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ABSTRACT. In this paper we give a gauge theoretic construction of the joint moduli space of stable
G-Higgs bundles on closed Riemann surfaces, where the Riemann surface structure is allowed to
vary in the Teichmüller space of the underlying smooth surface. This joint moduli space has many
interesting structures that are preserved by the mapping class group of the surface. We describe a
surprising relationship between four key objects: the isomonodromic foliation, a canonical hermitian
form arising from the Atiyah-Bott-Goldman symplectic structure on the character variety, a canonical
holomorphic form which vertically lifts vector fields on Teichmüller space, and the energy function
for equivariant harmonic maps. One consequence of this work is the construction of pseudo-Kähler
metrics on many examples of components of character varieties which include rank two higher Te-
ichmüller spaces. This recovers some of the recent work on the subject by various authors.
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1. INTRODUCTION

Let Σ be a connected closed oriented surface of genus g ≥ 2 and G a connected complex
semisimple Lie group. Associated to this data is a holomorphic symplectic orbifold X(G), the
moduli space of irreducible1 representations of the fundamental group of Σ into G. This moduli
space is the orbifold locus of the G-character variety of Σ, and the holomorphic symplectic form is
known as the Atiyah-Bott-Goldman form. It is biholomorphic and symplectomorphic to the moduli
space of irreducible flat G-connections on Σ. One of the many interesting aspects of character vari-
eties is that they carry a natural action of the mapping class group of the surface Σ which preserves
the holomorphic symplectic structure.

For each choice of Riemann surface structure X = (Σ, j) on Σ, the moduli space MX(G) of stable
G-Higgs bundles on X is another interesting holomorphic symplectic orbifold. For example, the
Higgs bundle moduli space contains the cotangent bundle of the moduli space of holomorphic
stable G-bundles as an open dense set, and its completion has the structure of an algebraically

1By irreducible we mean the representation does not factor through a proper parabolic subgroup.
1
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complete integrable system [50]. Since its definition depends on the choice of a Riemann surface
structure on Σ, MX(G) does not carry a natural action of the mapping class group.

The nonabelian Hodge correspondence (proved by Hitchin [47], Simpson [81], Donaldson [29] and
Corlette [26]) provides an identification between MX(G) and X(G). More precisely, the nonabelian
Hodge map

HX : MX(G)
∼= // X(G)

is a real analytic isomorphism. Moreover, HX extends to a real analytic homeomorphism between
the moduli space of polystable G-Higgs bundles and the G-character variety. In this paper, we will
focus only on the stable loci of these spaces. Importantly, HX is neither holomorphic nor sym-
plectic, but the nonisomorphic structures combine to define a hyperKähler structure on MX(G).
In particular, pulling back the real part of Atiyah-Bott-Goldman form by HX defines a Kähler
structure on MX(G).

In addition to this rich geometry, the theory of Higgs bundles has been an effective tool for
studying various questions concerning character varieties. We briefly discuss two such applica-
tions relevant to this paper: parameterizing higher Teichmüller spaces and establishing (non) unique-
ness of equivariant minimal surfaces in noncompact Riemannian symmetric spaces.

There are certain real forms GR of G for which the GR-character variety has distinguished com-
ponents. These components are usually called “higher Teichmüller spaces,” as they generalize
various features of the Teichmüller space of Σ when it is identified with the connected component
of the PSL2R-character variety consisting of holonomy representations of hyperbolic structures
on Σ. The first family of such components is the Hitchin components, which exist for the split
real form GR of any semisimple complex Lie group G, e.g. SLnR < SLnC. They were first intro-
duced by Hitchin [48] who parametrized them using Higgs bundles. The dynamical significance
of these components was discovered by Labourie [56] and, from a different perspective, by Fock-
Goncharov [40]. A generalization of Hitchin’s Higgs bundle parameterization was used in [15] to
enumerate and parametrize all expected higher rank Teichmüller spaces predicted by Guichard-
Wienhard’s theory of θ-positivity [45, 44, 10]. This built on and generalized previous work on
higher rank Teichmüller spaces [16, 18, 19, 11, 5, 21].

For a fixed representation ρ ∈ X(G), the corresponding Higgs bundle on a Riemann surface X
is constructed from the existence of an essentially unique ρ-equivariant harmonic map from the
universal cover ‹X of X to the Riemannian symmetric space G/K of G. From Labourie’s work on
Anosov representations [58], for representations in higher rank Teichmüller spaces there exists a
Riemann surface structure X on Σ such that the associated harmonic map is a conformal immer-
sion. Equivalently, its image is a ρ(π1Σ)-invariant minimal surface in G/K. The uniqueness of
such a ρ-invariant minimal surface was proven for all representations in higher rank Teichmüller
spaces when the real form has real rank 2. There are two families: the case of Hitchin represen-
tations was proven by Labourie [55], see also [62, 57] for SL3R and [78] for SO(2, 2), and the case
of so called maximal representations into rank 2 hermitian Lie groups was proven by the first two
authors with Tholozan [23]. For Hitchin representations in rank at least 3 (and hence many other
higher rank Teichmüller spaces of rank at least 3), Marković, Sagman and Smillie [76, 65, 66] re-
cently showed that uniqueness of the minimal surface fails. All of these results used a detailed,
and different, understanding of the associated Higgs bundles.

Both of the above applications involve understanding some aspect of how the Higgs bundle
associated to a fixed representation depends on the choice of Riemann surface structure. It is
natural to ask how various features of the nonabelian Hodge correspondence depend on the choice
of Riemann surface. For example: other than components for real forms of G, are there interesting
subvarieties of MX(G) whose image under the nonabelian Hodge map HX is the same for all
Riemann surfaces X? For a given representation ρ ∈ X(G), is the set of ρ-invariant (branched)
minimal surfaces in G/K discrete or not?
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A natural setting for questions of this nature would be to have a joint moduli space of G-Higgs
bundles, where the underlying Riemann surface is allowed to vary in the Teichmüller space T(Σ)
of Σ. In fact, Simpson gave an algebro-geometric construction of a related space, where the Higgs
bundle moduli space is constructed in the relative case for a family of smooth projective curves
over a scheme of finite type over C [83]. In this context, he proves that the nonabelian Hodge map
is a homeomorphism with the relative character variety [84, Theorem 7.18]. With a small amount
of work, Simpson’s construction produces a complex analytic space that may be regarded as a
moduli space over T(Σ) (see [2, §7]). However, many questions of interest are inaccessible by al-
gebraic methods. For example, metric structures, and even the higher regularity of the nonabelian
Hodge map in the joint setting is not transparent.

The starting point for this paper is therefore to give a gauge theoretic construction of the joint
moduli space of stable G-Higgs bundles and to study its mapping class group invariant structure.
The first result is the following.

Theorem A. Let Σ be a closed oriented surface of genus g ≥ 2 and G be a complex semisimple Lie group.
Then there is a complex orbifold M(G) such that:

(1) M(G) fibers holomorphically over the Teichmüller space T(Σ) of complex structures on Σ

π : M(G) −→ T(Σ),

where each fiber π−1(X) is biholomorphic to the moduli space of stable G-Higgs bundles on the
Riemann surface X.

(2) The mapping class group of Σ acts holomorphically on M(G) covering the standard action on T(Σ).
(3) M(G) is equipped with a mapping class group invariant closed 2-form ω0 which is compatible with

the complex structure and which restricts to the standard Kähler form on the fibers π−1(X).
(4) On M(G) there is a nonzero holomorphic section Θ of Hom(π∗(TT(Σ)), VM(G)) that is invariant

under the action of the mapping class group. Here, VM(G) denotes the vertical holomorphic tangent
bundle of π.

Remark 1.1. Quotienting by the action of the mapping class group Mod(Σ) of Σ, gives a holomor-
phic fibration (in the orbifold sense) over the moduli space of genus g curvesMg:

M(G)/Mod(Σ) −→Mg.

We will discuss the technical aspects of the construction of M(G) and its important properties in
§1.3. For now, let us mention the following key points: the complex orbifold M(G) is isomorphic
to the analytification of the coarse moduli space constructed by Simpson using algebraic methods,
and, as expected, the nonabelian Hodge map for a fixed Riemann surface extends to a real analytic
map (see Theorem 4.23)

H : M(G) −→ X(G) .

The closed 2-form ω0 is defined by pulling back the real part of the Atiyah-Bott-Goldman form on
X(G) by the map H and taking the part compatible with the complex structure on M(G). Note that,
in contrast to the Weil-Petersson symplectic form on Teichmüller space, the definition of ω0 does
not require choosing a conformal metric on Σ.

1.1. Isomonodromic foliation and energy. We now describe a surprising interplay between four
different objects defined on the joint moduli space M(G) constructed in Theorem A: the isomon-
odromic foliation, the hermitian form associated to ω0, the holomorphic section Θ, and the energy
function.

Given ρ ∈ X(G), the level set Lρ := H−1(ρ) is called an isomonodromic leaf. The isomonodromic
leaves fit together to define the isomonodromic foliation. Its tangent bundle is called the isomon-
odromic distribution and will be denoted by D.
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Denote the complex structure on M(G) by I and the hermitian form associated to ω0 by

h0(·, ·) = 2(ω0(I·, ·) + iω0(·, ·)).
As above, let VM(G) be the vertical tangent bundle of the fibration π : M(G) → T(Σ). The h0-
perpendicular space will be denoted by H and referred to as the horizontal distribution. Since h0 is
positive definite on VM, we have an h0-orthogonal splitting

TM(G) = VM(G)⊕H.

It turns out that the hermitian form h0 (equivalently, the closed 2-form ω0) is not nondegenerate
everywhere. In fact, the kernel of h0 is intimately related to the complex tangencies of the isomon-
odromic distribution D and the holomorphic section Θ, as the next result illustrates.

Theorem B. Let (h0, I) denote the hermitian form and complex structure on M(G). Then h0 is nonpositive
on the horizontal distribution H. In particular, the kernel Kx of h0 at x ∈ M(G) is contained in Hx and,
when h0 is nondegenerate, it has signature (dimC X(G), 3g− 3). Moreover,

Kx = Dx ∩ I(Dx) = ker(Θx),

where Θ is the holomorphic section from Theorem A, and in the last equality we have identified the horizontal
distributionH with π∗TT(Σ).

As mentioned above, for a fixed representation ρ ∈ X(G), the associated Higgs bundle on a
Riemann surface X is constructed from the unique ρ-equivariant harmonic map uρ : ‹X → G/K.
Taking the Dirichlet energy of uρ on a fundamental domain defines a smooth function E : M(G)→
R. Restricting E to the isomonodromic leaf of ρ defines a function on Teichmüller space called the
energy function of ρ,

Eρ : T(Σ) −→ R .
The following theorem relates the complex Hessian of Eρ, the hermitian form h0 on the horizontal
distributionH and the holomorphic section Θ.

Theorem C. For x ∈ M(G), let X = π(x) be the associated Riemann surface, and let ρ = H(x) be the
associated representation. For each tangent vector [µ] ∈ TXT(Σ), let wµ ∈ Hx be the unique horizontal
lift. Then the complex Hessian of Eρ at X in the direction [µ] is given by

(1.1) ∆µEρ = −8‖wµ‖2
h0
= 8‖Θx([µ])‖2

h0
.

Remark 1.2. Since ‖Θ([µ])‖2
h0
≥ 0, Theorem C implies that the energy function Eρ is plurisubhar-

monic. This recovers special cases of results of Toledo [89].

The kernel of the complex Hessian of Eρ corresponds to the directions in which Eρ is not strictly
plurisubharmonic, and it is identified with a subspace Qx ⊂ Hx of the horizontal distribution by
Theorem C. The following corollary is immediate from Theorems B and C.

Corollary 1.3. Let x ∈ M(G). Using the notation from Theorem B, we have

Qx = Kx = Dx ∩ I(Dx) = ker(Θx).

Remark 1.4. In [90], Tošić also used Higgs bundles to study the complex Hessian of the energy
function Eρ for the group SLnC along 1-parameter families of deformations of X. In particular,
he describes the directions in which the complex Hessian of Eρ vanishes, the space Qx above, by
certain equations involving the Beltrami differential µ and the Higgs field Φ. These equations are
given in (5.10) and also play a fundamental role in our analysis since their solutions are equivalent
to being in the kernel of the holomorphic section Θ. While we do not use Tošić’s work to establish
the above, Theorem C and other results in §5 provide a new, more geometric perspective on many
of the statements in [90]. For completeness, in Appendix D we indicate why Equation (1.1) is the
same as the formula in [90, Theorem 1.10].
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One consequence of the approach taken here is that the rank of the kernel of h0 defines a map-
ping class group invariant stratification

(1.2) M(G) = ä
0≤d≤3g−3

Md ,

where Md = {x ∈ M(G) | dim(Kx) = d}. From the relation with Θ in Corollary 1.3, it follows
that each stratum Md is a holomorphic subvariety of M(G), and in addition they are preserved by
the natural holomorphic C∗-action defined by multiplying the Higgs field by an element of C∗.
Moreover, M0 is open and dense, while M3g−3 is closed.

Theorems B and C give the following characterization of the open stratum M0.

Corollary 1.5. For x ∈ M(G), let X = π(x) and ρ = H(x) be the associated Riemann surface and
representation, respectively. Then the following are equivalent:

(1) x is contained in the open stratum M0,
(2) the hermitian form h0 is nondegenerate at x with signature (dim X(G), 3g− 3),
(3) the isomonodromic distribution Dx is totally real,
(4) the restriction of ω0 to the isomonodromic distribution is nondegenerate,
(5) the energy function Eρ of ρ is strictly plurisubharmonic in a neighborhood of X.

At the other extreme, we have the following characterization of the closed stratum M3g−3.

Corollary 1.6. With the same notation as in Corollary 1.5, the following are equivalent:
(1) x is contained in the closed stratum M3g−3,
(2) the isomonodromic distribution Dx and the kernel Kx of h0 are equal,
(3) Dx is a complex subspace of TxM(G),
(4) the restriction of ω0 to the isomonodromic distribution vanishes,
(5) the complex Hessian of the energy function Eρ vanishes in all directions at X.

Apart from compact representations, it would seem very hard to characterize when a general
isomonodromic leaf is entirely contained in a fix stratum. However, we are able to prove that
the isomonodromic leaves in the so-called Cayley components of [15] are contained in the open
stratum M0. Let us first briefly describe the relevant objects.

Guichard-Wienhard [45] classified four families of real forms of complex simple Lie groups
which admit a θ-positive structure: split real forms, hermitian real forms of tube type, groups
locally isomorphic to SOp,q with 1 < p < q, and the quaternionic real forms of type E6,E7, E8,
and F4. For each such real form GR, there is an special class of representations ρ : π1Σ → GR

called θ-positive representations. These representations have a number of interesting geometric and
dynamical properties. Most notably, θ-positive representations define higher rank Teichmüller
spaces [10, 44], which, by definition, means they are a union of connected components of the GR-
character variety X(GR) which consist entirely of discrete and faithful representations. For split
and hermitian families, θ-positive representations coincide with the more well known classes of
Hitchin and maximal representations, respectively.

Reference [15] gave a Higgs bundle parameterization of special components, called Cayley com-
ponents, of the GR-character variety for each of the four families of θ-positive structures. It is
expected that the set of θ-positive representations coincides with the Cayley components. Indeed,
the Cayley components are included in the set of θ-positive representations by [15] and [10]. For
Hitchin and maximal representations the equality holds by construction, and for the third family
equality follows from the component classification of [5].

Theorem D. Let ρ ∈ X(G) be such that it defines a θ-positive representation into some real form GR of G
which is in a Cayley component, and let Lρ be its isomonodromic leaf. Then,

(1) Lρ is contained in the open stratum M0,
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(2) Lρ is a symplectic submanifold of M0 which is totally real and ω0(I·, ·)-isotropic, and
(3) h0 has signature (3g− 3, 3g− 3) on TLρ ⊕ I(TLρ).

The following corollary recovers results of Slegers [86] for Hitchin representations in SLnR; it is
immediate from Theorem D and Corollary 1.5.

Corollary 1.7. Suppose ρ is a θ-positive representation in a Cayley component. Then the energy function
Eρ is strictly plurisubharmonic.

Our next theorem gives equivalent characterizations of isomonodromic leaves which are con-
tained in the closed stratum.

Theorem E. For a representation ρ ∈ X(G) with isomonodromic leaf Lρ, the following are equivalent:

(1) Lρ is contained in the closed stratum M3g−3,
(2) Lρ is a holomorphic submanifold of M(G),
(3) the energy function Eρ of ρ is constant on T(Σ).

A representation ρ : π1Σ → G is called totally elliptic if the action of ρ(γ) on G/K has zero
translation length for each essential simple closed curve γ ⊂ Σ (see [64]). By a classical argument
of Schoen-Yau [77, Lemma 3.1] and Sacks-Uhlenbeck [74, Theorem 4.3], we have the following
immediate consequence of Theorem E.

Corollary 1.8. If ρ ∈ X(G) is a representation such that the isomonodromic leaf Lρ ⊂ M(G) is holomor-
phic, then ρ is totally elliptic.

Remark 1.9. Observe that in the examples above, the dynamical behaviors of the representations
with isomonodromic leaves in M0 or M3g−3 are opposite: the first are Anosov (in particular, they
are quasi-isometric embeddings), while the second behave similarly to compact representations.
On the other hand, for G = SL2(C), it follows from [95, Theorem 1] that for every nonelementary
representation ρ, the leaf Lρ lies in M0 over a nonempty open set in T(Σ). It would be interesting
to find a dynamical characterization of which strata Md an isomonodromic leaf Lρ can intersect.

Let us describe four classes of representations with holomorphic isomonodromic leaves:

• For representations valued in a compact subgroup of G, the harmonic map is constant, and
so has zero energy. In this case, our theorem recovers results of Biswas [13].
• The second class was explained to us by Pierre Godfard. Given a modular functor, one ob-

tains a finite set of projective representations {ri}i∈I of the mapping class group Mod(Σg,1)
of the punctured surface Σg,1, and so representations {ρi}i∈I of π1(Σg) by restriction of ri in
the Birman exact sequence. Godfard proves in [43] that each ri yields a complex variation
of Hodge structure on the moduli spaceMg,1. Pulling back to to the fibers of the universal
curve over T(Σ), one sees that Lρi is fixed pointwise by the C∗-action, and hence is holo-
morphic. Note that applying this construction to the Witten-Reshetihin-Turaev modular
functors implies the representations considered by Koberda-Santharoubane in [53] have
holomorphic isomonodromic leaves (see also [14]).
• There is a class of examples arises for punctured spheres, and so does not fit in the con-

struction presented in this paper. In [27], Deroin-Tholozan discovered compact compo-
nents of the relative character variety in PSL2R, and the underlying representations are
monodromies of CVHSs for every choice of Riemann surface structure on the punctured
sphere. Analogous construction exist in higher rank by Tholozan and the second author
[88], Feng-Zhang [38], and Wu [97].
• As pointed out to us by Daniel Litt, there is a set of examples coming from Kodaira-Paršin

families, see Example 3.1.10 in [60].
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1.2. Minimal surfaces. We now discuss applications of our construction to minimal surfaces in
the symmetric space of G which are preserved by an action of the fundamental group of Σ.

Associated to the ρ-equivariant harmonic map uρ : ‹X → G/K there is a holomorphic quadratic
differential on X called the Hopf differential of uρ. The Hopf differential of the corresponding har-
monic map defines a holomorphic map from MX(G) to vector space of holomorphic quadratic
differentials on X. The preimage of zero is a complex subvariety which we denote by WX(G).
The corresponding harmonic maps are called conformal harmonic. By [75, Theorem 1.8], branched
equivariant minimal immersions (in the sense of [46]) ‹X → G/K are exactly the conformal equi-
variant harmonic maps. Hence, WX(G) is the space of equivariant branched minimal surfaces with
induced conformal structure X.

The above picture easily generalizes to the joint moduli space. There is a holomorphic map

v(2) : M(G) −→ T∗T(Σ),

such that preimage of the zero section is a complex subvariety W(G) corresponding to equivariant
branched minimal immersions. We call W(G) the moduli space of equivariant minimal surfaces. The
space W(G) has the same dimension as X(G), but is not smooth in general. However, the space

(1.3) W0 = W(G)∩M0,

is a smooth complex submanifold of M(G). This follows from the following proposition character-
izing the strata Md from (1.2).

Proposition 1.10 (see Proposition 7.4 below). A point x ∈ M(G) lies in the stratum Md if and only if

d = dim coker(dxv(2)).

Recall that the closed 2-form ω0 is defined by pulling back the Atiyah-Bott-Goldman form on
X(G) by the nonabelian Hodge map H and taking the I-invariant part. It turns out that on the space
of minimal surfaces W(G), the pullback of the Atiyah-Bott-Goldman form is already I-invariant.
From this we obtain the following.

Theorem F. On the space of minimal surfaces W0 defined in (1.3), the 2-form ω0 is the pullback of the
Atiyah-Bott-Goldman symplectic form by the nonabelian Hodge map

(1.4) H : W0 −→ X(G).

In particular, H is a symplectic immersion at x ∈ W0 if and only if h0|W0 is nondegenerate at x.

Note that since the hermitian form h0 is indefinite, nondegeneracy does not automatically pass
to complex submanifolds. However, we show that nondegeneracy of h0 on M(G) does imply
nondegeneracy on W(G) for points which are fixed by the action of the subgroup of kth-roots of
unity in C∗ for k ≥ 3. Such fixed points are usually called k-cyclic Higgs bundles.

Theorem G. Let k ≥ 3 and x ∈ M0 be a k-cyclic Higgs bundle in the open stratum. Then x ∈ W0 and h0
is nondegenerate on TxW0. In particular, the nonabelian Hodge map (1.4) is a symplectic immersion at x.

Since Baraglia’s influential thesis [8], cyclic Higgs bundles have appeared in many different
setting that are listed in §7.3. Theorem G applies to all of these cases. Since the space of k-cyclic
Higgs bundles is a complex submanifold of M(G), we conclude the following.

Corollary 1.11 (Theorem 7.13). Let k ≥ 3 and Z be the space of k-cyclic Higgs bundles in the Hitchin
component for the split real form of G. Then the nonabelian Hodge map restricts to a symplectic immersion
on Z. In particular, h0 restricts to a pseudo-Kähler metric on Z.

Corollary 1.11 strengthens a result of Labourie [55] in the case when k − 1 is the length of the
longest root in g, see also Remark 1.12. Namely, for such a k, Labourie proved that the nonabelian
Hodge map is an immersion. For this case, the signature of the metric is ((2k− 1)(g− 1), 3g− 3).
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For any ρ ∈ X(G) corresponding either to a maximal representation in SO2,n or to a Hitchin
representation for rank(G) = 2, a Higgs bundle x ∈ H−1(ρ) is in W0 if and only if it is 4-cyclic.
Applying Theorem G to these cases equips these spaces with a pseudo-Kähler metric.

Theorem H. Let Y ⊂ X(G) be either the submanifold of Hitchin representations in case rk(G) = 2, or the
submanifold of maximal SO2,n-representations in case G = SOn+2(C). Let W(G) ⊂ M(G) be the space of
equivariant minimal surfaces, H be the nonabelian Hodge map, and let Z = H−1(Y)∩W(G). Then,

(1) ω0 is nondegenerate on Z, and
(2) H : Z→ Y is a symplectomorphism.

In particular, h0 defines a mapping class group invariant pseudo-Kähler metric on Y, compatible with the
Atiyah-Bott-Goldman symplectic form, and of signature

(
(dimG− 3)(g− 1), 3g− 3

)
.

Remark 1.12. Theorem H, for Hitchin representations, and Corollary 1.11, in the case k− 1 is the
length of the longest root in g, were recently obtained with different methods by El Emam-Sagman
in [36, Thm. A and A’].

Remark 1.13. Theorem H provides a uniform proof of all cases where Labourie’s conjecture [58]
holds. As mentioned above, there exist Hitchin and maximal representations in groups of rank at
least 3 admitting various equivariant minimal surfaces [65, 66, 76].

The study of pseudo-Kähler structures on moduli spaces of representations was initiated by
Mazzoli-Seppi-Tamburelli in [67]: adapting Donaldson’s construction of the Teichmüller space,
they construct a para-hyperKähler structure on the Hitchin component for SO2,2. In a similar
spirit, Tamburelli-Rungi constructed in [73] a pseudo-Kähler structure on a neighborhood of the
Fuchsian locus in the SL3R-Hitchin component. Both constructions rely on choosing an adapted
metric on the underlying Riemann surface; it is not clear how their structures relate with ours.

