COMPACTNESS FOR Q-YANG-MILLS CONNECTIONS

XUEMIAO CHEN AND RICHARD A. WENTWORTH

ABSTRACT. On a Riemannian manifold of dimension n we extend the known analytic results
on Yang-Mills connections to the class of connections called €2-Yang-Mills connections, where
Q is a smooth, not necessarily closed, (n — 4)-form on M. Special cases include Q-anti-self-
dual connections and Hermitian-Yang-Mills connections over general complex manifolds. By a
key observation, a weak compactness result is obtained for moduli space of smooth 2-Yang-
Mills connections with uniformly L? bounded curvature, and it can be improved in the case
of Hermitian-Yang-Mills connections over general complex manifolds. A removable singularity
theorem for singular €2-Yang-Mills connections on a trivial bundle with small energy concen-
tration is also proven. As an application, it is shown how to compactify the moduli space of
smooth Hermitian-Yang-Mills connections on unitary bundles over a class of balanced manifolds
of Hodge-Riemann type. This class includes the metrics coming from multipolarizations, and in
particular, the Kéhler metrics. In the case of multipolarizations on a projective algebraic man-
ifold, the compactification of smooth irreducible Hermitian-Yang-Mills connections with fixed
determinant modulo gauge transformations inherits a complex structure from algebro-geometric
considerations.
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1. INTRODUCTION

1.1. ©-Yang-Mills equations. Let (M, g) be an oriented Riemannian manifold of dimension
n >4, Q a smooth (n—4)-form on M, and E — M a vector bundle with a Riemannian metricﬂ
The Q- Yang-Mills equations for a metric connection A on E with curvature F4 are

(1.1) & (Fa+ +(FAAQ) =0,

and a solution A to (L.1)) will be called an Q-Yang-Mills connection (or Q-YM connection, for
short). This equation is the Euler-Lagrange equation of the functional

(1.2) YMQ(A):/M|FA|2dV—/Mtr(FA/\FA)/\Q

which may be viewed as a gauge invariant function on the infinite dimensional space of metric
connections on E. The first term in is the usual Yang-Mills functional YM(A). If we
assume () is closed, then the second term in is topological for compact M (or with respect
to compactly supported variations), and so the critical points of YMgq are identical to those
of YM, i.e. the Yang-Mills connections. Indeed, reduces to d% F'4 = 0 in this case. The
main goal of this paper is to extend the analysis of Yang-Mills connections to the more general
solutions of for the case where € is not closed and 2-YM connections are not necessarily
Yang-Mills.

To provide some motivation, let us note an interesting special case. We define the Q-ASD
connections to be the solutions to of the form

(1.3) x Fy+FaNQ=0

If n =4, Q =1, then connections satisfying are the much studied anti-self-dual instantons
(cf. [9,6]). Higher dimensional instanton equations of the type have been considered in a
variety of contexts, and their formulation goes back to [4]. In the mathematics literature, we
refer to [8 22] [7], to list only a few of many recent papers. We again point out that an Q-ASD
connection is not necessarily Yang-Mills unless €2 is closed.

If we assume the comass || < 1, then YMq(A4) > 0, and we say A is an absolute minimizer
if YMgq(A) = 0. We have the following simple lemma.

Lemma 1.1. Suppose || < 1. Then a connection A is an absolute minimizer of YMq if and
only if it is an Q-ASD connection.

Now let us suppose that M is an m-dimensional hermitian manifold, 2m = n, with Kéahler
form w (not necessarily closed). If the connection A is integrable (i.e. Fy4 is of type (1,1)), then

YMq(A) :/ |AFA|*dV
M

Hn this paper, if (M, g) is a hermitian complex manifold we assume bundles are also complex Hermitian; other-
wise, F/ can be real or complex.
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where iAF4 is the Hermitian-Einstein tensor, and Q = w™ 2/(m — 2)!. It follows that in
this case the Q-ASD connections are exactly the Hermitian-Yang-Mills (HYM) connections
with iAF4 = 0. In case w is a Gauduchon metric, then nontrivial solutions arise from stable
holomorphic vector bundles on M (see [1"3])@ Even when M is a projective algebraic manifold,
many interesting examples of solutions can be obtained from holomorphic bundles that are

stable with respect to multipolarizations [16], [IT]. For example, if wi,...,wny—1 are Kéhler
forms on M, then solutions to the equations

(1.4) FANwi A ANwpm—1=0

exist for holomorphic bundles that are stable with respect to wq,...,wm_1. On the other hand,

w1 A+ Awp—1 determines a balanced hermitian metric w, in general not Kahler, and solutions
to are Q-ASD for Q = w™2/(m — 2)!. Note once more that these are not, in general,
Yang-Mills, even though the w; are Kéahler forms. Multipolarizations are also considered in
more detail in [3]. Another motivation is to hopefully give new nontrivial ways to deform the
moduli space of Yang-Mills connections, which fits into the higher dimensional gauge theoretic
picture described in [7,[8]. As indicated by the multipolarization case, the moduli space of HYM
connections can be deformed nontrivially by moving the metric on the base complex manifold
while at the same time giving a uniform L? bound on the curvature for all the connections. In
general, we know the Kéahler condition is often too rigid to deform nontrivially. In a sense, the
results obtained here enrich the picture over complex manifolds by providing new structures to
consider as well as examples arising from algebraic geometry.

1.2. Main results. In this paper, we always assume that (M, g) has bounded geometry in the
sense that (M, g) can be isometrically embedded in a larger Riemannian manifold so that M
has compact closure. In Section [2| we will prove a monotonicity formula and an e-regularity
result for 2-YM connections. As a consequence, we obtain the following version of Uhlenbeck’s
weak compactness theorem (cf. [17] 24]).

Theorem 1.2. Let {A;} be a sequence of smooth Q-YM connections with || Fa,| 2 uniformly
bounded. Define the set X by

Y={xeM: lim liminfr4_”/ |Fa,|* > e}
r—0t i—o0 B (z

Then 3 is a closed subset of finite (n — 4)-dimensional Hausdorff measure. There is a bundle
Es — M\ X with a metric that is locally isometric to E on M \ ¥. Moreover, there is and a
smooth Q-YM connection Ax on Es so that after passing to a subsequence {j;} , and modulo
to gauge transformations, Aj, converges (locally in the C* topology) to an Q-YM connection
Aso outside 3, i.e. for any compact subset K C M \ X, there exists a sequence of isometries
7L 2 Eoo|lg — E|k so that (®7:)*Aj, converges to Ass smoothly . Furthermore, at each point
x € X, by passing to a subsequence, up to gauge transformations, {\;A;, }i converges to a smooth
nontrivial Q.- YM connection over R” = T, M endowed with the flat metric given by g,. Here
{A\i}i denotes a sequence of blow-up rescalings centered at x.

Remark 1.3. e As pointed out in [I7], we emphasize here that a priori we only know that
Es and E|yns are isometric on compact subsets away from Y. This is due to the
possible complexity of the topology of M \ ¥. But as we will see, a global isometry does

2HYM connections over hermitian manifolds are not Yang-Mills connections in general.
3Unless otherwise specified, convergence of connections is always taken in this sense.
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exist in the case of Hermitian-Yang-Mills connections (see Corollary [7.4)). This is due
to the fact that we can show 3 is a subvariety in this case.

e A slightly more general statement about the bundle isometries can be obtained as [26].
We refer the interested reader there.

We will refer to X as the bubbling set. By passing to a subsequence, we can assume
Hi = |FA1“2 dVol — pieo

as a sequence of Radon measures. So the limit of {A;}; consists of a pair (Ao, fteo). As we will
see later (see Lemma , ltoo can recover Y intrinsically. We will refer it as A; sub-converges
t0 (Ao, lhoo)-

We also generalize Tian’s results [22] for Yang-Mills connections to the case of 2-YM con-
nections.

Theorem 1.4. ¥ is (n — 4)-rectifiable.

