AD APTIVE FINITE ELEMENT METHODS FOR ELLIPTIC PDE

RICARDO H. NOCHETTO

Abstra ct. In the 80's and 90's a great deal of eort was devoted to the design of a posteriori
error estimators for a variety of PDE. These are computable quantities, depending on the discrete
solution(s) and data, that can be used to assessthe quality of the approximation and improve it
adaptiv ely. Despite their practical success,adaptiv e processeshave been shown to converge, and to
exhibit optimal complexity, only recently and just for linear elliptic PDE. This course preserts this
new theory and discussesextensions and open questions.

Contents

1. Lecture 1. The Finite Element Method: Properties and Error Analysis

1.1.
1.2.
1.3.
1.4.
15.
1.6.
1.7.

Adaptiv e Approximation

Variational Formulation and Galerkin Method
The Finite Elemert Method

Error Analysis

Polynomial Interpolation in Sobolev Spaces
Numerical Experimernts

Exercises

2. Lecture 2. Adaptivit y I: Designand Convergenceof AFEM

2.1
2.2.
2.3.
2.4.
2.5.
2.6.
2.7.

ProcedureESTIMATE: A Posteriori Error Bounds
Procedure MARK

Procedure REFINEand AFEM

Error and Oscillation Reduction

Convergenceof AFEM

Numerical Experiments

Exercises

3. Lecture 3: Adaptivit y 1I: General Operators and Extensions

3.1.
3.2.
3.3.
3.4.
3.5.
3.6.
3.7.

Quasi-Orthogonality

Error and Oscillation Reduction
Convergencefor General Operators
Numerical Experimernts

The Stokes Operator

The Stokesproblem

Exercises

4. Lecture 4. Complexity of AFEM

4.1.
4.2.
4.3.
4.4.
4.5.
4.6.

Procedure REFINE Properties of Bisection
Localized Upper Bound and Optimal Marking
Optimal Complexity I: The Simplest Case
Marking Revisited: Towards Optimal Complexity
Optimal Complexity Il: The generalCase
Exercises

5. Lecture 5. Pointwise Error Control and Applications

5.1.
5.2.

Error vs Residual
GeneralizedGreen's Functions



R.H. NOCHETTO

5.3. Pointwise A Posteriori Error Analysis

5.4. Variational Inequalities

5.5. Error Analysis: Barriers and Localized Error Estimates
5.6. Numerical Experimerts |: Pointwise Error

5.7. Free Boundary Approximation: A Posteriori Barrier Sets
5.8. Numerical Experiments |1: Free Boundaries

5.9. Exercises

References

49
50
54
56
57
60
64
65



AD APTIVE FINITE ELEMENT METHODS FOR ELLIPTIC PDE 3

1. Lecture 1. The Finite Element Method: Pr operties and Err or Anal ysis

This lecture intro ducesthe conceptsof weak solutions of elliptic partial di erential equations(PDE)
and Galerkin approximation, and preserts the nite elemert method along with its basic properties
and error analysis.

1.1. Adaptiv e Appro ximation. We start with a simple motivation in 1D for the use of adaptive
procedures.Given = (0;1), a partition Ty = fx;jgh— of

0=Xxg< X1 < < X, < <xy=1

and a cortinuous function u : ! R, we considerthe problem of approximating u by a piecewise
constant function uy over Ty . To quartify the di erence betweenu and uy we resort to the maximum
norm and study two casesdepending on the regularity of u.

Case 1: Smooth u. Supposethat u is Lipschitz in [0; 1]. We considerthe approximation
Un(X) = u(Xn 1)  8Xp 1 X< Xp:

Since Z

jux)  un(X)j=jux)  ulxn 1)j= ut)ydt  hokukis 0 ox0)
Xn 1

we concludethat
1
(1.1) ku uy k|_1 0O ﬁkuqq_l () s

provided the local meshsizeh, is about constart (quasi-uniform mesh), and so proportional to N *
(the reciprocal of the number of degreesof freedom). A natural querstion arises: Is it possibleto
approximate rough (or singular) functions u with a decay estimate similar to (1.1)?

