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Abstract. The energy of harmonic sections of flat bundles of
nonpositively curved (NPC) length spaces over a Riemann surface
S is a function Eρ on Teichmüller space TS which is a qualitative in-
variant of the holonomy representation ρ of π1(S). Adapting ideas
of Sacks-Uhlenbeck, Schoen-Yau and Tromba, we show that the
energy function Eρ is proper for any convex cocompact represen-
tation of the fundamental group. More generally, if ρ is a discrete
embedding onto a normal subgroup of a convex cocompact group
Γ, then Eρ defines a proper function on the quotient TS/Q where Q
is the subgroup of the mapping class group defined by Γ/ρ(π1(S)).
When the image of ρ contains parabolic elements, then Eρ is not
proper. Using the recent solution of Marden’s Tameness Conjec-
ture, we show that if ρ is a discrete embedding into SL(2, C), then
Eρ is proper if and only if ρ is quasi-Fuchsian. These results are
used to prove that the mapping class group acts properly on the
subset of convex cocompact representations.
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Introduction

Let S a closed orientable smooth surface with χ(S) < 0 and G a
Lie group. This paper discusses an analytic invariant of a representa-

tion π(S)
ρ−→ G, and applies to the action of the mapping class group

π0

(
Diff(S)

)
of S on the space of representations Hom(π1(S), G)/G.

We assume G is a reductive real algebraic group with maximal com-
pact subgroup K and symmetric space X = G/K. Suppose that ρ is
reductive, that is, a representation whose image is Zariski dense in a
reductive subgroup of G. Then according to Corlette [10], for every
conformal structure σ on S, there is a ρ-equivariant harmonic map

S̃
fρ,σ−−→ X,

which is unique up to isometries of X. (Such an equivariant harmonic
map is called a twisted harmonic map.) In particular its energy

Eρ(σ) ∈ R
is well-defined. Letting σ vary over Teichmüller space TS defines a
function

TS
Eρ−→ R.

The starting point of our paper is the following result:

Theorem A. Suppose that ρ is convex cocompact. Then Eρ is a proper
function on TS.

Recall that a discrete subgroup Γ ⊂ G is convex cocompact if there
exists a Γ-invariant closed geodesically convex subset N ⊂ X such
that N/Γ is compact. A representation ρ is convex cocompact if ρ is
an isomorphism of π1(S) onto a convex cocompact discrete subgroup
of G.

From this theorem follows the example which motivated this study.
Let C be the subset of Hom(π1(S), G)/G consisting of equivalence
classes of convex cocompact representations.

Corollary B. π0

(
Diff(S)

)
acts properly on C.

When G = PSL(2,C), a convex cocompact representation is quasi-
Fuchsian, that is a discrete embedding whose action on S2 = ∂H3 is
topologically conjugate to the action of a discrete subgroup of PSL(2,R).
The corollary is just the known fact that π0

(
Diff(S)

)
acts properly on
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the space QFS of quasi-Fuchsian embeddings. Bers’s simultaneous
uniformization theorem [3] provides a π0

(
Diff(S)

)
-equivariant homeo-

morphism

QFS −→ TS × T̄S.
Properness of the action of π0

(
Diff(S)

)
on TS implies properness on on

QFS.
The basic idea goes back to work of Sacks-Uhlenbeck [37] and Schoen-

Yau [39]. When ρ is a Fuchsian representation (corresponding to a
hyperbolic structure on S), Tromba [45] proved that Eρ is proper and
has a unique critical point (necessarily a minimum). When ρ is a quasi-
Fuchsian PSL(2,C)-representation, Eρ is proper. Uhlenbeck [46] gave
an explicit criterion for when Eρ has a unique minimum. Generally Eρ
admits more than one critical point, for quasi-Fuchsian ρ. This follows
from the existence of quasi-Fuchsian hyperbolic 3-manifolds containing
arbitrarily many minimal surfaces, as constructed by Joel Hass and
Bill Thurston (unpublished).

However, as first shown by Kleiner and Leeb [25] (see also Quint [36]),
convex cocompactness is highly restrictive, only interesting when G has
R-rank one. A more general condition guaranteeing properness of the
action of π0

(
Diff(S)

)
is given by the notion of Anosov representations

introduced by Labourie [28].
We generalize these results in two directions. First, we extend the

isometric actions of surface groups on surface groups to isometric ac-
tions on non-positively curved metric spaces as developed by Korevaar-
Schoen [26, 27]. Second, following a suggestion of Bruce Kleiner, we
consider embeddings of surface groups onto normal subgroups of a con-
vex cocompact group Γ of isometries of an NPC space. The quotient
group Q = Γ/ρ(π1(S)) acts on TS. Since Eρ is Q-invariant, it induces
a function E ′

ρ on TS/Q and we show:

Theorem C. The mapping

TS/Q
E′ρ−→ R

is proper.

