
AD APTIVE FINITE ELEMENT METHODS FOR ELLIPTIC PDE

RICARDO H. NOCHETTO

Abstra ct. In the 80's and 90's a great deal of e�ort was devoted to the design of a posteriori
error estimators for a variet y of PDE. These are computable quantities, depending on the discrete
solution(s) and data, that can be used to assessthe qualit y of the approximation and impro ve it
adaptiv ely. Despite their practical success,adaptiv e processeshave been shown to converge, and to
exhibit optimal complexit y, only recently and just for linear elliptic PDE. This course presents this
new theory and discussesextensions and open questions.

Contents

1. Lecture 1. The Finite Element Method: Properties and Error Analysis 3
1.1. Adaptiv e Approximation 3
1.2. Variational Formulation and Galerkin Method 4
1.3. The Finite Element Method 6
1.4. Error Analysis 7
1.5. Polynomial Interpolation in Sobolev Spaces 8
1.6. Numerical Experiments 10
1.7. Exercises 11
2. Lecture 2. Adaptivit y I: Design and Convergenceof AFEM 12
2.1. ProcedureESTIMATE: A Posteriori Error Bounds 12
2.2. ProcedureMARK 16
2.3. ProcedureREFINEand AFEM 17
2.4. Error and Oscillation Reduction 18
2.5. Convergenceof AFEM 21
2.6. Numerical Experiments 22
2.7. Exercises 26
3. Lecture 3: Adaptivit y I I: General Operators and Extensions 28
3.1. Quasi-Orthogonality 28
3.2. Error and Oscillation Reduction 29
3.3. Convergencefor General Operators 30
3.4. Numerical Experiments 32
3.5. The StokesOperator 36
3.6. The Stokesproblem 36
3.7. Exercises 39
4. Lecture 4. Complexity of AFEM 40
4.1. ProcedureREFINE: Properties of Bisection 40
4.2. Localized Upper Bound and Optimal Marking 41
4.3. Optimal Complexity I: The Simplest Case 42
4.4. Marking Revisited: Towards Optimal Complexity 43
4.5. Optimal Complexity I I: The generalCase 43
4.6. Exercises 47
5. Lecture 5. Pointwise Error Control and Applications 48
5.1. Error vs Residual 48
5.2. GeneralizedGreen's Functions 49

1



2 R.H. NOCHETTO

5.3. Pointwise A Posteriori Error Analysis 49
5.4. Variational Inequalities 50
5.5. Error Analysis: Barriers and Localized Error Estimates 54
5.6. Numerical Experiments I: Pointwise Error 56
5.7. Free Boundary Approximation: A Posteriori Barrier Sets 57
5.8. Numerical Experiments I I: Free Boundaries 60
5.9. Exercises 64
References 65



AD APTIVE FINITE ELEMENT METHODS FOR ELLIPTIC PDE 3

1. Lecture 1. The Finite Element Method: Pr oper ties and Err or Anal ysis

This lecture intro ducesthe conceptsof weaksolutions of elliptic partial di�eren tial equations(PDE)
and Galerkin approximation, and presents the �nite element method along with its basic properties
and error analysis.

1.1. Adaptiv e Appro ximation. We start with a simple motivation in 1D for the use of adaptive
procedures.Given 
 = (0; 1), a partition TN = f x i gN

n =0 of 


0 = x0 < x1 < � � � < xn < � � � < xN = 1

and a continuous function u : 
 ! R, we consider the problem of approximating u by a piecewise
constant function uN over TN . To quantify the di�erence betweenu and uN we resort to the maximum
norm and study two casesdepending on the regularity of u.

Case 1: Smo oth u. Supposethat u is Lipschitz in [0; 1]. We consider the approximation

uN (x) := u(xn � 1) 8xn � 1 � x < xn :

Since

ju(x) � uN (x)j = ju(x) � u(xn � 1)j =
�
�
�
Z x

x n � 1

u0(t)dt
�
�
� � hn ku0kL 1 (x n � 1 ;x n )

we concludethat

(1.1) ku � uN kL 1 (
) �
1
N

ku0kL 1 (
) ;

provided the local meshsizehn is about constant (quasi-uniform mesh), and so proportional to N � 1

(the reciprocal of the number of degreesof freedom). A natural querstion arises: Is it possible to
approximate rough (or singular) functions u with a decay estimate similar to (1.1)?