Case 2: Rough u. To answer this question, we suppose ku‘kLl() = 1 and consider the non-

decreasingfunction 7
X

(x):=  judo)jdt
0

which satises (0) = Oand (1) = 1. Let Ty
Z

Xn

fxigh-, be the partition given by

juo(t)jdt: (Xn) (Xn 1) =

Xn 1

W:
Then, for x 2 [Xn 1;Xn],
VAN Z, Z,. L
jux)  u(xn 1)j = uq(t)dt jud(t)jdt jud(t)jdt = oF

Xn 1 Xn 1 Xn 1
whence 1
ku unkg: O ﬁku%_l() .

A relevant example, which mimics corner singularities in higher dimensions, is the function u(x) :=
x" with 0< < 1. It is easyto seethat

X”:W; 80 n N;

is the resulting nonuniform mesh Wethus concludethat we could achieve the samerate of convergence
N I for rough functions with just ku(kLl() < 1 provided the partition is designedto equidistribute
the error. However, such a partition may not be adequatefor another function with the samebasic
regularity asu. We point out that sud aregularity is Helder , namely derivativesin L (), while
it increasesto one full derivative if measurein L1(). This trade-o between di eren tiabilit y and
integrability is at the heart of the matter and is known as nonlinear approximation theory [20]
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The function uy may be the result of a minimization process. If we wish to minimize the norm
ku vk 2y within the spaceVy of piecewiseconstart functions over Ty, then it is easyto seethat
the solution uy satis es the orthogonality relation

1.2) Uy 2VN: hu uy;vi=0 8v2Vy
and is given by the explicit local expression
1 Z xa
un (X) = — u 8Xn 1< X< Xp:
N Xn 1

The previous commerts apply to this uy as well even though uy coincideswith u at an unknown
point in ead interval [Xn 1;Xn].
The following issuesarise and will be discussedin this course:

PDE: The function u is not directly accessiblebut rather it is the solution of an elliptic PDE. We
thus have to derive regularity and approximation properties of u. This is discussedin Lectures 1
and 4.

FEM: We need a numerical method to approximate u which is su cien tly exible to handle both
geometry and accuracy (local meshre nement) such asthe nite elemert method (FEM). We then
derive approximation properties of FEM via polynomial interpolation theory in the spirit of (1.2).
This is explainedin Lecture 1 for the energynorm and in Lecture 5 for the maximum norm.

A posteriori error estimation: We needa practical procedureto estimate the local error and equidis-
tribute it. This is explainedin Lecture 2.

Adaptivit y: This is a conceptassaiated with iterativ e loops of the form

SOWVE! ESTIMATE! MARK! REFINE

Their convergenceand complexity is the main subject of theselectures, and is addressedn Lectures
2,3, and 4.

1.2. Variational Formulation and Galerkin Metho d. Let be a polyhedral bounded domain in
RY, (d = 2;3). We consider a homogeneousDirichlet boundary value problem for a general second
order elliptic partial di erential equation (PDE)
(1.3) Lu= div(Aru+b ru+cu=f in ;
1.4) u=0 on@
the choice of boundary condition is made for easy of preseration, since similar results are valid for
other boundary conditions. We also assume
A : 7' RY 9 s Lipschitz and symmetric positive de nite with smallest eigervalue a and largest
eigenvalue a, , i.e.,
(1.5) a (ji® AX a()jj’ 8 2R%x2;

b2[Lt ()] dis divergencefree (divb = 0in );

c2 LY () isnonnegative(c 0in );

f 2 L2().