This generalization was motivated by hyperbolic 3-manifolds fibering
over the circle. The hyperbolic 3-manifold determines a representation
ρ of the fundamental group of the fiber surface S. Furthermore the
monodromy of the fibration determines an automorphism φ of π1(S)
such that ρ is conjugate to ρ ◦ φ. According to Thurston [44] (see
also Otal [34]), Φ is a pseudo-Anosov or hyperbolic mapping class, and
generates a proper Z-action on TS. In particular every orbit is an
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infinite discrete subset of TS. Since Eρ is φ-invariant and constant on
each infinite discrete orbit, Eρ is not proper. Kleiner observed that Eρ
induces a proper map on the cyclic quotient TS/〈φ〉.

Properness of the energy function fails for surface group represen-
tations containing “accidental parabolics”. Such representations are
discrete embeddings mapping some nontrivial simple loop c to a par-
abolic isometry. One can find a sequence of bounded energy map-
pings for which the conformal structures σ degenerate as to shorten c,
contradicting properness. Using the Marden Tameness Conjecture in
Kleinian groups (recently established by Agol [2], Calegari-Gabai [8]
and Choi [9]), we obtain a sharp converse to Theorem A. for discrete
embeddings into PSL(2,C):

Theorem D. Let ρ : π1(S) → PSL(2,C) be a discrete embedding.
Then Eρ is proper if and only if ρ is convex cocompact (that is, quasi-
Fuchsian).

We claim no originality to these results, which can probably be found
in the literature, or are known to experts. However, we hope that this
work will clarify and isolate these ideas and will be useful for researchers
in this field.
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Notation and Terminology

If X is a metric space, we denote the distance function by dX . If c is
a curve in a length space X, we denote its length by LX(c). We denote
by [a] the equivalence class of a, in various contexts. We denote the
identity transformation by I. We shall sometimes implicitly assume a
fixed basepoint s0 ∈ S in discussing the fundamental group π1(S) and

the corresponding universal covering space S̃ −→ S.
Although it is more customary to define the mapping class group

by orientation-preserving diffeomorphisms, for our purposes it seems
more natural to consider all diffeomorphisms. Orientation-reversing
mapping classes induce anti-holomorphic isometries of TS, which are
nonetheless appropriate in our setting.



TWISTED HARMONIC MAPS 5

1. Flat bundles and harmonic maps

Let S be a closed oriented surface with χ(S) < 0, and let π1(S) be
its fundamental group. Let (X, d) be a complete nonpositively curved
length space (an NPC space) with isometry group G.

Choose a universal covering space S̃ −→ S with group of deck trans-
formations π1(S). An isometric action of π1(S) on X is a homomor-

phism π1(S)
ρ−→ G, where G is the isometry group of X. Such a ho-

momorphism defines a flat (G,X)-bundle Xρ over S, whose total space

is the quotient S̃ × X by the (diagonal) π-action by deck transfor-

mations on S̃ and by ρ on X. Since every flat bundle over a simply
connected space is trivial, a section over the universal covering space

S̃ is the graph of a mapping S̃ −→ X. Sections of Xρ correspond to
ρ-equivariant mappings

S̃
u−→ X.

Since X is contractible (see, for example, Bridson-Haefliger [5]), sec-
tions always exist.

An important case (and the only one treated in this paper) occurs
when ρ is a discrete embedding (otherwise known as a discrete faith-
ful representation). Then ρ maps π1(S) isomorphically onto a discrete
subgroup Γ ⊂ G and determines a properly discontinouous free isomet-
ric action of π1(S) on X. The quotient X/Γ is a NPC space locally
isometric to X with fundamental group Γ ∼= π1(S). Indeed, the repre-
sentation ρ defines a preferred isomorphism of π1(S) with π1(Xρ), that
is, a preferred homotopy class of homotopy equivalences S −→ X/Γ.
Sections of the flat (G,X)-bundle Xρ correspond to maps in this ho-
motopy class.

For us, a conformal structure on S will be an almost complex struc-
ture σ on S, that is, an automorphism of the tangent bundle TS sat-
isfying σ2 = −I. A Riemannian metric g is in the conformal class of σ
if and only if

g(σv1, σv2) = g(v1, v2)

for tangent vectors v1, v2.

Choose a conformal structure σ on S. Let S̃
f−→ X be a continuously

differentiable ρ-equivariant mapping. Its differential defines a continu-

ous section df of the vector bundle T ∗S̃⊗f ∗TX, Choose a Riemannian
metric g on S in the conformal class of σ. Denote by g̃ its pullback to

S̃ and d̃A the corresponding area form on S̃. Let ‖ · ‖g,X denotes the

Hilbert-Schmidt norm with respect to the metric on S̃ induced by g
and the metric on X. Define energy density of f with respect to g on
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S̃ as

ẽ(f) = ‖df‖2g,X dA,

The energy density ẽ(f) is a π1(S)-invariant exterior 2-form on S̃
and hence defines an exterior 2-form, the energy density e(f) on S.
The energy Eρ,g(f) is the integral

Eρ,g(f) =

∫
S

ẽ(f).