Denote Aq . to be the space of smooth -YM connections A on a fixed bundle E with
|Fall < ¢. Now we consider the space Aq,. by adding limits (Aeo, tteo) of smooth Q-YM
connections {A;} with [|[Fa,|lr2(ar) < ¢ (see Section {| for more details.) Since the space of
Radon measures { i}, which come from the limits of smooth ones, is compact, we get a natural
control of the singularities of A;. In particular, the diagonal sequence argument gives the
following (see Section [ for details)

Theorem 1.5. Aq . is weakly sequentially compact in the sense that every sequence {(A;, 1i)}
in Aq.c sub-converges to some (Aoo, floc) € Aq,c.

Remark 1.6. e Without assuming A; coming from limits of smooth connections, even in
the case of admissible YM connections, we do not know whether such a limit exists or
not due to lack of control of Sing(A;).

e Again, we emphasize here that the limiting bundle F, is not known to be isometric to
E|ypx for different subsequences in general. That is why we cannot directly take the
quotient of Aq . mod gauge here. Due to this, it does not make sense to put a topology
on the moduli space at this point. Later in the case of HYM connections over general
complex manifolds, the results can be improved.

Suppose A; sub-converges to (Ao, fioo) as above. In Section |5}, it is straightforward by the
argument in [22] to define a notion of bubbling connections associated to the sequence. Also the
tangent cones associated to (Ao, fioo) are shown to exist. Unlike [22] where the tangent cone
is defined for stationary admissible Yang-Mills connections, the tangent cone here is defined
for the pair (Aso, o) rather than just for An,. This comes from the fact that a monotonicity
formula still holds for the energy density of s, which suffices for our use.

By restricting to the case of Q2-ASD instantons, we can generalize Tian’s results ([22]) without
requiring §2 be closed.

Theorem 1.7. Q restricts to a volume form of T,> at H* % a.e. x € 3.

In Section @ using the argument in [20], we generalize the removable singularities theorem
for Yang-Mills connections of Tao-Tian [21I] to the case of Q-YM connections.

Theorem 1.8. The removable singularities theorem holds for Q2-YM connections on a trivial
bundle with small energy concentration away from a closed Hausdorff codimension 4 set.
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In the last section, we restrict our discussion to the case of HYM connections over general
complex manifolds. If we assume (Ao, ) is the limit of a sequence of Hermitian-Yang-Mills con-
nections over a compact Hermitian manifold, then by using the argument in [22] for Hermitian-
Yang-Mills connections over Ké&hler manifolds and the extension theorem in [I], we can show
that (A, 1) are all holomorphic and ¥ is a complex subvariety of codimension at least 2. In
particular, we can now take the quotient of Tgc mod gauge to get Mpy pr.. There exists a way
to give it a topology that coincides with the four dimensional case (see [6]) so that

Theorem 1.9. Mpyy . is a first countable sequentially compact Hausdorff space.

Assume now (X, w) is balanced of Hodge-Riemann type (see Section for definitions). It
turns out there exists a natural L? bound for the HYM connections in this case. By choosing ¢
large for Mpy e, we get the analytic compactification of smooth HYM connections on a fixed
unitary bundle, which we denote it as M gy us.

Theorem 1.10. Over a compact balanced Hermitian manifold of Hodge-Riemann type, M gy
is a first countable sequentially compact Hausdorff space.

Remark 1.11. Here the Hodge-Riemann type condition on the metrics can give us a uniform
bound on the curvature of all the Q2-YM connections considered. We also refer the interested
readers to [7, Section 3.1 (Property B’)] where a notion of taming forms has been introduced
for almost Spin(7) manifold to achieve the L? bound of the curvature as well as a discussion
reduced to dimension 6 (see [7, eqn. (28)]).

By the main results in [23], this gives the following

Corollary 1.12. Over a complex Hermitian manifold (X,w) so that w™ ' = wg A -+ w2

where w; are positive (1,1) forms with dw™ 1 =0 and dwi A+ wim—2) =0, My is a first
countable sequentially compact Hausdorff space.

Remark 1.13. We emphasize here that by [23], wo A - - - wy,—2 is always strictly positive and thus
defines a positive (1,1) form on X through w™ ' = wy A - -+ wp_o.

In particular, we have

Corollary 1.14. Assume (X,w) is a compact Kihler manifold, Mgy is a first countable
sequentially compact Hausdorff space.

Remark 1.15. e As mentioned in Theorem above, the novelty here is that we do not
need to consider a larger space as [22] (explained below). Rather, we use the crucial
condition that the connections considered come from limits of smooth connections. The
latter gives a natural control of the singularities of the singular connections on the
boundary.

e In [22], in order to compactify the moduli space, a notion of ideal HYM connection is
introduced that generalizes the situation in four dimension (see [6]); namely, those pairs
(A, Y) with certain natural curvature conditions but not necessarily coming from limits
of smooth ones. In the case of four manifolds, the compactification works essentially
due to the good control of the bubbling set, which consists of points, and Uhlenbeck’s
removable singularity theorem. In higher dimensions, essential difficulties arise if we
insist on such a large space of ideal objects. One is the lack of control of Sing(A). Also,
the removable singularity theorem does not automatically apply in this situation due to
the fact that the limiting bundle E,, defined only away from the singular set, does not
necessarily extend to all of M as a smooth bundle.
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e In higher dimensions, and assuming (X,w) is projective, it is shown in [10] that the
space of ideal HYM connections modulo gauge is indeed compact. This is essentially
due to a boundedness result from the algebraic geometric side which gives control of
Sing(A), and a version of the removable singularity theorem for HYM connections by
Bando and Siu ([1]). With this, one can take the closure of the space of smooth HYM
connections mod gauge in such a space to get a compactification.

e It is an interesting question to find a characterization of the ideal HYM connections
added on to the boundary of Mgy s, i.e. determine whether a given ideal HYM con-
nection be approximated by the smooth ones.

Following from the argument in [10], and using the results on compactification of semistable
sheaves via multipolarizations in [I1], we explain how to give a complex structure to the com-
pactification My ,,, where My, is the moduli space of smooth irreducible HYM connections
with fized determinant.

Finally, consider a finite energy HYM connection A, over a complex Hermitian manifold, and
denote by £ the corresponding reflexive sheaf. Given the analytic results above the following
follows directly from the argument in [2], to which we refer the interested reader for the concepts
involved. Here the tangent cone can be directly defined for A, (not necessarily coming from
the limit of smooth ones).

Theorem 1.16. The analytic tangent cone of Ax at a point x is uniquely determined by the

optimal algebraic tangent cones of Eo at x.

Acknowledgements. The authors are grateful for comments on this paper from Daniel Greb,
Ben Sibley, Song Sun, Matei Toma, and Thomas Walpuski.

2. SEQUENTIAL COMPACTNESS OF SMOOTH §)-YANG-MILLS CONNECTIONS

2.1. Monotonicity. Following the argument used by Price for Yang-Mills connections [I§], we
will show that a monotonicity formula holds for Q-YM connections. We also refer to [22, Thm.
2.1.1] for a slightly more general version of the following for Yang-Mills connections.

Theorem 2.1. There exist positive constants a and ro, depending only on the geometry of (M, g)
and Q, with the following significance. If A is a smooth solution to (1.1) and 0 <11 < 19 < 19,

then
/ r4—n€ar|L8TFA|2 < earg,r%lfn / |FA|2 _ earlréllfn / |FA|2-
B?"Q (1')\37‘1 (m) BTQ () BT1 (z)

Remark 2.2. If we denote the scale invariant LP norms by:

1/p
(2.1) fplz,r) = {7“27)_"/3 " ]FA|pdV}

then Theorem implies, in particular, that e®” fo(z,7) is increasing for sufficiently small 7.