1.3. Technical aspects of M(G) and its structures. We now describe more precisely the construc-
tion of M(G). The method used in this paper is a combination of the work of Ebin and Tromba on
the differential geometric description of Teichmüller space (see [34, 92]), and the classic construc-
tion of Kuranishi slices in gauge theory (see [6, 41] for early treatments of this method, as well as
Hitchin’s original construction in [47] for Higgs bundles). We note that alternative formulations
can be found in Earle-Eells [33] in the case of Teichmüller space, and more recently in the work of
Diez-Rudolph [28] for Teichmüller space as well as Yang-Mills connections.

For a fixed principal G-bundle P, we consider a configuration space C(P) that is an infinite dimen-
sional complex Fréchet manifold. Stable G-Higgs bundles correspond to points x ∈ C(P) solution
to an equation F(x) = 0, where F is a holomorphic map on C(P) valued in some complex vector
space. This realizes M(G) as a topological quotient F−1(0)/Aut0(P) where Aut0(P) is an infinite
dimensional Lie group (see (4.1)). A manifold structure is then obtained by proving a slice theorem;
namely, one can locally find complex finite dimensional submanifolds S of F−1(0) such that the
action map Aut0(P)×S → F−1(0) is open and a diffeomorphism onto its image (moduli the center
of G). The local slices then patch together to form a holomorphic atlas on the quotient M(G).

The local structure of the map F and of the action of Aut0(P) is encoded in a deformation complex
(B•, δ•B) which turns out to be elliptic. Given a Riemannian metric on C(P), one can then define
harmonic representative in the cohomology H1(B•) of the complex and construct the slice using
the implicit function theorem. If the metric is Aut0(P)-invariant and compatible with the complex
structure, one can hope to obtain a Kähler structure on M(G).

Surprisingly, finding such a natural Riemannian metric on the configuration space is tricky. Our
approach consists in defining a map“H : C(P) −→ J (Σ)×A(P) ,
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where J (Σ) is the space of complex structures on Σ and A(P) the space of connection on the
underlying smooth principal G-bundle. For any s ∈ R, we then have a closed two-form“ωs = “H∗(s·ωWP ⊕ωABG) ,

where ωWP is the Weil-Petersson form on J (Σ) and ωABG is the real part of the and Atiyah-Bott-
Goldman form on A(P).

Let ωs denote the (1, 1)-part of “ωs. For any s > 0, the hermitian form hs associated to ωs fails
to be positive definite on the entire configuration space. Nevertheless, for any x ∈ C(P), one
can find s large enough such that hs is positive definite on TxC(P). Remarkably, the harmonic
representatives of H1(B•) using hs are independent of s (see Proposition 4.14) and each ωs is closed
in the direction of the harmonics (see Corollary 4.15). As a result, all the structure descends to the
quotient M(G) where we get a family (ωs)s∈R+ of closed 2-forms compatible with the complex
structure and such that

Us = {x ∈ M(G) | (hs)x > 0} ,
defines an increasing exhaustion of M(G) by open Kähler manifolds which contain the nilpotent
cone for sufficiently large s (see Theorem 7.6).

For s = 0, we no longer have a notion of harmonic representatives associated to h0. Rather,
classes in H1(B•) are represented by an infinite dimensional space of representatives we term semi-
harmonic. It turns out, however, that the h0 norm is independent of the choice of semiharmonic
representative of a given class (Proposition 4.18). Thus, h0 gives a well-defined hermitian form on
H1(B•), which, as discussed above, is nondegenerate at points in M0.

In addition to the aforementioned work of Simpson, let us note here several variants used by
various authors to describe joint moduli spaces. For instance, the moment map point of view
developed by Donaldson in [30, 31] was used by Trautwein [91] in his thesis to obtain partial
results (see also [42, 3, 67, 73] for related constructions). The curvature of connections appears
in the realization of the deformation theory of pairs (X, E ), E → X a holomorphic bundle, as a
differential graded Lie algebra (see Huang [52]). In a similar way, Ono [71, 72] produces local
Kuranishi models for joint deformations of Higgs bundles (in higher dimensions as well), and
proves local triviality of the fibration. The gauge theoretic approach taken here allows for a precise
description of the isomonodromic distribution.

Structure of the paper. Section 2 is devoted to preliminaries in gauge theory. In Section 3 we
introduce the configuration space and study its main properties. The construction of the joint
moduli space is done in Section 4. In particular, we prove Theorem A and discuss the family of
hermitian forms (hs)s∈R+ . In Section 5, we define the horizontal and isomonodromic distributions
and study their relation with the energy function, proving Theorems B and C. The stratification
of M(G) is treated in Section 6, where we prove Theorems D and E. Finally, the perspective on
minimal surfaces and Higgs bundles is treated in Section 7 where Theorems F, G and H are proved.
The four sections of the Appendix serve to fix notation, relate the Dolbeault and Čech deformation
complexes, give an alternative expression for Θ, and show how (1.1) recovers Tošić’s formula.
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After work on this paper was completed, we became aware of several other related articles. The
preprint [51], among other results, has a description of the isomonodromic distribution similar
to the one in Lemma 5.12. The characterization of holomorphic leaves in Theorem E (1) also
appears there. Theorem E has also been obtained in [59], and Corollary 1.8 in [61]. An alternative
derivation of the result in Theorem C appears in Hitchin’s note on the universal Higgs bundle
moduli space [49]. Finally, the preprint [4] gives a construction of a universal space which builds
on the authors’ previous partial results in Trautwien’s thesis [91, Chapter 7].

2. GAUGE THEORY PRELIMINARIES

Throughout the paper, we will fix
• Σ a connected closed oriented topological surface of genus g ≥ 2;
• G a connected complex semisimple Lie group with center Z(G), Lie algebra g, and Killing

form κg; and
• πP : P→ Σ a smooth right principal G-bundle.

2.1. Principal bundles.

2.1.1. Basic definitions. The vertical bundle of P is the distribution VP defined by VP = ker(dπP). It
fits into the exact sequence

(2.1) 0 −→ VP −→ TP −→ π∗P(TΣ) −→ 0 .

Since the right G-action preserves the vertical bundle, every element X ∈ g in the Lie algebra spans
a vertical vector field that we denote by X].

Given a linear representation ρ : G→ GL(W), the associated bundle is defined by

P(W) := G\(P×W) ,

where g· (p, v) = (pg−1, ρ(g)v). The projection on the first factor turns P(W) into a vector bundle
over Σ. The main example is P(g), where ρ is the adjoint representation. We will denote the space
of P(W)-valued k-forms on Σ by Ωk(Σ, P(W)).

Denote the space of W-valued k-forms on P by Ωk(P, W), and let Ωk(P, W)G denote the subset
of forms which are equivariant with respect to the natural G-action. A vector field V on P defines
a contraction map ιV : Ωk(P, W) → Ωk−1(P, W). A W-valued k-form ψ ∈ Ωk(P, W) is called basic
if it is equivariant and ιV(ψ) = 0 for all vertical vector fields V ∈ VP. Denote the spaces of basic
W-valued k-forms by Ωk

b(P, W).
Given a basic form ψ̂ ∈ Ωk

b(P, W), define ψ ∈ Ωk(Σ, P(W)) by

ψx(u1, ..., uk) :=
[(

p, ψ̂p(û1, ..., ûk)
)]

,

where x ∈ Σ, u1, . . . , uk ∈ TxΣ, and p, û1, . . . , ûk are lifts of x, u1, . . . , uk, respectively. One checks
that this is independent of the choices of lifts, and defines a isomorphism Ωk

b(P, W) ∼= Ωk(Σ, P(W))
between basic W-valued k-forms on P and k-forms valued in P(W).

There is a natural bracket

[·, ·] : Ωk(P, g)×Ω`(P, g)→ Ωk+`(P, g)

defined by
[ζ, η](V1, · · · , Vk+`) = [ζ(V1, · · · , Vk), η(Vk+1, · · · , Vk+`)].

Note that [ζ, η] = (−1)k`+1[η, ζ], and that [ζ, η] is basic whenever ζ and η are basic. This defines a
bracket on P(g)-valued forms on Σ which we also denote by [·, ·].
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2.1.2. Connections on principal bundles and associated bundles. There are many ways to think about
connections on principal bundles, we will use the following equivalent definitions.

Definition 2.1. The following are equivalent definitions of a connection P :
(1) A G-equivariant 1-form B ∈ Ω1(P, g)G such that B(x]) = x for any x ∈ g.
(2) A G-equivariant projection B : TP→ VP.
(3) A G-invariant splitting of (2.1).

Denote the space of connections on P by A(P).

By (3), a connection B defines a splitting TP = VP⊕HB, where the distribution HB is defined
by the kernel of B and is called the horizontal distribution of B. Since the difference between two
connections on P is basic, A(P) is an affine space modeled on Ω1

b(P, g). Explicitly, given a basic
1-form ψ ∈ Ω1

b(P, g), in the splitting TP = VP⊕HB the connection B + ψ is given by

B + ψ =

Å
Id ψ
0 0

ã
: VP⊕HB → VP⊕HB,

where we have identified Ω1
b(P, g) with G-equivariant bundle maps π∗P(TΣ) ∼= HB → VP.

The curvature of a connection B is the g-valued 2-form

FB = dB + 1
2 [B, B] .

One checks that FB is basic and so can be considered as an element in Ω2(Σ, P(g)). Equivalently,
the curvature can be defined using the Lie bracket of horizontal vector fields: given V, W ∈ HB,
we have

FB(V, W) = −B([V, W]).
Given a representation ρ : G → GL(W), let dρ : g → End(W) denote the associated Lie algebra

representation. For a connection B ∈ A(P), define

(2.2) dB : Ωk(P, W)→ Ωk+1(P, W),

by dB(η) = dη + (dρ ◦ B)∧ η. One checks that dB preserves basic forms and hence defines a covari-
ant derivative dB : Ωk(Σ, P(W))→ Ωk+1(Σ, P(W)).

2.1.3. Structure group reductions and metrics. Let K < G be a maximal compact subgroup of G and
k ⊂ g its Lie algebra. As k is a real form of g, it is the fixed point subalgebra of a conjugate linear
involution τ0 : g→ g called the Cartan involution associated to k. The Killing form κg of g is negative
definite on k, and hence defines a K-invariant hermitian inner product on g defined by

〈x, y〉τ0 := κg(x,−τ0(y)) .

For y ∈ g, the hermitian adjoint of ady is ad−τ0(y). Hence we use the notation −τ0(y) = y∗.
A reduction of structure group of P to K is the choice of K-invariant subbundle PK ⊂ P. Using the

canonical identification between the associated bundles PK(g) and P(g) and K-invariance of 〈·, ·〉τ0 ,
the extensions of τ0 and 〈·, ·〉τ0 to P(g) define a hermitian metric on P(g).

Equivalently, such a reduction is given by a Cartan involution on P, that is a G-equivariant map τ :
P → End(g) (where G acts on End(g) via conjugation by Ad) such that τ(p) is a Cartan involution
for any p ∈ P. The corresponding hermitian metric is then given by

〈s1, s2〉τ(x) = −κg(s1(p), τ(p)s2(p))

for local sections sa of P(g), regarded as G-equivariant maps σa : P→ g for the adjoint action.
The Cartan involution and hermitian metric extend to P(g)-valued 1-forms as follows.

Definition 2.2. Consider σ1, σ2 ∈ Ω1(Σ, P(g)) of the form σa = αa ⊗ sa with αa ∈ Ω1(Σ, C) and
sa ∈ Ω0(Σ, P(g)).
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(1) The extension of the Cartan involution to Ω1(Σ, P(g)) is defined by

τ(σ) := α⊗ τ(s) .

We use the notation: σ∗ = −τ(σ) = α⊗ s∗.
(2) The Killing form defines

κg(σ1 ⊗ σ2) := κg(s1, s2)α1 ⊗ α2 ∈ Ω0(T∗Σ⊗ T∗Σ, C) ,

κg(σ1 ∧ σ2) := κg(s1, s2)α1 ∧ α2 ∈ Ω2(Σ, C) .

(3) The combination of κg and τ defines:

κg(σ1 ∧ σ∗2 ) := −κg(s1, τ(s2))α1 ∧ α2 .

For each Riemann surface structure X = (Σ, j) on Σ, the hermitian metric defines an L2-inner
product on P(g)-valued (p, q)-forms. The following signs are important (see Appendix A).

Lemma 2.3. Suppose σ1, σ2 are (p, q)-forms valued in P(g), then

〈σ1, σ2〉 :=
∫

X
κg(s1, s∗2)α1 ∧ ?̄α2 =


i
∫

X
κg(σ1 ∧ σ∗2 ) if (p, q) = (1, 0)

−i
∫

X
κg(σ1 ∧ σ∗2 ) if (p, q) = (0, 1)

2.2. Complex structures on principal bundles. We now describe the space of complex structures
on a principal G-bundle.

Definition 2.4. A (principal) complex structure on P is an almost complex structure J ∈ End(TP)
satisfying

(1) J commutes with the right G-action: for any g in G we have J ◦ (Rg)∗ = (Rg)∗ ◦ J.
(2) For any X ∈ g, we have J(X]) = (iX)].

We denote by J (P) the space of principal complex structures on P.

One checks that a complex structure on P is always integrable since the obstruction to integra-
bility of J lies in Ω0,2

b (P, g). Denote the space of (almost) complex structures on Σ by J (Σ). There
is a projection map

πJ : J (P)→ J (Σ).
Here j = πJ (J) is defined by jx(u) = Jp(û) for any lift (p, û) of (x, u) to TP. Since J preserves the
vertical bundle and commutes with the G-action, πJ (J) is independent of the choice of lift.

2.2.1. The Chern-Singer connection. A connection B ∈ A(P) is compatible with a complex structure J
if the horizontal distribution of B is J-invariant. Equivalently, B is compatible with J if and only if
B is of type (1, 0) with respect to J, meaning that B ◦ J = iB.

Given a connection B ∈ A(P) and a complex structure j ∈ J (Σ), there is a unique complex
structure J ∈ π−1

J (j) which is compatible with B. In the splitting TP = VP⊕HB, it is given by

(2.3) J =
Å

i 0
0 π∗ j

ã
.

Proposition 2.5. Let PK ⊂ P be a structure group reduction to a maximal compact subgroup K < G.
(1) For each J ∈ J (P), there is a unique connection AJ ∈ A(PK) which is compatible with J.
(2) The set of connections on P compatible with a complex structure J ∈ J (P) is an affine space

modeled on Ω1,0(Σ, P(g)), where the type is computed using πJ (J).
(3) The projection πJ : J (P) → J (Σ) turns J (P) into an affine bundle where the fiber over j is

modeled on Ω0,1(Σ, P(g)).



HIGGS BUNDLES, ISOMONODROMIC LEAVES AND MINIMAL SURFACES 13

Item (1) is due to Singer [85] and is the principal bundle analogue of the Chern connection on a
holomorphic hermitian vector bundle. We will refer to the isomorphism

(2.4) S : J (P) −→ A(PK),

as the Chern-Singer map, and the unitary connection S(J) = AJ as the Chern-Singer connection. We
will use the same notation for the extension of AJ to a connection on P.

Proof. For item (1), let J ∈ J (P). For each p ∈ PK, consider the J-invariant space Hp(J) :=
TpPK ∩ J(TpPK). Since K is a real form of G, Hp(J) intersects trivially the vertical space VpPK. Fur-
thermore, since TpPK has co-dimension 1

2 dim(G), then Hp(J) has dimension at least 2. In particular,
TpPK = VpPK ⊕ Hp(J) and so {Hp(J)}p∈PK defines a horizontal distribution. Such a distribution is
K-invariant because J commutes with the G-action.

For item (2), consider a connection B compatible with J. In the splitting TP = VP ⊕HB, any
other connection B′ is given by

B′ =
Å

Id β
0 0

ã
,

where β ∈ Ω1
b(P, g). The condition B′ ◦ J = iB′ is equivalent to β ◦ j = iβ for j = πJ (J).

For item (3), fix a background connection B on P. In the splitting TP = VP⊕HB, a point J in
the fiber π−1

J (j) has the form

J =
Å

i β
0 π∗ j

ã
,

for some basic 1-form β ∈ Ω1
b(P, g). The condition J2 = −Id is equivalent to iβ + β ◦ π∗ j = 0.

Hence, under the identification Ω1
b(P, g) ∼= Ω1(Σ, P(g)), β is a (0, 1)-form with respect to j. �

2.2.2. Dolbeault operator on associated bundles. We now explain how a complex structure J on P
defines a Dolbeault operator on associated bundles. Given a representation ρ : G → GL(W) and a
connection B on P compatible with J, define

∂̄j : Ω0(X, P(V)) −→ Ω0,1(X, P(V)) : s 7−→ (dBs)0,1 .

Lemma 2.6. The operator ∂J is a Dolbeault operator on P(V) that is independent of the choice of compatible
connection B.

Proof. The fact that ∂J is a Dolbeault operator follows directly from the Leibniz rule for dB. The
second statement follows from item (2) of Proposition 2.5. In fact, any other compatible connection
differs from B by a (1, 0)-form, hence its (0, 1)-projection is the same. �

3. DIFFERENTIAL GEOMETRY OF CONFIGURATION SPACES

3.1. Tangent spaces and complex structures. The tangent space at a complex structure j ∈ J (Σ)
is given by

TjJ (Σ) = {m ∈ Ω1(Σ, TΣ) | jm + mj = 0} .

The condition jm + mj = 0 implies that the complex linear extension mC of m has the form

mC =

Å
0 µ
µ 0

ã
: T1,0

j Σ⊕ T0,1
j Σ −→ T1,0

j Σ⊕ T0,1
j Σ.

The tensor µ ∈ Ω0,1(Σ, T1,0
j Σ) is called a Beltrami differential.

Definition 3.1. Post-composing with j defines an almost complex structure I : TJ (Σ)→ TJ (Σ),

Ij : TjJ (S) −→ TjJ (S) : m 7−→ jm .

In terms of Beltrami differentials, the almost complex structure is Ij(µ) = iµ.
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Given a complex structure J ∈ J (P), let Ω0(End(TP))G denote the space of equivariant sections.
The tangent space TJJ (P) is given by

TJJ (P) = {M ∈ Ω0(End(TP))G | M(X) = 0 for all X ∈ Ω0(VP) and JM + MJ = 0} .

Let B ∈ A(P) be a connection which is compatible with J ∈ J (P). In the splitting TP = VP⊕HB,
tangent vectors are given by

(3.1) M =

Å
0 β
0 m

ã
: VP⊕HB → VP⊕HB.

Using (2.3), we have

JM + MJ =
Å

0 iβ + β ◦ π∗ j
0 m ◦ π∗ j + π∗ j ◦m

ã
.

Since M is equivariant, β is identified with a basic g-valued (0, 1)-form β ∈ Ω0,1
b (P, g), and m is the

pullback of a tangent vector TjJ (Σ).
As in Definition 3.1, we have an almost complex structure I : TJ (P)→ TJ (P) defined by

(3.2) IJ : TJJ (P) −→ TJJ (P) : M 7−→ JM .

If B ∈ A(P) is a connection compatible with J, then writing M = (β, m) as in (3.1), we have

IJ(β, m) = (iβ, jm) .

In particular, the projection πJ : J (P) → J (Σ) is holomorphic. The complex structures I and
holomorphic projection πJ extend to the product

J (P)×Ω1
b(P, g).

Definition 3.2. The configuration space of Higgs bundles C(P) is defined by

C(P) = {(J, Φ) ∈ J (P)×Ω1
b(P, g) | Φ ◦ J = iΦ}.

Denote the restriction of the projection map by πJ : C(P)→ J (Σ).

The tangent space of C(P) is given by

T(J,Φ)C(P) = {(M, θ) ∈ TJJ (P)×Ω1
b(P, g) | Φ ◦M + θ ◦ J = iθ} .

Lemma 3.3. For each tangent vector (M, θ) ∈ T(J,Φ)C(P) we have

θ = ψ + 1
2i Φ ◦ µ,

where ψ has type (1, 0) with respect to πJ (J, Φ) and µ is the Beltrami differential associated to dπJ (M, θ).

We will write Φ ◦ µ simply as Φµ.

Proof. The condition Φ ◦ M + θ ◦ J = iθ is equivalent to θ(0,1)J = 1
2i Φ ◦ M . Moreover, since Φ is

basic and of type (1, 0), Φ ◦M = Φµ, where µ is the associated Beltrami differential. �

For (M, θ) ∈ T(J,Φ)C(P) we have

Φ ◦ (JM) + Jθ ◦ J = i Jθ.

Indeed, Jθ = iθ since θ is valued in vertical bundle and Φ(JM) = iΦµ by definition of (J, Φ) ∈ C(P).
In particular, C(P) is a holomorphic submanifold of J (P) × Ω1

b(P, g) and so inherits a complex
structure I. Explicitly,

I(J,Φ) : T(J,Φ)C(P) −→ T(J,Φ)C(P) : (M, θ) 7−→ (JM, Jθ) = (JM, iθ) .

Fix a structure group reduction PK to a maximal compact subgroup K of G. Let (J, Φ) ∈ C(P) be
a Higgs bundle and AJ be the associated Chern-Singer connection of J. The following lemma is
immediate from the above discussion.
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Lemma 3.4. In the splitting TP = VP⊕HAJ , a tangent vector (M, θ) ∈ T(J,Φ)C(P) is given by

M =

Å
0 β
0 m

ã
and θ =

Å
0 ψ + 1

2i Φµ
0 0

ã
,

where µ is the Beltrami differential associated to m ∈ TjJ (Σ). In particular, (M, θ) is uniquely determined
by a tuple (µ, β, ψ), where µ is a Beltrami differential, β ∈ Ω0,1

b (P, g) and ψ ∈ Ω1,0
b (P, g).

3.2. The holomorphic section Θ. As above, let πJ : C(P)→ J (Σ) be the holomorphic projection.
We now define a holomorphic section Θ of the bundle Hom(π∗J TJ (Σ), ker(dπJ )) over C(P).

To start, consider the bundle map “Θ : TC(P)→ TC(P) defined at (J, Φ) ∈ C(P)“Θ(J,Φ) : T(J,Φ)C(P) −→ T(J,Φ)C(P) : (M, θ) 7−→ ( 1
2i Φ ◦M, 0) .

Since Φ takes values in the vertical bundle, “Θ takes values in the subbundle ker(dπJ ). Since Φ
is basic and has type (1, 0) we have Φ ◦M = Φµ, where µ is the Beltrami differential associated to
dπJ (M). Hence, “Θ defines a bundle map

(3.3) Θ : π∗J TJ (Σ) −→ ker(dπJ ) : ((J, Φ), µ) 7−→ ((J, Φ), ( 1
2i Φ ◦ µ, 0)) .

Remark 3.5. As in Lemma 3.4, fixing a structure group reduction PK ⊂ P allows us to write
tangent vectors (M, θ) as (µ, β, ψ). In terms of this data, we have

Θ(µ) = (0, 1
2i Φµ, 0).

Lemma 3.6. The bundle map Θ is holomorphic.

Proof. To prove the lemma, we will show that “Θ, seen as a smooth map from TC(P) to itself cover-
ing the identity, is holomorphic.The derivative of “Θ at (J, Φ, M, θ)

d(J,Φ,M,θ)
“Θ(X, ϕ, N, ϑ) = (X, ϕ, 1

2i ϕ ◦M + 1
2i Φ ◦ N, 0).

The complex structure Î on T(J,Φ,M,θ)(TC(P)) is given by Î(X, ϕ, N, ϑ) = (JX, iϕ, JN, iϑ). Hence,

d(J,Φ,M,θ)
“Θ( Î(X, ϕ, N, ϑ)) = d(J,Φ,M,θ)

“Θ(JX, iϕ, JN, iϑ)

= (JX, iϕ, 1
2i iϕ ◦M + 1

2i Φ ◦ JN, 0)

= (JX, iϕ, i( 1
2i ϕ ◦M + 1

2i Φ ◦ N), 0),

where for the last equality we used Φ ◦ JN = Φ ◦ (iν) where ν is the Beltrami differential associated
to dπ(N). Since ϕ ◦M + Φ ◦ N is a vertical vector, we have

(JX, iϕ, i( 1
2i ϕ ◦M + 1

2i Φ ◦ N), 0) = Î(X, ϕ, 1
2i ϕ ◦M + 1

2i Φ ◦ N, 0).