Alternatively, Eρ,g(f) is the integral of the energy density on S̃ over

a fundamental domain for the π1(S)-action on S̃. Since S is two-
dimensional, Eρ,g(f) depends only on the conformal structure σ, and
we denote it Eρ,σ(f).

When the target X is only a metric space, define the energy density
via ball averages of the approximate derivative

dX(f(x), f(y))

deS(x, y) .

(See Korevaar-Schoen[26] or Jost [22].) For finite energy maps the
energy density e(f) is a measure which is absolutely continuous with
respect to Lebesgue measure. The Radon-Nikodym derivative plays the
role of ‖df‖2. For more details, see Korevaar-Schone [26]. Finite energy
maps always exist. Furthermore, energy minimizing sequences of uni-
formly Lipschitz equivariant mappings exist ([26], Theorem 2.6.4). In
addition to providing a definition of energy minimizing maps to metric
spaces, their construction defines a Sobolev completion of the continu-
ously differentiable maps to Riemannian targets which does not appeal
to an isometric embedding of X into euclidean space.

In many cases the infimum of the energy is realized. In the context
of NPC targets, recall that a map f is called harmonic if it minimizes
Eρ,σ among all ρ-equivariant maps of finite energy.

The fundamental existence theorem for harmonic maps to nonposi-
tively curved Riemannian manifolds is due to Eells-Sampson [14]. In
the twisted (that is, equivariant) setting there are various conditions
on ρ which guarantee existence. When X is a symmetric space of non-
compact type, ρ is said to be reductive if its Zariski closure has trivial
unipotent radical. Existence of a twisted harmonic map for reductive
ρ was proven by Corlette [10], Donaldson [11], Labourie [28] and Jost-
Yau [24]. A geometric notion of reductivity involving stabilizers of flat
totally geodesic subspaces was used in [28] (see also Jost [22]). Kore-
vaar and Schoen [27] introduced the notion of a proper action (not to be
confused with the more standard use of the term proper below) which
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is the condition that the sublevel sets of the displacement function
associated to a generating set of π1(S) are bounded. This condition
guarantees the existence of an energy minimizer when X is a general
NPC space (see also [23]).

2. Bounded geometry

Let γ ∈ G. Its translation length |γ| is defined by:

(2.1) |γ| := inf
x∈X

d(x, γx) .

Lemma 2.1. Let Γ ⊂ G be a convex cocompact discrete subgroup.
Then ∃ε0 > 0 such that |γ| ≥ ε0 for all γ ∈ Γ \ {I}.

Proof. Suppose not. Then ∃γi ∈ Γ such that |γi| 6= 0 for all i, and
|γi| → 0. Let N be a closed convex Γ-invariant subset such that N/Γ
is compact. Since N is convex and Γ-invariant, ∃xi ∈ N such that

d(xi, γixi) −→ 0 .

Since N/Γ is compact, ∃λi ∈ Γ and x ∈ N such that, after passing to
a subsequence, λixi → x. Set γ̃i = λiγiλ

−1
i . Then

d(λixi, γ̃iλxi) −→ 0 .

Properness of the action of Γ near x ∈ N implies that for only finitely
many i does |γ̃i| = |γi| This contradicts the assumption that

0 6= |γi| → 0.

�

Lemma 2.2. Let ε0 satisfy Lemma 2.1. Let γ1, γ2 ∈ Γ and x, y ∈ X.
If

• d(x, y) < ε0/2;
• d(γ1x, γ2y) < ε0/2,

then γ1 = γ2.

Proof.

|γ−1
2 γ1| ≤ d(γ−1

2 γ1x, x)

= d(γ1x, γ2x)

≤ d(γ1x, γ2y) + d(γ2y, γ2x)

= d(γ1x, γ2y) + d(x, y) < ε0 .

Now apply Lemma 2.1. �
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3. Existence of harmonic maps

Proposition 3.1. Suppose that π1(S)
ρ−→ G is convex cocompact. Then

there exists a ρ-equivariant harmonic map S̃
u−→ X.

We deduce this proposition as an immediate corollary of the following
more general proposition, which we state here for later applications.

Proposition 3.2. Suppose that π1(S)
ρ−→ G is an embedding onto a

normal subgroup of a convex cocompact subgroup Γ ⊂ Iso(X) such that
ρ(π1(S)) has trivial centralizer in Γ. Then there exists a ρ-equivariant

harmonic map S̃
u−→ X.