For an opensetG RY we denote by H1(G) the usual Sobolev spaceof functions in L?(G) whose
rst derivativesare alsoin L?(G), endoved with the norm

1=2
kukyigy == Kuk 2y + kr uk (g, ;

we usethe symbolsk k,,, andk k . whenG = . Moreover, wedenoteby H }(G) the spaceof functions
in H1(G) with vanishing trace on the boundary. We setV := H}() and denotethe norm k ky.
A weak solution of (1.3) and (1.4) is a function u satisfying

(2.6) u2V: Blu;v] = I ;vi 8v2yv,
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R
wherehu;vi :=  uv for any u;v 2 L?(), and the bilinear form is dened onV V as

a.7) Blu;vl:= PAr u;rvi+hb ru+cu;vi:
By the Cauchy-Schwarz inequality one can easily shav the continuity of the bilinear form
(1.8) jBlu;v]j  Cg kuk, kvk, ;
where Cg dependsonly on the data. Combining Poincare inequality with the divergencefree condition
div b= 0, one has coercivity in V 7
(1.9) B[v; V] a jrvi>+ co® g kvkl;

where cg dependsonly on the data. The bilinear form B inducesthe so-calledenergy norm:
(1.10) jivii = B[v;v]*?>  8v2V:

Existence and uniquenessof (1.6) thus follows from Lax-Milgram theorem [25]. The next critical issue
is regularity of u. This is illustrated with the following 2D examples,all leading to point singularities.

Example 1.1 (ReentrantCarner). Let be a polygonal doamin with a reertrant corner! > at the
origin, let = ! = < 1, and let u be the exact solution of the Dirichlet problem u= 0in be (in
polar coordinates)

u(r; )=r sin( ):
If D*Su denotesa (fo[:EnaI) fractional derivative of u with s < 1, wenotethat D*Su 2 LP() provided
s< §+ 1; because Olrp( s D*ldr < 1 in this case.Weconcludethat u2 Wy*S() forl1 p 2
and, in particular, that u2H?(). If  u = f, then Grisvard shows that kukw () Cpkf Kin(y
for all 1< p < 4=3 regardlessof the sizeof corner angles[28]; p=4/3 correspondsto the crack problem
I =2 forwhich = 1=2.

Example 1.2 (Mixed Bounday Conditior). Let be a polygonal domain with at boundary at the
origin and let u be the exact solution u = 0, with mixed boundary condition u = 0 for = 0 and
@ = 0for = (in polar coordinates), given by

u(r; ) = rzsin( =2);
We infer that 2 W;* () provided s < % 3, but u2H?2(). The sameasymptotic behavior of u is

to be expectedfor a domain with a crack, namely! = 2 , and Dirichlet boundary condition.

Example 1.3 (DiscontinuousA). We recall the formulas derived by Kellogg [29] to construct an exact
solution of div(Ar u) = f with piecewiseconstart coe cien ts A and vanishing right-hand side f .
We now write these formulas in the particular case = ( 1;1)?, A = a;l in the rst and third
quadrants, and A = ayl in the secondand fourth quadrants. An exact weak solution u is given (in
polar coordinates) by u(r; )=r (), where

Ecos(( =2 ) ) coq( =2+ )) if 0 =2;
_ cog ) cog( +)) if =2 :
O%5c0¢ ) cot( ) <3z
"cog( =2 ))ecod( 3= 1)) if3=2 2 ;
and the numbers , , satisfy the nonlinear relations

8 R:= == tan(( =2 ) ) cot( );
%FR: tan( ) cot( );
R= tan( ) cot(( =2 ) );
(.11) 0< <2
§ maxf 0; g<2 <minf ; g
maxf O; g< 2 < minf ;2 (ol
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If we choose = 0:1, which producesa very singular solution u that is barely in H?, and then
solve (1.11) for R, , and using Newton's method, we obtain

R = ay=a, = 161:447638797588; = =4 = 14:9225651045152;
and nally choosea; = R and a, = 1. A smaller would lead to a larger ratio R, but in principle
may be ascloseto 0 as desired. We seethat again u 2 Wpl+ S() fors< % + 1.