Thus, d“Θ is complex linear as desired. �

3.3. The closed 2-form ω0 and the hermitian form h0. In this subsection we fix a structure group
reduction PK ⊂ P to a maximal compact subgroup K < G. Recall that−τ(X) = X∗ is the hermitian
adjoint of X with respect to the hermitian metric κg(·,−τ(·)), where κg is the Killing form.

3.3.1. The Atiyah-Bott-Goldman form. For a principal G-bundle P, the vector space Ω1(Σ, P(g)) has
a complex symplectic form called the Atiyah-Bott-Goldman form. It is defined by

ωC
ABG(η1, η2) =

∫
Σ

κg(η1 ∧ η2).

Since the space of connections A(P) is affine over Ω1(Σ, P(g)), ωC
ABG defines a nondegenerate 2-

form on A(P). Moreover, ωC
ABG is closed since it is independent of the base point.
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The structure group reduction PK ⊂ P defines a real symplectic form on A(P) which we denote
by ωABG. Writing η = X + iY for X, Y ∈ Ω1

b(PK, k), we have

ωC
ABG(η1, η2) = ωC

ABG(X1 + iY1, X2 + iY2) =
∫

Σ
κg(X1 ∧ X2 −Y1 ∧Y2) + i

∫
Σ

κg(X1 ∧Y2 + Y1 ∧ X2).

The Killing form κg is real on k, ωABG is defined as the real part of ωC
ABG:

(3.4) ωABG(X1 + iY1, X2 + iY2) =
∫

Σ
κg(X1 ∧ X2 −Y1 ∧Y2).

3.3.2. The pullback of the Atiyah-Bott-Goldman form. Recall from (2.4) that the structure group re-
duction PK ⊂ P defines the Chern-Singer isomorphism S : J (Σ) → A(PK), where we denote
S(J) = AJ . The defining property of AJ is AJ ◦ J = iAJ . Consider the following smooth map

(3.5) H : J (P)×Ω1
b(P, g) −→ A(P) : (J, Ψ) 7−→ AJ +

1
2i (Ψ−Ψ∗)

We start by computing the derivative of the Singer map.

Lemma 3.7. For J ∈ J (Σ), the differential of the Chern-Singer map S at J is given by

dJS(M) = 1
2i (β + β∗),

where M =

Å
0 β
0 m

ã
in the splitting TP = VP⊕HAJ associated to AJ .

Proof. Consider a path Jt ∈ J (P) with J = J0 and d
dt

∣∣∣
t=0

Jt = M. In the splitting TP = VP⊕HAJ P,
we have

Jt =

Å
i αt
0 jt

ã
and S(Jt) = AJt =

Å
Id ηt
0 0

ã
,

where ηt, αt ∈ Ω1
b(P, g) satisfy ηt = −η∗t and αt ◦ Jt = iαt and are both zero when t = 0.

Denoting the derivatives of ηt at t = 0 by
q

η, we have dJS(M) =
q

η. The equation AJt ◦ Jt = iAJt

is given by Å
Id ηt
0 0

ãÅ
i αt
0 jt

ã
=

Å
iId iηt
0 0

ã
.

Hence, αt + ηt ◦ jt = iηt. Differentiating at 0 and using η0 = 0, we have

β +
q

η ◦ j = i
q

η,

where β = d
dt

∣∣∣
t=0

αt. Thus, β = 2i(
q

η)0,1, and so

β + β∗ = 2i(
q

η)0,1 − 2i
Ä

(
q

η)0,1
ä∗

= 2i(
q

η)0,1 + 2i(
q

η)1,0 ,

where we used
q

η = −
q

η
∗. �

The following lemma is now immediate.

Lemma 3.8. The derivative of the map H : J (P)×Ω1
b(P, g) at (J, Ψ) in the direction (M, θ) is

d(J,Ψ)H(M, θ) = 1
2i (β + β∗) + 1

2i (θ − θ∗),

where M =

Å
0 β
0 m

ã
in the splitting TP = VP⊕HAJ associated to AJ .
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Note that the decomposition d(J,Ψ)H(M, θ) = X + iY for X, Y ∈ Ω1(PK, k) is given by

X = 1
2i (β + β∗) and Y = − 1

2 (θ − θ∗) .

Using (3.4), the pullback of ωABG by H is thus given by

(3.6)
H∗ωABG((M1, θ1), (M2, θ2)) = −1

4

∫
Σ

κg(β1 ∧ β∗2 + β∗1 ∧ β2) +
1
4

∫
Σ

κg(θ1 ∧ θ∗2 + θ∗1 ∧ θ2)

−1
4

∫
Σ

κg(θ1 ∧ θ2 + θ∗1 ∧ θ∗2 )

Lemma 3.9. The first two integrals in (3.6) are I-invariant and the third integral is I-anti-invariant. More-
over, all three integrals define closed 2-forms on J (P)×Ω1

b(P, g).

Proof. For (J, Ψ) ∈ J (P)×Ω1
b(P, g), recall the complex structure I acts on a tangent vector (M, θ) =

(µ, β, θ) by I(µ, β, θ) = (iµ, iβ, iθ). Hence, the first two integrals are I-invariant, and the third is
I-anti-invariant. The last two integrals are closed because they are independent of the base point
(J, Ψ) in J (P)×Ω1

b(P, g). The first integral is now closed because ωABG is closed. �

3.3.3. The closed 2-form ω0 and hermitian form h0. We denote by H : C(P) → A(P), the restriction
of the map H from (3.5) to the configuration space of Higgs bundles C(P). By Lemma 3.9, the
restriction of the I-invariant part of H∗ωABG to C(P) is closed.

Definition 3.10. The closed 2-form ω0 on C(P) is defined to be the I-invariant part of the pullback
of the Atiyah-Bott-Goldman form by the map H. Denote the associated hermitian form by h0:

h0(v1, v2) = 2(ω0(I(v1), v2) + iω0(v1, v2)).

Lemma 3.11. Fix (J, Φ) ∈ C(P) and tangent vectors v1, v2 with va = (µa, βa, θa) and θa = ψa +
1
2i Φµa.

Then
(1) the form ω0 is given by

ω0(v1, v2) = −1
4

∫
Σ

κg(β1 ∧ β∗2 + β∗1 ∧ β2) +
1
4

∫
Σ

κg(θ1 ∧ θ∗2 + θ∗1 ∧ θ2)

= −1
4

∫
Σ

κg(β1 ∧ β∗2 + β∗1 ∧ β2) +
1
4

∫
Σ

κg(ψ1 ∧ ψ∗2 + ψ∗1 ∧ ψ2)

+
1
16

∫
Σ

κg(Φµ1 ∧Φ∗µ2 + Φ∗µ1 ∧Φµ2) .

(2) The hermitian form h0 is equal to

h0(v1, v2) = 〈β1, β2〉+ 〈ψ1, ψ2〉 − 1
4 〈Φµ1, Φµ2〉,

where 〈·, ·〉 denotes the L2-inner products from Lemma 2.3.

Proof. For ω0, the first equation follows from (3.6). The second follows from θa = ψa +
1
2i Φµa and

θ∗a = ψ∗a − 1
2i Φ
∗µa, and the fact that ψa and Φµa has type (1, 0) and (0, 1), respectively.

For the second item, we compute h0(v1, v2) = 2ω0(I(v1), v2) + i2ω0(v1, v2) to be

h0(v1, v2) = −i
∫

Σ
κg(β1 ∧ β∗2) + i

∫
Σ

κg(ψ1 ∧ ψ∗2 ) +
i
4

∫
Σ

κg(Φµ1 ∧Φ∗µ2)

The result follows from β and Φµ being (0, 1)-forms, ψ being a (1, 0)-form and Lemma 2.3. �

3.4. The family of forms ωs and hs. Unlike the Atiyah-Bott-Goldman form ωABG, the closed 2-
form ω0 (equivalently the hermitian form h0) is not everywhere nondegenerate. Even when h0 is
nondegenerate, it might not be positive definite. In this section, we modify these forms by adding
a multiple of the Weil-Petersson form on J (Σ) to obtain a positive definite form hs0 on the tangent
space T(J,Φ)C(P). The scale s0 ∈ R+, will depend on the point (J, Φ).
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3.4.1. Weil-Petersson form. For each complex structure j ∈ J (Σ) on Σ, let ρ denote the associated
conformal Riemannian metric with constant curvature −1. This choice defines nondegenerate 2-
form ωWP on TjJ (Σ) called the Weil-Petersson form. For tangent vectors m1, m2 ∈ TjJ (Σ), it is
defined by

ωWP(m1, m2) =
1
2

∫
Σ

tr(m1 jm2)νρ =
1
2i

∫
Σ

(µ1µ2 − µ2µ1) νρ ,

where νρ is the area form associated to ρ (see Appendix A for our conventions). The associated
hermitian form is given by

hWP(µ1, µ2) = 2ωWP(iµ1, µ2) + 2iωWP(µ1, µ2) =
∫

Σ
µ1µ2 νρ .

The Weil-Petersson form ωWP is not closed on J (Σ), but it does descend to a closed form on the
Teichmüller space of Σ, see the proof of Corollary 4.15 below.

3.4.2. The forms ωs and hs.

Definition 3.12. For s ∈ R≥0, let ωs be the 2-form on C(P) defined by

ωs = s ·ωWP + ω0.

The associated hermitian form will denoted by hs = s · hWP + h0.

Explicitly for tangent vectors v1, v2 with va = (µa, βa, ψa), the hermitian form hs is given by

(3.7) hs(v1, v2) = s · hWP(µ1, µ2)− 1
4 〈Φµ1, Φµ2〉+ 〈β1, β2〉+ 〈ψ1, ψ2〉 .

Equivalently, we have

hs(v1, v2) =
∫

Σ
(s− 1

4 |Φ|
2)µ1µ2 νρ −

i
2

∫
Σ

κg(β1 ∧ β∗2) +
i
2

∫
Σ

κg(ψ1 ∧ ψ∗2 ),

where |Φ| is the pointwise norm of Φ. The following is immediate.

Lemma 3.13. For each (J, Φ) ∈ C(P), there exists s0 > 0 such that hs is positive definite on T(J,Φ)C(P) for
any s > s0.

3.5. Exponential maps. In our moduli space construction we will need a holomorphic “exponen-
tial map” from the tangent space of T(J,Φ)C(P) to C(P). This is more involved than the exponential
map for the affine space of connections.

3.5.1. Almost complex structures. Following [92, §4], we describe explicit local I-holomorphic charts
on J (Σ) centered at j.

Definition 3.14. For a complex structure j ∈ J (Σ), the exponential map at j is defined by

expj : Uj ⊂ TjJ (Σ) −→ J (Σ) : m 7−→
Ä

Id + 1
2 jm

ä
◦ j ◦

Ä
Id + 1

2 jm
ä−1

,

where Uj is the subset of where
Ä

Id + 1
2 jm

ä
is invertible.

In terms of Beltrami differentials, one computes that Uj ⊂ TjJ (S) is the complex subset

Uj =
¶

µ ∈ Ω0,1(T1,0
j Σ) , |µ|2 < 4

©
.

The following lemma justifies calling the map in Definition 3.14 an “exponential map.”

Lemma 3.15. Let j ∈ J (Σ), the exponential map expj satisfies the following:

(1) expj(0) = j,
(2) d0 expj = Id, and
(3) expj is holomorphic.
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Proof. Item (1) is obvious. For item (2) and (3), fix j ∈ J (Σ) and set k = expj(m). The differential
of expj at m ∈ TjJ (Σ) is given by

dm expj(
q

m) = 1
2 j

q
mj
Ä

Id + 1
2 jm

ä−1
−
Ä

Id + 1
2 jm

ä
j
Ä

Id + 1
2 jm

ä−1 j
q

m
2

Ä
Id + 1

2 jm
ä−1

= 1
2 (Id− kj)

q
m
Ä

Id + 1
2 jm

ä−1
,

where we used that tangent vectors
q

m ∈ Tm(TjJ (Σ)) satisfies j
q

m +
q

mj = 0. Evaluating at m = 0,
we have d0 expj = Id, proving item (2). Item (3) is equivalent to Dm expj ◦j = k ◦ Dm expj. The
result follows from direct computation

dm expj ◦j = 1
2 (Id− kj)j

Ä
Id + 1

2 jm
ä−1

= 1
2 (j + k)

Ä
Id + 1

2 jm
ä−1

= k ◦ dm expj .

�

Analogous to Definition 3.14, for J ∈ J (P) define the exponential map

expJ : UJ ⊂ TJJ (P) −→ J (P) : M 7−→
Ä

Id + 1
2 JM

ä
J
Ä

Id + 1
2 JM

ä−1
,

where UJ = {M ∈ TJJ (P) |
Ä

Id + 1
2 JM

ä
is invertible}. Parallel to Lemma 3.15, we have that expJ

is holomorphic and satisfies expJ(0) = J and d0 expJ = Id.

Lemma 3.16. Let B ∈ A(P) be a connection compatible with J ∈ J (P), let j = πJ (J) and write tangent
vectors M = (β, m) ∈ TJJ (P) as in (3.1). Then, in the splitting TP = VP⊕HB, we have

(1) UJ ∼= Ω0,1
b (P, g)×Uj,

(2) expJ(β, m) =

(
i β

Ä
Id + 1

2 jm
ä−1

0 expj(m)

)

Proof. For Item (1), in the splitting TP = VP⊕HB we haveÄ
Id + 1

2 JM
ä
=

Å
Id 1

2 iβ
0 Id + 1

2 jm

ã
.

Hence
Ä

Id + 1
2 JM

ä
is invertible if and only if

Ä
Id + 1

2 jm
ä

is invertible. Specifically,Ä
Id + 1

2 JM
ä−1

=

Ñ
Id 1

2i β
Ä

Id + 1
2 jm

ä−1

0
Ä

Id + 1
2 jm

ä−1

é
.

Item (2) now follows by a direct computation using that β has type (0, 1) with respect to j. �

3.5.2. Higgs bundles. Before defining the exponential map for the configuration space C(P) of
Higgs bundles, we prove the following lemma.

Lemma 3.17. Fix (J, Φ) ∈ C(P) and a tangent vector M ∈ TJJ (P). Then, for η ∈ Ω(1,0)J (P, TP), we have

(Φ + η)
Ä

Id− 1
2 JM

ä
◦ expJ(M) = i · (Φ + η)

Ä
Id− 1

2 JM
ä

.



20 COLLIER, TOULISSE, AND WENTWORTH

Proof. Using the definition of expJ(M), we compute

(Φ + η)
Ä

Id− 1
2 JM

ä
◦ expJ(M) = (Φ + η)

Ä
Id− 1

2 JM
ä Ä

Id + 1
2 JM

ä
J
Ä

Id + 1
2 JM

ä−1

= (Φ + η)
Ä

Id− 1
4 JMJM

ä
J
Ä

Id + 1
2 JM

ä−1

= (Φ + η)J
Ä

Id− 1
4 M2

ä Ä
Id + 1

2 JM
ä−1

= i · (Φ + η)
Ä

Id− 1
4 M2

ä Ä
Id + 1

2 JM
ä−1

= i · (Φ + η)
Ä

Id− 1
2 JM

ä
where we used J2 = −Id, JM = −MJ and (Φ + η)J = i(Φ + η). �

With the above lemma, we define the exponential map for C(P) as follows.

Definition 3.18. Let (J, Φ) ∈ C(P), and for (M, θ) ∈ T(J,Φ)C(P), write θ = ψ+ 1
2i Φµ. The exponential

map at (J, Φ) is defined by

exp(J,Φ)(M, θ) =
Ä

expJ(M), (Φ + ψ)
Ä

Id− 1
2 JM

ää
,

where the domain is the set VJ =
¶

(M, θ) ∈ T(J,Φ)C(P) ,
Ä

Id + 1
2 JM

ä
is invertible

©
.

As with J (P), the exponential map satisfies the following.

Lemma 3.19. For each (J, Φ) ∈ C(P), the exponential map exp(J,Φ) is holomorphic and satisfies

(1) exp(J,Φ)(0) = (J, Φ), and
(2) d0 exp(J,Φ) = Id,

Proof. The first item is obvious. For M ∈ TJJ (P), set K = expJ(M). The differential of exp(J,Φ) at
(M, θ) ∈ T(J,Φ)C(P) is

d(M,θ) exp(J,Φ)(
q

M,
q

θ) =
(

1
2 (Id− KJ)

q
M
Ä

Id + 1
2 JM

ä−1
,
q

ψ(Id− 1
2 JM) + (Φ + ψ)(− 1

2 J
q

M)
)

,

where
q

θ =
q

ψ + 1
2i Φ

q
M, and the first term is computed as in the proof of Lemma 3.15. The second

item now follows by evaluating at (M, ψ) = 0. Namely,

d0 exp(J,Φ)(
q

M,
q

θ) = (
q

M,
q

ψ + 1
2i Φ

q
M) = (

q
M,

q
θ),

where we used that Φ ◦ J = iΦ. The exponential map is holomorphic since the complex structure
at K is given by postcomposing the first factor by K and multiplying the second factor by i. The
first term is holomorphic since expJ is holomorphic. �

Fix a reduction PK ⊂ P of the structure group to a maximal compact K < G. Let (J, Φ) ∈ C(P)
be a Higgs bundle and AJ the Chern-Singer connection associated to J. The following lemma is
immediate from the above discussion.

Lemma 3.20. In terms of the tangent data (µ, β, ψ), the exponential map exp(J,Φ) : T(J,Φ)C(P)→ C(P) is

exp(J,Φ)(µ, β, ψ) =
Ä

expJ(µ, β), Φ + ψ + 1
2i (Φ + ψ)µ

ä
.
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4. CONSTRUCTION OF THE JOINT MODULI SPACE

This section is devoted to the construction of the joint moduli space M(G) of stable G-Higgs
bundles. This moduli space is a complex orbifold equipped with a holomorphic submersion to
Teichmüller space and a holomorphic action of the mapping class group of the surface Σ. Further-
more, M(G) admits an exhaustion by open sets Us equipped with mapping class group invariant
Kähler forms ωs, see Theorem 4.6. We have included a fair number of details in this section which
are likely well known to experts. We hope the exposition benefits those who are not familiar with
the various subtleties.

4.1. The automorphism group. An automorphism of P is a G-equivariant diffeomorphism ϕ : P→
P. Such an automorphism preserves the fibers of P, and so covers a diffeomorphism of Σ. We will
be interested in the subgroup Aut0(P) < Aut(P) which covers the identity component Diff0(Σ) of
Diff(Σ). In particular, the group Aut0(P) fits into the short exact sequence

(4.1) 0 −→ G(P) −→ Aut0(P) −→ Diff0(Σ) −→ 0 .

The subgroup G(P) is called the gauge group of P. We note that Aut0(P) is not necessarily con-
nected since it has the same components as the gauge group G(P). The quotient Aut(P)/Aut0(P)
is isomorphic to the mapping class group of Σ.

On the Lie algebra level, the above exact sequence gives

0 −→ Ω0(Σ, P(g)) −→ aut(P) −→ Ω0(Σ, TΣ) −→ 0 .

The Lie algebra aut(P) of Aut(P) consists of G-invariant vector fields on P. The Lie algebra of G(P)
consists of G-invariant vertical vector fields on P, which is identified with sections of the adjoint
bundle P(g).

For a structure group reduction PK ⊂ P the groups G(PK) and Aut0(PK) are defined analogously.

Remark 4.1. The invariance has the following two consequences which will be used later on.
(1) If V ∈ aut(P) vanishes on a K-subbundle PK ⊂ P, it is identically zero on P.
(2) If X ∈ g, then [X], V] = 0 for all V ∈ aut(P).

The automorphism group Aut(P) acts on the configurations space C(P) from Definition 3.2 and
the projection map π : C(P) → J (Σ) is equivariant with respect to the actions of Aut0(P) and
Diff0(Σ).

4.2. The holomorphicity condition and the Hitchin equations. Recall from Definition 3.2 that
the configuration space of Higgs bundles C(P) is defined by

C(P) = {(J, Φ) ∈ J (P)×Ω1
b(P, g) | Φ ◦ J = iΦ} .

A pair (J, Φ) ∈ C(P) is called a Higgs bundle if Φ is holomorphic with respect to J. The holomor-
phicity condition will be encoded as the zero level set of the map

(4.2) F : C(P) −→ Ω2
b(P, g) : (J, Φ) 7−→ ∂̄JΦ .

Recall that tangent vectors in T(J,Φ)C(P) are written (µ, β, θ) where θ = ψ + 1
2i Φµ, and ψ has type

(1, 0). Recall also that the complex structure I on C(P) acts on (µ, β, θ) by multiplication by i.

Lemma 4.2. The map F is holomorphic.

Proof. Fix (J, Φ) ∈ C(P) and a reduction PK ⊂ P. By Lemma 2.6, F is given by

F(J, Φ) = dΦ + [AJ , Φ] =
Ä

dAJ Φ
ä1,1

,

where AJ is the Chern-Singer connection of J. Using Lemma 3.7 we get

(4.3) d(J,Φ)F(µ, β, θ) = dθ + 1
2i [β + β∗, Φ] + [AJ , θ] = ∂Jψ + 1

2i

Ä
dAJ Φµ

ä1,1
+ 1

2i [β, Φ] ,
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where for the second equality we used the fact that this 2-form is basic, so its (2, 0) and (0, 2) parts
both vanish. Hence, d(J,Φ)F(iµ, iβ, iθ) = id(J,Φ)F(µ, β, θ) and we conclude that F is holomorphic. �

To construct a moduli space of Higgs bundles on a fixed Riemann surface, it is necessary to
restrict to the set of so-called polystable G-Higgs bundles. This notion, as well as the notions of
(semi-)stability come from Geometric Invariant theory and are relevant for constructing the mod-
uli space as an algebraic variety. We will not need any of the technical definitions of stability for
this paper. Instead, we will use the equivalence between stability and irreducible solutions to the
so called Hitchin equations. Before explaining this, we mention a few important features.

Fixing, a Riemann surface X = (Σ, j) and recall there is a holomorphic projection π : C(P) →
J (Σ). The set

MX(G) = {(J, Φ) ∈ F−1(0) | π(J, Φ) = j and (J, Φ) is stable}/G(P)

has the structure of a normal quasi-projective variety (with only orbifold singularities) called the
moduli space stable G-Higgs bundles on X. The smooth locus of MX(G) consists of isomorphism
classes of stable G-Higgs bundles whose automorphism group is the center of G. We will refer to
such Higgs bundles as regularly stable.

We will make use of the following property of stable G-Higgs bundles, see [12]. which we will
use are the following.

Proposition 4.3. The automorphism group of a stable G-Higgs bundle is finite. In particular, at stable
points, F−1(0) ⊂ C(P) is locally a holomorphic submanifold.

We now describe the relation between stability and solutions to the so called Hitchin equation.
This requires fixing a structure group reduction PK ⊂ P to the maximal compact subgroup K < G.
Consider the map C(P)→ Ω2

b(P, g) defined by

(J, Φ) 7→ FAJ +
1
4 [Φ, Φ∗] ,

where FAJ is the curvature of the Chern-Singer connection and Φ∗ is the adjoint of Φ. The equation

(4.4) FAJ +
1
4 [Φ, Φ∗] = 0

is called the Hitchin equation, and the set of (J, Φ) ∈ F−1(0) solving equation (4.4) is called the space
of solutions to the Hitchin equation. Recall from (3.5) that the map H : C(P) → A(P) sends (J, Φ)
to the G-connection D(J,Φ) := AJ +

1
2i (Φ−Φ∗). For (J, Φ) a solution to the Hitchin, the connection

D(J,Φ) is flat. Indeed,
FD(J,Φ) = FAJ +

1
4 [Φ, Φ∗] + 1

2i ∂̄JΦ− 1
2i ∂JΦ∗.

Remark 4.4. The factor of 1
4 appears naturally since the configuration space is defined in terms of

almost complex complex structures instead of ∂̄-operators, see Lemma 3.7.

Since the Hitchin equation requires fixing a structure group reduction, the space of solutions
is preserved by the K-gauge group G(PK) but not the G-gauge group. The following theorem of
Hitchin for SL2C, and Simpson in general, relates solutions to the Hitchin equation and stability.

Theorem 4.5 ([47, 81]). A Higgs bundle (J, Φ) ∈ F−1(0) is polystable if and only if there exists a gauge
transformation g ∈ G(P) such that g · (J, Φ) solves the Hitchin equations (4.4). Moreover, g is unique up
to the actions of the G(P)-stabilizer of (J, Φ) and the compact gauge group G(PK). In particular, for (J, Φ)
stable, g is unique up to the action of G(PK).