Proof. For any NPC spaceX and compact surface S, there exists an en-
ergy minimizing sequence ui of uniformly Lipschitz ρ-equivariant map-

pings S̃ −→ X (Korevaar-Schoen [26, Theorem 2.6.4]). Let N ⊂ X
be a ρ-invariant convex set such that N/Γ is compact. Projection
X −→ N decreases distances, and therefore decreases energy. Thus we
may assume that the image of ui lies in N .

Fix any point s̃0 ∈ S̃ with image s̃ ∈ S. Since N/Γ is compact, after
passing to a subsequence, ∃γi ∈ Γ such that vi(s̃0) converges to a point
in N , where

vi := ρ(γi) ◦ ui.
The vi are uniformly Lipschitz and vi(s̃0) converges. The Arzéla-Ascoli
theorem implies that a subsequence of vi converges uniformly on com-

pact subsets of S̃. Choose ε0 > 0 satisfying Lemma 2.1. For each

compact K ⊂ S̃, there exists I > 0 so that

(3.1) d(vi(w), vj(w)) < ε0/2

whenever i, j ≥ I and w ∈ K.
Each vi is equivariant with respect to ρi = ρ ◦ Innγi

, where Innγi

denotes the inner automorphism of π1(S) defined by γi. Fix i, j ≥ I,
and set x = vi(s̃0) and y = vj(s̃0).

Choose a finite generating set Π ⊂ π1(S). Applying (3.1) to the
finite set K = Πs̃0,

d(ρi(c)x, ρj(c)y) = d(vi(cs̃0), vj(cs̃0)) < ε0/2

whenever c ∈ Π. Since

d(x, y) = d(vi(s̃0), vj(s̃0)) < ε0/2 ,

Lemma 2.2 implies ρi(c) = ρj(c) for all c ∈ Π. As Π generates π1(S)
it follows ρi = ρj if i, j ≥ I. Since ρ is injective and the centralizer of
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π1(S) in Γ is trivial, ci = cj for all i, j ≥ I. Therefore ui itself converges
locally uniformly to the desired minimizer. �

4. The action of Diff(S) on TS
For later use, as well as a perspective on the theme of this paper, we

summarize in this section general facts on the action of the diffeomor-
phism group on the space of metrics. A good general reference for this
material is Tromba’s book [45].

Denote by Diff(S) the group of smooth diffeomorphisms of S with the
C∞ topology. Let Diff0(S) denote the identity component of Diff(S),
that is, the group of all diffeomorphisms isotopic to the identity. The
mapping class group of S is the quotient

π0

(
Diff(S)

)
= Diff(S)/Diff0(S).

The mapping class group relates to π1(S) as follows. Let s0 ∈ S be
a fixed basepoint. A diffeomorphism φ determines an automorphism
of the fundamental group π1(S, s0) if φ(s0) = s0. Let φ ∈ Diff(S).
Although φ may not fix s0, it is isotopic to one which fixes s0, which we
call φ1. This isotopy describes a path q1 from φ(s0) to s0.. Suppose φ2 is
another diffeomorphism isotopic to φ which fixes s0, with corresponding
path q2 from φ(s0) to s0. Then the automorphisms of π1(S, s0) induced
by φ1 and φ2 differ by the inner automorphism Innγ where γ ∈ π1(S, s0)
is the homotopy class of the based loop q1 ? (q2)

−1 in S. There results
a homomorphism

π0Diff(S) −→ Out
(
π1(S)

)
where

Out
(
π1(S)

)
:= Aut

(
π1(S)

)
/Inn

(
π1(S)

)
is the quotient of Aut

(
π1(S)

)
by its normal subgroup of inner automor-

phisms.

Theorem 4.1 (Dehn-Nielsen). The homomorphism

π0Diff(S) −→ Out
(
π1(S)

)
is an isomorphism.

We shall henceforth pass freely between these two approaches of the
mapping class group. This was first proved by Nielsen [33] and Dehn
(unpublished). For proof and discussion, see Stillwell [41]) and Farb-
Margalit [15]).

Denote by Met(S) the space of smooth Riemannian metrics on S
with the C∞ topology. For any smooth manifold S, the natural action
of Diff(S) on Met(S) is proper (Ebin [13] and Palais (unpublished) in
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general, and Earle-Eels [12] in dimension 2). In particular its restriction
to the subspace Met−1(S) of metrics of curvature −1 is also proper.

Then Diff0(S) acts properly on Met−1(S). The quotient, compris-
ing isotopy classes of hyperbolic structures on S, identifies with the
Teichmüller space of S

Met−1(S)/Diff0(S)←→ TS
and inherits an action of the mapping class group The properness of
the action of Diff(S) on Met−1(S) implies the following basic fact:

Theorem 4.2. π0

(
Diff(S)

)
acts properly on TS.