Case 2: Rough u. To answer this question, we suppose ku0kL 1 (
) = 1 and consider the non-
decreasingfunction

� (x) :=
Z x

0
ju0(t)jdt

which satis�es � (0) = 0 and � (1) = 1. Let TN = f x i gN
n =0 be the partition given by

Z x n

x n � 1

ju0(t)jdt = � (xn ) � � (xn � 1) =
1
N

:

Then, for x 2 [xn � 1; xn ],

ju(x) � u(xn � 1)j =
�
�
�
Z x

x n � 1

u0(t)dt
�
�
� �

Z x

x n � 1

ju0(t)jdt �
Z x n

x n � 1

ju0(t)jdt =
1
N

;

whence

ku � uN kL 1 (
) �
1
N

ku0kL 1 (
) :

A relevant example,which mimics corner singularities in higher dimensions,is the function u(x) :=
xr with 0 < 
 < 1. It is easyto seethat

xn =
� n

N

� 1



; 8 0 � n � N ;

is the resulting nonuniform mesh. We thus concludethat wecould achieve the samerate of convergence
N � 1 for rough functions with just ku0kL 1 (
) < 1 provided the partition is designedto equidistribute
the error. However, such a partition may not be adequate for another function with the samebasic
regularity asu. We point out that such a regularity is H•older 
 , namely 
 derivativesin L 1 (
), while
it increasesto one full derivative if measurein L 1(
). This trade-o� between di�eren tiabilit y and
integrabilit y is at the heart of the matter and is known as nonlinear approximation theory [20]
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The function uN may be the result of a minimization process. If we wish to minimize the norm
ku � vkL 2 (
) within the spaceVN of piecewiseconstant functions over TN , then it is easyto seethat
the solution uN satis�es the orthogonality relation

(1.2) uN 2 VN : hu � uN ; vi = 0 8 v 2 VN

and is given by the explicit local expression

uN (x) =
1

hn

Z x n

x n � 1

u 8 xn � 1 < x < xn :

The previous comments apply to this uN as well even though uN coincides with u at an unknown
point in each interval [xn � 1; xn ].

The following issuesarise and will be discussedin this course:

� PDE: The function u is not directly accessiblebut rather it is the solution of an elliptic PDE. We
thus have to derive regularity and approximation properties of u. This is discussedin Lectures 1
and 4.

� FEM: We need a numerical method to approximate u which is su�cien tly 
exible to handle both
geometry and accuracy (local meshre�nement) such as the �nite element method (FEM). We then
derive approximation properties of FEM via polynomial interpolation theory in the spirit of (1.2).
This is explained in Lecture 1 for the energy norm and in Lecture 5 for the maximum norm.

� A posteriori error estimation: We needa practical procedureto estimate the local error and equidis-
tribute it. This is explained in Lecture 2.

� Adaptivit y: This is a concept associated with iterativ e loops of the form

SOLVE ! ESTIMATE ! MARK ! REFINE:

Their convergenceand complexity is the main subject of theselectures,and is addressedin Lectures
2, 3, and 4.

1.2. Variational Form ulation and Galerkin Metho d. Let 
 be a polyhedral bounded domain in
Rd, (d = 2; 3). We consider a homogeneousDirichlet boundary value problem for a general second
order elliptic partial di�eren tial equation (PDE)

Lu = � div(A r u) + b � r u + c u = f in 
 ;(1.3)

u = 0 on @
;(1.4)

the choice of boundary condition is made for easy of presentation, since similar results are valid for
other boundary conditions. We also assume

� A : 
 7! Rd� d is Lipschitz and symmetric positive de�nite with smallest eigenvalue a� and largest
eigenvalue a+ , i.e.,

a� (x) j� j2 � A (x)� � � � a+ (x) j� j2 ; 8� 2 Rd; x 2 
;(1.5)

� b 2 [L 1 (
)] d is divergencefree (div b = 0 in 
);
� c 2 L 1 (
) is nonnegative (c � 0 in 
);
� f 2 L 2(
).

