe if V; respects the metric Vi and X¢; = 1, then X¢;V; respects
the metric.

4. But there exists partitions of unity, so choose one. [
Definition 4 IfV respects a metric on E, write Ry (X, Y, n1,m2) =< Ry (X, Y, m1),m2 >.

Proposition 3 Ry (X,Y,n1,1n2) is anti-symmetric in n1, n2 and is C*-linear
i all four arguments.

Definition 5 (SPECIAL CASE) E=T(M) and < X,Y >= g(X,Y) is Rie-
mannian on M. We define Ty(X,Y) =VxY —VyX — [X,Y].

Proposition 4 Ty (X,Y) is C®°(M)-linear and anti-symmetric in both argu-
ments.

Proof It is enough to show linearity in one variable, as anti-symmetric is im-
mediate. Tv(fX,Y) = Vny — vaX — [fX, Y] = vaY — vKX — YfX —
f[XﬂY} + YfX = fTv(X,Y) O

Theorem 2 Let g be a Riemannian metric on M, then there exista a unique
connection, V, on T (M), which repects g and has vanishing torsion.