Closely related is the existence of a Diff(S)-invariant Riemannian
metric (in the Fréchet sense) on Met(S). This induces the π0

(
Diff(S)

)
-

invariant Weil-Petersson metric on TS. This metric is incomplete, but
complete metrics (for example the Finslerian Teichmüller metric) exist
which are π0

(
Diff(S)

)
-invariant. For later applications, all we need is

some π0

(
Diff(S)

)
-invariant metric dT on TS. (For a survey of invariant

metrics on TS see Wolpert’s paper [48] in this volume.)
Theorem 4.2 is commonly attributed to Fricke. The customary proof

uses a different set of ideas, more directly related to representations of
the fundamental group. We briefly digress to sketch these ideas.

The uniformization theorem identifies TS with a component of the
space of conjugacy classes of discrete embeddings π1(S) −→ SL(2,R).
Such a representation is determined up to conjugacy by its character

π1(S)
χρ−→ R

c 7−→ Tr ρ(c).

Geometrically χρ corresponds to the marked length spectrum `ρ which
associates to a free homotopy class of oriented loops in S the length
of the closed geodesic on H2/ρ(π1(S)) in that homotopy class. Since
homotopy classes of oriented loops in S correspond to conjugacy classes

in π1(S)), we denote this set by π̂1(S), one proves that the marked
length spectrum

π̂1(S)
`ρ−→ R+

is finite-to-one (a proper map, where π̂1(S) is discretely topologized).
Choose a π0

(
Diff(S)

)
-invariant metric dT on TS. An isometric ac-

tion on a locally compact metric space is proper if and only if some
(and hence every) orbit is discrete. Therefore it suffices to prove that
every π0

(
Diff(S)

)
-orbit is discrete. Suppose that φn ∈ Aut

(
π1(S)

)
is

a sequence of automorphisms and ρ is a representation such that its
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images ρ ◦ φn converge to a representation ρ∞.. Let Π ⊂ π1(S) be a
finite generating set and choose C sufficiently large so that

`ρ∞(γ) ≤ C

for γ ∈ Π. Then

A := {γ ∈ π1(S) | `ρ∞(γ) ≤ C}.

is a finite union of conjugacy classes in π1(S) containing Π. Let ε > 0.
Then ∃I such that

`ρ◦φi
(γ) ≤ C + ε

for i ≥ I and γ ∈ A. Since

`ρ◦φi
(γ) = `ρ(φi(γ)),

the set A is invariant under all φi ◦ (φj)
−1 for i, j ≥ I. From this one

can prove that the set of equivalence classes [φi] ∈ Out
(
π1(S)

)
for i ≥ I

is finite, so that the sequence [ρ ◦ φi] is finite, as desired.
For further details, see Abikoff [1], §2.2, Farb-Margalit [15], Har-

vey [19], §2.4.1, Buser [7], §6.5.6 (p.156), Imayoshi-Tanigawa [21],§6.3,
Nag [32],§2.7, and Bers-Gardiner [4], Theorem II.

5. Properness of the energy function

We now prove that for ρ convex cocompact, the function Eρ on TS
is proper. With little extra effort, we prove a more general theorem
(suggested by Bruce Kleiner), concerning homomorphisms

π1(S)
ρ−→ Γ ⊂ G

where Γ is convex cocompact and ρ(π1(S)) is a normal subgroup Γ1CΓ.
Furthermore we assume that the centralizer of Γ1 in Γ is trivial. Let

Γ
ψ−→ Aut

(
π1(S)

)
be the homomorphism induced by the inclusion Γ1 ↪→ Γ and the iso-

morphism π1(S)
ρ−→ Γ1. As Γ1 has trivial centralizer, ψ is injective.

Thus ψ induces a monomorphism

Q ↪→ Out(π1(S))

where Q := Γ/Γ1. Hence Q acts on TS via (4.1). Furthermore Eρ is

Q-invariant and hence induces a map TS/Q
E′ρ−→ R

Proposition 5.1. The map TS/Q
E′ρ−→ R is proper.
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Suppose that [σi] ∈ TS is a sequence whose image in TS/Q diverges.
Suppose further that

Eρ([σi]) ≤ B

for some constant B > 0, and all i = 1, 2, . . . .
Our assumption that the images of [σi] diverge in TS/Q means the

following. Choose any invariant π0

(
Diff(S)

)
-invariant metric dT on TS.

We may assume, for each η ∈ Q, that

(5.1) dT (ψ(η)[σi], [σj]) ≥ 1

for i 6= j.
By [26] the ρ-equivariant harmonic maps

(S̃, g̃i)
ui−→ X

have a uniform Lipschitz constant K (depending on B), where g̃i de-

notes the hyperbolic metric on S̃ associated to σi. In particular, given

a closed curve c in S, choose a lift c̃ ⊂ S̃ running from s̃0 to [c]s̃0,
where [c] ∈ π1(S; s0) denotes the deck transformation corresponding to
c. Denote the length of c with respect to the metric gi on S by Li(c).
Then

|ρ([c])| ≤ d(ui(s̃0), ρ([c])ui(s̃0))

= d(ui(s̃0), ui(ρ([c])s̃0))

≤ LX(ui(c̃))

≤ KLi(c) .(5.2)

Suppose that c ⊂ Σ is any closed essential curve. Since ρ is injective,
the isometry ρ(c) is nontrivial. Let ε0 > 0 satisfy Lemma 2.1. Then
(5.2) implies

`c(σi) ≥ ε0/K

where `c(σ) denotes the geodesic length function of c with respect to σ,
that is, the length of the unique closed geodesic freely homotopic to c
in the hyperbolic metric corresponding to σ.