Consider now a nite dimensional subspaceVy of V of dimension N. We formulate the Galerkin
methad upon restricting (1.6) to Vy :

(1.12) Un 2 VN Blun;v] = H;vi 8v2Vy:
Existence and uniquenessof (1.12) follows also from tht?3 Lax-Milgram theorem on Vy . In addition,
if f ,-gJ-N:l is a basisof Vy, then we can write uy (x) = ]-N:l U, j(x) and (1.12) is equivalert to the

linear system of equations

UjB[j; i]zl’f; ii 81 i N:
j=1
The ensuing matrix (B[ j; i])m -, Is positive de nite and non-symmetric unlessb = 0. The error
function u uy satis es the following crucial property, usually called Galerkin orthogonality:
(1.13) Blu un;v]=0 8v2Vy:

This is a fundamenrtal property for our error analysis and design of adaptive FEM (AFEM), which is
not valid for nite dierences.

1.3. The Finite Element Metho d. Let T, be a partition of into triangles (for d = 2) and
tetrahedra (for d = 3) T of sizeht = diam(T); hereafter h denotesthe piecewiseconstart function
de ned by hjr = hy for T 2 T,,. We assumethat Ty, is conforming, namely the intersection of distinct
elemens T is either an edge,face, or vertex. Let fT,,g be a shape-regular family of nested conforming
meshesover : that is there exists a constart  sud that

ht
.

[
8T2 T
h

(1.14)

where 7 is the diameter of the biggestball contained in T. Let Ny = fx; g]-'\‘zl be the set of internal
nodes (or vertices) of Ty. SeeFigure 1.1.

Figure 1.1. Conforming triangulation of a 2D domain  with local meshsizeh

We consider now a subspaceVy of V of cortinuous piecewisepolynomial functions over the mesh
Th. If the polynomial degreeis one, then the so-calledhat functions are de ned by its nodal values
i(Xj) = j andareabasisof V. The nite elementmethal (FEM) is a Galerkin method with nite

dimensional subspaceVy,:

(1.15) Un 2 Vp : Blup;v] = H;vi 8v 2 Vy:
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If f igl, is chosenas a basis of Vp, then the resulting matrix is sparse. We refer to [8, 15] for
details about FEM, especially a discussionof higher order elemeris, unisolvence,and the solution of
the resulting sparselinear systemsof equations. We turn our attention to the error analysis.

1.4. Error Analysis. We now estimate the error u uy, in the energynorm V. There are two distinct,
but related, type of estimatesdepending on whether the contin uous solution u or the discrete solution
up occursin the estimate. The rst bound is called a priori error estimate whereasthe secondone is
called a posteriori error estimate.

Lemma 1.4 (A Priori Error Estimate). Letcg  Cg be the constantsin (1.8) and (1.9). Then
(1.16) inf ku vky ku unky B inf ku  vky:
V2V, Cg V2V

Proof. It suces to obtain the rightmost estimate. We then obtain for all v 2 Vj,

cgsku upkid B[u un;u  upl (coercivity (1.9))

=B[u unu V] (orthogonality (1.13))
Ceku upkyku vky; (continuity (1.8))

which implies the assertion.

This says that the nite elemen solution is almost the best approximation to u within V4, in the
norm of H3(). It thus motivates the study of piecewisepolynomial approximation, which we discuss
in section 1.5, but it doesnot provide quantitativ e information about the actual sizeof ku upky:.
We point out though that if the error is measuredin the energynorm (1.10), and b = 0 and soB is
symmetric, then uy, is the best approximation to u within Vy:

ju upli = Vlzn\thmu Vi :

Quantitativ e error information is crucial to assesswhether or not a given discretization yields a
desiredaccuracy To this end, we introducethe residualR(un) 2V = H ()

(1.17) hR(un);vi == H;vi  Blup;V] 8V2Vp;
along with its norm
(1.18) kR (un)ky := sup w

V2V kvky

The residual depends solely on data and the discrete solution u,,. The notation R(up) is meart as
a reminder of the explicit dependenceon u,. The following simpe result illustrates the connection
betweenresidual and error.