As a consequence, for each structure group reduction PK ⊂ P to the maximal compact K < G,
the moduli space of stable Higgs bundles on a fixed Riemann surface can be equivalently de-
scribed as

MX(G) =
¶

(J, Φ) ∈ F−1(0)st | (J, Φ) satisfies (4.4) with π(J, Φ) = j
©
/G(PK).
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4.3. The joint moduli space. Fix a structure group reduction PK ⊂ P. Consider the map F from
(4.2), and denote the set of stable (resp. regularly stable) Higgs bundles by F−1(0)st ⊂ C(P) (resp.
F−1(0)rs ⊂ C(P)). The joint moduli space of stable G-Higgs bundles is the space

M(G) = F−1(0)st/Aut0(P) = {(J, Φ) ∈ F−1(0)st | (J, Φ) satisfies (4.4)}/Aut0(PK).

There is a natural projection to π : M(G) → T(Σ) to the Teichmüller space of Σ. Moreover, the
mapping class group Mod(Σ), identified with Aut(P)/Aut0(P), acts naturally on M(G) covering its
standard action on T(Σ). Recall from §3.4.2 that C(P) has a 1-parameter family of closed 2-forms
{ωs}s∈R and an associated family of hermitian forms {hs}s∈R. Finally, recall the holomorphic
bundle map Θ from §3.2.

Theorem 4.6. The joint moduli space M(G) of stable G-Higgs bundles on Σ is an orbifold equipped with
an integrable complex structure I, a holomorphic submersion π : M(G)→ T(Σ) to the Teichmüller space of
Σ and a holomorphic bundle map

Θ : π∗TT(Σ) −→ ker(dπ).
In addition, M(G) is equipped with a 1-parameter family {ωs}s∈R of closed 2-forms which are compatible
with I, and the associated hermitian forms hs satisfy the following:

(1) The open sets
Us := {p ∈ M(G) | (hs)p > 0}

define an increasing exhaustion of M(G) as s goes to +∞.
(2) The restriction of hs to π−1(j) is independent of s, positive and π−1(j) is isomorphic as a Kähler

manifold to the moduli space of stable Higgs bundles on the fixed Riemann surface X = (Σ, j).
Moreover, all of these structures are invariant under the action of Mod(Σ).

Remark 4.7. We note also that (2, 0)-part of the pullback of the Atiyah-Bott-Goldman form defines
a closed holomorphic 2-form on M(G).

The rest of this section is devoted to setting up and proving the Theorem 4.6. The standard
approach to prove such a theorem is to construct a local slice for the action. First, following Atiyah-
Bott [7, p. 577], let us denote Aut0(P) := Aut0(P)/Z(G), where the inclusion Z(G) ↪→ Aut0(P) is
by constant gauge transformations in the center Z(G). Then Aut0(P) still acts on C(P). Now, given
a point p in M(G), and a lift x ∈ F−1(0)st which solves the Hitchin equations (4.4), we seek a
holomorphic submanifold Sx of F−1(0)st through x such that the orbit map

Aut0(P)× Sx −→ F−1(0)st

is a diffeomorphism onto an open neighborhood of x in F−1(0)st (or more generally a finite rami-
fied cover). If the slice is natural, in the sense that Sy = g · Sx for g ∈ Aut0(PK) and y = g · x, then
the slices define a holomorphic (orbifold) atlas on M(G).

By Lemma 3.13, for sufficiently large s the hermitian form hs is positive at x. We use this metric
to complete all relevant Fréchet spaces to Hilbert manifolds using the Sobolev topology. The slice
is constructed as follows: the deformation complex arising from the infinitesimal action of Aut0(P)
on C(P) and the variation of the holomorphicity equation F turns out to be elliptic, and so has a
finite dimensional space of harmonics. Applying the exponential map from Definition 3.18 to the
space of harmonics, and an implicit function theorem to project back to F−1(0)st, one obtains a
complex submanifold Sx of F−1(0)st. When x is regularly stable, this is shown to be a local slice
using properness and freeness of the action of Aut0(P). For x stable but not regularly stable, the
stabilizer of x in Aut0(P) is finite and preserves Sx, yielding an orbifold structure on M(G).

Surprisingly, the harmonics at x, defined with respect to the metric hs for s sufficiently large,
are independent of the parameter s. Using the explicit form of the harmonics, we show that dωs
vanishes on the tangent spaces to the slices for all s. For sufficiently large s, this implies that the
real part of hs defines a Kähler metric in a neighborhood of p ∈ M(G).
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4.4. Sobolev completion. In order to work with Hilbert manifolds, it is classical to complete the
different spaces. Fixing a background metric on Σ and structure group reduction PK ⊂ P define
the Sobolev Wk,2-norm on spaces of tensors valued in associated bundles (where the Wk,2-norm is
defined using the L2-norm of the first k derivatives). This norm can be used to complete C(P) into
a Hilbert manifold C(P)k. Compactness of Σ implies that the Wk,2-topology is independent of the
choices.

Similarly, Aut0(P) has a Sobolev completion Aut0(P)k+1 and the different maps (exponential
map and holomorphicity) extend smoothly to those completions and their extension will be de-
noted with an exponent k. We will refer to the subspaces C(P) and Aut0(P) of the respective
completions as the smooth tensors (or symmetries). We will also assume k large enough to ensure
our tensors to be C2 and that Wk,2 is closed under taking products.

Let us highlight two classical issues coming with this completion:

(1) The Hilbert topology and the Fréchet topology on C(P) are different.
(2) Even if the action of Aut0(P) on C(P) is smooth, that of Aut0(P)k+1 on C(P)k is not.

The first issue will be fixed using elliptic regularity: the equation F(x) = 0 is elliptic and thus
the Sobolev and smooth topology will coincide on F−1(0). For the second issue, even is the action
of Aut0(P)k+1 on C(P)k is not smooth, given x ∈ C(P)k which is a smooth tensor, the orbit map

Aut0(P)k+1 −→ C(P)k : g 7−→ gx

is smooth. We now gather some properties of the action of Aut0(P)k+1 on C(P)k.

Proposition 4.8. The action of Aut0(P)k+1 on C(P)k is proper, and acts with finite stabilizer on the space
of stable Higgs bundles. The stabilizer is Z(G) for regularly stable Higgs bundles. Moreover, given a smooth
x ∈ C(P) and an element g ∈ Aut0(P)k+1, if gx ∈ C(P), then g ∈ Aut0(P).

Proof. The proof will follow from the same statement for the action of Diffk+1
0 (Σ) on J k(Σ) proved

by Tromba [92] as well as for the action of Gk+1(P) on 1-forms proved by Freed-Uhlenbeck [41].
Indeed, for properness, let (xn)n∈N and (gn)n∈N be sequences in C(P)k and Aut0(P)k+1 respec-

tively such that (xn)n∈N and (gnxn)n∈N converge. Since the projection π : C(P)k → J k(Σ) is equi-
variant under the map p : Autk+1(P) → Diffk+1(Σ), we get that (π(xn))n∈N and (p(gn)π(xn))n∈N

both converge in J k+1(Σ). By the properness of the action of Diffk+1
0 (Σ) on J k(Σ) (see [92, Theorem

2.3.1]), up to extracting, we have that (p(gn))n∈N converges in Diffk+1
0 (Σ).

For any n, let hn be a lift of p(gn)−1 to Autk+1
0 (P) such that (hn)n∈N converges. The sequence

(hnxn)n∈N and (hngnxn)n∈N are then converging sequences in a fixed fiber of π, and one can apply
Freed-Uhlenbeck properness [41, Proposition A.5]: up to extracting again, the sequence (hngn)n∈N

converges in Gk+1(P). Since (hn)n∈N already converges, (gn)n∈N converges in Autk+1
0 (P). This

proves properness.

To show that if x and gx are both in C(P) then g must be in Aut0(P) we follow the same trick:
projecting to J (Σ) and applying [92, Remark 2.4.3] we get that p(g) is in Diff0(Σ). Taking a lift h
of p(g) in Aut0(P), we get that hg is a gauge transformation in Gk+1(P) mapping a smooth element
x ∈ C(P) to a smooth element hgx ∈ C(P). Hence, hg ∈ G(P) by [41, Proposition A.5], and so
g ∈ Aut0(P).

Finally, freeness of the action of Aut0(P)k+1 on regularly stable Higgs bundles follow from free-
ness of the action of Diffk+1

0 (Σ) on J k(Σ) (see [92, Theorem 2.2.1]) and freeness of the action of the
gauge group G(P)/Z(G) on regularly stable Higgs bundles. The finite stabilizer property is proved
analogously. �
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4.5. Deformation complex. Fix a stable Higgs bundle (J, Φ) ∈ F−1(0)st. By stability, up to acting
by an element in Aut0(P), we can furthermore assume that (J, Φ) satisfies the Hitchin equations
(4.4). The deformation complex in our situation is given by

(4.5) (B•, δ•B) : 0 // aut(P)k δ0
B //// T(J,Φ)C(P)k δ1

B //// Ω2
b(P, g)k−1 // 0 ,

where the map δ0
B is the derivative at the identity of the action of Aut0(P)k+1 on C(P)k, i.e., taking

the Lie derivative of (J, Φ), and δ1
B is the derivative of Fk at 0.

Consider the Aut0(P)k+1-equivariant projection πk : C(P)k → J (Σ)k. For j = π(J, Φ), we get a
subcomplex (A•, δ•A) isomorphic to the deformation complex for Higgs bundles on the fixed Rie-
mann surface (Σ, j) and a quotient deformation complex isomorphic to the deformation complex
for j ∈ J (Σ). We thus obtain an exact sequence of complexes of Hilbert spaces

0• −→ (A•, δ•A) −→ (B•, δ•B) −→ (C•, δ•C) −→ 0• .

Denote (πk)−1(j) by C(P)k
j , the complexes (A•, δ•A) and (C•, δ•C) are given by

(A•, δ•A) : 0 // Ω0
b(P, g)k δ0

A // T(J,Φ)C(P)k
j

δ1
A // Ω2

b(P, g)k−1 // 0

(C•, δ•C) : 0 // Ω0(TΣ)k δ0
C // TjJ (Σ)k // 0

.

The maps δ0
A and δ0

C are the derivative at the identity of the actions of the gauge group G(P) and
the diffeomorphism group, respectively, and the map δ1

A is the differential of the holomorphicity
condition.

We now give a more explicit description of the above maps, which will serve to simplify the
computations of the harmonics in the next section. Recall that we are assuming (J, Φ) ∈ F−1(0)st

solves the Hitchin equations. Following Simpson, we introduce the following operators acting on
P(g)-valued forms on Σ,

(4.6) D′′ = ∂̄AJ +
1
2i Φ and D′ = ∂AJ + ( 1

2i Φ)∗ .

The holomorphicity condition implies (D′′)2 = 0 and (D′)2 = 0, and the assumption that (J, Φ)
solves the Hitchin equations (4.4) for the reduction PK implies D′′D′ = −D′D′′.

The maps δ0
A and δ1

A are defined by applying the operator D′′ to the appropriate spaces. In
terms of the operators D′ and D′′, the map δ1

B is described as follows.

Lemma 4.9. For (µ, β, θ) ∈ T(J,Φ)C(P)k with θ = ψ + 1
2i Φµ, we have

δ1
B(µ, β, θ) = D′′(β, ψ) + D′

Ä
1
2i Φµ

ä
.

Proof. The map δ1
B is the differential of the map F at 0. By (4.3), we have

δ1
B(µ, β, θ) = dθ + 1

2i [β + β∗, Φ] + [AJ , θ] = ∂̄Jψ +
î

1
2i Φ, β

ó
+ ∂AJ

Ä
1
2i Φµ

ä
,

where we used that the (0, 2) and (2, 0) parts vanish. The first two terms are D′′(β, ψ) and third
term is D′( 1

2i Φµ). �

We now give an explicit description of δ0
B. For V ∈ aut(P), we will denote the contraction of V

with the Chern-Singer connection by ηV = AJ(V).

Lemma 4.10. Suppose (J, Φ) is a stable Higgs bundle satisfying (4.4) such that π(J, Φ) = j. Let V ∈
aut(P)k and denote the projected vector field by v ∈ Ω0(T(1,0)

j Σ)k. Writing δ0
B(V) = (µ, β, θ), we have

µ = 2i∂̄jv and (β, θ) = 2iD′′(ηV) + D′(Φ(V)) + D′′(Φ(V)) .
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Proof. We first compute the action of aut(P)k on the tangent space TJJ (P)k.
Denote this by

aut(P)k −→ TJ (P)k : V 7→ V]
J = LV ◦ J − J ◦ LV ∈ Ω0

b(End(TP)) ,

where LV denotes the Lie derivative.
For general vector field W ∈ Ω0(TP), denote the vertical and horizontal parts with respect to

the Chern-Singer connection by Wv and Wh. By Remark 4.1, V]
J (W) = V]

J (Wh). Hence,

V]
J (W) = [V, jWh]− J([V, Wh])

= [ηV , jWh]− J([ηV , Wh]) + [Vh, jWh]− J([Vh, Wh])

The decomposition of the image of V]
J into its vertical and horizontal parts corresponds to the

decomposition of the tangent vector M = (m, β) from (3.1), where µ is the (0, 1)-part of m. Hence,
we have

β(W) = [ηV , jWh]v − i[ηV , Wh]v + [Vh, jWh]v − i[Vh, Wh]v

= 2i([ηV , W(0,1)J
h ]v + [Vh, W(0,1)J

h ]v)

Using FAJ (V, W) = −[Vh, Wh]v has type (1, 1) and the Hitchin equations, we have

β = 2i
Ä

∂̄J(ηV) + ιV(1,0)J FAJ

ä
= 2i

Ä
∂̄J(ηV)− 1

4

[
Φ(V), Φ∗

]ä
= 2i∂̄J(ηV) +

îÄ
1
2i Φ
ä∗

, Φ(V)
ó

.

The horizontal piece depends only on the projected vector fields v′, w′ of V, W. Thus,

m(w′) = [v′, jw′]− j([v′, w′]).

Denoting the (1, 0)-part of v′ by v, the (0, 1)-part of m is given by µ = 2i∂̄jv. Finally we compute
the Higgs field term. For a vector field W ∈ Ω0(TP) we have

LVΦ(W) = dΦ(V, W) + WΦ(V).

Since Φ is basic, the (2,0) part of dΦ + [AJ , Φ] vanishes. By the holomorphicity condition, we have

LVΦ(W) = −[AJ , Φ](V, W) + WΦ(V)
= [Φ(W), ηV] + [AJ(W), Φ(V)] + WΦ(V)

=
Ä

[Φ, ηV] + dAJ Φ(V)
ä

(W)

Adding the expressions for β and LVΦ and using [Φ, Φ(V)] = 0 gives the desired result. �

Remark 4.11. The (0, 1)-part of LVΦ is D′′(Φ(V)). This is indeed 1
2i Φµ since, using the notation

above,
D′′(Φ(V)) = ∂̄J(Φ(V)) = ∂̄J(Φ(v)) = Φ(∂̄jv) = 1

2i Φ(µ),
where we used the expression for v from Lemma 4.10, and that Φ is basic and holomorphic.

Lemma 4.12. The sequence (B•, δ•B) is a complex, i.e., δ1
B ◦ δ0

B = 0.

Proof. Let V ∈ aut(P). Then, by the above remark,

δ1
B(δ0

B(V)) = D′′(2iD′′(ηV) + D′(Φ(V)) + D′′(Φ(V))) + D′(D′′Φ(V)).

The result follows from the fact that (D′′)2 = 0 and D′D′′(Φ(V)) = −D′′D′(Φ(V)). �

Lemma 4.13. For (J, Φ) stable, the sequence

0 −→ H1(A•) −→ H1(B•) −→ H1(C•) −→ 0

is exact and all other cohomology groups vanish.



HIGGS BUNDLES, ISOMONODROMIC LEAVES AND MINIMAL SURFACES 27

Proof. Since Diff0(Σ) acts freely on J (Σ), the cohomology group H0(C•) is vanishes. The assump-
tion that (J, Φ) is stable and G is semisimple implies that H0(A•) = 0 and, by Serre duality,
H2(A•) = 0, see Proposition 4.3. The statement now follows from the associated long exact se-
quence in cohomology. �

4.6. Harmonic and semiharmonic representatives. Recall that (J, Φ) is a fixed stable Higgs bun-
dle which solves the Hitchin equation. Let s ∈ R be large enough such that the hermitian form
hs is positive on T(J,Φ)C(P), and use it to define the different adjoints in the above diagram. Recall
that, at (J, Φ), hs involves the hyperbolic metric on Σ which uniformizes the induced Riemann
surface. Denote the adjoints of δ0

B and δ1
B with respect to hs by (δ0

B)∗ and (δ1
B)∗, respectively. The

adjoints of the operators D′ and D′′ from (4.6) satisfy the Kähler identities (see Appendix A):

(4.7) (D′′)∗ = −i[Λ, D′] and (D′)∗ = i[Λ, D′′] ,

where Λ denotes the contraction with the area form of the hyperbolic metric on X.
Standard Hodge theory yields the following orthogonal decomposition

TxC(P)k = Im(δ0
B)⊕H1(B•)⊕ Im((δ1

B)∗) ,

where H1(B•) = ker(δ1
B) ∩ ker((δ0

B)∗) is the space of harmonics which is naturally identified with
H1(B•). The harmonics are given by the following proposition.

Proposition 4.14. Let (J, Φ) be a stable Higgs bundle satisfying (4.4), and s ∈ R be large enough so that the
hermitian form hs is positive definite at (J, Φ). A tangent vector (µ, β, θ) ∈ T(J,Φ)C(P) with θ = ψ + 1

2i Φµ

is harmonic with respect to hs (that is, it is inH1(B•)) if and only if it satisfies
(1) D′′(β, ψ) + D′( 1

2i Φµ) = 0;
(2) D′(β, ψ) = 0;
(3) ∂̄∗µ = 0.

In particular, the space of harmonics is independent of the parameter s and consists of smooth tensors, i.e.,
vectors tangent to C(P) in the Sobolev completion.

Proof. Item (1) is the property of being in the kernel of δ1
B. For (2), we compute the terms in

the expression (3.7). Let (µ, β, ψ) ∈ ker(δ1
B). As above, let ηV = AJ(V) for any V ∈ aut(P) and

(µ1, β1, θ1) = δ0
B(V). From Lemma 4.10, Remark 4.11 and the Kähler identities (4.7) we have

〈(β1, ψ1), (β, ψ)〉 = 〈2i D′′ηV , (β, ψ)〉+ 〈D′(Φ(V)), (β, ψ)〉
= −2i〈ηV , iΛD′(β, ψ)〉+ 〈Φ(V), iΛD′′(β, ψ)〉

= −〈ηV , 2ΛD′(β, ψ)〉 − 〈Φ(V), iΛD′
Ä

1
2i Φµ

ä
〉 ,

where we have the definition of ker(δ1
B). On the other hand

− 1
4 〈Φµ1, Φµ〉 = − i

2 〈D
′′(Φ(V)), Φµ〉 = −〈D′′(Φ(V)), 1

2i Φµ〉 = +〈Φ(V), iΛD′
Ä

1
2i Φµ

ä
〉.

It follows that
〈δ0

B(V), (µ, β, θ)〉hs = −〈ηV , 2ΛD′(β, ψ)〉+ 2is〈v, ∂̄∗µ〉WP .
Since V ∈ aut(P) was arbitrary, the result follows. �

We have the following corollary.

Corollary 4.15. For any s the form dωs vanishes onH1(B•).

Proof. Recall from §3.4.2 that ωs = s · ωWP + ω0, where ω0 is the closed 2-form from Definition
3.10 and ωWP is the Weil-Peterson form on J (Σ). The result follows from the fact that the Weil-
Petersson symplectic form is closed on the space of harmonic Beltrami differentials, see [1, 96]. �
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The hermitian form h0 from Definition 3.10 does not make use of a conformal metric on Σ, and
so we have no notion of harmonic representatives for Beltrami differentials. This motivates the
following definition.

Definition 4.16. Let (J, Φ) be a Higgs bundle satisfying (4.4). We say a vector (µ, β, ψ) ∈ T(J,Φ)C(P)
is semiharmonic if it satisfies

• D′′(β, ψ) + D′
Ä

1
2i Φµ

ä
= 0, (holomorphicity condition);

• D′(β, ψ) = 0, (gauge condition).
In other words, we impose no condition on the Beltrami differential (item (3) in Proposition 4.14).

There is an infinite dimensional space of semiharmonic representatives for a given cohomology
class in H1(B•). The following result characterizes these.

Lemma 4.17. Let (J, Φ) be a Higgs bundle which solves the Hitchin equations, V ∈ aut(P) and set
ηV = AJ(V). If (µ, β, θ) and (µ1, β1, θ1) = (µ, β, θ) + δ0

B(V) are both semiharmonic, then V is horizontal
with respect to the Chern-Singer connection AJ .

Proof. From Lemma 4.10, we have µ1 = µ + 2i∂̄v, and

(β1, ψ1) = (β, ψ) + 2iD′′(ηV) + D′(Φ(V)) .

Applying the gauge condition to both sides, we have D′D′′(ηV) = 0, and therefore ηV ∈ H0(B•).
But since stable implies simple, ηV must take values in the center. Since G is semisimple, ηV = 0,
and therefore V is horizontal. �

An important consequence of the above is the following.

Proposition 4.18. The difference of any two semiharmonic representatives of a given cohomology class
[(µ, β, θ)] lies in the kernel of the hermitian form h0. In particular, h0 is a well-defined on H1(B•).

Proof. Suppose (µ, β, ψ) and (µ1, β1, ψ1) are cohomologous, and (µ2, β2, θ2) ∈ ker δ1
B. Then, by the

previous lemma we have

〈(β1, ψ1)− (β, ψ), (β2, ψ2)〉 = 〈D′(Φ(V)), (β2, ψ2)〉.

The Kähler identities and the holomorphicity condition twice gives

〈D′(Φ(V)), (β2, ψ2)〉 = 〈Φ(V), iΛD′′(β2, ψ2)〉 = 〈D′′(Φ(V)), 1
2i Φµ2〉.

Using Remark 4.11, we have

〈(β1, ψ1)− (β, ψ), (β2, ψ2)〉 = 〈 1
2i Φ(µ1 − µ), 1

2i Φµ2〉 .

Hence, 〈(µ1, β1, θ1)− (µ, β, θ), (µ2, β2, θ2)〉h0 = 0. �

4.7. Constructing a local slice.

Proposition 4.19. Fix p ∈ M(G) and let x ∈ C(P) be a lift of p that satisfies the Hitchin equation (4.4).
Let B• be the associated deformation complex from (4.5). Then there exists a complex submanifold Sx of
F−1(0) which passes through x and satisfies the following:

(1) TxSx = H1(B•) ;
(2) Sx is biholomorphic to a neighborhood of 0 inH1(B•);
(3) if g ∈ Aut0(PK) and y = gx is another lift of p solving the Hitchin equations, then Sy = gSx; and
(4) if x is regularly stable, then the action map Aut0(P)× Sx → F−1(0) is a diffeomorphism onto an

open neighborhood of x.
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Proof. Let s ∈ R be large enough such that hs is positive definite on TxC(P)k and consider the
Hodge decomposition

TxC(P)k = Im(δ0
B)⊕H1(B•)⊕ Im((δ1

B)∗) .

This decomposition is orthogonal with respect to hs and I-invariant since both Fk and the or-
bit Aut0(P)k+1· x are holomorphic. Given neighborhoods U and Vk of the origin in H1(B•) and
Im((δ1

B)∗), respectively, we consider the holomorphic map

Ψk := Fk ◦
Å

expk
x|U⊕Vs

ã
: U ⊕Vk −→ Ω2

b(P, g)k−1 .

Using that d0 expk
x is the identity, we obtain that d(0,0)Ψk is the restriction of δ1

B to H1(A•) ⊕
Im((δ1

B)∗). In particular, its restriction to the second factor is a linear isomorphism. By the im-
plicit function theorem for complex Hilbert manifolds, up to shrinking U if necessary, there exists
a unique holomorphic map ϕk : U → Vk such that for (u, v) ∈ U ×Vk we have Ψk(u, v) = 0 if and
only if v = ϕk(u).