For an open set G � Rd we denote by H 1(G) the usual Sobolev spaceof functions in L 2(G) whose
�rst derivativesare also in L 2(G), endowed with the norm

kukH 1 (G) :=
�

kukL 2 (G) + kr ukL 2 (G)

� 1=2
;

weusethe symbols k�kH 1 and k�kL 2 whenG = 
. Moreover, wedenoteby H 1
0 (G) the spaceof functions

in H 1(G) with vanishing trace on the boundary. We set V := H 1
0 (
) and denote the norm k � kV .

A weak solution of (1.3) and (1.4) is a function u satisfying

(1.6) u 2 V : B[u; v] = hf ; vi 8v 2 V;
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where hu; vi :=
R


 uv for any u; v 2 L 2(
), and the bilinear form is de�ned on V� V as

B[u; v] := hA r u; r vi + hb � r u + c u; vi :(1.7)

By the Cauchy-Schwarz inequality one can easily show the continuity of the bilinear form

(1.8) jB[u; v]j � CB kukV kvkV ;

whereCB dependsonly on the data. Combining Poincar�e inequality with the divergencefree condition
div b = 0, one has coercivity in V

(1.9) B[v; v] �
Z



a� jr vj2 + cv2 � cB kvk2

V ;

where cB dependsonly on the data. The bilinear form B inducesthe so-calledenergy norm:

(1.10) jjjvjjj := B[v; v]1=2 8 v 2 V:

Existenceand uniquenessof (1.6) thus follows from Lax-Milgram theorem [25]. The next critical issue
is regularity of u. This is illustrated with the following 2D examples,all leading to point singularities.

Example 1.1 (ReentrantCorner). Let 
 be a polygonal doamin with a reentrant corner ! > � at the
origin, let 
 := ! =� < 1, and let u be the exact solution of the Dirichlet problem � u = 0 in 
 be (in
polar coordinates)

u(r; � ) = r 
 sin(
 � ):

If D 1+ su denotesa (formal) fractional derivativeof u with s < 1, wenote that D 1+ su 2 L p(
) provided
s < 2

p + 
 � 1; because
R1

0 r p( 
 � s� 1)+1 dr < 1 in this case.We concludethat u 2 W 1+ s
p (
) for 1 � p � 2

and, in particular, that u =2 H 2(
). If � � u = f , then Grisvard shows that kukW 2
p (
) � Cpkf kL p (
)

for all 1 < p < 4=3 regardlessof the sizeof corner angles[28]; p=4/3 correspondsto the crack problem
! = 2� for which 
 = 1=2.

Example 1.2 (Mixed Boundary Condition). Let 
 be a polygonal domain with 
at boundary at the
origin and let u be the exact solution � u = 0, with mixed boundary condition u = 0 for � = 0 and
@� = 0 for � = � (in polar coordinates), given by

u(r; � ) = r
1
2 sin(� =2):

We infer that 2 W 1+ s
p (
) provided s < 2

p � 1
2 , but u =2 H 2(
). The sameasymptotic behavior of u is

to be expected for a domain with a crack, namely ! = 2� , and Dirichlet boundary condition.

Example 1.3 (DiscontinuousA ). We recall the formulas derived by Kellogg [29] to construct an exact
solution of div(A r u) = f with piecewiseconstant coe�cien ts A and vanishing right-hand side f .
We now write these formulas in the particular case 
 = (� 1; 1)2, A = a1I in the �rst and third
quadrants, and A = a2I in the secondand fourth quadrants. An exact weak solution u is given (in
polar coordinates) by u(r; � ) = r 
 � (� ), where

� (� ) =

8
>>><

>>>:

cos(( � =2 � � )
 ) � cos(( � � � =2 + � )
 ) if 0 � � � � =2;
cos(�
 ) � cos(( � � � + � )
 ) if � =2 � � � � ;

cos(� 
 ) � cos(( � � � � � )
 ) if � � � < 3� =2;
cos(( � =2 � � )
 ) � cos(( � � 3� =2 � � )
 ) if 3� =2 � � � 2� ;

and the numbers 
 , � , � satisfy the nonlinear relations

(1.11)

8
>>>>>>>><

>>>>>>>>:

R := a1=a2 = � tan(( � =2 � � )
 ) � cot(�
 );

1=R = � tan( �
 ) � cot(� 
 );

R = � tan( � 
 ) � cot(( � =2 � � )
 );

0 < 
 < 2;

maxf 0; � 
 � � g < 2
 � < minf � 
 ; � g;

maxf 0; � � � 
 g < � 2
 � < minf � ; 2� � � 
 g:
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If we choose 
 = 0:1, which produces a very singular solution u that is barely in H 1, and then
solve (1.11) for R, � , and � using Newton's method, we obtain

R = a1=a2
�= 161:4476387975881; � = � =4; � �= � 14:92256510455152;

and �nally choosea1 = R and a2 = 1. A smaller 
 would lead to a larger ratio R, but in principle 

may be as closeto 0 as desired. We seethat again u 2 W 1+ s

p (
) for s < 2
p + 
 � 1.