Lemma 1.5 (A Posteriai Error Estimatg. Letcg Cg be the constantsin (1.8) and (1.9). Then
(1.19) csku upky  kR(up)ky Cgku unky:
Proof. We simply obsene the crucial relation betweenerror and residual
Blu wup;v]= H;vi Blun;v]= hR(up);vi;
and use (1.9) to derive the lower bound and (1.8) to prove the upper bound.

In order to be able to estimate kR (un)ky , instead of ku  upky, we needa practical way to deal
with the negative norm in V . This will be accomplishedin sections2.1.1 and 2.1.2. We draw the
analogy betweenthis framework and that in linear algebra:if A2 RN N, x 2 RV, andb 2 RN satisfy
Ax = b, then for any y 2 RN the residualis de ned by r = b Ay whencethe relation betweenerror
e= x Yy and residual readsAe = r. We usually deduceinformation of e upon manipulating r.
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1.5. Polynomial Interp olation in Sobolev Spaces. We start with the de nition of the Soholev
spaces

Wg() =fv2LP() : D v2LP() 8 j mg
along with the corresponding Solwlev number

so(Wy") := m g:
It is well known that if m > k and sob(W") > sot(W(';) then the embbeding W' () Wé(() is
compact [25). In addition, if 0 = sob(L! ()) < = sob(Wg") < 1, then W () Cc% () andso
functions from W;"() are continuous. On the other hand, if sob(Wy") 0 then pointvaluesare not
always well de ned; this is the caseof H1() = W3() ford 2.
The Sobolev number plays not only a crucial role in functional analysis but also in polynomial
interpolation theory. This is due to the fact that it helps quantify the e ect of scaling. Supposethat
we changevariables x = h®, and the domain changefrom ! to . Then a simple calculation reveals

(1.20) kD Okipny = hSPWeDKD vk ,) 8 j=m:
In particular, invoking the Poincare inequality in ™ we easily deduce
(1.21) kvkizy  Chkr vk z() 8v2H():

We now turn our attention to piecewisepolynomial interpolation over ameshT, of . If v2 W' ()
is cortinuous, namely so(W") > 0, then we can de ne the Lagrange interpolation operator on the
nodal valuesof v. However, if sof(W") 0O the construction of an interpolation operator with good
stability and approximabilit y properties is much lessobvious. Hereafter, we resort to the so-called
Clement interpolation operator |, which is de ned by local averagingat the elemert level [15]. What
is relevant for us of |, is the following result.

Prop osition 1.6 (Clementinterpolation operatar). Let k 1 be the polynomial degree. Then for all
v2W() andT 2 T,, we have

(1.22) kD'(V  InV)kiery  Ch3 'kDSVKLo(n (1))

wheeO t s min(m;1+ k) and N (T) is a discrete neightorhood of T that includes all elements
of T;, with nonempty intersection with T. In addition, if m 1 and the trace of v is zem, then |}, can
also be de ned with vanishing trace and (1.22) is valid up to the boundary.

We point out that, upon taking s =t = 0 we readily seethat |, is stablein LP, namely,
k|th|_p(T) CkDSVkLp(N(T))Z

Another interplation operator, due to Scott and Zhang [8], is able to deal with more generalboundary
values but requires more regularity than mere membership in LP(N(T)) to be de ned. In this course
we will usethe Clemert operator exclusively. A simple global consequencef (1.22) can be written as

(1.23) kh *(v InV)kie(y  CKDVKLp() :

Supposenow that we have a function f 2 L?() that is orthogonal to all cortinuous piecewiselinear
functions over a shape-regular mesh T, that vanish at the boundary. Then, we can estimate its norm
inH () as