Lemma 4.20. The map ϕk described above takes value in TxC(P) (in particular it is independent of k and
will be denoted ϕ). Moreover, it satisfies d0ϕ = 0

Proof. For the first item, observe that doing the same construction with the Sobolev completion
Wk+1,2 instead of Wk,2 yields a map ϕk+1 : U → Vk+1 such that for (u, v) ∈ U × Vk+1 we have
Ψk+1(u, v) = 0 if and only if v = ϕk+1(u). Nevertheless, C(P)k+1 is contained in C(P)k, so Vk+1 =
Vk ∩ TxC(P)k+1 and Ψk+1 is the restriction of Ψk to U ⊕Vk+1. Hence, for all u ∈ U we have

Ψk+1(u, ϕk+1(u)) = Ψk(u, ϕk+1(u)) ,

so the uniqueness part of the implicit function theorem gives ϕk+1(u) = ϕk(u). In particular, ϕk

takes value in
⋂

α∈N Vk+α which is equal to Vk ∩ TxC(P).
To compute d0ϕ, we differentiate the equation Ψk(u, ϕ(u)) = 0. It gives

d1
(0,0)Ψ

k + d2
(0,0)Ψ

k ◦ d0ϕ = 0

where d1Ψk and d2Ψk are respectively the differential of Ψk with respect to the first and second
variable, and so their value at (0, 0) coincides with the restriction of δ1

B to H1(A•) and Im((δ1
B)∗)

respectively. SinceH1(A•) is contained in ker(δ1
B), the above equation gives d0ϕ = 0. �

Consider now the immersion

(4.8) σ : U ⊂ H1(B•) −→ C(P)k : u 7−→ expx(u, ϕ(u)) ,

and let Sx = σ(U). The above lemma and discussion imply that Sx is a holomorphic submanifold
of C(P) contained in F−1(0) and passing through x with TxSx = H1(A•). Furthermore, if y = gx
is another lift of p solving the Hitchin equation, then g ∈ Aut0(PK) and so preserves the harmonic
metric. By the uniqueness part of the implicit function theorem, we easily obtain that σy = gσx,
and so Sy = gSx.

Lemma 4.21. If x is regularly stable, up to shrinking Sx if necessary, the action of Aut0(P)k+1 on Sx
defines a map

℘k : Aut0(P)k+1 × Sx −→ (Fk)−1(0) : (g, y) 7−→ g· y ,

which is a diffeomorphism onto an open neighborhood of x in (Fk)−1(0).

Proof. First note that since Sx is contained in C(P), the map ℘k is smooth. Moreover, its differential
at (Id, x) is given by

(δ0
B, ι) : aut(P)k ×H1(A•)→ ker(δ1

B) ,
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where ι is the natural injection. Using the decomposition ker(δ1
B) = Im(δ0

B)⊕H1(B•), we get that
D(Id,x)℘

k is a linear isomorphism. By the inverse function theorem, up to shrinking Sx, there exists
a neighborhood W of Id in Aut0(P)k+1 such that ℘k restricts to a diffeomorphism from W × Sx
onto an open neighborhood of x in (Fk)−1(0).

The only thing that remains to be proved is that, up to shrinking Sx if necessary, then for any
y ∈ Sx its Aut0(P)k+1-orbit does not intersect Sx at a different point. Assume to the contrary that
this is false. Then there are sequences (yn)n∈N in Sx and (gn)n∈N in Aut0(P)k+1 such that (yn)n∈N

converges to x and (gnyn)n∈N is a sequence of Sx converging to x. By Proposition 4.8, the action
of Aut0(P)k+1 on C(P)k is proper, so the sequence (gn)n∈N subconverges to some g ∈ Aut0(P)k+1.
In particular, gx = x, and so g = Id since the action is free on regularly stable Higgs bundles
(Proposition 4.8). But this implies that gn ∈ W for n large enough, contradicting the fact that ℘k is
a diffeomorphism. �

The proof now follows from Proposition 4.8: if y ∈ C(P) and g ∈ Aut0(P)k+1 is such that
gy ∈ C(P), then g ∈ G(P). �

4.8. Proof of Theorem 4.6.

Proof of Theorem 4.6. Let us first prove the theorem on the open set Mrs(G) corresponding to regu-
larly stable Higgs bundles. In this case, the slices constructed in Proposition 4.19 form a smooth
atlas for which the quotient map π : F−1(0)rs → Mrs(G) is a smooth principal Aut0(P)-bundle. To
prove this atlas is holomorphic, the key remark is that the almost complex structure I on F−1(0)rs

naturally induces an almost complex structure (still denoted by I) on Mrs(G) as follow: given a
tangent vector u ∈ TpMrs(G), define

Ip(u) := dxπ(Ix(v)) ,

where v ∈ TxF−1(0) is such that dxπ(v) = u. Since I is Aut0(P)k-invariant and I preserves ver-
tical vectors, one easily checks that the above definition is independent of the choice of the lift.
Moreover, the restriction of π to the slices is holomorphic. Since I is integrable on C(P) (by the
exponential maps), it is on the slices, and hence on Mrs(G). Furthermore, the transition functions
for nearby slices are holomorphic, defining a holomorphic atlas on Mrs(G).

For points lifting to stable but not regularly stable Higgs bundles x in F−1(0), the complex
submanifold Sx of Proposition 4.19 is invariant under the stabilizer of x in Aut0(P) (by item (3)).
Since this stabilizer is finite, we get an orbifold structure on M(G).

To see that the holomorphic bundle map Θ : π∗TJ (Σ)→ ker(dπJ ) from §3.2 descends to M(G),
it suffices to check Θ(J,Φ)(µ) is tangent to F−1(0) for each (J, Φ) ∈ F−1(0) and each µ ∈ π∗TJ (Σ).
This is equivalent to Θ(J,Φ)(µ) being in the kernel of the boundary map δ1

B from Lemma 4.9. By
Remark 3.5, we have

δ1
B
(
Θ(J,Φ)(µ)

)
= δ1

B

Ä
0, 1

2i Φµ, 0
ä
= D′′

Ä
1
2i Φµ, 0

ä
=
î
Φ, 1

2i Φµ
ó
= 0.

For s ∈ R>0, the hermitian form hs descends to M(G) via

hs(u, v)p := hs(û, v̂)x

where û and v̂ are harmonic vectors lifting u and v. Since hs is Aut0(PK)-invariant, such a defini-
tion is independent of the choice of x lifting p (as soon as x satisfies the Hitchin equations). The
corresponding 2-form is closed by Corollary 4.15.

For s = 0, it suffices to define h0 on M(G) by evaluating along semiharmonic lift: by Proposition
4.18, it defines a hermitian form on M(G). �

Remark 4.22. It is important to note that if µ ∈ TJ (Σ) corresponds to a trivial deformation of X,
then Θ(µ) ∈ ImD′′. However, it may be the case that Θ(µ) ∈ ImD′′ even for nontrivial classes in
H1(X, TX).
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4.9. Nonabelian Hodge and variation of the metric. We end this section by proving two impor-
tant propositions concerning the regularity of the nonabelian Hodge map and the first variation
of the metric along the slice.

The G-character variety of the surface Σ is the affine GIT quotient Hom(π1Σ,G) � G of the space
of group homomorphisms π1Σ → G by conjugation (see [63], and also [79] and the references
therein). As in the introduction we denote the irreducible locus of the character variety by X(G),

(4.9) X(G) ⊂ Hom(π1Σ,G) �G.

The holonomy map hol from the moduli space of irreducible flat G-connections to X(G) is a com-
plex analytic isomorphism usually called the Riemann-Hilbert correspondence.

Recall that the map H from (3.5) sends a Higgs bundle (J, Φ) to the G-connection AJ +
1
2i (Φ−

Φ∗), and that H(J, Φ) is flat if (J, Φ) solves the Hitchin equations (4.13). Since H is equivariant with
respect to the action of Aut(PK), it descends to a map from the joint moduli space M(G) to the
moduli space of flat G-connections. Post-composing with the (Riemann-Hilbert) holonomy map
hol defines a map from the joint moduli space M(G) to X(G) which we also denote by H

(4.10) H : M(G) −→ X(G) : [J, Φ] 7−→ hol([AJ +
1
2i (Φ−Φ∗)]) ,

and which we call the nonabelian Hodge map. By work of Hitchin [47], Simpson [81], Donaldson
[29] and Corlette [26], the restriction HX : MX(G)→ X(G) is a real analytic diffeomorphism (in the
orbifold sense) for each X ∈ T(Σ). According to [84, Theorem 7.18], the map

M(G) −→ T(Σ)× X(G) : [J, Φ] 7−→ ([j], H[J, Φ])

is a homeomorphism. As expected, the relative nonabelian Hodge map is real analytic, at least on
the stable locus. For a closely related result, see Slegers [87]. In the following, we assume a fixed
real analytic structure on the underlying principal bundle P→ Σ.

Theorem 4.23. The nonabelian Hodge map H : M(G)→ X(G) is real analytic.

Proof. Fix a point x ∈ C(P) corresponding to a point p ∈ M(G). We assume x = (J0, Φ0) satisfies
(4.4). Recall from §2.1.3 that a structure group reduction to a maximal compact PK ⊂ P is equiva-
lent to a Cartan involution τ. Let τ0 denote a harmonic metric for (J0, Φ0). Let Sx be the slice ob-
tained in Proposition 4.19. By Theorem 4.5 of Hitchin and Simpson, for each (J, Φ) ∈ Sx there is a
unique harmonic metric τ satisfying (4.4). We may therefore view τ as a map τ : Sx× P→ End(g).
We first claim that τ is real analytic. To see this, recall that we may express τ = Adg−1 τ0 Adg for
some g. Let k = (Adg)∗Adg, where the adjoint is with respect to the hermitian structure on P(g)
defined by τ0 (see §2.1.3). Analyticity of k implies that of τ; indeed, τ = τ0k. Now for each
(J, Φ) ∈ Sx, Equation (4.4) in the adjoint representation becomes

(4.11) ∂̄A0
J
(k−1∂A0

J
k) + FA0

J
+ [Φ, k−1Φ∗k] = 0 ,

where A0
J is the Chern-Singer connection with respect to (J, τ0). By the continuity of H, we may

assume k is uniformly invertible. Then in local coordinates and trivializations, (4.11) is a second
order nonlinear elliptic system in k. Moreover, since the map σ from (4.8) defining the slice is
holomorphic, in particular real analytic, and since A0

J is analytic in J, the coefficients of (4.11) are
real analytic on Sx. By a theorem of Morrey [68], k (and therefore also τ) is real analytic on Sx × P.
Next, from the analyticity of τ it follows that the Chern-Singer connection AJ associated to (J, τ) is
real analytic as well. Hence, the family

D(J,Φ) = AJ +
1
2i (Φ + τ(Φ))

of flat connections is real analytic on Sx × P. Finally, from the analyticity of the Riemann-Hilbert
map, the result follows. �
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We now show that the first variation of the metric solving the Hitchin equations is zero along
the slice associated to the semiharmonics. The following theorem generalizes [54, Theorem 3.5.1]
and [25, Proposition 3.12] to the setting of the joint moduli space.

Theorem 4.24. Fix a Cartan involution τ on P, and let (J, Φ) be a stable G-Higgs which solves the Hitchin
equation for τ. Suppose (Jt, Φt) is a 1-parameter family of Higgs bundles with (J, Φ) = (J0, Φ0) which
is contained in a slice S(J,Φ) from Proposition 4.19. As in the proof of Theorem 4.23, let (τ(t)) be the
1-parameter family of Cartan involutions such that (Jt, Φt) solves the τ(t)-Hitchin equation. Then

d
dt

∣∣∣∣
t=0

τt = 0.

Before proving the theorem, we prove an auxiliary lemma. Let (Jt) and (τt) be 1-parameter fam-
ilies of complex structures on P and Cartan involutions, respectively, and denote the associated
Chern-Singer connection by AJt . Set τ = τ(0) and

•

τ = d
dt

∣∣∣
t=0

τ(t). Note that τ
•

τ is a derivation.

Since g is semisimple there is section Z of P(g) with τ
•

τ = adZ.

Lemma 4.25. With the above set up, we have

(4.12) (
•

AJ)1,0 = −(dAJ τ(Z))1,0 + τ((
•

AJ)0,1).

Proof. Let X be a smooth section of P(g), independent of the parameter. By definition of the Chern-
Singer connection, dAJt

τt(X) = τt(dAJt
X). Differentiating this at t = 0, we have

[
•

AJ , τ(X)] + dAJ

•

τ(X) =
•

τ(dAJ X) + τ([
•

AJ , X])

[
•

AJ , τ(X)] + dAJ [τ(Z), τ(X)] = [τ(Z), τ(dAJ X)] + [τ(
•

AJ), τ(X)]

[
•

AJ + dAJ τ(Z), τ(X)] = [τ(
•

AJ), τ(X)].

Since X was arbitrary,
•

AJ = −dAJ τ(Z) + τ(
•

AJ). Taking the (1, 0)-part completes the proof. �

Proof of Theorem 4.24. Let (Jt, Φt) be a 1-parameter family in a semiharmonic slice S(J,Φ) such that
(J0, Φ0) = (J, Φ) and τt be the 1-parameter family of Cartan involutions which such that (Jt, Φt)
solve the τt-Hitchin equation

(4.13) FAJt
− 1

4 [Φt, τt(Φt)] = 0.

Set ( 1
2i β, ψ) = ((

•

AJ)0,1, (
•

Φ)1,0). By assumption (β, ψ) are semiharmonic, hence

(4.14) 0 = 1
2i D′(β, ψ) = dAJ

Ä
1
2i β
ä
+
îÄ

1
2i Φ
ä∗

, 1
2i ψ
ó
= 1

2i dAJ β− 1
4 [τ(Φ), ψ].

We first compute the first variation of (4.13) at t = 0. Set τ = τ0.
•

τ̄(Φ) = τ(
•

Φ) +
•

τ(Φ) = τ(
•

Φ) + τ(τ
•

τ(Φ)) = τ(
•

Φ) + τ([Z, Φ]).

Since Φ has type (1, 0), the (0, 1)-part of
•

Φ does not enter in the computation, and we have
•˝�[Φ, τ(Φ)] = [ψ, τ(Φ)] + [Φ, τ(ψ)] + [Φ, [τ(Z), τ(Φ)]].

For the curvature term, we have
•

FAJ = dAJ (
•

AJ). Using (4.12), and 1
2i β = (

•

AJ)0,1, we have
•

FAJ =
1
2i dAJ β + dAJ

Ä
τ
Ä

1
2i β
ä
− (dAJ τ(Z))1,0

ä
= 1

2i dAJ β + τ
Ä

1
2i dAJ β

ä
− dAJ ((dAJ τ(Z))1,0).
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Hence, using [Φ, τ(ψ)] = τ([τ(Φ), ψ]) and (4.14), the linearization of the Hitchin equations (4.13)
is given by

0 = 1
2i dAJ β− 1

4 [τ(Φ), ψ] + τ
Ä

1
2i dAJ β− 1

4 [τ(Φ), ψ]
ä
− dAJ ((dAJ τ(Z))1,0)− 1

4 [Φ, [τ(Z), τ(Φ)]]

= −dAJ ((dAJ τ(Z))1,0)− 1
4 [Φ, [τ(Z), τ(Φ)]]

= −D′′
Ä

(dAJ τ(Z))1,0 − 1
2i [τ(Z), τ(Φ)]

ä
= −D′′D′(τ(Z)).

By the stability assumption, this implies τ(Z) = 0, completing the proof. �

5. ISOMONODROMIC AND HORIZONTAL DISTRIBUTIONS AND ENERGY

Recall that ω0 is the closed two form on M(G) defined by the I-invariant part of the pullback
of the Atiyah-Bott-Goldman form by the nonabelian Hodge map (4.10). The associated hermitian
form h0 is given by

h0(·, ·) = 2(ω0(I·, ·) + iω0(·, ·)).
In this section we prove Theorems 5.15 and 5.22 concerning the relation between the kernel of

h0, the isomonodromic distribution and the energy. These are equivalent to Theorems B and C
from the introduction. We start by defining the isomonodromic distribution and deducing some
immediate consequences.

5.1. Horizontal and isomonodromic distribution. Recall that the hermitian form h0 is positive
definite on the fibers of π : M(G)→ T(Σ). Denote the vertical tangent bundle by

VM = ker(dπ) ⊂ TM(G).

Definition 5.1. The horizontal distribution is the subbundle H ⊂ TM(G) which is h0-perpendicular
to the vertical tangent bundle. For each x ∈ M(G) and each tangent vector [µ] ∈ Tπ(x)T(Σ), there
is a unique lift w[µ] ∈ Hx which we call the horizontal vector associated to [µ].

Note that the horizontal vector w[µ] is the lift of [µ] with minimal h0-norm.
The fibers of the nonabelian Hodge map H define a foliation of M(G) called the isomonodromic

foliation. The leaves of the foliation are called isomonodromic leaves and will be denoted by Lρ =

H−1(ρ). The leaf Lρ can also be interpreted as the image of a section

sρ : T(Σ)→ M(G).

Definition 5.2. The isomonodromic distribution is the subbundle D ⊂ TM(G) defined by D =
ker(dH). For each x ∈ M(G) and each tangent vector [µ] ∈ Tπ(x)T(Σ), there is a unique lift `[µ] ∈ Dx
which we call the isomonodromic vector associated to [µ].

In the §5.2, we will prove the following proposition relating the holomorphic section Θ from
§3.2 and Theorem 4.6 with the horizontal and isomonodromic distributions, see Remark 5.10 and
Lemma 5.13.

Proposition 5.3. For x ∈ M(G) and [µ] ∈ Tπ(x)T(Σ), let w[µ] and `[µ] be the horizontal and isomon-
odromic lifts of [µ]. Then

(1) ‖w[µ]‖2
h0
= −‖Θx([µ])‖2

h0
, and

(2) w[µ] =
1
2

(
`[µ] − I`[iµ]

)
.

The following two lemmas are immediate from the definition of ω0.

Lemma 5.4. Let x ∈ M(G) and Dx ⊂ TxM(G) be the isomonodromic distribution at x. Then Dx ∩ I(Dx)
is contained in the kernel of ω0 and hence the kernel of h0.
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Proof. Suppose ` ∈ Dx ∩ I(Dx). For any tangent vector u ∈ TxM(G) we have

ω0(`, u) = 1
2 (H∗ωABG(`, u) + H∗ωABG(I(`), I(u))) = 0

since ` and I(`) are in the kernel of dxH. �

We will prove the kernel of ω0 at x is exactly Dx ∩ I(Dx) in the next subsection.

Lemma 5.5. Both isomonodromic distribution D and I(D) are isotropic with respect to the real part of h0.
In particular, for any isomonodromic vector ` ∈ D we have ‖`‖2

h0
= 0.

Proof. The real part of h0 is 2ω0(I·, ·). For `, u ∈ D we have

2ω0(I(`), u) = H∗ωABG(I(`), u) + H∗ωABG(−`, I(u)) = 0

since ` and u are in the kernel of dH. The proof is the same for I(D). �

Remark 5.6. Lemma 5.5 implies that h0 is nonpositive on the horizontal distribution H since D
andH are both transverse to the vertical bundle VM and h0 is positive definite on VM.

5.2. Semiharmonic representatives. For this section, we fix a stable Higgs bundle (J, Φ) solving
the Hitchin equation and let x = [J, Φ] be the associated point in M(G). We now relate the semi-
harmonic representatives of horizontal vectors and isomonodromic vectors.

Recall that the tangent space TxM(G) can be represented by the space of semiharmonic tangent
vectors at (J, Φ). The nonabelian Hodge map on the configuration space is defined by

H(J, Φ) = AJ +
1
2i Φ +

Ä
1
2i Φ
ä∗

.

As before, we write this flat connection as D = H(J, Φ) and decompose D = D′′ + D′, where

D′′ = ∂̄J +
1
2i Φ and D′ = ∂AJ +

Ä
1
2i Φ
ä∗

.

Now D′ and D′′ satisfy the Kähler identities (4.7), and since D is flat we have D′D′′ = −D′′D′. As
in Definition 4.16, a tangent vector (µ, β, ψ) ∈ T(J,Φ)C(P) is called semiharmonic if

(5.1) D′′(β, ψ) + D′
Ä

1
2i Φµ

ä
= 0 and D′(β, ψ) = 0 .

. Finally, recall that the h0-norm of a class v = [(µ, β, ψ)] ∈ TM(G) is

‖v‖2
h0
= −‖ 1

2i Φµ‖2 + ‖(β, ψ)‖2 ,

where (µ, β, ψ) is any semiharmonic representative of v (see Proposition 4.18), and where hence-
forth ‖ · ‖ (unannotated) always denotes the L2-norm. At (J, Φ), the section Θ from §3.2 associates
to a Beltrami differential µ the vertical vector

Θ(J,Φ)(µ) = (0, 1
2i Φµ, 0).

Note that Θ(J,Φ)(µ) is not usually harmonic. Its harmonic representative is prker(D′)

Ä
1
2i Φµ

ä
, where

prker(D′) is the L2-orthogonal projection onto ker(D′). By holomorphicity of Φ, this only depends
on the class [µ] of µ. The following proposition is immediate.

Proposition 5.7. Let x ∈ M(G) and [µ] ∈ Tπ(x)T(Σ) be a tangent vector. Then

‖Θx([µ])‖2
h0
= ‖prker(D′)

Ä
1
2i Φµ

ä
‖2,

where (J, Φ) is a stable Higgs bundle solving the Hitchin equation with x = [J, Φ].
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5.2.1. Semiharmonic horizontal vectors. We have the following lemmas characterizing the semihar-
monic horizontal vectors and their norms.

Lemma 5.8. Fix a Beltrami differential µ, and suppose (µ, β, ψ) satisfies D′′(β, ψ) + D′( 1
2i Φµ) = 0. Then

(µ, β, ψ) is the semiharmonic representative of the horizontal vector w[µ] ∈ Hx if and only there exists a
unique η ∈ Ω0(Σ, P(g)) such that D′(η) = (β, ψ). In this case, D′′(η) = prIm(D′′)

Ä
1
2i Φµ

ä
, where prIm(D′′)

denotes the orthogonal projection of onto Im(D′′).

Proof. If (µ, β, ψ) is a semiharmonic horizontal vector then it satisfies D′′(β, ψ) + D′( 1
2i Φµ) = 0 and

is h0-perpendicular to all vertical vectors. But vertical vectors are given by triples (0, β1, ψ1) with
(β1, ψ1) ∈ ker(D′′). Thus,

0 = 〈(µ, β, ψ), (0, β1, ψ1)〉h0 = 〈(β, ψ), (β1, ψ1)〉
implies (β, ψ) ∈ ker(D′′)⊥ = Im(D′). So there exists η ∈ Ω0(Σ, P(g)) such that D′η = (β, ψ).
Uniqueness of η follows from the stability assumption. Conversely, if such an η exists, then (β, ψ) is
h0-perpendicular to the vertical space and semiharmonic since D′2 = 0. Hence (µ, β, ψ) represents
a horizontal vector w[µ] ∈ H.

Now suppose (µ, β, ψ) is a semiharmonic horizontal vector, and write (β, ψ) = D′η. It remains
to prove D′′η = prIm(D′′)(

1
2i Φµ). The D′′ and D′ Laplacians on Ω0(Σ, P(g)) are given by (D′′)∗D′′

and (D′)∗D′, respectively. By the stability assumption, both of these operators have trivial ker-
nel. Let GD′′ and GD′ be the associated Green’s functions (i.e. bounded two-sided inverses) of the
respective Laplacians. Using D′D′′ = −D′′D′, one checks that GD′ = GD′′ .

Since (µ, β, ψ) is semiharmonic, we have D′′(β, ψ) = −D′( 1
2i Φµ). By the Kähler identities, we

can write η as

η = GD′(D′)∗D′η = GD′(D′)∗(β, ψ) = −iGD′ΛD′
Ä

1
2i Φµ

ä
= GD′′(D′′)∗

Ä
1
2i Φµ

ä
.

Using the Hodge decomposition, write 1
2i Φµ = D′′u + v, where v ∈ ker(D′′)∗. Then

(5.2) D′′η = D′′GD′′(D′′)∗
Ä

1
2i Φµ

ä
= D′′GD′′(D′′)∗(D′′u) = D′′u = prIm(D′′)

Ä
1
2i Φµ

ä
.

This completes the proof. �

Lemma 5.9. Let (µ, β, ψ) is a horizontal semiharmonic vector. Then

(1) ‖(β, ψ)‖2 = ‖prIm(D′′)

Ä
1
2i Φµ

ä
‖2, and

(2) ‖(µ, β, ψ)‖2
h0
= −‖prker(D′)

Ä
1
2i Φµ

ä
‖2,

where prIm(D′′) and prker(D′) are the orthogonal projections onto Im(D′′) and ker(D′), respectively.