Consider now a �nite dimensional subspaceVN of V of dimension N . We formulate the Galerkin
method upon restricting (1.6) to VN :

(1.12) uN 2 VN : B[uN ; v] = hf ; vi 8v 2 VN :

Existence and uniquenessof (1.12) follows also from the Lax-Milgram theorem on VN . In addition,
if f � j gN

j =1 is a basisof VN , then we can write uN (x) =
P N

j =1 Uj � j (x) and (1.12) is equivalent to the
linear system of equations

NX

j =1

Uj B[� j ; � i ] = hf ; � i i 81 � i � N :

The ensuing matrix (B[� j ; � i ])N
i;j =1 is positive de�nite and non-symmetric unless b = 0. The error

function u � uN satis�es the following crucial property, usually called Galerkin orthogonality:

(1.13) B[u � uN ; v] = 0 8 v 2 VN :

This is a fundamental property for our error analysis and designof adaptive FEM (AFEM), which is
not valid for �nite di�erences.

1.3. The Finite Elemen t Metho d. Let Th be a partition of 
 into triangles (for d = 2) and
tetrahedra (for d = 3) T of size hT = diam(T); hereafter h denotes the piecewiseconstant function
de�ned by hjT = hT for T 2 Th . We assumethat Th is conforming, namely the intersection of distinct
elements T is either an edge,face,or vertex. Let f Th g be a shape-regular family of nestedconforming
meshesover 
: that is there exists a constant 
 � such that

hT

� T
� 
 � 8 T 2

[

h

Th ;(1.14)

where � T is the diameter of the biggest ball contained in T . Let Nh = f x j gN
j =1 be the set of internal

nodes(or vertices) of Th . SeeFigure 1.1.

h

Figure 1.1. Conforming triangulation of a 2D domain 
 with local meshsizeh

We consider now a subspaceVh of V of continuous piecewisepolynomial functions over the mesh
Th . If the polynomial degreeis one, then the so-calledhat functions are de�ned by its nodal values
� i (x j ) = � ij and are a basisof Vh . The �nite elementmethod (FEM) is a Galerkin method with �nite
dimensional subspaceVh :

(1.15) uh 2 Vh : B[uh ; v] = hf ; vi 8v 2 Vh :



AD APTIVE FINITE ELEMENT METHODS FOR ELLIPTIC PDE 7

If f � i gN
i =1 is chosen as a basis of Vh , then the resulting matrix is sparse. We refer to [8, 15] for

details about FEM, especially a discussionof higher order elements, unisolvence,and the solution of
the resulting sparselinear systemsof equations. We turn our attention to the error analysis.

1.4. Error Analysis. We now estimate the error u� uh in the energynorm V. There are two distinct,
but related, type of estimatesdepending on whether the continuoussolution u or the discrete solution
uh occurs in the estimate. The �rst bound is called a priori error estimate whereasthe secondone is
called a posteriori error estimate.

Lemma 1.4 (A Priori Error Estimate). Let cB � CB be the constants in (1.8) and (1.9). Then

(1.16) inf
v2 Vh

ku � vkV � ku � uhkV �
CB

cB
inf

v2 Vh

ku � vkV :

Proof. It su�ces to obtain the rightmost estimate. We then obtain for all v 2 Vh

cB ku � uh k2
V � B[u � uh ; u � uh ] (coercivity (1.9))

= B[u � uh ; u � v] (orthogonalit y (1.13))

� CB ku � uh kVku � vkV ; (continuit y (1.8))

which implies the assertion. �

This says that the �nite element solution is almost the best approximation to u within Vh in the
norm of H 1