Mumford’s compactness theorem [31] implies that the conformal
structures [σi] project to a compact subset of the Riemann moduli
space TS/π0

(
Diff(S)

)
. Thus [ϕi] ∈ π0

(
Diff(S)

)
and [σ∞] ∈ TS exist

such that, after passing to a subsequence,

(5.3) [ϕi][σi] −→ [σ∞].

As Diff(S) acts properly on the set of Riemannian metrics (§4), rep-
resentatives gi ∈ Met−1(S) and ϕi ∈ Diff(S) exist with ϕi(gi) −→ g∞,
where g∞ denotes the hyperbolic metric associated to σ∞. Choose a
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base point s̃0 ∈ S̃ with image s0 ∈ S. We may assume that ϕi(s0) = s0.

Let ϕ̃i ∈ Diff(S̃) be the unique lift of ϕi such that ϕ̃i(s̃0) = s̃0.
The map

vi := ui ◦ ϕ̃i−1 : S̃ −→ X

is harmonic with respect to the metric φi(gi) and equivariant with
respect to the homomorphism

ρ ◦ (ϕ−1
i ) : π1(S) −→ G.

The maps vi are uniformly Lipschitz with respect to the metric g̃∞
on S̃ induced from the metric g∞ on S. In particular the family {vi}
is equicontinuous.

Since N/Γ is compact, ∃γi ∈ Γ such that all γivi(s̃0) lie in a compact
subset of X.

By the Arzéla-Ascoli theorem, a subsequence of

wi := γi ◦ vi
converges uniformly on compact sets. For I sufficiently large,

(5.4) sup
z∈eS dX(wi(z), wj(z)) < ε0/2

for i, j ≥ I.
Each vi = ui ◦ ϕ̃i−1 is equivariant with respect to ρ ◦ (ϕi)

−1
∗ and is

harmonic with respect to ϕi(gi). Thus each wi = γi ◦ vi is equivariant
with respect to

ρi := ρ ◦ (ϕi)
−1
∗ ◦ ψ(γi)

and also harmonic with respect to ϕi(gi) (since γi is an isometry).
Fix i, j ≥ I, and let x = wi(s̃0) and y = wj(s̃0). For every c ∈ π1(S),

(5.4) implies

dX(ρi(c)x, ρj(c)y) = dX(wi(cs̃0), wj(cs̃0))

< ε0/2 .

Since dX(x, y) < ε0/2, Lemma 2.2 implies ρi(c) = ρj(c) for all c ∈
π1(S). Since ρ is injective,

ψ(γi) ◦ (ϕi)∗ = ψ(γj) ◦ (ϕj)∗

Theorem 4.1, implies the natural homomorphism

π0

(
Diff(S)

) ∼= Out(π1(S)).

is injective; thus ψ(γi) ◦ϕi is isotopic to ψ(γj) ◦ϕj for all i, j ≥ I. Call
this common mapping class [ϕ]. Thus, for i ≥ I,

(5.5) ψ(γi) ◦ (ϕi)∗ = [ϕ]
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If i, j ≥ I, then

dT
(
ψ(γi)

−1[σi] , ψ(γj)
−1[σj]

)
= dT

(
[ϕ]−1(ϕ−1

i )∗[σi], [ϕ]−1(ϕ−1
j )∗[σj]

)
= dT

(
(ϕ−1

i )∗[σi] , (ϕ−1
j )∗[σj]

)
−→ 0

by (5.3), contradicting (5.1). Thus Eρ is proper, as claimed.

6. Action of the mapping class group

Corollary B follows from the properness of the action of π0

(
Diff(S)

)
on TS and a general fact on proper actions on metric spaces. Let X be
a metric space and let K(X) denote the space of compact subsets of
X, with the Hausdorff metric.

Lemma 6.1. A group Γ of homeomorphisms of X acts properly on X
if and only if Γ acts properly on K(X).

Proof. The mapping

X
ι−→ K(X)

x 7−→ {x}
is a proper isometric Γ-equivariant embedding. If Γ acts properly on
K(X), then equivariance implies that Γ acts properly on X.