Remark 5.10. Combining Item (2) of Lemma 5.9 with Proposition 5.7 gives the proof of Item (1) of
Proposition 5.3.

Proof. Let (µ, βµ, ψµ) is a horizontal semiharmonic vector and η ∈ Ω0(Σ, P(g)) be as in Lemma 5.8.
Then, using the Kähler identities and D′′(βµ, ψµ) = −D′( 1

2i Φµ), we have

‖(βµ, ψµ)‖2 = 〈D′η, D′η〉 = 〈η, (D′)∗D′η〉 = 〈η,−iΛD′
Ä

1
2i Φµ

ä
〉 = 〈D′′η, 1

2i Φµ〉.

Item (1) now follows from the fact that D′′η = prIm(D′′)(
1
2i Φµ).

Item (2) follows from Item (1) and the fact that ker(D′) = ker((D′′)∗). Namely,

‖(µ, βµ, ψµ)‖2
h0
= −‖ 1

2i Φµ‖2 + ‖(βµ, ψµ)‖2

= −‖ 1
2i Φµ‖2 + ‖prIm(D′′)

Ä
1
2i Φµ

ä
‖2

= −‖prker(D′)

Ä
1
2i Φµ

ä
‖2.

This completes the proof. �
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5.2.2. Semiharmonic isomonodromic vectors. We now characterize semiharmonic representatives of
the isomonodromic distribution. We refer to these as semiharmonic isomonodromic vectors.

Lemma 5.11. Let D = H(J, Φ) be the flat connection associated to (J, Φ). Fix a Beltrami differential µ,
and suppose (µ, β, ψ) satisfies the holomorphicity condition D′′(β, ψ) + D′( 1

2i Φµ) = 0. Then, (µ, β, ψ) is
a representative of the isomonodromic vector `[µ] ∈ D if and only if there exists a unique ζ ∈ Ω0(Σ, P(g))
such that

d(J,Φ)H(µ, β, ψ) = Dζ.

Proof. A tangent vector (µ, β, ψ) defines an isomonodromic vector if and only if the d(J,Φ)H(µ, β, ψ)
is zero when projected to the moduli space of flat connections. This is equivalent to being in the
image of the flat connection D. Uniqueness follows from the assumption that (J, Φ) is stable. �

From the computation of the derivative of H in Lemma 3.8, and using Theorem 4.24, the equa-
tion d(J,Φ)H(µ, β, ψ) = Dζ is written explicitly as

(5.3) ∂̄Jζ +
î

1
2i Φ, ζ

ó
+ ∂AJ ζ +

îÄ
1
2i Φ
ä∗

, ζ
ó
= 1

2i

Ä
β + ψ + 1

2i Φµ + β∗ − ψ∗ −
Ä

1
2i Φµ

ä∗ä
.

Lemma 5.12. Suppose (µ, β, ψ) is a semiharmonic isomonodromic vector, and let ζ be the unique solution
to d(J,Φ)H(µ, β, ψ) = Dζ. Then ζ = ζ∗, and

(5.4) D′ζ = 1
2i

Ä
β + ψ−

Ä
1
2i Φµ

ä∗ä
and D′′ζ = 1

2i

Ä
β∗ − ψ∗ + 1

2i Φµ
ä

.

Proof. Suppose (µ, β, ψ) is a semiharmonic isomonodromic vector, then we have

Dζ = D′ζ + D′′ζ = 1
2i

Ä
β + β∗ + ψ− ψ∗ + 1

2i Φµ−
Ä

1
2i Φµ

ä∗ä
.

Using (D′)2 = 0 and D′(β, ψ) = 0, we have

D′D′′ζ = D′
(
−ψ∗, β∗

)
+ D′

Ä
1
2i Φµ

ä
− D′

ÄÄ
1
2i Φµ

ä∗ä
.

The term D′
Ä

1
2i Φµ

ä∗
vanishes since

D′
Ä

1
2i Φµ

ä∗
=
îÄ

1
2i Φµ

ä∗
,
Ä

1
2i Φµ

ä∗ó
= 0.

For the term D′
(
−ψ∗, β∗

)
, we have

D′
(
−ψ∗, β∗

)
= −∂AJ + [

Ä
1
2i Φ
ä∗

, β∗] = −(∂̄Jψ +
î

1
2i Φ, β

ó
)∗ = −(D′′(β, ψ)∗ = D′

Ä
1
2i Φµ

ä∗
,

where we used the holomorphicity condition in the last equality. Hence, we have

D′D′′ζ = 1
2i

Ä
D′
Ä

1
2i Φµ

ä∗
+ D′

Ä
1
2i Φµ

ää
.

From this expression and the fact that D′′D′ = −D′D′′, we conclude

D′′D′ζ = (D′D′′ζ)∗.

On the other hand, one checks that (D′D′′ζ)∗ = D′D′′ζ∗ for any ζ ∈ Ω0(Σ, P(g)). Hence,

D′′D′(ζ − ζ∗) = 0.

Since Im(D′) = Im(D′′)∗ and stability implies ker(D′) = 0, we conclude ζ = ζ∗, as desired.
We now deduce the expressions for D′ζ and D′′ζ. The (1, 0) part of (5.3) is

∂AJ ζ +
î

1
2i Φ, ζ

ó
= 1

2i

Ä
β∗ + ψ−

Ä
1
2i Φµ

ä∗ä
Using ζ = ζ∗, we have

∂AJ ζ −
î

1
2i Φ, ζ

ó
= ∂AJ ζ

∗ − [ 1
2i Φ, ζ∗] =

Ä
∂̄Jζ +

îÄ
1
2i Φ
ä∗

, ζ
óä∗

= − 1
2i

Ä
β∗ − ψ +

Ä
1
2i Φµ

ä∗ä
.
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Combining these two equations gives

∂AJ ζ = 1
2i (ψ−

Ä
1
2i Φµ

ä∗
) and

î
1
2i Φ, ζ

ó
= 1

2i β∗ .

It follows that
îÄ

1
2i Φ
ä∗

, ζ
ó
= 1

2i β, and we conclude

D′ζ = 1
2i

Ä
β + ψ−

Ä
1
2i Φµ

ä∗ä
,

as desired. The formula for D′′ζ follows from a similar computation. �

5.2.3. Relating the semiharmonic vectors. We now use Lemmas 5.8 and 5.12 to relate the semihar-
monic isomonodromic and horizontal vectors.

Lemma 5.13. Let (µ, β, ψ) be a semiharmonic horizontal vector, and (µ, β1, ψ1) and (iµ, β2, ψ2) be semi-
harmonic isomonodromic vectors, then (β, ψ) = 1

2

(
(β1, ψ1)− i(β2, ψ2)

)
. In particular,

(µ, β, ψ) = 1
2

(
(µ, β1, ψ1)− I(iµ, β2, ψ2)

)
.

Proof. Let (µ, β1, ψ1) and (iµ, β2, ψ2) be semiharmonic isomonodromic vectors. Consider the vector

w = (µ, 1
2 (β1 − iβ2), 1

2 (ψ1 − iψ2)) = 1
2

(
(µ, β1, ψ1)− I(iµ, β2, ψ2)

)
.

By Lemma 5.12, there are hermitian sections ζ1, ζ2 ∈ Ω0(Σ, P(g)) such that

D′ζ1 = 1
2i

Ä
β1 + ψ1 −

Ä
1
2i Φµ

ä∗ä
and D′ζ2 = 1

2i

Ä
β2 + ψ2 −

Ä
1
2i Φiµ

ä∗ä
.

Hence
D′(iζ1 + ζ2) = 1

2

(
(β1, ψ1)− i(β2, ψ2)

)
.

Since w is semiharmonic and 1
2

(
(β1, ψ1)− i(β2, ψ2)

)
is in the image of D′, Lemma 5.8 implies w is

a semiharmonic horizontal vector. �

Remark 5.14. Using the same notation as the above lemma, note that

(5.5) D′′ (iζ1 − ζ2) = −β∗ + ψ∗.

Indeed, −β∗ + ψ∗ = 1
2 (β∗1 + iβ∗2 + ψ∗1 + iψ∗2 ) and

D′′ζ1 = 1
2i

Ä
−β∗1 − ψ∗1 +

1
2i Φµ

ä
and D′′ζ2 = 1

2i

Ä
−β∗2 − ψ∗2 +

1
2i Φiµ

ä
.

5.3. Proof of Theorem B. The following is equivalent to Theorem B from the introduction.

Theorem 5.15. LetH and D be the horizontal and isomonodromic distributions on the joint moduli space
M(G), respectively, and Θ : π∗TT(Σ)→ VM be the holomorphic bundle map from Theorem 4.6. Then the
hermitian form h0 is nonpositive onH, and for each x ∈ M(G) the kernel Kx of h0 is given by

Kx = {w ∈ H | ‖w‖2
h0
= 0} = Dx ∩ I(Dx) = ker(Θ),

where in the last equalityH has been identified with π∗TT(Σ) via dπ. In particular, if h0 is nondegenerate
at x then it has signature (dim X(G), 3g− 3).

Proof. Fix x ∈ M(G) and a horizontal vector w ∈ H. Let (J, Φ) be a Higgs bundle solving the
Hitchin equations with x = [(J, Φ)] and (µ, β, ψ) be a semiharmonic tangent vector for (J, Φ). By
Item (2) of Lemma 5.9, we have

‖w‖2
h0

:= ‖(µ, β, ψ)‖2
h0
= −‖prker(D′)

Ä
1
2i Φµ

ä
‖2 ≤ 0.

Hence, h0 is nonpositive on the horizontal distribution and

Kx = {w ∈ H | ‖w‖2
h0
= 0} .
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The signature of h0 at points where it is nondegenerate follows immediately.
It remains to prove Kx = Dx ∩ I(Dx). The inclusion Dx ∩ I(Dx) ⊂ Kx is proven in Lemma 5.4.

We now prove the opposite inclusion. Since Kx is complex, it suffices to prove Kx ⊂ Dx. Suppose
w ∈ Kx. By the above, w is in the horizontal distribution and has ‖w‖2

h0
= 0. Hence, by Lemmas

5.9 and 5.8, 1
2i Φµ ∈ Im(D′′) and there is a unique η ∈ Ω0(Σ, P(g)) such that

D′η = β + ψ and D′′η = 1
2i Φµ .

Since 1
2i Φµ is a (0, 1)-form, we have 1

2i Φµ = ∂̄Jη and [ 1
2i Φ, η] = 0. Hence,

D′(η∗) = ∂AJ η
∗ + [

Ä
1
2i Φµ

ä
, η∗] = (∂̄Jη)∗ =

Ä
1
2i Φµ

ä∗
.

Similarly, since β and ψ have type (0, 1) and (1, 0), respectively, we have β = [
Ä

1
2i Φ
ä∗

, η] and
ψ = ∂AJ η. Thus, β∗ = −[ 1

2i Φ, η∗], and

D′′η∗ + β∗ = ∂̄J(η∗) = (∂AJ η)∗ = ψ∗.

By the above calculations, we have

dH(J,Φ)(µ, β, ψ) = 1
2i

Ä
β + ψ + 1

2i Φµ + β∗ − ψ∗ −
Ä

1
2i Φµ

ä∗ä
= D

Ä
1
2i

(
η − η∗

)ä
.

By Lemma 5.11, this implies the vector w is in the isomonodromic distribution Dx, as desired. �

5.4. The energy function on M(G). Recall that we have fixed a structure group reduction PK ⊂ P
to the maximal compact subgroup. Let (J, Φ) be a stable G-Higgs bundle which solves the Hitchin
equation for the fixed reduction PK. The L2-norm of the Higgs field defines the energy function
E : M(G)→ R. Explicitly,

(5.6) E([J, Φ]) = ‖Φ‖2 = −2
∫

Σ
κg
(
Ψ ∧Ψ ◦ j

)
,

where Ψ = 1
2i (Φ−Φ∗) and j = π(J) is the induced complex structure on Σ.

Definition 5.16. Fix a representation ρ ∈ X(G). Let sρ : T(Σ) → M(G) be the section whose image
is the isomonodromic leaf of ρ. Then the energy Eρ of ρ is defined to be the function

Eρ = E ◦ sρ : T(Σ)→ R.

Remark 5.17. As mentioned in the introduction, Eρ([X]) is the energy of the (unique) ρ-equivariant
harmonic map ‹X → G/K (cf. [26, 29]).

The first and second variation formula for harmonic maps is classical (see [35, §6]). Here we
give a formulation of this for Higgs bundles (see also [90]).

Let (Jt, Φt) be a family of stable Higgs bundles which solve the Hitchin equations. Denote the

tangent vector at t = 0 by (
•

J,
•

Φ) and let m = dπJ (
•

J) ∈ TjJ (Σ). The associated first and second
variation of the energy is given by

(5.7)
•

E(Jt, Φt) = −2
∫

Σ
κg

(
2Ψ ∧

•

Ψ ◦ j + Ψ ∧Ψ ◦m
)

,

(5.8)
••

E(Jt, Φt) = −2
∫

Σ
κg

(
2Ψ ∧

••

Ψ ◦ j + 2
•

Ψ ∧
•

Ψ ◦ j + 4Ψ ∧
•

Ψ ◦m + Ψ ∧Ψ ◦ •

m
)

.

The first variation of E in semiharmonic directions is given by the following lemma.

Lemma 5.18. Let (µ, β, ψ) be a semiharmonic vector at (J, Φ), then the first variation of E in the direction
(µ, β, ψ) is given by

•

E(µ, β, ψ) = 2Re
¨

Φ, ψ−
Ä

1
2i Φµ

ä∗∂
+ 2Re

¨
Φ,
Ä

1
2i Φµ

ä∗∂
= 2Re 〈Φ, ψ〉 .
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Proof. By Theorem 4.24, the first variation of the metric in semiharmonic directions vanishes. So,

•

Φ = ψ + 1
2i Φµ and

•

Ψ = 1
2i

Ä
ψ + 1

2i Φµ− ψ∗ −
Ä

1
2i Φµ

ä∗ä
.

Since ψ and 1
2i Φµ have types (1, 0) and (0, 1) respectively, we have

−
∫

Σ
κg

(
2Ψ ∧

•

Ψ ◦ j
)
=

1
2

∫
κg
Ä

(Φ−Φ∗)∧
Ä

iψ− i 1
2i Φµ + iψ∗ − i

Ä
1
2i Φµ

ä∗ää
=

i
2

∫
Σ

κg
Ä

Φ ∧
Ä

ψ∗ − 1
2i Φµ

ää
+

i
2

∫
κg
ÄÄ

ψ−
Ä

1
2i Φµ

ä∗ä
∧Φ∗

ä
= Re

¨
Φ, ψ−

Ä
1
2i Φµ

ä∗∂
Similarly, since Ψ ◦m = 1

2i Φµ +
Ä

1
2i Φµ

ä∗
we have

−
∫

Σ
κg (Ψ ∧Ψ ◦m) =

i
2

∫
Σ

κg (Φ−Φ∗)∧
Ä

1
2i Φµ +

Ä
1
2i Φµ

ä∗ä
=

i
2

∫
Σ

κg
Ä

Φ ∧ 1
2i Φµ

ä
+

i
2

∫
Σ

κg
ÄÄ

1
2i Φµ

ä∗
∧Φ∗

ä
= Re

¨
Φ,
Ä

1
2i Φµ

ä∗∂
.

Adding the two terms and using (5.7) completes the proof. �

Along the horizontal and isomonodromic distributions we have the following.

Lemma 5.19. Let x = [J, Φ] ∈ M(G) and let w[µ] ∈ Hx and `[µ] ∈ Dx be horizontal and isomonodromic
vectors, respectively. Then the derivative of E in the directions w[µ] and `[µ] are

dE
(
w[µ]

)
= 0 and dE(`[µ]) = 2Re

¨
Φ,
Ä

1
2i Φµ

ä∗∂
.

Proof. Let (µ, β, ψ) be a semiharmonic representative of the horizontal vector w[µ]. By Lemma 5.8,

ψ∗ = ∂̄Jη for some η ∈ Ω0(Σ, P(g)). By Lemma 5.18 and Stokes’ theorem we have
•

E(µ, β, ψ) = 0.
Similarly, let (µ, β, ψ) be a semiharmonic representative b of the isomonodromic vector `[µ]. By

Lemma 5.12, ψ∗ − ( 1
2i Φµ) = ∂̄ζ for some ζ ∈ Ω0(Σ, P(g)). Hence, by Stokes’ theorem, along the

isomonodromic distribution we have

(5.9) −
∫

Σ
κg

(
2Ψ ∧

•

Ψ ◦ j
)
= 0.

Lemma 5.18 now implies
•

E(µ, β, ψ) = 2Re〈Φ,
Ä

1
2i Φµ

ä∗
〉. �

Remark 5.20. The second equation in Lemma 5.19 agrees with the well-known first variation of
the energy Eρ, the formula for which goes back to Douglas (cf. [32, Equation 12.29]).

We will also need the second variation of E along the isomonodromic distribution.

Lemma 5.21. Let (Jt, Φt) be a path of Higgs bundles whose tangent vector is an isomonodromic semihar-
monic vector (µ, β, ψ). Then the second variation of E is given by
••

E(Jt, Φt) = −2
∫

Σ
κg
Ä

2Ψ ∧
q

Ψ ◦m + Ψ ∧Ψ ◦
q

m
ä

= 8 Re
¨

∂AJ (iζ),
Ä

1
2i Φµ

ä∗∂
− 2

∫
Σ

κg
(
Ψ ∧Ψ ◦

q
m
)

,

where ζ ∈ Ω0(Σ, P(g)) is given by Lemma 5.12.
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Proof. The second variation is given by Equation (5.8). By differentiating Equation (5.9), along the
isomonodromic distribution, we have

0 = −
∫

Σ
κg

(
2Ψ ∧

••

Ψ ◦ j + 2
•

Ψ ∧
•

Ψ ◦ j + 2Ψ ∧
•

Ψ ◦m
)

.

Hence, for a path (Jt, Φt) which is tangent to the isomonodromic distribution at t = 0, we have
••

E(Jt, Φt) = −2
∫

Σ
κg

(
2

•

Ψ ∧Ψ ◦m + Ψ ∧Ψ ◦
q

m
)

.

To complete the proof, we compute −
∫

Σ κg

(
2

•

Ψ ∧Ψ ◦m
)

. By Lemma 5.11 and Lemma 5.12,

there is a unique ζ ∈ Ω0(Σ, P(g)) such that ζ = ζ∗ and
•

Ψ = dAJ ζ. Hence,

−
∫

Σ
κg

(
2

•

Ψ ∧Ψ ◦m
)
= −2

∫
Σ

κg
Ä

dAJ ζ ∧
Ä

1
2i Φµ +

Ä
1
2i Φµ

ä∗ää
= 2i

∫
Σ

κg
Ä

dAJ (iζ)∧ 1
2i Φµ

ä
− 2i

∫
Σ

κg
ÄÄ

1
2i Φµ

ä∗
∧ dAJ (iζ)

ä
= 2〈dAJ (iζ),

Ä
1
2i Φµ

ä∗
〉+ 2

¨Ä
1
2i Φµ

ä∗
, dAJ (iζ)

∂
= 4 Re

¨
∂AJ (iζ),

Ä
1
2i Φµ

ä∗∂
,

where we used that ζ = ζ∗ implies
Ä

dAJ (iζ)
ä∗

= −dAJ (iζ). �

5.5. Proof of Theorem C. Fix a representation ρ ∈ X(G). The complex Hessian of the energy
function Eρ : T(Σ) → R of ρ is defined by ∂∂̄Eρ. The following is equivalent to Theorem C of the
introduction.

Theorem 5.22. Fix a representation ρ ∈ X(G) and let Eρ : T(Σ) → R be the energy function of ρ. Fix a
point [j] ∈ T(Σ) and let x ∈ M(G) be the point in the isomonodromic leaf of ρ in the fiber over [j]. Then for
each tangent vector [µ] ∈ T[j]T(Σ), the complex Hessian of Eρ at [j] along the complex line spanned by [µ]
is

∂[µ]∂[µ]Eρ = −2‖w[µ]‖2
h0
= 2‖Θ([µ])‖2,

where w[µ] is the horizontal vector associated [µ], and Θ is the holomorphic section from Theorem 4.6.

Remark 5.23. Note that the complex Hessian of E along the complex line spanned by the isomon-
odromic vector `µ is different than what is computed above since the isomonodromic distribution
is not complex.

Since ‖Θ([µ])‖2
h0
≥ 0, the following corollary is immediate from Theorem 5.15.

Corollary 5.24. Let ρ ∈ X(G). Then the energy function Eρ is plurisubharmonic. Moreover, for [j] ∈ T(Σ),
the set of directions [µ] in which Eρ is not strictly plurisubharmonic is identified with the intersection of
ker(Θ) and the tangent space to sρ([j]).

Remark 5.25. The first statement in Corollary 5.24 was proven by Toledo [89], in a more general
context, and later also by Tošić [90]. The formula in Theorem 5.22 above makes plurisubharmonic-
ity manifest. In Appendix D, we show that this formula agrees with the expression found in [90,
Theorem 1.10]. Additionally, in [90, Theorem 1.6] it is shown that µ is in the kernel of the complex
Hessian of the energy function if and only there exists a ξµ ∈ Ω0(P(g))

(5.10) ∂̄Jξµ = Φµ and [ξµ, Φ] = 0.

This, too, is clearly equivalent to being in the kernel of Θ. Indeed, by definition, µ ∈ ker(Θ(J,Φ)) if
and only if 1

2i Φµ is in image of D′′, which is equivalent to the existence of such a ξµ. In this way,
the holomorphicity of the degeneracy locus is also immediate.
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Proof. Let j(s, t) be a two parameter family of complex structures on Σ which is holomorphic in the
variable s + it and satisfies j(0, 0) = j. If ms, mt are first variations of j(s, t) at 0 with respect to s, t,
respectively, then the complex Hessian of Eρ at j in complex line ms + imt is given

(5.11) ∂µ∂µ̄Eρ =
1
4

Ç
d2Eρ

ds2 +
d2Eρ

dt2

å
.

Let
q

ms,
q

mt be the second variations at 0 of j(s, t) with respect s and t, respectively. Then, as in [89,
Equation 17], differentiating the Cauchy-Riemann equations implies

(5.12)
•

ms +
•

mt = 2jm2
s .

Hence, the complex Hessian is computed by adding the two second variations from Lemma
5.21 for the isomonodromic vectors `[µ] and `[iµ], where the sums of the two

q
m terms satisfy (5.12).

Furthermore, it is straight forward to check that 2jm2 = 2|µ|2 j.
Let ζ1, ζ2 ∈ Ω0(Σ, P(g)) be the associated sections from Lemma 5.11 for the semiharmonic

isomonodromic vectors (µ, β1, ψ1) and (iµ, β2, ψ2), respectively. We have

1
2 ∂[µ]∂[µ]Eρ = −1

2

∫
Σ

κg
Ä

Ψ ∧Ψ ◦ |µ|2 j
ä
+ Re

¨
∂AJ (iζ1),

Ä
1
2i Φµ

ä∗∂
+ Re

¨
∂AJ (iζ2),

Ä
1
2i Φiµ

ä∗∂
.

For the first term we have

−1
2

∫
Σ

κg
Ä

Ψ ∧Ψ ◦ |µ|2 j
ä
= −1

2

∫
Σ
|µ|2κg

Ä
−i 1

2i Φ ∧
Ä

1
2i Φ
ä∗

+ i
Ä

1
2i Φ
ä∗
∧ 1

2i Φ
ä

= i
∫

Σ
|µ|2κg

Ä
1
2i Φ ∧

Ä
1
2i Φ
ä∗ä

= ‖ 1
2i Φµ‖2.

Using Stokes’ theorem and D′
Ä

1
2i Φµ

ä
= dAJ

Ä
1
2i Φµ

ä
, we have

1
2 ∂[µ]∂[µ]Eρ = ‖ 1

2i Φµ‖2 + Re〈∂AJ (iζ1 − ζ2)∧
Ä

1
2i Φµ

ä∗
〉

= ‖ 1
2i Φµ‖2 + Re

ß
i
∫

Σ
κg
Ä

∂AJ (iζ1 − ζ2)∧ 1
2i Φµ

ä™
= ‖ 1

2i Φµ‖2 − Re
ß

i
∫

Σ
κg
Ä

(iζ1 − ζ2)∧ D′
Ä

1
2i Φµ

ää™
.