Proof of Theorem[2.1]. Let 7 : P — M be the orthogonal (or unitary) frame bundle of E. Given
any connection B on F, denote by B the associated connection 1-form on the principal bundle
P. Given a vector field X on M with compact support, we denote by X the unique horizontal
lift of X to P. Let &, (resp. ®;) be the family of diffecomorphisms generated by X (resp. X).
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As in [I8], we consider the family of connection 1-forms A; = ®}w, and we denote by A; the
corresponding family of connections on £. We have
5A,(0) = L)?d;lv =7 1xFa

since X is the horizontal lift of X. In particular, §A;(0) = txF4. Indeed, choosing a local
section o of P, which gives a trivialization of E, then by definition: A; = o*A;. This implies

0AL(0) = U*Lgdg =o' ixFp = (mo)*1xFa = 1xFa

since mo = Id. Now we look at the variation of the Yang-Mills functional along A;. As for this,
there are two ways to calculate it. First, since A satisfies (|L.1]), we have

(2.2) d*AFA:E*(FA/\dQ) =0.
Then,

d
dt/ 1Fa,|,_y :2/ (da0A(0), Fa) :2/ (txFa,d5Fa)
M M M

=F2 /]\/[(LX}T’A7 *(FA A dQ))

Alternatively, one may differentiate ([1.2)) at ¢ = 0 and use the fact that A is critical for YMq.
In any case, this implies

d
(2.3 L

Now the second way to calculate the variation is as in [I8]. We include the details here. By
definition, we know

JFwE = [ 1Fa i a0 )P @00 dv = [ (Fa(@i(e). dbfe) )y av

<2supla®) [ JuxFal|Fal
M

where {e;} is a local orthonormal frame near the point x. Taking derivatives and evaluating at
t =0 gives

d .
G | FaPlo = [ —FAPAX —4(Fa (L) Fatese)
:/ —IFA|2divX+Z4/ (FA(Ve, X, e5), Fa(ei,ej)) .
M ij M
Combined with (2.3)), this implies

(2.4) ‘/ —’FA|2diVX+ E 4/ <FA(veiXa€j)7FA(ei7€j)>’ < QSup’dQ’/ ‘LXFAHFA‘-
M T M M
l?]

Near the point & we fix the normal coordinates and let {e; = 0,,e2,---,e,} be a normal
frame. In particular, Vg, 0, = 0. Choose X = £(r)r0,, where ¢ is a compact supported function
supported over [0,1 + €] with € =1 on [0,1] and & < 0. Then

o Vo, X =(Er+86L
o fori>2 VX = frvei% = Ce; +£0(r?)
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which implies
(2.5)

24/ FA Ver 63) FA(ezaej)>

_Z / (Fa(Vo, X, €5), Fa(Ore)) + > 4 / (Fa(Ve, X, ej), Fa(es, e;))

i>2 7

_/ AE'7 |1, FA]2+Z /g\FA Or )P+ > 4 /gyFA ei,e))? + /o )E|Fal?

i>2 7

=/ 4§/T‘LBTFA’2+4/ f|FA’2+/ O(r*)¢|Fal.
M M M

and
divX = &'r + né + £0(r?).
Given this, we have

(2.6) / |Fa2div(X) — 2supdQ] / X||Faf? = / FA2(¢'r + né + O(r2)
M M M
— 25up|d®] / X || Faf?
M

Plugging eqns. and (| into , we have
/ \FA|2<5'T+<nf4>s+0<r2>>f2suprdﬂ| | erleap
M M

< / 4€'r\io, Fal” + / O(2)E[Fal?
M M

Now by replacing &; with & (r) = £(77'r) in (2.7), and using the fact that

(2.7)

d§r ,
T dr rér
we have
2 dé- 2
| Fal (_TcT +(n—4)¢&) —2sup [dQ| [ &r|Fal
M T M
de,
< [ o FaP 4 [ 0 FaP
M T M
i.e.

dé,
/M \FAP(Té + (4 —n)&) + 2sup |dQ| /M & Fal?

e,
> [ S FaP + [ o) FaP
M T M

Multiply the above by e"73~" where a is a constant to be determined later, and use the fact
that & 7| Fa|? < &7|Fal?, since &, is supported over {|z| < 7}. We conclude

ede / & Fal )—i—e‘”7’4 ”28up|dQ|/ §T|FA|2

>4 74N dT|LarFA\2+e‘”T3_"/ O(r))&-|Fal?.
M 0T M
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which implies
d _
di(ea7'7_4 n/ £T|FA|2)
a M
d
24t [ S Bt e [ 0 EaP 4 aemr o [ g maP
M aT M M
= et sup |d) [ glpaP
M
Now choose a large so that a > 2max{1,2sup|d€?|}. Since % = —L¢ is nonnegative,

d d d
A parpan / £-|Fal?) > 4eam 74 / i\M’AP >4 / GMTA_”E\LaTFA!z
dr M M 4T M "

if 7 < 7o for some ro so that e?” 747" is decreasing over [0,7¢]. By integrating the inequality

above from ry to ry and letting € — 0, Theorem follows. O

2.2. e-Regularity. The goal of this section is to prove the following e-regularity result.

Theorem 2.3. There exist positive constants €y, 1o, and C, depending only on the geometry
of (M,qg) and Q, with the following property. If A is a smooth solution to the Q-Yang-Mills
equations (L.1) on M, and x € M is a point for which fo(x,r) < €y for some 0 < r < rg, then

sup r2|FA\ < Cfa(x,r)
Br/4(x)

There are two approaches to the regularity of Yang-Mills equations in higher dimensions,
and both make use of the monotonicity formula. Nakajima [I7] uses a Bochner-Weitzenbck
formula for the curvature to directly get the bound in Theorem This is similar to Schoen’s
approach for the harmonic map problem. Uhlenbeck [24] derives LP estimates from L%, and
then uses a continuity method to reduce to the case of connections with LP bounds. This has
the advantage of applying to a larger class of connections satisfying curvature bounds rather
than equations. Interestingly, both methods apply directly to the case of 2-YM connections,
and we find it useful to present each one here.

2.2.1. Method I. Suppose A is a smooth solution to . Then implies
ApFy = Fdax (Fa NdQ).

In particular, by the Weitzenbock formula, we have

(2.8) ViaVaFy =Fda* (FaNdQ)+{Fa, Ry} +{Fa,Fa} .

Proposition 2.4. A solution to (L.1)) satisfies
1 c?
§A|FA|2 > —|Fal* — c| Ry||Fal” — Zldﬂl2\FA!2 — | VdQ|F4?

for some constant ¢ depending only on (M, g).
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Proof. Indeed, from we have
%A\FA]Z = — < V4VaF4, Fo >+ <VF4,VaFy >
> —|Fal> = |Ryl|[Fal® = |da* (Fa A dQ)||Fa| + [V aFal?
> —|Fal’ = |Ry||[Fal® = c(|dQ|V aFal|Fa| + [VAQ||Fal*) + [V aFal?

2
C
—|Fal® = | Rgl| Pal* = 7 [dQ|Fal® = | VdQ| Fal?

v

The last inequality follows from completion of square. O
Given this, we can repeat the argument in [I7, Lemma 3.1] to prove Theorem [2.3

2.2.2. Method II. Everything is local, so we assume connections are on the trivial bundle in R".
Uhlenbeck’s “good gauge” theorem states:

Theorem 2.5 ([25, Thm. 1.3]). Fiz n/2 < p < n. There is ¢g > 0 and a constant ¢, such
that if A € L¥ is a connection on B1(0) and fny2(z,1) < eo, then A is gauge equivalent to a
connection (also denoted A) satisfying:

(1) d*A=0;
(2) %A vanishes on 0B1(0);
(3) 1Al 2 < € fy2(0,1);
(4) 1Al < cnl[Fallze.

We will also need

Lemma 2.6. There is e(n) > 0 such that if A is a connection on B1(0) satisfying ||A||z» < e(n)
and items (i) and (ii) of the Theorem, then item (iv) holds for all p, n/2 < p < n.

The following result will allow us to go from L? estimates to LP estimates. Let LP(x,r) :=
LP(By(z)).