0 (
). It thus motivates the study of piecewisepolynomial approximation, which we discuss
in section 1.5, but it does not provide quantitativ e information about the actual size of ku � uhkH 1 .
We point out though that if the error is measuredin the energy norm (1.10), and b = 0 and so B is
symmetric, then uh is the best approximation to u within Vh :

jjju � uh jjj = inf
v2 Vh

jjju � vjjj :

Quantitativ e error information is crucial to assesswhether or not a given discretization yields a
desiredaccuracy. To this end, we intro duce the residual R(uh ) 2 V � = H � 1(
)

(1.17) hR(uh ); vi := hf ; vi � B[uh ; v] 8 v 2 Vh ;

along with its norm

(1.18) kR(uh )kV � := sup
v2 V �

hR(uh ); vi
kvkV

:

The residual depends solely on data and the discrete solution uh . The notation R(uh ) is meant as
a reminder of the explicit dependenceon uh . The following simpe result illustrates the connection
betweenresidual and error.

Lemma 1.5 (A Posteriori Error Estimate). Let cB � CB be the constants in (1.8) and (1.9). Then

(1.19) cB ku � uh kV � kR(uh )kV � � CB ku � uh kV:

Proof. We simply observe the crucial relation betweenerror and residual

B[u � uh ; v] = hf ; vi � B[uh ; v] = hR(uh ); vi ;

and use(1.9) to derive the lower bound and (1.8) to prove the upper bound. �

In order to be able to estimate kR(uh )kV � , instead of ku � uhkV , we need a practical way to deal
with the negative norm in V � . This will be accomplishedin sections2.1.1 and 2.1.2. We draw the
analogybetweenthis framework and that in linear algebra: if A 2 RN � N , x 2 RN , and b 2 RN satisfy
Ax = b, then for any y 2 RN the residual is de�ned by r = b � Ay whencethe relation betweenerror
e = x � y and residual readsAe = r . We usually deduceinformation of e upon manipulating r .
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1.5. Polynomial In terp olation in Sobolev Spaces. We start with the de�nition of the Sobolev
spaces

W m
p (
) := f v 2 L p(
) : D � v 2 L p(
) 8j� j � mg

along with the corresponding Sobolev number

sob(W m
p ) := m �

d
p

:

It is well known that if m > k and sob(W m
p ) > sob(W k

q ) then the embbeding W m
p (
) � W k

q (
) is
compact [25]. In addition, if 0 = sob(L 1 (
)) < 
 = sob(W m

p ) < 1, then W m
p (
) � C0;
 ( �
) and so

functions from W m
p (
) are continuous. On the other hand, if sob(W m

p ) � 0 then pointvaluesare not
always well de�ned; this is the caseof H 1(
) = W 1

2 (
) for d � 2.
The Sobolev number plays not only a crucial role in functional analysis but also in polynomial

interpolation theory. This is due to the fact that it helps quantify the e�ect of scaling. Supposethat
we changevariables x = hx̂, and the domain changefrom ! to !̂ . Then a simple calculation reveals

(1.20) kD � v̂kL p ( !̂ ) = hsob( W m
p ) kD � vkL p ( ! ) 8 j� j = m:

In particular, invoking the Poincar�e inequality in !̂ we easily deduce

(1.21) kvkL 2 ( ! ) � Chkr vkL 2 ( ! ) 8 v 2 H 1
0 (! ):

We now turn our attention to piecewisepolynomial interpolation over a meshTh of 
. If v 2 W m
p (
)

is continuous, namely sob(W m
p ) > 0, then we can de�ne the Lagrange interpolation operator on the

nodal valuesof v. However, if sob(W m
p ) � 0 the construction of an interpolation operator with good

stabilit y and approximabilit y properties is much less obvious. Hereafter, we resort to the so-called
Clement interpolation operator I h , which is de�ned by local averagingat the element level [15]. What
is relevant for us of I h is the following result.

Prop osition 1.6 (Clementinterpolation operator). Let k � 1 be the polynomial degree. Then for all
v 2 W m

p (
) and T 2 Th , we have

(1.22) kD t (v � I h v)kL p (T ) � Chs� t
T kD svkL p (N (T )) ;

where 0 � t � s � min(m; 1 + k) and N (T) is a discrete neighborhood of T that includes all elements
of Th with nonempty intersection with T . In addition, if m � 1 and the trace of v is zero, then I h can
also be de�ned with vanishing trace and (1.22) is valid up to the boundary.