Let wµ = (µ, β, ψ) be a semiharmonic horizontal vector associated to µ. Recall that

D′
Ä

1
2i Φµ

ä
= −D′′(β + ψ) = −∂̄ψ− [Φ, β] ,

and, by invariance of the Killing form, we have

κg
Ä

(iζ1 − ζ2)∧
î

1
2i Φ, β

óä
= κg

Äî
1
2i Φ, (iζ1 − ζ2)

ó
∧ β
ä

.

Using D′′ = ∂̄ + 1
2i Φ, Stokes’ theorem and (5.5), we have

1
2 ∂[µ]∂[µ]Eρ = ‖ 1

2i Φµ‖2 + Re
ß

i
∫

Σ
κg
(
(iζ1 − ζ2)∧ D′′(β + ψ)

)™
= ‖ 1

2i Φµ‖2 − Re
ß

i
∫

Σ
κg
(
D′′(iζ1 − ζ2)∧ (β + ψ)

)™
= ‖ 1

2i Φµ‖2 − Re
ß

i
∫

Σ
κg
(
(−ψ∗ + β∗)∧ (β + ψ)

)™
= ‖ 1

2i Φµ‖2 − ‖β‖2 − ‖ψ‖2 .

This completes the proof since ‖wµ‖2
h0
= ‖ψ‖2 + ‖β‖2 − ‖ 1

2i Φµ‖2. �
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6. STRATIFICATION AND ISOMONODROMIC LEAVES

We now discuss the C∗-action on the joint moduli space M(G), Higgs bundles for real forms of
G and the C∗ and mapping class group invariant stratification of M(G) defined by the rank of the
kernel of the hermitian form h0, or equivalently, the 2-form ω0. We then prove Theorems 6.16 and
6.8 which are equivalent to Theorems D and E from the introduction, respectively.

6.1. C∗-action. Given a complex manifold N, we denote by C∗[N] the group of nowhere vanish-
ing holomorphic functions on N. When N = J (Σ), the group C∗[J (Σ)] acts on the configuration
space C(P) via

Ξ : C∗[J (Σ)]× C(P) −→ C(P) : ( f , (J, Φ)) 7−→ (J, f (πJ (J))Φ) .

This action preserves the space F−1(0)s of stable Higgs bundles. If we denote by p : J (Σ)→ T(Σ)
the quotient map, the pullback gives p∗ : C∗[T(Σ)] → C∗[J (Σ)]. We can thus define the action of
an element f ∈ C∗[T(Σ)] on x ∈ M(G) by

f · x :=
[
Ξ(p∗ f , x0)

]
,

where x0 ∈ F−1(0)s is any lift of x. Restricting the action to constant functions yields a C∗-action
on M(G) that restricts to the usual C∗-action of Hitchin on each fiber.

Proposition 6.1. The action of C∗[T(Σ)] on M(G) described above is holomorphic.

Proof. For a Higgs bundle x = (J, Φ) ∈ C(P) and a vector (
q
f , (µ, β, θ)) ∈ T f C

∗[J (Σ)] × TxC(P),
(where canonically, T f C

∗[J (Σ)] ' C[J (Σ)]) the differential of Ξ is given by

d( f ,x)Ξ(
q
f , (µ, β, θ)) = (µ, β,

q
f Φ + f θ)

and so Ξ is holomorphic.
The pullback map p∗ and the projection π : F−1(0)s → M(G) are both holomorphic. Around

any point y ∈ M(G), one can find a holomorphic slice S in F−1(0)s such that the restriction of π to
S is a biholomorphism onto a neighborhood of y. The action of C∗[T(Σ)] on M(G) is then locally
given by the composition π ◦ Ξ ◦ π|−1

S , which is thus holomorphic. �

6.1.1. The horizontal distribution. We now show that the restriction of this action to U(1) preserves
the horizontal distributionH from Definition 5.1.

Proposition 6.2. For λ ∈ U(1) denote the multiplication map mλ : M(G) → M(G). Then, the derivative
dmλ preserves the horizontal distributionH.

Proof. The map mλ is induced from the map mλ : C(P) → C(P) defined by mλ(J, Φ) = (J, λΦ).
Let x = (J, Φ) be a stable Higgs bundle which solves the Hitchin equations. Then for λ ∈ U(1),
y = (J, λΦ) also solves the Hitchin equations. It suffices to prove dxmλ : TxC(P) → TyC(P) sends
horizontal semiharmonic vectors at x to horizontal semiharmonic vectors at mλ(x).

For a tangent vector v = (µ, β, ψ) ∈ TxC(P), we have dxmλ(v) = (µ, β, λψ). By Lemma 5.8, v is
semi-harmonic and horizontal if and only if there exists η ∈ Ω0(P[g]) such that

D′x(η) = (β, ψ) and D′′x (β, ψ) + D′x( 1
2i Φµ) = 0,

where D′x = ∂AJ + ( 1
2i Φ)∗ and D′′x = ∂AJ +

1
2i Φ. Setting

D′y = ∂AJ + ( 1
2i λΦ)∗ and D′′y = ∂AJ +

1
2i λΦ ,

we have

λD′′x (β, ψ) + λD′x( 1
2i Φµ) = ∂AJ λψ + 1

2i [λΦ, β] + 1
2i ∂AJ λΦµ

= D′′y (β, λψ) + D′y(λ 1
2i Φµ).
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Since λ ∈ U(1), we have

D′y(λη) = ∂AJ λη + [( 1
2i λΦ)∗, λη] = λ∂AJ η + [( 1

2i Φ)∗, η] = λψ + β.

Hence, (µ, β, λψ) is a semiharmonic horizontal vector in TyC(P) if and only if (µ, β, ψ) is a semihar-
monic horizontal vector in TxC(P). This completes the proof. �

6.1.2. C∗-fixed points and cyclic Higgs bundles. The fixed points of the C∗-action on the moduli
MX(G) of Higgs bundles for a fixed Riemann surface X are important from many perspectives.
For example, Simpson showed that, under the nonabelian Hodge correspondence, C∗-fixed points
correspond to complex variations of Hodge structure [81, 84]. In addition, Hitchin showed that
C∗-fixed points are the critical points of the energy function EX on MX(G) [48]. This also holds on
the joint moduli space.

Proposition 6.3. A point x ∈ M(G) is a critical point of the energy function E from (5.6) if and only if it
is a C∗-fixed point.

Proof. By Lemma 5.19, the first variation of the energy is always zero in the horizontal distribution.
By the above discussion, the first variation of the energy in the vertical directions vanishes exactly
at the C∗-fixed points. This completes the proof. �

In [84], Simpson proves that a Higgs bundle is a C∗-fixed point if and only if it is fixed by an
infinite order element of U(1) < C∗. As a result, we denote the set of C∗-fixed points by

Y∞ = M(G)C∗ .

The set of Higgs bundles fixed by a cyclic subgroup of C∗ are also of interest.

Definition 6.4. Let k ∈ N and Zk < C∗ be the subgroup of kth-roots of unity. A k-cyclic Higgs
bundle is a point in M(G) fixed by the action Zk. Denote the set of k-cyclic Higgs bundles by Yk.

We have the following proposition concerning the sets of fixed points.

Proposition 6.5. For any k ∈N∪ {∞}, the set Yk is a holomorphic subbundle of π : M(G)→ T(Σ) such
that for any x in Yk, the horizontal spaceHx is contained in TxYk.

Proof. Let ζ be a unit norm complex number generating Zk. So

Yk = {x ∈ M(G) | ζx = x}
is the set of fixed points of a holomorphic action, hence is a holomorphic submanifold. Given
x ∈ Yk, we have

TxYk = ker(dmζ − Id) .
By Proposition 6.2, the horizontal space Hx is preserved by dmζ . The fact dmζ is the identity on
Hx follows directly from π(ζy) = π(y) for any y ∈ M(G). In particular

Hx ⊂ ker(mζ − Id) = TxYζ .

Since dxπ restricts to an isomorphism onHx, π restricts to a holomorphic submersion on Yζ . �

Let us now describe a nice application of Proposition 6.5. The uniformization theorem asso-
ciates to any point X ∈ T(Σ) a Fuchsian representation ρX ∈ X(PSL2C), and hence a uniformizing
Higgs bundle defined by

u(X) := H−1
X (ρX) ∈ MX(PSL2C) .

We thus obtain the uniformizing section u : T(Σ)→ M(PSL2C).

Proposition 6.6. The uniformizing section is holomorphic and horizontal.

Proof. For any choice X ∈ T(Σ), the uniformizing Higgs bundle u(X) is an isolated C∗-fixed point
in MX(PSL2C), [47]. Hence, the image of the uniformizing section is a connected component of
Y∞, and is thus holomorphic and horizontal by Proposition 6.5. �
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6.2. Stratification. Recall from Theorem 5.15 that the kernelKx of the hermitian form h0 at a point
x ∈ M(G) is identified with the kernel of the holomorphic section Θ at x. The dimension of the
kernel of Θ defines a stratification of the moduli space M(G) which is preserved by the actions
both C∗ and the mapping class group of Σ.

Theorem 6.7. Let Md = {x ∈ M(G) | dim(Kx) = d} . Then
(1) Md is a C∗-invariant complex subvariety of M(G) which is mapping class group invariant and

empty if d > 3g− 3,
(2) the closures of the subsets are nested, i.e., they satisfy Md ⊂ äd≤c Mc,
(3) M0 is nonempty, open and dense, and
(4) M3g−3 is nonempty and closed.

In particular, M(G) = ä
0≤d≤3g−3

Md is a C∗-invariant stratification.

Proof. The proof mainly follows from the identification between the kernel of the hermitian form
h0 the kernel of the holomorphic section Θ from Theorem B (see Theorem 5.15). The points that
do not immediately follow from Theorem B are the nonemptiness of M0 and M3g−3. For the
nonemptiness of M0, the points in the so called Hitchin section are always in M0, see Example
6.13 below. For nonemptiness of M3g−3, note that x ∈ M3g−3 for all points x where the Higgs field
Φ is zero since the map Θx is identically zero. �

Recall that Corollaries 1.5 and 1.6 give equivalent characterizations of the open and closed
strata, respectively, in terms of the isomonodromic distribution. They both follow directly from
Theorems 5.15, 5.22 and 6.7.

The following is Theorem E from the introduction.

Theorem 6.8. For a representation ρ ∈ X(G), the following are equivalent:
(1) The isomonodromic leaf Lρ is contained in the closed stratum M3g−3.
(2) The isomonodromic leaf Lρ is a holomorphic submanifold of M(G).
(3) The energy function Eρ is constant.

Proof. By Theorem 5.15, the isomonodromic leaf Lρ is contained in the closed stratum if and only
if its tangent space TxLρ = Dx is a complex subspace of TxM(G). So (1) and (2) are equivalent.
If the energy function Eρ is constant, then, at every x ∈ Lρ, its complex Hessian is zero at every
point. So, (3) implies (1) by Theorem 5.22. Finally, if Lρ ⊂ M3g−3, then the first variation of the
energy function Eρ is zero for all x ∈ Lρ by Lemma 5.19, so (1) implies (3). �

The following corollary is immediate from Proposition 6.3.

Corollary 6.9. If an isomonodromic leaf is fixed pointwise by the C∗-action then it is holomorphic.

6.3. Points in M0 and Proof of Theorem D. We start with the following sufficient condition for a
Higgs bundle [J, Φ] to be in the open stratum M0.

Proposition 6.10. Suppose H < G is a complex reductive subgroup such that the Lie algebra g has an
H-invariant splitting g = U1 ⊕U2 with dim(U1) = 1. Let (J, Φ) be a stable G-Higgs bundle such that
(P, J) admits a holomorphic reduction PH to H, and write

Φ = (Φ1, Φ2) ∈ H0(PH(U1)⊗ K)⊕ H0(PH(U2)⊗ K) ∼= H0(P(g)⊗ K).

If Φ1 is nowhere vanishing, then x = [J, Φ] is in the open stratum M0.

Proof. Let [J, Φ] be a stable G-Higgs bundle and let PH ⊂ P be a holomorphic reduction to H, as in
the statement. Consider µ a Beltrami differential and a ξ ∈ Ω0(P(g)) such that 1

2i Φµ = ∂̄Jξ. Since
the reduction PH ⊂ P is holomorphic, we have ξ = (ξ1, ξ2) for ξ j ∈ Ω0(PH(Uj)) and

∂̄Jξ = (∂̄Jξ1, ∂̄Jξ2) = ( 1
2i Φ1µ, 1

2i Φ2µ).
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Assume that Φ1 is a nowhere vanishing section of the line bundle PH(U1)⊗ K, hence

∂̄j(2iξ1 ⊗Φ−1
1 ) = µ.

It follows that µ defines a zero cohomology class, that is [µ] = 0 ∈ T[j]T(Σ). So [J, Φ] ∈ M0. �

6.3.1. Examples of points in the open stratum. There are many examples of Higgs bundles that satisfy
the assumptions of Proposition 6.10. Below we describe two families of interest.

Example 6.11. An SLnC-Higgs bundle (J, Φ) can be viewed equivalently as a pair (E, Φ), where
E is a rank n holomorphic vector bundle with fixed trivial determinant, and Φ : E → E⊗ K is a
traceless holomorphic bundle map. Suppose E decomposes holomorphically as

E = E1 ⊕ · · · ⊕ E`.

With respect to this decomposition a Higgs field Φ decomposes as Φab : Ea → Eb⊗K. If Ea ∼= Eb⊗
K for some a, b and Φab is an isomorphism, then the Higgs bundle (E, Φ) satisfies the assumptions
of Proposition 6.10. To see this, it suffices to consider the case when E = E1 ⊕ E2 with E2 =
E1 ⊗ K−1 and Φ12 = Id. In this situation the structure group of the bundle reduces to

H =

ßÅ
A

λA

ã
∈ SL2kC | A ∈ GLkC and λ = det(A)−2

™
This subgroup preserves the splitting slnC = U1 ⊕U2, where

U1 =

≠Å
0 0
Id 0

ã∑
and U2 =

ßÅ
X Y
Z W

ã
| Tr(Z) = 0

™
.

Remark 6.12. Let (E, Φ) be a stable SLnC-Higgs bundle which is k-cyclic and not a C∗-fixed point,
i.e., a point in Yk \ Y∞. By a result of Simpson [80], E decomposes as

E = E1 ⊕ · · · ⊕ Ek,

and, with respect to this decomposition, the components of the Higgs field Φab : Ea → Eb ⊗ K are
zero when b− a 6= 1 mod k. In particular, if (E, Φ) ∈ Yk \ Y∞, and one of the nonzero maps

Φab : Ea
∼=−−−−→ Eb ⊗ K

is an isomorphism, then (E, Φ) is in the open stratum M0. See §7.3 for many examples of Higgs
bundles that are special cases of Example 6.11 and which have been studied in the literature.

The second class of examples come from the so called Slodowy slice construction for an sl2C

subalgebra of g. The Higgs bundle analogue below generalizes Hitchin’s description [48] of the
Hitchin section, and was introduced in [22].

Example 6.13. Suppose { f , h, e} ⊂ g is a subalgebra isomorphic to sl2C, where

[h, e] = 2e, [h, f ] = −2 f , and [e, f ] = h.

Let T < G be the subgroup defined by exponentiating 〈h〉 and C < G be the centralizer of { f , h, e}.
Finally, let H < G be the subgroup generated by C and T. Then g admits a H-invariant splitting

g = W ⊕ 〈 f 〉 ⊕
N⊕

j=0

Vj,

where Vj = {v ∈ g | [e, v] = 0 and [h, v] = jv}. The (Lie algebra) Slodowy slice of { f , h, e} is

s f = { f + v0 + · · ·+ vN | vj ∈ Vj} ⊂ g.

We now recall a Higgs bundle analogue. Since T and C are commuting subgroups, the multi-
plication map C× T → G is a group homomorphism. Let PT and PC be holomorphic principal
T and C bundles, respectively, and PH be the holomorphic principal H obtained by extending the
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structure group with the multiplication map. If PT is the holomorphic frame bundle of a square
root of K, then PH(〈 f 〉) ∼= K−1. In particular, f defines a section

f ∈ H0 (PH

(
〈 f 〉
)
⊗ K

)
.

The (Higgs bundle) Slodowy slice of the sl2-triple { f , h, e} is given by

Ŝ f = {(P, Φ) = (PH(G), f + ψ0 + · · ·ψN) | ψj ∈ H0(PH(Vj)⊗ K)} .

The subset of such Higgs bundles which are stable satisfy the assumptions of Proposition 6.10,
and so define a mapping class group invariant subset of the open stratum M0. For principal sl2C-
triples, the components of the Higgs bundle Slodowy slice are called Hitchin sections. All Higgs
bundles in the Hitchin sections are stable [48].

6.3.2. Proof of Theorem D. Fix an sl2C-triple { f , h, e} ⊂ g, and let S f (X) ⊂ M0 denote the Higgs
bundle in the Slodowy slice from Example 6.13 on a fixed Riemann surface X which are stable.
Furthermore, define S0

f (X) ⊂ S f (X) to be the subset where the holomorphic section ψ0 vanishes

S0
f (X) = {[J, Φ] ∈ S f (X) | ψ0 = 0}.

Applying the nonabelian Hodge map (4.10), defines subsets of the character variety

H(S0
f (X)) ⊂ H(S f (X)) ⊂ X(G).

In general, it is not clear how these subsets depend on the choice Riemann surface X. However,
for the special class of magical sl2-triples introduced in [15], we have the following.

Theorem 6.14 ([15]). Let { f , h, e} ⊂ g be a magical sl2-triple and X ∈ T(Σ) be a Riemann surface. Then
H(S0

f (X)) ⊂ X(G) is independent of X.

More precisely, for each magical sl2-triple { f , h, e} it was shown that there is a canonical real
form GR

f < G such that the polystable points of Ŝ0
f (X) define a union of connected components of

the GR
f -Higgs moduli space on X. In [15], the connected components of the GR

f -Higgs bundle mod-

uli space defined by the polystable points of Ŝ0
f (X) (and their image in the GR-character variety)

are called Cayley components. As a result, we make the following definition.

Definition 6.15. We will say that a representation ρ ∈ X(G) lies in a Cayley component if there is
a magical sl2-triple { f , h, e} such that ρ ∈ H(S0

f (X)) for some (and hence any) Riemann surface X.

Recall that ω0 defines a symplectic form on the open stratum M0 which is compatible with
I, and that the hermitian form h0 is nondegenerate with signature (dim X(G), 3g − 3). Writing
h0 = 2(g0 + iω0), g0 is a pseudo-Kähler metric on M0. The following theorem is equivalent to
Theorem D from the introduction.

Theorem 6.16. Let ρ ∈ X(G) be in a Cayley component and Lρ ⊂ M(G) be its isomonodromic leaf. Then,
with the notation above, we have

(1) Lρ is contained in the open stratum M0,
(2) Lρ is a ω0-symplectic submanifold M0 which is totally real and g0-isotropic, and
(3) h0 has signature (3g− 3, 3g− 3) on TLρ ⊕ I(TLρ).

Proof. By Theorem 6.14, ρ being in a Cayley component implies ρ ∈ H(S0
f (X)) for every X ∈ T(Σ).

Since, S0
f (X) ⊂ M0 for all X ∈ T(Σ), the isomonodromic leaf Lρ is contained inM0. Items (2) and

(3) now follow from the definition of M0 and Lemma 5.5. �
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7. HITCHIN MAP, MINIMAL SURFACES AND CYCLIC LOCUS

In this section, we construct the Hitchin map in the joint setting and give a different interpre-
tation of the section Θ. We then focus on the moduli spaces of equivariant minimal surfaces and
cyclic Higgs bundles, and prove Theorems F and G and H.

7.1. The Hitchin map.

7.1.1. The bundle of holomorphic k-differentials. The bundle of holomorphic k-differentials over Te-
ichmüller space is defined by taking direct images of the k-th power of the relative cotangent sheaf
of the universal curve. A direct construction of this bundle from the point of view of the Ahlfors-
Bers complex structure is given, for example, by Bers [9]. In this section, we briefly describe a
construction in manner of the previous sections. The result is the following.

Theorem 7.1. Fix k ≥ 1. There is a complex manifold B(k) and holomorphic submersion πB : B(k) → T(Σ)
such that the points of the fiber B(k)

X = π−1
B (X) consist precisely of the holomorphic k-differentials on X.

Moreover, there is an action of Mod(Σ) on B(k) by biholomorphisms for which πB is equivariant.

Since many of the technical details follow very closely the discussion in §4, in the following we
shall only give the set-up for the construction and omit explicit proofs.

Given j ∈ J (Σ), let j(k) ∈ End((T∗CΣ)⊗k) be defined by:

j(k)(α1 ⊗ · · · ⊗ αk) =
k

∑
p=1

α1 ⊗ · · · ⊗ (αp ◦ j)⊗ · · · ⊗ αk.

Then j(k) preserves Symk(T∗CΣ) ⊂ End((T∗CΣ)⊗k), and there is an eigenspace decomposition

Symk(T∗CΣ) =
k⊕

p=0

E(k)
−k+2p[j],

where j(k) acts by ip on E(k)
p [j]. Let

E(k)
p :=

¶
(j, α) ∈ J (Σ)×Ω0(Σ, Symk(T∗CΣ)) | α ∈ Ω0(Σ, E(k)

p [j])
©

.

This is clearly the total space of a C∞ bundle on J (Σ) with the Fréchet topology. Moreover, it
carries a natural complex structure. We call E(k)

k the bundle of k-differentials on J (Σ).
Given a smooth family (j(t))t∈(−ε,ε) in J (Σ) tangent to µ ∈ TjJ (Σ), and zt is a local holomorphic

1-form on (Σ, j(t)), then
•

d̂zk = kdzk−1µ(∂z). In particular
•ıj(k) : E(k)

k [j] −→ E(k)
k−2[j] .

As a result, if (j(t), q(t))t∈(−ε,ε) is a smooth family in E(k)
k , then

•

q = (
•

q)k + (
•

q)k−2, where (
•

q)k is a
k-differential, and (

•

q)k−2 is a (k− 2)-differential given by:

(
•

q)k−2 = − i
2

•ıj(k)q .

The holomorphicity condition is given by the zeros of the map:

F : E(k)
k −→ E(k+1)

k : qk 7−→ ∂̄jqk

induced by the exterior derivative on forms, and where we regard

Λ2T∗CΣ ' T1,0Σ⊗ T0,1Σ ⊂ Sym2(T∗CΣ) .
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Proposition 7.2. The zero set Z(k) of F is a smooth submanifold of E(k)
k , and Diff0(Σ) acts properly discon-

tinuously on Z(k).

We then set: B(k) = Z(k)/Diff0(Σ). The structure of a complex manifold then follows along the
lines of §4.

7.1.2. The Hitchin map. Let us first briefly recall the definition of the Hitchin map on MX(G). For a
fixed Riemann surface X, let B(k)

X = H0(X, K⊗k
X ). Given a semisimple complex Lie group G of rank

`, the Hitchin base is defined by

(7.1) BX(G) =
⊕̀
i=1

B(mi+1)
X

where m1, . . . , m` are the exponents of G. For each exponent mi of G, let pi denote a choice of
nonzero invariant polynomial on g of degree mi + 1. The Hitchin map is then

vX : MX(G) −→ BX(G) : [E , Φ] 7→ (p1(Φ), . . . , p`(Φ)) .

Now let B(G) denote the fiber product over T(Σ) of the spaces B(mi+1), i = 1, . . . , `, from the
previous section. Let us continue to denote the projection by πB. Then πB : B(G)→ T(Σ) is called
the joint Hitchin base.

We can then define:

(7.2) v([J, Φ]) = [(j, p1(Φ), . . . , p`(Φ))]

Using the holomorphicity condition on Φ, the map v takes value in B(G) and is holomorphic since
the pα are. This is the desired relative Hitchin map. We summarize with the following.

Theorem 7.3. There is a holomorphic map v making the diagram

M(G) B(G)

T(Σ)

v

π πB

commute. Moreover, for every X ∈ T(Σ), the restriction of v to π−1(X) is the Hitchin map vX.

7.1.3. The quadratic part of v. Note that for any semisimple G, we have m1 = 1. In particular, the
Hitchin map has a quadratic piece v(2) : M(G) → B(2). This quadratic part is closely related to Θ
as we now explain2 (see also [20]). Here we normalize v(2) by

v(2)([J, Φ]) =
Ä

π(J), 1
4 κg(Φ⊗Φ)

ä
.

Using the identification between B(2)
X and T∗XT(Σ), any µ ∈ TXT(Σ) defines a function fµ on

MX(G) by
fµ([J, Φ]) =

¨
v(2)

X ([J, Φ]), µ
∂

.