(124) kf kH 1() Ckhf k|_2() )
because,n view of (1.23) for p= 2,
Hivi=H;v Iyvi Kkhfk_z kh Yv IhV)KL2() Ckhf ki 2¢y KDVKgz(y :

This will be instrumental for our discussionof sections2.1.1and 2.1.2.
We considernow a couple of examplesin 2D (d = 2) with polynomial degreek = 1.
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Example 1.7 (Smaooth Solutior). Supposeu 2 H?(), that is u hastwo weak derivativesin L?().
Suppose Ty is a quasi-uniform meshwith meshsizeh, namely ht  h for all T 2 T,,. The numkber of
degrees of freedom N in R? is then

N h?Z
Therefore, using Lemma 1.4 and (1.6), we seethat
(1.25) ku upky ChkD?uk 2y = CN '
is the optimal decay achievable with piecewiselinear nite elemens for smooth functions.
Example 1.8 (Rough Solution). Supposenow that R? is a polygonal domain with a reertrant
cormner! > ,andlet = =! < 1. In view of Example 1.1, the solution u behaveslike
ur; )=r ()

in polar coordinates closeto the corner. If D*Su denotesa (formal) fractional derivative of u with
s< 1, wenote that D*Su2 L?() provided

s< (< 1);
R
because 01 r20 s D*1dr < 1 in this case. Therefore, Lemma 1.4 and (1.6) imply
(1.26) ku unky Ch%kD®™tuk z) = CN%Z

This estimate is sutpptimal becauses < 1. However, this is due to lack of regularity of u and not
inability of the FEM to approximate u. We may thus wonder, as we did in section 1.1, whether we
can still achieve (1.25) by properly designingthe meshTj.

We would like to minimize the interpolation error kul huky for a prescribed number of degreesof
freedomN . This can be formulated asthe Constrzained minimization problem

hmzidr:(: \ h?jD 2uj2dx:
The optimalit y condition is
(1.27) h4jD?uj? = constart:
SincejTj h2, this meansthat the contribution to tZo the error per triangle, namely

h3iD?uj%jT] h?jD?uj?
T
must be constart, say . If T2 Ty is atgangle at distancert to the corner (say the origin), then

. . 2 2).

= ThZJDZUjZ hir2 2.
This implies

ht = %ri z.
which correspondsto ameshgraded towards the origin. Moreover,
z 1
N= h2dx= : r™dr=C 3
0

[N

whence
ht = Cr% IN z:
Consequetly, we can still recover tge optimal bound (%.25)

ku unkd = h?D?uj?dx = h 2dx= N=CN !

with the samenumber of degreesof freedom N . This clearly shows that it is possibleto compensate
for singularities a priori provided that we know the solution local behavior. We would like, however,
to devisea technique that would be able to perform the above minimization without our knowledge of
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the regulalrity of u. This way we could extend the technique to more complex situations. This is the
purposeof sections2.1.1and 2.1.2.

Example 1.9 (Error Equidistributior). We point out that in Examples 1.1, 1.2, and 1.3 the solution
u2 W2() nH2(). This is a typical situation for elliptic PDE in 2D. We now assume,as suggested
by Example 1.8, that the error in H?! is equidistributed in Ty, namely,

ku IhUkHl(T): 8T 2Ty

where is a constart. To nd the value of we resort to the relation betweenH *(T) and WZ(T).
Sincethesespaceshave the sameSobolev number, that issob(H?!) = 1 2=2= 0= 2 2=1= sob(W?),
the scaling of norms doesnot have any power of the meshsizeht; hence

ku IhUkHl(T) CkDZ(U IhU)kLl(T) = CkDZUkLl(T):

Therefore X X
N 2= ku Inukisqry C kD?uky 1ty = C kD2uki1(y ;
T2Th T2Th
which implies CN *kD?uk 1y aswell as

ku |hUkH1() CN %kDZUkLl() .
We seeagainthe trade-o of di eren tiabilit y and integrability alluded to beforein section1.1; see[20].