Theorem 2.7. There are positive constants kn, 7o and for every for every 2 < p < n, Cp, with
the following significance: Suppose A is a solution to (1.1)), and f,o(x,7) < Ky for r < 7.
Then

fol@,r/2) < Cp fax,r)

Proof. Rescale to take r = 1. Use Theorem [2.5 and Lemma [2.6] for p = 2 to find a gauge where:
d*A =0, and
(2.9) 1Al L2 (2,1) < ClIFallL2(2,1) = C' fa(w, 1)
Now write the equation for the laplacian of A as:

AA+{AdA} +{A A A} = dyFy = x(Fa A\ dRQ)
(2.10) (A+1)A+{A,dA} +{A A A} = x(dA N dQ)
where the brackets indicate multilinear expressions. Let .Z be the linear operator acting on A
on the left hand side of (2.10)). Note that L?/Q < L™, so [A, A] € L™? and both dA and [A, A]
are small in L2, We also have LY x L2 s [P - Hence, we see that ¥ = £ + 24 is a

perturbation of % := A+ 1: LY — [P, by & : L} — L of small norm. As in [24] p. 6], a
Meyers type interior estimate for .% implies one for .Z:

(2.11) HU||L’1’(;5,1/2) < Cp(”“”L%(m,l) + ||$U||L€1(x,1))
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where u = A. Now using (2.9), the L” | norm of the right hand side of (2.10) is bounded by
fa(x, 1) for p=2n/(n—2) > 2. The estimate ([2.11)) then gives an improved L} bound on A for
p slightly bigger than 2. Reiterating this argument, we get L] bounds on A for any p <n. 0O

Bootstrapping (2.10) gives the estimate:

(2.12) sup  1°|Fa(y)| < Gy fa(x,7)
yeBr/Q(x)

Let us fill in some details. First, notice that for n/2 < p < n, L} x L} — LP. Moreover,

LY x LP < L9, with ¢ — n as p — n. Hence, from and the LP-elliptic estimate for the

Laplacian, we get that A € Lg’l oe» for n/2 < p < n. Again applying multiplication theorems,

we get that AA € LY, and hence, A € Lg,l oe- This implies A is C1®, and the estimate follows.
There is one more step:

Lemma 2.8. Suppose 4p < 1o, f2(§,4p) = € < 9. Moreover, assume f,o(x,7) < Ky, for some
r < p. Then:

fn/Q(xu 7/2) < Cpe

sup T2|FA(y)| < K,¢e
yeBr/4(m)

Proof. Apply Theorem with p = n/2, and use (2.12)). O

Notice that this Lemma says that once both f,» and f2 are sufficiently small, then f, /o is
even smaller than expected. Now Theorem and Uhlenbeck’s continuity method argument
[24, proof of Thm. 1.6] gives the proof of Theorem

2.3. Proof of Theorem This follows from Theorems [2.1] and [2.3] as in the Yang-Mills
case (see [17, 25]).

3. RECTIFIABILITY OF THE BLOW-UP LOCUS

The results in this section are all local. We will fix a sequence of Q-YM connections A; over
Bits, :={x € R" : |[z| < 1+ 6o} C R™ with ‘|FAi||L2(Bl+50) uniformly bounded and look at the
convergence over B =: By. Here, g > 0 is fixed, and B, is endowed with any fixed smooth
metric with volume form dV. We assume the standard coordinates are geodesic normal with
respect to the metric. Define

(3.1) Y={reB: lim hm,infr“/ |Fa?dV > €2}
By ()

r—0+ z

From the results in the previous section, we only know that ¥ is a closed subset of B with locally
finite (n — 4)-Hausdorff measure. We will show that 3 has better structure by generalizing the
result in [22]; namely, we prove Theorem 1.4

The proof closely follows the arguments in [14] 22]. The monotonicity formula obtained in
Theorem is a key component.
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3.1. Elementary properties. By passing to a subsequence, we can assume
(1) up to gauge transformations, A; converges to Ay locally away from 3;
(2) p; = |Fa,?dV converges weakly to u as a sequence of Radon measures, i.e. for any
compact supported continuous function f, we have

lim pi(f) = p(f)-
By Fatou’s lemma, we have
(3.2) p=|Fa|2dV +v
for some nonnegative Radon measure v, which is called the defect measure.

Lemma 3.1. The following properties hold:

(1) For a.e. 0 <r < 1, lim; (B (x)) = u(Br(x));
(2) r*~"u(B,(x)) is increasing with r. In particular, the function

0", x) = Tim " (B, (x))

is well-defined, and it is called the energy density of u at x. Furthermore, ©"~% is upper
semi-continuous and H"™* approzimately continuous at H" 4 a.e. x € 2.

(3) x € X if and only if O (u,x) > €3;

(4) for H" % a.e. x €Y,

r—0

lim sup r4_"/ |Fa|2dV = 0.
B (x)

Proof. (1) follows from the elementary fact that u(9B,(z)) = 0 for a.e. 0 < r < 1. The first
part of (2) now follows from (1) and the fact that 4" u;(B,(z)) increases as r increases. The
upper semicontinuity follows directly from the monotonicity formula. The H" * approximate
continuity property follows as in [22, Lemma 3.2.2] (see also [14, p. 803]). For (3), suppose
O"4(u,x) > €2, obviously, z ¢ 3. Now suppose z € %, if 0" 4(u, x) < €2, by (1), pi(Br()) <
€3 for 0 < r < 1. By eregularity, A; converges smoothly near z which implies z ¢ 3. This is a
contradiction. For (4), see [22 p. 222]. O

Remark 3.2. From this, we know ¥ = {z € B : ©""4(u,z) > €2}, which recovers the statement
that 3 a closed subset of B of finite (n — 4)-dimensional Hausdorff measure. Furthermore, ¥ is
intrinsically associated to u.

In the following, we always denote

(3.3) m(p) =X.

We also define

(3.4) Sing(Aeo) = {x € B : limsup r4_2”/ |Fa[* >0}
r—0 BT(Q:)

Lemma 3.3. The following holds
(1) % = Supp(v) U Sing(Ax);
(2) v is absolutely continuous with respect to the (n — 4) Hausdorff measure on 3. In
particular, v = @(x)?—[g_4 where

€ < O(x) < C = C(8,n)sup | Fa,llr2(, 4

for H % a.e. x € 3.



Q-YANG-MILLS CONNECTIONS 13

Proof. For (1), suppose x ¢ X, we know O(u,z) < €. By e-regularity, A; converges smoothly
near x which implies ¥ = 0 near = and A, is smooth near z. Suppose x € X, if x ¢ Supp(v),
then

lim 1"4_”/3 " |Fa > =0(u,z) > €.

r—0

i.e. z € Sing(A). For (2), by Theorem [2.1] we know that
7 (B, () < 857" u(Bsy (x))

which implies p is absolutely continuous with respect to the (n — 4)-Hausdorff measure. In
particular, we have

pls = O(x)HE ™.

for some measurable function ©(z). Since

r—0

lim 747" / |Fa..|>dVol =0
By (r)

for H"* a.e. x € ¥, we know
v(z) = O(z)HE™
for H"* a.e. z € . The conclusion follows from the density estimate above and the classical

fact that
Volyn-4(3 N By (x))

Tn—4

247" < lim sup <1

r—0

for H* * ae. z € X. O

3.2. Tangent cone measures. Fix xg € B, define
Tx t Bsy(20) = Bso (o) 1 w0 + & = o+ A¢
For E C Bs,(x0) measurable, let
A(E) = X7 u(7A(E))
In this section we prove the following (cf. [22, Lemma 3.2.1])

Proposition 3.4. For any \; | 0 there is a Radon measure n such that (after passing to a
subsequence) px; — 1 weakly. Moreover, 1 is a cone measure, in the sense that

NT(AE) = n(E)
for any A >0 and E C Bj,(xo) measurable.