Here 〈· , · 〉 is the natural pairing between H0(K2
X) and H1(X, TX) given by

〈q2, µ〉 =
∫

Σ
q2µ ,

where q2µ is seen as a (1, 1)-form on Σ.
Recall that MX(G) is equipped with a holomorphic symplectic form ωC

I defined by

ωC
I
(
(β1, ψ1), (β2, ψ2)

)
= i

∫
Σ

κg(ψ2 ∧ β1 − ψ1 ∧ β2) .

2We thank Nigel Hitchin for pointing out this interpretation.
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Proposition 7.4. For any X ∈ T(Σ) and [µ] ∈ TXT(Σ), the vector field Θ([µ]) on MX(G) is the Hamil-
tonian vector field of fµ with respect to ωC

I . In particular, for any x ∈ M(G) we have

dim coker dxv(2) = dim ker Θx.

Proof. For x = [J, Φ] ∈ M(G) we have

dxv(2)
X (β, ψ) = 1

2 κg(Φ⊗ ψ) .

Thus

dx fµ(β, ψ) =
1
2

∫
Σ

κg(Φ⊗ ψ)µ = i
∫

Σ
κg
Ä

ψ ∧ 1
2i Φµ

ä
= 4ωC

I
(
Θ(µ), (β, ψ)

)
.

This proves the first statement. To show the second statement, first observe that, evaluating v(2)

along horizontal vectors, one obtains coker dxv(2) = coker dv(2)
X . The result follows from the

duality between dx fµ and Θx(µ). �

7.1.4. The nilpotent cone. We shall not discuss the rich geometry of the Hitchin map, other than to
point to an essential consequence. For a fixed X ∈ T(Σ), the nilpotent cone CX(G) is the preimage
of 0 ∈ BX(G) by the Hitchin map vX. In the joint setting, we define the (relative) nilpotent cone C(G)
as the preimage by v of the zero section in B(G). We record the following:

Proposition 7.5. The nilpotent cone C(G) is a complex analytic subvariety of M(G).

Recall the definition of the set Us from Theorem 4.6.

Theorem 7.6. There is s0 ≥ 0 such that for each s > s0, the set Us is an open neighborhood of C(G).

Now let ~q ∈ BX(G). Then ~q = (qk1 , . . . , qk`), where ki = mi + 1 and qki is a holomorphic ki-
differential on X. Define the pointwise norm

|~q|2ρ(z) :=
`

∑
i=1
|qki |

2
ρ(z)

where ρ is the hyperbolic metric on X (see Appendix A). We set

‖~q‖∞ := sup
z∈X
|~q|2ρ(z)

Finally, note that given a Cartan involution τ we can define a pointwise norm for the Higgs field
|Φ|ρ,τ(z) as in Appendix A. With this understood, we have the following.

Lemma 7.7. Fix c > 0. Then there is K(c) > 0 with the following significance. If (E , Φ) is a solution
to the Hitchin equations on a Riemann surface X with harmonic metric τ, and ‖vX(J, Φ)‖∞ ≤ c, then
sup
z∈X
|Φ|ρ,τ(z) ≤ 4K(c).

The key point is that K(c) is uniform independent of X. Lemma 7.7 is due to Simpson [82,
Lemma 2.7] (see also the proof of [94, Proposition 4.2.21]).

Proof of Theorem 7.6. For c > 0, it is clear that

Mc(G) = {[(J, Φ)] ∈ M(G) | ‖vX(J, Φ)‖∞ < c}

is an open neighborhood of the nilpotent cone. If we take s0 = infc>0 K(c), then for any s > s0,
there is c > 0 such that K(c) < s, and so Mc(G) ⊂ Us. This completes the proof. �



50 COLLIER, TOULISSE, AND WENTWORTH

7.2. Equivariant minimal surfaces. Any point x = (J, Φ) in M(G) corresponds to an equivariant
harmonic map ux from the universal cover of X = π(x) to the symmetric space of G. The following
is classical.

Proposition 7.8. For any point x in M(G), the holomorphic quadratic differential v(2)(x) is proportional
to the Hopf differential of the associated equivariant harmonic map.

Recall that ux is a branched minimal immersion if and only if its Hopf differential vanishes (cf.
[46, 75]. As a result, the set

W(G) = {(J, Φ) ∈ M(G) | p1(Φ) = 0}

is the space of equivariant minimal immersions.

Proposition 7.9. The set W(G) is a complex analytic subvariety of π : M(G) → T(Σ). The restriction
W0 := W(G)∩M0 is a smooth complex manifold.

Proof. If Z denotes the image of the zero section in T∗T(Σ), then W(G) = (v(2))−1(Z) and the first
statement follows by holomorphicity of v(2).

For the second statement, since points in M0 correspond to points on which the energy is strictly
plurisubharmonic (by Corollary 1.5) and that the complex Hessian of the energy is related to the
norm of Θ by Theorem 5.22, we get that Θ (seen as a section of Hom(π∗TT(Σ), VM(G))) is injective
at every point of M0. The equality between dim coker dxv(2) and dim ker Θ of Proposition 7.4 then
implies that v(2) is a submersion on M0. The result follows. �

We now prove Theorem F of the introduction.

Theorem 7.10. The restriction of ω0 to W0 is equal to the pullback of the Atiyah-Bott-Goldman symplectic
form via (the restriction of) the nonabelian Hodge map.

Proof. Since W0 = {(J, Φ) ∈ M0 | κg(Φ⊗Φ) = 0}, for x = (J, Φ) ∈ W(G), we have

TxW0 = {(µ, θ, β) ∈ TxM0 | κg(Φ⊗ θ) = 0} .

Since κg(Φ⊗Φ) = 0, we have for any (µ, θ, β) ∈ TxM0 that κg(Φ⊗Φµ) = 0. Writing θ = ψ + 1
2i Φµ

with ψ of type (1, 0), we get that κg(Φ⊗ ψ) = 0. In particular, for any Beltrami differential ν on
X = π(x), we get we have κg(ψ ∧Φν) = 0 (this can be easily seen in local coordinates).

From equation (3.6), the (2, 0)-part of H∗ωABG is given by

(H∗ωABG)2,0
x
(
(µ, θ1, β1), (µ, θ2, β2)

)
= −1

4

∫
Σ

κg(θ1 ∧ θ2) = − 1
8i

∫
Σ

κg(ψ1 ∧Φµ2 − ψ2 ∧Φµ1) ,

and so vanishes on TxW0. The result follows. �

Since M0 is pseudo-Kähler and not Kähler, the restriction of h0 to W0 is not necessarily nonde-
generate (equivalently, the restriction of H to W0 is not necessarily a local symplectomorphism).
Nevertheless, we can prove the result on the cyclic locus Yk ∩W0 for k > 2. This is the content of
Theorem G of the introduction.

Theorem 7.11. Let k > 2 and x be a point in the k-cyclic locus Yk ∩W0 of W0. Then the restriction of
the nonabelian Hodge map H to W0 is a local symplectomorphism around x. In particular, h0 restricts to a
pseudo-Kähler structure on a neighborhood of x in W0.

Remark 7.12. Recall from Example 6.13, that the points of any Slodowy slice S f lie in M0. Hence,
Theorem 7.11 applies to all k-cyclic Higgs bundle, with k ≥ 3, which lie in some Slodowy slice.
For example, all k-cyclic Higgs bundles in Hitchin components for k ≥ 3.
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Proof. Denote by VxYk and VxW0 the intersection of the vertical space VxM with TxYk and TxW0
respectively. The restriction of h0 to W0 and Yk yields orthogonal decompositions

TxW0 = VxW0 ⊕ (VxW0)⊥ and TxW0 = VxYk ⊕ (VxYk)⊥ .

The joint Hitchin map v is C∗-equivariant, where C∗ acts with weight k on the bundle B(k)

of holomorphic k-differential. In particular, if α is not a multiple of k, then v(α)(x) = 0 for any
x ∈ Yk. If follows that Yk ∩M0 is a submanifold of W0, we get that VxYk ⊂ VxW0 and so since the
dimension coincide, we get (VxW0)⊥ = (VxYk)⊥. Proposition 6.5 the implies

Hx = (VxM0)⊥ = (VxW0)⊥ = (VxYk)⊥ .

But by definition, x ∈ M0 if and only if h0 is non-degenerate onHx. The result follows. �

7.3. Cyclic Higgs bundles. We now describe many examples of cyclic Higgs bundles that ap-
peared in the literature. One can show that each of these examples are in some Slodowy slice for
the relevant complex group. As a result, they are all in W0, see Remark 7.12 (alternatively, since
these examples are described in terms of holomorphic vector bundles, and one can also apply
Proposition 6.10 and Remark 6.12). Theorem 7.11 then gives the following result.

Theorem 7.13. Let Z be one of the complex submanifolds of Yk ∩M0 described in the following list. Then
the nonabelian Hodge map defines a symplectic immersion to the character variety. In particular, real part
of h0 restricts to a nondegenerate pseudo-Kähler metric on Z.

(1) Hitchin cyclic. The first extensive study of cyclic Higgs bundles was carried out by Baraglia
in his thesis [8], and followed by Labourie in [55]. These works focused on the k-cyclic
Higgs bundles associated to Hitchin components of the split real form of G, when k− 1 is
the length of the longest root in g. In this case, Theorem 7.13 recovers Labourie’s result that
H restricts to an immersion [55, Theorem 1.5.1].

(2) Maximal representations in rank 2. This second example was considered by Tholozan
and the first two authors in [23]. The 4-cyclic SOn+2C-Higgs bundles which give rise to
maximal representation into SO2,n. Such cyclic Higgs bundles are a Gauss lift of maxi-
mal surfaces in the pseudo-hyperbolic space H2,n−1. By Theorem 7.13, the corresponding
component Z ⊂ W(G) is locally symplectomorphic to the components of maximal repre-
sentations in X(G).

(3) Alternating holomorphic curves in H4,2. In [24], the first two authors described a one-to-
one correspondence between some 6-cyclic Higgs bundles for the exceptional Lie group G′2
and some alternate holomorphic curves into the almost-complex pseudo-hyperbolic space
H4,2. The corresponding Higgs bundles satisfy the condition of Proposition 6.10, hence
Theorem 7.13 provides a stronger result than [24, Theorem C].

(4) A-surfaces in Hn,n−1. In [69], Nie describes a correspondence between a certain classes of
2n-cyclic Higgs bundles for SOn,n+1 and alternating maximal surfaces in Hn,n or Hn−1,n+1,
depending on the parity of n. These Higgs bundles again satisfy the hypothesis of Propo-
sition 6.10, and so Theorem 7.13 recovers Nie’s infinitesimal rigidity [69, Theorem C].

(5) Non-maximal in SO2,3. A special class of 4-cyclic Higgs bundles for SO2,3 was considered
in [23] in relation to geometric structures. These Higgs bundles were shown to define
Anosov representations by Filip [39] and Zhang [98]. These results can also be generalized
to SO2,n, see [98, Remark 5.7]. Theorem 7.13 applies in this situation and yields a new result
on this class of cyclic Higgs bundles.

(6) Non-Hitchin in SL3(R). In a recent paper [17], Bronstein and Davalo considered a special
class of 3-cyclic Higgs bundles for G = SL3(R) and prove the corresponding representa-
tions are Anosov. By Theorem 7.13, these cyclic Higgs bundles define symplectic immer-
sions into the character variety.
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(7) Non-Hitchin in SL2n+1(R). In [73], Tamburelli and Rungi gives a correspondence between
some (2n + 1)-cyclic Higgs bundles for SL2n+1(R) and some special surfaces in the para-
complex hyperbolic space. Theorem 7.13 also applies in that case and defines symplectic
immersions into the character variety.

Finally, as a corollary of Theorem 7.13, we obtain Theorem H of the introduction.

Corollary 7.14. Let Y ⊂ X(G) either be the submanifold Hitchin representations into the split real form
when rk(G) = 2 or the submanifold of maximal SO2,n-representations when G = SO2+nC. Let Z ⊂ W0 be
the submanifold of minimal surfaces equivariant with respect to the points of Y. Then

H : Z −→ Y

is a global symplectomorphism. In particular, h0 defines a mapping class group invariant pseudo-Kähler
metric on Y which has signature

(
(dimG− 3)(g− 1), 3g− 3

)
and is compatible with the Atiyah-Bott-

Goldman form.
Proof. Let x ∈ M(G) be such that H(x) is a maximal representation into SO2,n or a Hitchin repre-
sentation in rank 2 (hence x ∈ M0). In that case, the condition x ∈ W(G) is equivalent to being
cyclic of order 3, 4 or 6 when g is sl3C, son+2C or g2, respectively. Such cyclic Higgs bundles are
described in items (1) and (2) above, and so we can apply Theorem 7.13.

Since the dimensions of W0 and X(G) coincide, H restricts to a local symplectomorphism from
Z to Y. The proof that H is a global symplectomorphism follows from applying [55, Theorem
8.1.1]. �

APPENDIX A. KÄHLER IDENTITIES AND INNER PRODUCTS

Here, we summarize the conventions for hermitian geometry on Riemann surfaces that we use
throughout the paper. Let X = (Σ, j) be a Riemann surface with its hyperbolic conformal metric,
expressed as ds2 = ρ(dx2 + dy2) in local conformal coordinates z = x + iy. We shall refer to the
metric simply as ρ. The area (Kähler) form is

νρ := i
2 ρ dz ∧ dz̄

By definition, the pointwise norms are given by:

|∂x|2ρ = |∂y|2ρ = ρ , |dx|2ρ = |dy|2ρ = ρ−1

Hence, ?dx = dy, ?dy = −dx, so that dx ∧ ?dx = |dx|2ρρ dx ∧ dy, etc. Now we have dz = dx + idy,
and ?dz = dy− idx = −idz; ?dz̄ = +idz̄. This gives us:

?̄dz = idz̄ , ?̄dz̄ = −idz .

Notice that ?̄2 = −1. We also have, of course, ?̄νρ = 1, ?̄1 = νρ. Under the real isomorphism of
the tangent space with Riemannian metric and (1, 0) vectors with the induced hermitian metric,
∂x 7→ ∂z, ∂y 7→ i∂z, we have |∂z|2ρ = ρ/2. Then

dz ∧ ?̄dz = idz ∧ dz̄ = |dz|2ρ i
2 ρ dz ∧ dz̄ = |dz|2ρ νρ

We define the L2-hermitian inner product on the space Ωp,q(X) of complex valued (p, q)-forms
by:

(A.1) 〈α1, α2〉 :=
∫

X
α1 ∧ ?̄α2

More explicitly, we have

〈ψ1, ψ2〉 = i
∫

X
ψ1 ∧ ψ2 , ψi ∈ Ω1,0(X)(A.2)

〈β1, β2〉 = −i
∫

X
β1 ∧ β2 , βi ∈ Ω0,1(X)(A.3)
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It follows immediately from (A.1) that the formal adjoint of ∂̄ with respect to the pairing (A.3) is
∂̄∗ = −?̄∂̄?̄. Define Λ : Ω2(X) → Ω0(X) by extending Λ(νρ) = 1 complex linearly. Then we have
the Kähler identities:

(A.4) ∂̄∗ = −i[Λ, ∂] , ∂∗ = −i[Λ, ∂]

The hermitian structure on sections of the holomorphic tangent bundle Ω0(TX) is given by:

(A.5) 〈v1, v2〉 =
∫

X
〈v1, v2〉ρ νρ , vi ∈ Ω0(TX)

This is dual to the inner product on (1, 0)-forms. Indeed, writing (A.2) locally, we see that

〈ψ1, ψ2〉 =
∫

X
〈ψ1, ψ2〉ρ νρ , ψi ∈ Ω1,0(X)

Let qk be a k-differential on X, i.e. a section of K⊗k
X . In a local conformal coordinate z on X, we

write qk = qk(z)dzk and define the pointwise norm:

|qk|2ρ(z) := |qk(z)|2(ρ(z)/2)−k

This is independent of the choice of conformal coordinate.
Finally, given a Cartan involution τ, we define a pointwise norm on Higgs fields as follows. In

local conformal coordinates, write Φ = Φ(z)dz. Then

|Φ|2ρ,τ(z) := κg(Φ(z), Φ∗(z))(ρ(z)/2)−1 .

APPENDIX B. LINK WITH ALGEBRAIC GEOMETRY

For the purposes of this paper, we have not needed the fact that M(G) is locally isomorphic to the
analytification of the moduli space of stable relative G-Higgs bundles constructed, for example, in
[84] and [37]. This assertion can be shown by producing local universal families on M(G) and then
using the modular properties of the algebraic space. Such an argument is by now standard, but
here we omit the details. It will be useful, however, to show that the deformation theory agrees,
and that is the purpose of this section.

Fix a smooth complex projective curve X and a complex reductive group G. Let π : P → X be
an algebraic principal G-bundle. Recall that the Atiyah algebra At(P) of P is the sheaf (coherent
analytic on X) of invariant holomorphic vector fields on P . We have a tautological sequence:

(B.1) 0 −→ ad(P) −→ At(P) σ−−−→ TX −→ 0

where σ is projection to X. We have a homomorphism

At(P) −→ At(ad(P)) : V 7−→ DV

where At(ad(P)) is identified with first order differential operators on ad(P) with scalar symbol:
σ(DV) = σ(V). Explicitly, given V ∈ At(P), and regarding a local section s of ad(P) over U ⊂ X
as an equivariant map s : π−1(U)→ g, we define DV(s) := V(s). We also define a homomorphism

At(P) −→ At(ad(P)⊗ KX)

(KX = T∗X) as follows. For local sections s of ad(P) and α of KX, let

DV(s⊗ α) := DV(s)⊗ α + s⊗ dα(σ(V))

One checks that this is a well-defined differential operator with σ(DV) = σ(V). With this under-
stood, we have the following
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Lemma B.1 (cf. Welters [93]). Let (P , Φ) be a G-Higgs bundle on X. Consider the complex

B• : At(P)
adΦ−−−−−→ ad(P)⊗ KX

where adΦ(V) := [Φ, DV]. Then the hypercohomology H1(B•) parametrizes first order joint deformations
of (X,P , Φ).

Next, let P denote the underlying smooth G-bundle, and J ∈ J (P) such that P ' (P, J). Let
∂̄ad(P) denote the ∂̄-operator on ad(P) defining the holomorphic bundle ad(P). We have the fol-
lowing C∞ resolution of B•:

(B.2)

At(P) aut(P) TJJ (P) 0

ad(P)⊗ KX A1,0(X, ad(P)) A1,1(X, ad(P)) 0

adΦ

L

adΦ adΦ

∂̄ad(P)

Here, the map L is given by V 7→ LV J, for a smooth invariant vector field V on P. At a solution to
the Hitchin equations, the diagram commutes if we define adΦ on TJJ (P) by:

(µ, β) 7→ − 1
2i (∂A(Φµ) + [Φ, β])

Hence, the complex B• from §4.5 gives a smooth resolution of B•. The next result is an immediate
consequence.

Proposition B.2. We have an isomorphism: Hi (At(B•)) ' Hi(B•), i = 0, 1, 2.

APPENDIX C. THE ALGEBRAIC DEFINITION OF Θ

In this section we give the algebro-geometric definition of Θ (see also [20]). Continuing with
the notation of the previous section, let A • denote the complex

A • : ad(P)
adΦ−−−−−→ ad(P)⊗ KX

Then H1(A •) parameterizes the tangent space to MX(G) at a stable Higgs bundle (E , Φ) on X [70].
The exact sequence of complexes

0 ad(P) At(P) TX 0

0 ad(P)⊗ KX ad(P)⊗ KX 0 0

adΦ adΦ

gives the tangent sequence of M(G)→ T(Σ) at a stable Higgs bundle:

0 −→H1(A •) −→H1(B•) −→ H1(TX) −→ 0

On the other hand, notice that Φ defines a map of complexes

TX ad(P)

0 ad(P)⊗ KX

1
2i Φ

adΦ

since Φ commutes with itself. Let Θalg be the induced map H1(TX) → H1(A •). The following is
then straightforward.

Proposition C.1. In terms of the isomorphism from Proposition B.2, the holomorphic section Θalg defined
above satisfies Θalg([µ]) = [(0, 1

2i Φµ, 0)] for all [µ] ∈ H1(TX).
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APPENDIX D. COMPARISON WITH THE FORMULA OF TOŠIĆ

We explain here why our formula (1.1) for the complex Hessian of the energy agrees with the
one found by Tošić in [90, Theorem 1.10]. Fix a Beltrami differential µ and a harmonic bundle
(J, Φ). For simplicity, set (µ, β, ψ) to be the minimal norm (horizontal) tangent vector, and let
(µ, β1, ψ1), (iµ, β2, ψ2) be the isomonodromic tangent vectors. Recall that from Lemma 5.13,

β = 1
2 (β1 − iβ2) , ψ = 1

2 (ψ1 − iψ2)

and from Lemma 5.5, ‖(βi, ψi)‖ = ‖Φµ/2i‖ for i = 1, 2. Finally, we have also proven that (see
Lemma 5.12)

(D.1) ∂̄Aζi =
1
2i (−ψ∗i +

1
2i Φµ) , [( 1

2i Φµ)∗, ζi] = 1
2i βi

for i = 1, 2.
Now there are two differences in the normalizations used here compared with those in [90].

First, our derivatives are computed with respect to µ, whereas in [90] they are computed with
respect to 1

2i µ. This means that the (complex) variation of the harmonic metric, which Tošić calls
w, is 2i times the variation that we obtain. So,

(D.2) w = 2i× 1
2 (ζ1 − iζ2) = iζ1 + ζ2

The second difference is that the Higgs field, which Tošić calls ∂ f0, corresponds to our 1
2i Φ. Hence,

in the notation of [90, Theorem 1.10],

(D.3) 1
2i Φµ = ∂̄A ϕ + θ

where θ ⊥ im ∂̄A.
With this understood, we proceed to calculate Tošić’s expression for the Hessian ∆µE:

(D.4) ∆µE = 8‖θ‖2 + 8‖∂̄A(w− ϕ)‖2 − 8i
∫

X
〈R(w, ∂ f0 ∧ ∂̄ f0, w〉

where R is the curvature of the (appropriately normalized) invariant metric on G/K. Using (D.2)
and (D.1), we have

∂̄Aw = − 1
2i (ψ1 + iψ2)∗ + 1

2i Φµ

Now from (D.3) and the fact that θ ⊥ im ∂̄A,

∂̄A(w− ϕ) = ∂̄Aw + θ − 1
2i Φµ

‖∂̄A(w− ϕ)‖2 = ‖∂̄Aw‖2 + ‖θ‖2 + ‖ 1
2i Φµ‖2 − 2 Re〈∂̄Aw + θ, 1

2i Φµ〉

But 1
2i 〈θ, Φµ〉 = ‖θ‖2, so

‖∂̄A(w− ϕ)‖2 = ‖∂̄Aw‖2 − ‖θ‖2 + ‖ 1
2i Φµ‖2 − 2 Re〈∂̄Aw, 1

2i Φµ〉

which we can write as

‖θ‖2 + ‖∂̄A(w− ϕ)‖2 = ‖∂̄Aw− 1
2i Φµ‖2 = 1

4 (‖ψ1‖2 + ‖ψ2‖2 + 2 Re〈ψ1, iψ2〉)

For the last term in (D.4), we have

−i
∫

X
〈R(w, ∂ f0 ∧ ∂̄ f0, w〉 = ‖[ 1

2i Φµ, iζ1 + ζ2]‖2 = ‖[( 1
2i Φµ)∗,−iζ1 + ζ2]‖2

= ‖ 1
2 (β1 + iβ2)‖2 = 1

4 (‖β1‖2 + ‖β2‖2 + 2 Re〈β1, iβ2〉)

It follows that

(D.5) ∆µE = 4(‖Φµ/2i‖2 + Re〈(β1, ψ1), (iβ2, iψ2)〉)
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On the other hand,

‖(β, ψ)‖2 = 1
4 (‖(β1, ψ1)‖2 + ‖(β1, ψ1)‖2 − 2 Re〈β1, iβ2〉)

= 1
2 (‖ 1

2i Φµ‖2 − Re〈(β1, ψ1), (iβ2, iψ2)〉)
Re〈(β1, ψ1), (iβ2, iψ2)〉) = ‖ 1

2i Φµ‖2 − 2‖(β, ψ)‖2

Finally, plugging this into (D.5), we obtain

∆µE = 8(‖ 1
2i Φµ‖2 − ‖(β, ψ)‖2) = −8‖wµ‖2

h0
,

which agrees with (1.1) (see also Lemma 5.9).
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