1.6. Numerical Exp erimen ts. Here we presert nhumerical experiments on uniform meshesfor the
Diric hlet problem u = f with exact solution (in polar coordinates)

u(r; )=risin2 =3) r2=4
on an L-shapeddomain (seeExample 1.1). In Figure 1.6 we depict the sequenceof uniform meshes,
and in Table 1.1 we report the order of convergencefor polynomial degreek = 1;2; 3. The asymptotic

rate is about s = 2=3 regardlessof k and is consistert with the estimate (1.26). We will show numerical
experiments for graded meshesalong with optimal rates in section 2.6.

Figure 1.2. Sequenceof uniform meshesfor L-shaped domain

h linear (k = 1) | quadratic (k = 2) | cubic (k = 3)
1/4 1.14 9.64 9.89
1/8 0.74 0.67 0.67
1/16 0.68 0.67 0.67
1/32 0.66 0.67 0.67
1/64 0.66 0.67 0.67
1/128 0.66 0.67 0.67

Table 1.1. The asymptotic rate of convergenceis about s = 2=3 irrespective of the
polynomial degreek as predicted by (1.26).
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1.7. Exercises.

1.7.1. Exercise: Third Boundary Value Problem. Find a variational formulation which amounts to
solving

u=f in ; @u+pu=g on@ ;
wheref 2 L?() ;g2 L?(@ and0<P; p P,on@.
(@) Show that Lax-Milgram theorem applies and conclude that there exists a unique solution u 2
HL().
(b) Supposethat p= ! 1. What it the boundary value problem satis ed by ug = lim | gu ?
Can you derive an error estimate for ku  uoky1¢y ?

1.7.2. Exercise: Minimization and Euler-Lagrange Equations. Suuposethat b = 0in (1.3) and sothat
the bilinear form B is symmetric. Shaw that the weak solution u is also the minimizer of an energy
I (v) de ned over H}(). Shaw that the discrete solution uy 2 Vy, is also a minimizer

1.7.3. Exercise: Saling. Shaw (1.20) and (1.21).

1.7.4. Exercise: Clement Interpolant. Let ! ; = supp( ;) be the support of a piecewiselinear basis
function , wherez2 Ny isa node.ZLet Ih :LY() ! Vy bedened asfollows:
1 X
— V; 8z2 Ny; Ihv = vV, 2!
el o, 22N,
(a) Show that Iy is 1st order accuratein all Wpl() forall p 1.
(b) Shaw that Iy, is not secondorder accurate in any sz() foranyl p 1.

Vz

1.7.5. Exercise: Optimality Condition. Prove (1.27).

1.7.6. Exercise: Pointwise Values. Let . be a smooth function de ned for 0< r 1 satisfying
1
j Anjr" tdr< 1
0

Denef on =fx2R":jxj< 1gviaf(x)= (jxj) forn 2. Show that the weak derivative D f
forj j= 1is givenby
X) = Yjxj)
g(x) = A J)JXJ
Usethis to prove that f (x) = log logjx=2j 2 Wpl() forall p n. This showsthat W}() in NOT
cortained in LY () forn 2.

1.7.7. Exercise: EquivalentNorms (Deni-Lions). Considerthe Sobolevspacer';+l () withk 0;1
p 1 andalLipschitz domain in RY. Let ffig], be linear continuous functionals in W,f*l () sud
that for any polynomial v 2 Py of degree k:

fity) =0 81 i N () v=0:
Shaw that kvky, . () is equivalert to the seminorm

. . X\l . .
R LI ) E
i=1
Hint: Proceedby contradiction assumingthat thereis a sequencd v, g Wi';*l () sudthat kv, kwpm o =
1 but the latter seminormtends to 0. Use that W";*l () is compactly imbeddedin Wl';() (Rellich
Theorem), namely that ead bounded sequencein W,f"l() admits a corvergencesubsequencen
WXQ).
P