Proof. Let dsi = )\72T;d82 be the pull-back metric and dV) the associated volume form. Simi-
larly, let A; x = 7y A;. We also pull back the hermitian structure. Then:

FAi,/\ :T;:FAi ) |FA',>\‘2(33) - A4’FAi‘2(T/\(x))

7

The weak convergence of py, — 7, for some Radon measure 7, follows from the monotonicity.
Notice that since

ot " u(By(0)) < p* " u(By (o))
we have
o*"(By(0)) = O, o)
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We wish to show 7 is a cone measure. For this it suffices to show that for any radially invariant
function ¢ > 0,

(3.5) o [ sdn=p [ odn
Bo(z) By (z)

for all o, p (cf. [22], top of p. 225). By a diagonalization argument we may assume
‘FAM |2 dVy, —
weakly. To prove (3.5)), note that

ot " / ¢’FAi,Ai ‘2 dVy, — p4—n / (b‘FAi,/\i ’2 dVi,
Bo(x) BP(‘/'E)

/pds d 54—"/ B|Fa, , |*dV;
s ds Bi(z) i

p d
(3.6) = [Tas g dst [ olBa, Priav,
o Bi(x)

Now s*~"77dVy, = (1 + O(s2);))dVp, so
d
d—8(84_”7';dv)\i) —0

uniformly as \; — 0. Since F4, has uniformly bounded L?-mnorm, this term vanishes. It suffices
to estimate the term coming from
d

%FTS*AMZ- = d"'s*Ai,Ai Os(75 Ai ;)

At this point we can assume A, y, is in radial gauge, i.e. 25, 4; », = 0. Then
w, Fa, \, = OrAip,
and so
Os(75 Ain;) = 110, Frza,
It follows that
(Ot ) = 2des o (110, Fri 1,0, 0 Fria )
Integrating by parts, we see that is bounded by a constant times the integral of

T4_n|28rFAi,)\i | |FAi,Ai ‘

over B,(x), where the constant depends on ¢, d¢, and d€2. By Theorem [2.1| we have
/ T47n’ZaTFAi’A_ |2dV)\i —0
By (x) '

and so the result follows.
O

Remark 3.5. An alternative argument follows [I5, Lemma 4.1.4]. In order to show 7 is a cone
measure, it suffices to show that for any compactly supported function ¢ over B we have

L) @) = 0
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To prove this, note that

L) = Lt [ gadn)

ds PSR
_ @ /n((n )y + 5 (V) )dV
where 1h,(z) = 1(z/s) and (Vo)s(x) = (V)(x/s). So it suffices to show that
/n((n —Aps 4 s x - (Vah)g)dV = 0.
From the proof of Theorem I} we have

\ [ 1P vo+ - 4>w+wo<r2>>dv\

g‘—zsuprdm [ wrleo allEaidy + [ aw'rieo Faav + O<r2>wrFA|2dV‘.
M M M

for any Q-YM connection A over (M,g) and compactly supported function . We plug in
(Aaw) = (Ai,/\ivws) and get

a0 (V)4 0= 00 + 5.0%)av)
]Rn

<|-2swlats| [ verlio ElEglav + [ avirio FgPav s [ ou?ule,tav]
Rn 1 K2 M K2 R" K2
By taking limits the right hand side vanishes, and this gives
/ ((n = )y + 571 - (T49))d = 0.
Here, since the base metric converges smoothly to the flat metric on R, the O(r?) term vanishes
in the limit.
Now we fix a tangent measure 7. Define
Ly ={z e R": 0" Y (n,z) = 0" *(n,0) = 0" *(1,z0)}.

The following can be deduced from the monotonicity formula and the dimension reduction
argument of Federer (cf. [I5] p. 27]).

Lemma 3.6. For any y € L), 1 is invariant in the direction of y. In particular, L, is a linear
subspace of R™. Furthermore, dim L, < n — 4.

Define
Yj:={x € ¥X:dimL, <j for all the tangent measures 7 at x}.

Then we have
Proposition 3.7. There exists a filtration which consists of closed subsets
Yo CX1C--CYpg=X%

with the Hausdorff dimension satisfying dim(3;) < j.



16 CHEN AND WENTWORTH

3.3. Results parallel to stationary harmonic maps and Yang-Mills connections. The
following geometric lemma can be obtained by directly replacing the energy density associated
to the harmonic map with ©"~% in [15] or the Yang-Mills case in [22]

Lemma 3.8. Suppose ©"4(yu,-) is H"* approzimately continuous at x € ¥. For any 0 <
r < 1, there exists n — 4 points x7,---x, _, with

o O" 4 (pu,at) > O 4 (u,z) — € where €, — 0 as r — 0;
o d(z1,x) > rs and d(z;,x + span{x; —x -+ ,xp_g — x}) > 18 for some s € (0,1) inde-
pendent of .

Given the geometric lemma, we have the existence of weak tangent planes as follows

Proposition 3.9. For any point x € ¥ and any § > 0, there exists v, > 0 and a tangent plane
L € Gr(R",n—4) so that u(By(x)\ Lsr) = 0 where Ls, denotes the or neighborhood of L in R™.

As a corollary, this implies the null projection property.
Proposition 3.10. Suppose E C X is a purely (n — 4)-unrectifiable set, then
Volyn—a(Py(E)) =0
for any orthogonal projections Py : R — V € Gr(R"™,n — 4).

3.4. Positive projection density. The argument for the following is the same as [I5] and
[22]. We will only point out where the change is necessary and refer the reader there for more
details.
Proposition 3.11. For H"* a.e. points x € ¥,
. Volyn-4(Py (XN By(x)))
lim
r—0 a(n —4)rn—4

1
>
-2
for some projection Py : R" — V € Gr(R",n — 4).

Proof. Otherwise, we can find a point zg € X so that
lim sup 7“4_"/ |Fa >=0
By (zo)

r

and ©"*(y,-) is approximately continuous at 2o € ¥ but
Volyn—a(Py (XN By (x0)))

1
lim —.
0 aln —4)rn—4 <3

In particular, the tangent measure of i at g takes the form @”*4(;100)7-(%;%2 for some R" ™2 C R"™.
Recall that from the diagonalization argument we assume

oy N @n—4 (xo)anf4

Rn—4"
Define
n—2
Qx; = Z |L8aFAi,>\i |2 dV01
a=1

We know that for any fixed § > 0 and i large, ay,(B3/2) < . Now we define
Fy, (R %x0) x (0,1) - R

P = [ 1Fa Pl ) 6%() Vol
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Here, y = (y1,742) € R"™* x R*, 4 (y1) = €* ™p(y1/€) where 1) is a nonnegative compactly
supported function on the unit ball in R* with integral being 1, while ¢ is smooth and compactly
supported on the unit ball in R4, To simplify the notation, we will denote F' := Fy

B2 7

Oa = % and V, as the covariant derivatives. Viewing |F| as a function of y, we have
0| FI* = =2 Tx(V o Fy s F7P)
= 4Tr(V, Fgo F7P)
= 40, Tr(Fpo F7%(z +y)) £ 4(10, F, +(F A Q)).

For any 1 < a < n — 4, we have

0

0
I — 2 2
8%:/& - axa(\F (2 + y))be(y1)¢* (y2) dVol,

= /B" Oa|F*(z 4 y) e (y1)6” (y2) dVol,

= [ 10 T o+ ) ) ) Ve,
4 /B 40, F, #(F A Q))) (@ + 1) te(y1) 6 (12) dVol,

n
2

= / n4Tr(FﬁaFW)we(y1)i¢2(y2)dVoly

y=n—4 8y’y
+ / . 4(L8aF7 *(F VAN Q)))@Z)G(yl)ng(yz) dVOly
n—4 9
+ ;1 48—% s Tr(Fsa F7%) (@ + )t (y1)6? (y2) dVol,,

This implies V.Z,, = f;\l + div é)\i, where

(Rda= 3 [ AT F i) )V,

y=n—4
+ / 410, Fy#(F A Q)))ibe(n) 62 (32) dVol,
By
and
OnJi= [ ATEsF )+ y)uin) () Vo,

2
Here the divergence of G \; is taken for each vector component of G A~ Since ay; — 0, we know
that for any ¢ > 0,
kai”m(Bg*‘*) + HGMHJE(BQ*“) <0
for i sufficient large and A sufficiently small. Given this, by [15, Lemma 4.2.10] we know for any
1 there exist constants C}, (e)

Hﬁ)‘i("e) B C)\i(e)HLl(B;*% < é.
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Letting e — 0, we have for some constants C),,

[ VP Pl )i = €| < 61
2

when i large. As in [14} 22], this then implies lim Cy, = ©"~4(u, x0). It then follows as in those
references that the projection from R” — R"~* x 0 will give a contradiction. ([

3.5. Proof of Theorem Now we are ready to finish the proof for Theorem as in
[14] 22]. By the Besicovitch-Federer decomposition theorem, we can write ¥ = X" U X%, where
Y7 is (n — 4)-rectifiable while ¥* is purely (n — 4)-unrectifiable. Furthermore, if X% # (), then
Volyn-1(3") > 0. By Proposition we know

Volyn-1(Py (X* N B.(z))) =0
while by Proposition [3.11], we have

Volyn—1(Py(X“ N By(z))) >0

for 0 < r < 1. This is a contradiction. In particular, this implies Volyn-4(X%) = 0, and so
¥ = (. Thus, ¥ is (n — 4)-rectifiable.