Conversely, suppose that Γ acts properly on X. For any compact
subset K ⊂ K(X) of K(X), its union

UK :=
⋃
A∈K

A

is a compact subset of X. For γ ∈ Γ the condition

(6.1) γ(K) ∩K 6= ∅
implies the condition

(6.2) γ(UK) ∩ UK 6= ∅.
To show that Γ acts properly on K(X), let K ⊂ K(X) be a compact
subset. Since Γ acts properly on X, only finitely many γ ∈ Γ satisfy
(6.2), and hence only finitely many γ ∈ Γ satisfy (6.1). Thus Γ acts
properly on K(X). �

We now prove Corollary B. Let [ρ] ∈ C. By Theorem A, Eρ is a
proper function on TS, and assumes a minimum m0(Eρ) Furthermore

Min(ρ) := {[σ] ∈ TS | Eρ(σ) = m0(Eρ)}
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is a compact subset of TS, and

C
Min−−→ K(TS)

is a π0

(
Diff(S)

)
-equivariant continuous mapping.

Conclusion of Proof of Corollary B . Lemmas 4.2 and 6.1 together im-
ply π0

(
Diff(S)

)
acts properly on K(TS). By equivariance, π0

(
Diff(S)

)
acts properly on C. �

7. Accidental parabolics

Now we illustrate with a well-known construction how properness
of the energy functional can fail if the action contains non-semisimple
isometries. For simplicity, assume in this section that X is a sim-
ply connected nonpositively curved complete Riemannian manifold (a
Cartan-Hadamard manifold) and G its group of isometries.

Theorem 7.1. Let π1(S)
ρ−→ G be a homomorphism. Assume that for

some simple closed curve c in S, there is a complete geodesic

R γ−→ X

and constants C, δ > 0 such that

(7.1) dX
(
γ(t) , ρ[c]γ(t)

)
≤ Ce−δt ,

for all t ≥ 0. Then the energy functional Eρ is not proper.

Proof. It suffices to construct a family σt, 0 < t ≤ 1, of conformal
structures on S such that the corresponding points in TS diverge as

t→ 0, and a family ut of ρ-equivariant maps S̃ → X such that Eρ,σt(ut)
is uniformly bounded in t.

Fix an initial conformal structure σ1 on S. Let Aε denote a tubular
neighborhood of the geodesic representative of c with respect to the
hyperbolic metric g1 associated to σ1. We denote this geodesic also by
c. Let A±

ε be the connected components of Aε − c.
We furthermore choose Aε such that in the uniformization of (S, g1),

Ã±
ε are isometric to the strip

R ×
[
ε,

1

`c(σ1)

)
,

where ε1 is some positive number, and `c(g1) denotes the length of the
geodesic. This realizes the isometry [c] ∈ π1(S) as the isometry

(x, y) 7→ (x+ 1, y).

Define the family σt of conformal structures by the plumbing con-
struction discussed by Wolpert [47]. The conformal structure on the
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complement Sε = S−Aε remains fixed whereas the conformal structure
on A±

ε is equivalent to the annulus

A±
t := R/Z× [ε, 1/`c(σt))

where `c(σt)→ 0 as t→ 0.
Next, let γ be the geodesic satisfying (7.1). and let W (t) be the

quantity on the left-hand-side of (7.1):

W (t) := dX
(
γ(t) , ρ[c]γ(t)

)
.

Geodesically connect points on the geodesic γ to the points on its image
ρ[c]γ along geodesics as follows. Define

R× [0,∞)
α−→ X

so that s 7→ α(s, t) is the complete unit speed geodesic satisfying

α(0, t) = γ(t)

α(W (t), t) = ρ[c]γ(t).

Writing

L(t) = (1/δ) log(t/ε),

notice that W (L(t)) ≤ Cε/t. Define

[0, 1]× [ε,∞)
β−→ X

(s, t) 7−→ α
(
W (L(t))s, L(t)

)
.

Since

‖∂tβ(0, t)‖ =
‖α′(L)‖t

δ
=
t

δ
.

the nonpositive curvature of X implies

(7.2) ‖∂tβ(s, t)‖ ≤ t/δ

for all 0 ≤ s ≤ 1. Also,

‖(∂sα)(W (L(t))s, L(t))‖ = 1

so

‖∂sβ(s, t)‖ = W (L(t))‖(∂sα)(W (L(t))s, L(t))‖
≤ Cε/t(7.3)

Extend β to R × [ε,∞) equivariantly with respect to the Z-action on
R× [ε,∞) and ρ(c) on X. The derivative bounds (7.3) and (7.2) imply
that β has finite energy as an equivariant map.

Choose a finite energy ρ-equivariant map (S̃, σ1)
u−→ X. The energy

of its restriction uc1 to S̃ε is finite as well. By interpolating near the
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boundary ∂Sε we may assume that u1 restricted to the connected com-

ponents of ∂S̃ε coincides with the geodesic s 7→ α(s, 0). Then for each

t, uc1 extends to a map ut : S̃ → X by requiring

ut
∣∣ eA±t = β

∣∣
R×[ε,1/`c(σt)]

.