4. WEAK COMPACTIFICATION OF THE MODULI SPACE OF SMOOTH 2-YANG-MILLS
CONNECTIONS

In this section, we will study the compactification of the moduli space of smooth Q-YM
connections on a fixed bundle £ with bounded L? norm of curvature over (M,g). We denote
the moduli space as

Agei={A€ A: dy(Fa+*(FanQ)) = 0,/ |Fal? < ¢}
M

Given a sequence A; € Aq ., by passing to a subsequence, we can assume |Fjy, |2 dVol converges
to p a sequence of Radon measures, and modulo gauge transformations, A; converges to A
outside m(y). Define Agq . to be the space of such pairs (A4, p).

Definition 4.1. Given a sequence (A4;, u;) € Aq,, we say A; converges to a finite energy Q-YM
connection (Auo, fioo) if

(1) p; converges to o weakly as a sequence of Radon measures;
(2) up to gauge transforms, A; converges to Ao outside 7(fixo)-

Theorem 4.2. Aq . is weakly sequentially compact in the sense that every sequence {(A;, pi)}
in Aq.c sub-converges to some (Aoo, floc) € Aq,c-

Proof. Given a sequence (A;, ;) € Aq., by assumption, for each i, we can find a sequence
of {A;;}; so that p;; = \FAU|2 dVol converges to y; weakly as a sequence of Radon measures.
By a diagonal sequence argument, we can assume p;; and p; both converge weakly to s as
sequences of Radon measures. The following now is needed to guarantee the existence of the
limit of A;

(4.1) limsup 7(4;) C 7(ftoo)-

)
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Suppose this is not true. By passing to a subsequence, there exists a sequence of points x; €
(i) which converges to Too ¢ m(lieo). In particular, we have for 0 < r < dist(Zoo, T(fioo))

too (0Br(zoc)) = 0,

which implies 4" u;(B,(z;)) < €0/2, for r sufficiently small. This, of course, contradicts with
the assumption that z; € m(u;). Given this, up to gauge transforms, we can assume A; sub-
converges to Ao, outside m(poo) smoothly. Indeed, a priori, we only know that A; converges to

A outside a closed subset & € M \ 7(poo) of Hausdorff codimension at 4 set. However, since
we already know that fioo|p\ r(ue) = [Fis 2 dVol, by Lemma we know

i (B, (x)) < €o/2

for i large. This implies that A; converges to Ay smoothly over B, (x). In particular, we know

Y. =0, i.e. A; sub-converges to A smoothly outside 7(j ). Now by a diagonal sequence argu-
ment again, we can assume A;; sub-converges to A, smoothly outside 7(fio0). The sequential
compactness follows. O

Remark 4.3. e For general finite energy €2-YM connections on a fixed bundle over M, or
even YM connections, we do not know whether we can take a limit or not due to lack
of control of Sing(A4;). It is very crucial to assume they all come from limits of smooth
connections here.

e The compactness we obtain here is very weak due to the fact that the limiting bundles
E are not known to be isometric to E| am\x- This does, however, hold in the case of
Hermitian-Yang-Mills connections over general complex manifolds (see Corollary

5. SINGULARITY FORMATION

5.1. Bubbling connections at a generic point. Using the proof of Proposition the
argument in [22, Prop. 4.1.1] for the case of Yang-Mills connections gives
Proposition 5.1. Fizx a point x € X2 so that

e the tangent plane of ¥ at x exists uniquely;

o O 4(u,-) is H" *-Hausdorff continuous at  ;

e lim sup, r4 ™" s, |Fa |?=0.
By passing to a subsequence, up to gauge transforms, A;, converges to a ;-YM connection
B over R™ with R® = T,% x (T,X)* satisfying 1,Fp,. = 0, for any v € T,X.

Following [22], we call By, a bubbling connection of the sequence {4;} at z.

5.2. Tangent cones of the limits. Denote (A2, 113) = A*(Aoo, fico) Where A 1 By—15 () —
Bs, ().

Proposition 5.2. By passing to a subsequence,

o 1), converges to a cone measure 1);
e up to gauge transforms, A}, converges to AS, outside

w(n) ={z € R": 0" (n,z) > €}

which is scaling invariant. Furthermore, g, Fac, = 0.
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Proof. The first statement follows from Proposition [3.4 Given this, it follows the same as
Theorem [4.2] that

limsup 7(p) C 7 (n).
A

Now up to gauge transforms, we can assume A sub-converges to AS, smoothly outside (7).
It follows from the monotonicity formula that 15 Fac = 0, outside m(n). Since n is a cone
measure, we know also 7(n) is also a cone. (]

We call (AS,,n) a tangent cone of (Aso, pioo) at the point z. A priori, we donot know whether
it is unique or not since this involves a choice of the subsequence.

Remark 5.3. In [22], the tangent cones of general stationary Yang-Mills connections are shown
to exist where the stationary condition is needed for the monotonicity formula. Here as long as
we know (Aeo, fioo) comes from the limit of smooth connections, it already has a monotonicity
property that suffices for use.

5.3. Q-ASD instantons and calibrated geometries. Given the analytic results above, it
is straightforward to see that the results in [22] hold for general Q-ASD instantons without
assuming 2 to be closed. More precisely, we assume (Ao, ftoo) 1S an finite energy Q2-ASD
instanton which comes from the limit of a sequence of smooth 2-ASD instantons with uniformly
bounded L? norm on curvature. We also write

fioo = |Fa|? dVol +0" 4 (z)HL ™
as before. Similar to Proposition 4.2.1 in [22], the following holds

Proposition 5.4. A bubbling connection By of (Aco, io) at H ge. x €Y is aQy-ASD
instanton. In particular, Q, induces a volume form of 3 at x.

This implies the following, as pointed out in the Yang-Mills case in [22, p. 242, Remark 5]).
The proof is exactly the same.

Theorem 5.5. For the limiting connection (Aso, foo)
1

. 8—2@"_4(@ is integer valued at H"™* a.e. x € ¥;
™

o ) restricts to a volume form of T,% at H" ™% a.e. z € X.

6. REMOVABLE SINGULARITIES

In this section, using the main results in [20] we generalize the removable singularity theorem
for stationary Yang-Mills fields in [21] to the case of Q-YM connections. The argument closely
follows [20, Theorem 10]. Below we will denote by A an Q-YM connection defined on the trivial
bundle over M \ X, where M = [—4,4]" endowed with a smooth Riemannian metric, Q is a
smooth (n—4)-form on M, and ¥ is a closed subset of U of finite (n — 4)-dimensional Hausdorff
measure.

Theorem 6.1. If sup,cy;sup, fa(z,7) is sufficiently small, then for any B,(x) C , there
exists a gauge transform g over By(z) \ X so that g(A) extends to a smooth connection over

B, (x).
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Proof. Denote f = |F4l. It suffices to show that f satisfies

2
(6.1) —Af+aujg—c|FA]2f§Cf

over M\ X for some o > 0. Indeed, given (6.1)), by [20, Thm. 9] we know that f € L>=([—1,1]").
Now the existence of the gauge transformation follows from [20, App. C, Thm. 19]. It remains

to show that f satisfies the inequality (6.1]). By (2.8]) we have
1 x
—iA]FAF = —|VaFal* + (V4 VaFa, Fa)
= —|VAFal* + ({Fa,Fa}, Fa) + ({Rg, Fa}, Fa) + ({dQ, V 4Fa}, Fa)
which implies
1
= SAIFA[ + [VaFal* + [daFal® + |d3 Fal”
<({Fa, Fa}, Fa) + ({Ryg, Fa}, Fa) + ({dQ, VAFa}, Fa) + |[dQ A Fal?
<C|Fal’ + Ce| Fal* + €| VaFa

where the last line follows from Holder’s inequality, and 0 < € < 1 is to be determined later.
This then implies

1
(6.2) = APl + (1= )(|VaFal® + |daFal* + |d3 Fal®) = C|Fa® < Ce|Fal*
Now the improved Kato inequality (see [20, Thm. 5]) gives
. n
IVaFal* +|daFal® + |d3 Fal* > m\d!FAHQ-