Then ut is equivariant and has finite energy with respect to σt, uni-
formly in t. This completes the proof. �

8. When G = PSL(2,C)

For discrete embeddings in G = PSL(2,C), R. Canary and Y. Minsky
have explained a partial converse to Theorem A. Namely suppose that
ρ is a discrete embedding of a closed surface group π1(S) into G. Let
M := H3/ρ(π1(S)) be the corresponding hyperbolic 3-manifold. We
show (Theorem C) that unless ρ is quasi-Fuchsian, then Eρ fis not
proper. Assume that ρ is not quasi-Fuchsian. Further assume that ρ
contains no parabolcs; otherwise by Theorem 7.1, Eρ is not proper.

Under these assumptions Marden’s Tameness Conjecture, recently
established by Agol [2], Calegari-Gabai [8] and Choi [9] guarantees a
sequence of pleated surfaces

S
fn−→M

which exhaust the ends of the hyperbolic 3-manifold M3.
The intrinsic geometry of each fn is that of a totally geodesic surface

in H3 and therefore its energy (computed with respect to the intrinsic
hyperbolic metric) equals

−2πχ(S) = area(S).

Let σn be the conformal structure underlying this intrinsic metric; then

Eρ(σn) ≤ −2πχ(S)

is bounded.
However, the corresponding sequence [σn] ∈ TS tends to ∞. It

suffices to show that for some c ∈ π1(S), the geodesic length `c(σn)
is unbounded. Choose a nontrivial element c ∈ π1(S). Since each
pleated surface fn is an isometric map, it suffices to show that the
closed geodesics cn on fn become arbitrarily long. Otherwise, ∃C such
that

`fn(cn) ≤ C.

Let c denote geodesic in M corresponding to ρ(c). Since the pleated
surfaces fn tend to ∞,

d(c, fn) −→∞
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and in particular the curves cn (each homotopic to c) become arbitrarily
long, as claimed.

Thus, the energy function Eρ for a discrete embedding π1(S)
ρ−→

SL(2,C) is proper if and only if ρ is quasi-Fuchsian.

9. Speculation

Deformation spaces of flat bundles over a surface S are natural geo-
metric objects upon which the mapping class group of S acts. When
G is a compact group, then the action is ergodic (Goldman [17] and
Pickrell-Xia [35]). At the other extreme, uniformization identifies the
Teichmüller space TS of S with a connected component in the defor-
mation space of flat PSL(2,R)-bundles over S, and π0

(
Diff(S)

)
acts

properly on TS. In general one expects the dynamics of π0

(
Diff(S)

)
to

intermediate between these two extremes.
As mentioned earlier, convex cocompactness excludes all higher rank

examples which do not come from rank one. However it may be possible
to replace geodesic convexity of the Riemannian structure by another
notion. All that is needed is a compact core N/Γ of the locally sym-
metric space X/Γ in which all all harmonic mappings S −→ X/Γ take
values.

For example, whenG = SL(3,R), the mapping class group π0

(
Diff(S)

)
acts properly on the component of Hom(π,G)/G corresponding to
convex RP2-structures (Goldman [16]). Recently using his notion of
Anosov representations, Labourie has proved [28] that for any split
real form G, the action of π0

(
Diff(S)

)
on the Hitchin-Teichmüller com-

ponent of Hom(π,G)/G (see Hitchin [20]) is proper.
Labourie’s definition is as follows. The unit tangent buncle

US
Π−→ S

induces a central extension of fundamental groups

Z −→ π1(US)
Π∗−→ π

where the center Z of π1(US) corresponds to the fundamental group of
the fibers of Π. A representation ρ : π −→ G and a linear representa-
tion of G on a vector space V defines a flat vector bundle

Vρ −→ US

with holonomy representation ρ◦Π∗. Let ξ̃t denote the lift of the vector
field on US defining the geodesic flow to the total space Vρ. Labourie
defines an Anosov structure to be a continuous splitting of the vector
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bundle

Vρ = V+ ⊕ V0 ⊕ V−
so that vectors in V+ (respectively in V−) are exponentially expanded

(respectively contracted) under ξ̃t.
Labourie proves [28] that the mapping class group acts properly on

all such representations. All known examples of open sets of repre-
sentations upon which the mapping class group acts properly satisify
Labourie’s condition. The key point is reminiscent of the proof of
properness in §4: from the representation he constructs a class func-

tion π1(S)
`ρ−→ R+ which is bounded with respect to length function for

(any) hyperbolic structure on S (or the word metric on π1(S).
In another direction, using ideas generalizing those of Bowditch [6]

Tan, Wong and Zhang [43] have shown that the action of π0

(
Diff(S)

)
on representations satisfying the analogue of Bowditch’s Q-conditions
is proper. This also generalizes the properness of the action on the
space of quasi-Fuchsian representations.
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