Combined with (6.2)) this gives

n

1
—§A\FA12+(1—6) |d|Fa||* — C|Fal® < C|Fal*.

n—1
Substituting f = |Fa| and u = |F4|?, we have
1 1-—
—AfP+ ﬂ]d P — Cuf < Cef?.
2 n—1

A straightforward calculation now shows

1_ 2
~Af+ ﬂ—l af — Cu< C.f.
n—1 f
(1—¢€)n
Choose € so that « = ——— —1 > 0, and (6.1]) follows. O

n—1
7. HERMITIAN-YANG-MILLS CONNECTIONS OVER GENERAL COMPLEX MANIFOLDS

7.1. Improvement of the analytic results. In this section, we will generalize Tian’s holo-
morphic cycle theorem for Hermitian-Yang-Mills connections over Kéhler manifolds [22, Thm.
4.3.3] to the case of Hermitian manifolds. More precisely, we fix A; to be a sequence of HYM
connections over an m-dimensional Hermitian manifold (X,w) with ||Fy,|| < C. These are not
Yang-Mills connections in general. As before, let

r—0t+ %

Y={zeB: lim Iiminfr4_2m/ |Fal? > €2}
B(r)
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Then we can assume
o 11; := |Fa,|?dVol — u = |Fa_|*dVol+v where supp(v) is equal to the pure complex
codimension 2 part of X;
e up to gauge transforms, A; sub-converges to A, outside 2.

Remark 7.1. Strictly speaking, without assuming the Hermitian-Einstein constant vanishes, i.e.
vV—1AF4 = 0, HYM connections are not exactly 2-ASD instantons in the sense of (1.3]), where
Q =wm2/(m — 2)!. But it is projectively 2-ASD connections in the sense that

«(Fy ANQ) = —F4f

where Fi = F4 — pld w satisfying Fj Aw™ 1 =0. It is straightforward to see that the results
for 2-YM connections holds for this case by using the same argument. There is another way to
see this. By the Bochner-Kodaira-Nakano identity (see [5, Theorem 1.1]), we have

d4Fy = pFy

for some p = p([A, Ow], [A, Ow)), for which the same arguments as for Q2-YM connections apply.
The results in the previous sections hold in this case.

The following can be deduced easily from [I, Thm. 2].

Proposition 7.2. (1) Ex can be extended uniquely as a reflexive sheaf Eo over M. For
any local section s € Exo, log™ |s|> € HL N LS. Furthermore, Ao can be extended to

be defined over M \ Sing(Exo). In particular, Tr(Fa_ A Fa_) is closed across 3, thus the
current
CQ(E) = limTl“(FAj, VAN FAJ-.) — Tr(FAoo VAN FAoo)
Ji ¢ ¢
is closed.
(2) ¥ = Sing(Eac) U URXy is a complex subvariety of M and

(7.1) ca() =D m[S].

In particular, v = Zm;ﬂ-ﬂ%’z_‘l where Xy, are the irreducible pure codimension 2 compo-
nents of 3 and

(7.2) poo = |Fay, [>dVol + ) " myHE .
k

Proof. For (1), locally by replacing w with any Kéahler metric, it does not change the fact that
||FAOO||leoc < 00 . By Theorem 2 in [I], we know that E, can be extended uniquely as a
reflexive sheaf €, over M. Furthermore, for any local section s € ., log™ |s|? € H. . Then
the local L*° bound follows from Moser iteration. Given this, one can directly repeat the proof
for Proposition 1 in [I] to extend A by extending the metric Hy, locally. Now we use Simpson’s
trick to show the closedness of Tr(Fa_ A Fa_ ) (see [19, p. 71]). By proceeding with stratum
of Sing(€) which has codimension at least 6, we can choose a point z € Sing(€,) which is
smooth at = € Sing(€). Let ¢ be a smooth (n — 5)-form which is compactly supported near
x.
e Suppose 1 has vanishing constant coefficients. We can choose a family of cut-off function
¢ which vanishes over an e-neighborhood of xz and d(¢¢t) is uniformly bounded. In
particular, we have

/ Tr(Fa. AFa ) Ady =1lim | Tr(Fa_ AFa_)Ad(oe)) = 0.
M e—0 M
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e In general, since Sing(£) has codimension at least 6, we know that ¢ = >, dx; A w;,
where x; are defining coordinates for Sing(£.). Now ¢ — >, d(zx;w;) vanishes along
Sing(€x) and satisfies d(¢ — ), d(x;w;)) = dip. By the special case above, we know

/ Tr(FAoo /\FAOO)/\CWJZO.
M

Now we prove (2). We first show Sing(€s) UUrX, C X. From the above, we know Sing(As) C
Sing(€x). It remains to show that Supp(v) is a pure codimension 2 subvariety of M. Indeed,
we know ¥ is calibrated by w™ 2/(m — 2)!, which implies 7Y is a complex analytic subspace
of T, M. Given this, it follows from part (1) and Theorem that co(X) is a closed integral
current. Then by King’s theorem [12] we can express c2(X) in the form for some integers
my, and pure codimension 2 subvarieties X of M. This implies ¥ C Sing(E) U Uy, through
which the top pure codimension 2 parts are identified. For the other direction, suppose not,
there exists a point © € Sing(€s) With 0" 4 (100, 2) = 0. As Theorem [4.2] we can conclude
that 472" ;(B,(z)) < €/2, for i large and r small. This implies that A; sub-converges to Ay

smoothly near x, which gives a contradiction. In sum, we have ¥ = Sing(E) U UgXg. O
Remark 7.3. e It follows by exactly the same argument that Proposition (1) holds for

general admissible Hermitian-Yang-Mills connections over complex Hermitian manifolds,
i.e. smooth Hermitian-Yang-Mills connections defined away from a closed Hausdorff
codimension 4 set.

e It is straightforward to see that the proof for the closedness part holds for general finite
energy 2-YM connections with mild singularities; for example, when the singular set
can be stratified by smooth manifolds of real codimension at least 6. In general, it is
conjectured that the set of essential singularities of finite energy 2-ASD instantons when
 is closed has Hausdorff codimension at least 6 (see [22]).

Corollary 7.4. As a smooth bundle, Euc|pns = Elp\x. In particular, we can assume there
ezists a sequence of bundle isometries ®;, : Eoo — Elpn\x so that (I);',L-Aji locally converges to
Ao smoothly away from 3.

Given this, let E be a Hermitian bundle over a compact Hermitian manifold (M, w). Denote
My v to be the space of limits of smooth Hermitian-Yang-Mills connections on E with L?
norm of curvature bounded by ¢ mod gauge (smooth wherever the connections are smooth). We
give Mpy . a topology by specifying a basis of open neighborhood as Uz 4([A, i1]) consisting
of [(A, )] € Myy . satisfying

e A’ lies in the €; neighborhood of A outside a €; neighborhood of 7(u);
o |u(d) — p(9)] < €2
Here € = (€1, €2) with ¢; > 0 for i = 1,2 and ¢ is a continuous and bounded function.

Remark 7.5. When m = 2, this topology coincides exactly with the topology in the case of four
dimensional manifolds (see [6, Section 4.4]).

Given this, we have the following improved version of Theorem
Theorem 7.6. Myy . s a first countable sequentially compact Hausdorff space.

By Proposition the moduli space can be also viewed as consisting of pairs (A, C")
mod gauge where C*" =}, myXy is a integer linear combination of pure codimension two
subvarities of X. Later we will not make a difference between them.
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7.2. HYM connections over a class of balanced manifolds of Hodge-Riemann type.
Now we assume (M,w) is an m-dimensional compact balanced Hermitian manifold of Hodge-
Riemann type as defined in [3, Def. 2.7]. This means we can write
wml = wo A Qo
where wy is a strictly positive (1,1) form, Q is of type (m — 2, m — 2), and
(1) dw™ ! = 0;
(2) dS2 = 0;
(3) for any p + g = 2, there exists a pointwise Q-orthogonal decomposition
AP? = Cwy @ PP
where PP? = {a € AP7:aAwy A Qy=0};
(p+q)(p+q—1) =
4) Qa, B) = (vV=1)P~9(~1) T s« (@ AB A Q) is positive definite on PP,
In this case, a uniform bound for the L? norm of curvature of all the smooth irreducible
Hermitian-Yang-Mills connections is automatic by the following observation.

Lemma 7.7. Given any HYM connection A on E,
wm
/ |FA|27 <C
where C' = C(c(E),w;).

Proof. By conditions (3) and (4) we have

wmfl
/ [Fal* ——; < Cl(/ Tr(FA/\FA)/\QO+C2/ | fPwo A wo A Qo)
X (m —1)! X X

where Fi = Fy — fIdwy. Here

w'fl

n!

- 'UJW() A wg A Qo
In particular, we have
7.3 FulPs < ey ([ FanFano+ Cop? W
. — < A A _ ).
(73) /X‘A| n! 1(/)( ANTA ot 2“/)(w0/\w0/\Q0n!)
The result follows. U

In this case, we denote the compactification of the moduli space of HYM connections mod
gauge as Mgy pr by choosing ¢ large.

Theorem 7.8. On a unitrary bundle over a compact balanced Hermitian manifold (X,w) of
Hodge-Riemann type, Mgy is a first countable sequentially compact Hausdorff space.

Now we would like to give an important class of balanced metrics of Hodge-Riemann type,
which comes from multipolarizations. Namely, for any positive (1,1) forms wp, - ,wm,—2 on a
compact complex manifold X so that

wmfl
(m—1)!
d(wo/\w1 /\--~/\wm_2) =

d(w1 VAN /\wm_g) =

wog N\ AN Wm—1
(7.4) 0
0
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then by the main result in [23] we get a balanced Hermitian metric w of Hodge-Riemann type
by setting Qg = w1 A -+ A wpm_2.

Corollary 7.9. On a unitrary bundle over a compact balanced Hermitian manifold (X,w)
satisfying , Mgy s a first countable sequentially compact Hausdorff space.

In particular, this gives the following

Corollary 7.10. On a unitrary bundle over a compact Kdhler manifold (X,w), Mgy is a
first countable sequentially compact Hausdorff space.

Remark 7.11. When (X,w) is a projective algebraic manifold, i.e. w = ¢i[L] for some line
bundle L, it is known that Mj;y-,,, which denotes the closure of the space of irreducible HYM

connections with fized determinants in My s, admits a complex structure coming from the
algebraic geometric side. The induced complex structure makes it an algebraic space (see [10]).
We will explain how it can be generalized to the case of multipolarizations in the following by
using the same argument in [I0] and the algebraic geometric results in [I1].

7.3. Mj;y,, for multipolarizations. In this section, we fix (E, H) to be a unitary vector
bundle over a compact complex Hermitian manifold (X,w) so that

wm—l

(m—1)!
where [w;] are all ample classes, i.e. |w;] = ¢1(L;) for some ample line bundles L;. Set Qy =
w1 A+ Awm—2. As mentioned above, we can view the moduli space My ,, consisting of pairs
(Ax, C?) mod gauge. It is a sequentially compact Hausdorff space. Using the argument in [10],
we briefly explain how a complex structure could be given to Mj;y-,, to make it an algebraic
space.

=wo AN\ N\Wm—2

7.3.1. Moduli space of semistable torsion free sheaves via multipolarizations. In this section, we
will recall the construction for the compactification of the moduli space of semistable sheaves
with given numerical classes and fixed determinant. We refer the readers to [L1] for more details.
Recall that the space of slope semistable sheaves having the same Chern classes as E over (X, w)
is bounded, i.e. if we fix O(1) to be any polarization of X, for fixed k large enough, for any &,
we have H(X,&(k)) =0, for i > 1, and £(k) is globally generated. Let

H=C¥® g O(-k)
where 7 denotes the Hilbert polynomial of £&. Now we know for k fixed large enough, all
such sheaves can be viewed as points [q : H — &] in Quot(H,7) by choosing an isomorphism
Co7(k) =~ HO(X, E(k)). Here Quot(H, ) denotes the space of points given by surjective maps
q : H — &, where the Hilbert polynomial of £ is equal to 75, modulo the equivalence: ¢ : H — &

and ¢ : H — &' are equivalent if and only if there exists an isomorphism f o q = ¢, i.e.
ker(q) = ker(q’). Furthermore, there exists a universal quotient

qu - OQuot(H,TE) @H—U.
over Quot(H,Tg) x X which restricts to the natural quotient at each point [g]. Now we denote
R#5% as the subscheme of Quot(E,H) consisting of elements [q : H — £] so that
e & is semistable;

o det(&) =J;

e & has the same numerical classes as &;
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e ¢ induces an isomorphism between C®™*) and HO(X, £(k)).
Define Z as the weak normalization of the reduction of R***. Denote
a7 Oquot(t,rg) @ H = U
as the pull-back of the universal quotient [gy]| to Z x X. Consider the class
up—1 = —rank(E)e1(L1) - e1(Ln-1) + x(c1(L1) - - c1(Ln-1).c(E))[O4]
where x € X is a fixed point. Now consider the line bundle

,Cnfl = )\Z;{(unfl)

of which the higher power is a semi-ample line bundle over Z. Then one can form a formal GIT
quotient as

M¥3* .= Proj(@r>0H(Z, £5Y)%Y)
for some N. The conclusion is that this is a projective scheme with certain universal properties
and the natural surjective map 7 : Z — M#5¥ collapses the SL orbits and 7(q) = 7(¢’) only if
the sheaves £ and £ associated to ¢ and ¢ share the same graded sheaf GrfTVS(£) = GrAN9 (&)
and C(€) = C(£’). When dim X = 2, the converse holds.

7.3.2. Complex structure on Mjy,,, induced from a continuity map ®. Given a stable unitary
bundle over (E, H,d4) over (X,w), the most general version of the Donaldson-Uhlenbeck-Yau
theorem states that there exists a complex gauge transformation g so that the unitary connection
given by (H,g(04)) is a HYM connection that is unique up to unitary gauge transformations.
Now this can be generalized to the case of stable reflexive sheaf using the notion of admissible
HYM connections (i.e. finite energy on the smooth locus). Suppose [¢] € Quot represents
a semistable torsion free sheaf £. We can take the graded sheaf Gri'V5(£) associated to a
Harder-Narasimhan-Seshadri filtration of £. From this we can extract canonical algebraic data
as

(GN3(€))™, ()
from which the first factor gives a unique admissible HYM connection A(E). Here
CE) =Y misy,
where Y is a pure codimension two subvariety of X and
l kk
my? = hO(A, GV (€)™ /G (€))[a).
Here A is a generic holomorphic transverse slice of Y.

Definition 7.12. We define M to be the closure of (M*)“" in M*s where (M*)%™ denotes
the weak normalization of M?®.

Then we have
Theorem 7.13. There exists a continuous map
T.I0 5y,
which restricts to the natural map
: (M°)"" = (Mpy )"
More precisely, suppose [q: H — E] represents a point in M?, then ®([€]) = (A(E),C(E)).
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We very briefly explain how the proof is done and refer the reader to [10] for more details. We
fix a sequence of smooth HYM connections {4;} on E which sub-converges to (A, C"). By
the boundedness, we can put & = (E,04,) in a fixed Quot scheme and thus obtain an algebraic
limit which can behave badly in general. More precisely, by fixing k large and choosing an L?
orthonormal basis for H%(X, &;(k)), we get a sequence of elements [¢;] in the corresponding Quot
scheme. Then we can take an algebraic limit [go] of [¢;] in the Quot scheme. As in [10, Sec. 4], it

can be concluded that g, induces a sheaf inclusion Fls _, Eoo which is an isomorphism outside

some codimension two subvariety. In particular, £ = (.Fgég )**. Using the argument in [10)],

Sec. 4.3], the singular Bott-Chern formula applied to the filtration of H induced by [goo] gives

C (]—"gég ) = C. In particular, as in [I0], this gives that the map ® is continuous. Given this, since
all the essential algebraic geometric results [I1] used in [10] are done for multipolarizations, it is
straightforward to adapt the corresponding statements in [10] to the case of multipolarizations
to obtain the following

Theorem 7.14. There exists a complex structure on My, which makes My, an algebraic
space so that the natural map ® : M5 — My 18 an algebraic morphism.
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