We point out that, upon taking s = t = 0 we readily seethat I h is stable in L p, namely,

kI h vkL p (T ) � CkD svkL p (N (T )) :

Another interplation operator, due to Scott and Zhang [8], is able to deal with more generalboundary
valuesbut requires more regularity than mere membership in L p(N (T)) to be de�ned. In this course
we will usethe Clement operator exclusively. A simple global consequenceof (1.22) can be written as

(1.23) kh� 1(v � I h v)kL p (
) � CkDvkL p (
) :

Supposenow that we have a function f 2 L 2(
) that is orthogonal to all continuous piecewiselinear
functions over a shape-regular meshTh that vanish at the boundary. Then, we can estimate its norm
in H � 1(
) as

(1.24) kf kH � 1 (
) � Ckhf kL 2 (
) ;

because,in view of (1.23) for p = 2,

hf ; vi = hf ; v � I h vi � khf kL 2 (
) kh� 1(v � I h v)kL 2 (
) � Ckhf kL 2 (
) kDvkL 2 (
) :

This will be instrumental for our discussionof sections2.1.1 and 2.1.2.
We considernow a couple of examplesin 2D (d = 2) with polynomial degreek = 1.
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Example 1.7 (Smooth Solution). Supposeu 2 H 2(
), that is u has two weak derivatives in L 2(
).
SupposeTh is a quasi-uniform mesh with meshsizeh, namely hT � h for all T 2 Th . The number of
degrees of freedom N in R2 is then

N � h� 2:

Therefore, using Lemma 1.4 and (1.6), we seethat

(1.25) ku � uh kV � ChkD 2ukL 2 (
) = CN � 1=2

is the optimal decay achievable with piecewiselinear �nite elements for smooth functions.

Example 1.8 (RoughSolution). Supposenow that 
 � R2 is a polygonal domain with a reentrant
corner ! > � , and let 
 = � =! < 1. In view of Example 1.1, the solution u behaveslike

u(r; � ) = r 
 � (� )

in polar coordinates closeto the corner. If D 1+ su denotesa (formal) fractional derivative of u with
s < 1, we note that D 1+ su 2 L 2(
) provided

s < 
 (< 1);

because
R1

0 r 2( 
 � s� 1)+1 dr < 1 in this case.Therefore, Lemma 1.4 and (1.6) imply

(1.26) ku � uhkV � ChskD s+1 ukL 2 (
) = CN s=2:

This estimate is suboptimal becauses < 1. However, this is due to lack of regularity of u and not
inabilit y of the FEM to approximate u. We may thus wonder, as we did in section 1.1, whether we
can still achieve (1.25) by properly designingthe meshTh .

We would like to minimize the interpolation error kuI hukV for a prescribed number of degreesof
freedomN . This can be formulated as the constrained minimization problem

minR

 h � 2 dx = N

Z



h2jD 2uj2dx:

The optimalit y condition is

(1.27) h4jD 2uj2 = constant :

SincejT j � h2
T , this meansthat the contribution to to the error per triangle, namely

h2
T jD 2uj2jT j �

Z

T
h2jD 2uj2

must be constant, say �. If T 2 Th is a triangle at distance r T to the corner (say the origin), then

� =
Z

T
h2jD 2uj2 � h4

T r 2( 
 � 2)
T :

This implies

hT = �
1
4 r

1� 

2

T ;

which corresponds to ameshgraded towards the origin. Moreover,

N =
Z



h� 2dx = � � 1

2

Z 1

0
r � 1+ 
 dr = C� � 1

2 ;

whence
hT = Cr

1� 

2

T N � 1
2 :

Consequently , we can still recover the optimal bound (1.25)

ku � uh k2
V =

Z



h2jD 2uj2dx = �

Z



h� 2dx = � N = CN � 1

with the samenumber of degreesof freedom N . This clearly shows that it is possibleto compensate
for singularities a priori provided that we know the solution local behavior. We would like, however,
to devisea technique that would be able to perform the above minimization without our knowledgeof
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the regulalrit y of u. This way we could extend the technique to more complex situations. This is the
purposeof sections2.1.1 and 2.1.2.

Example 1.9 (Error Equidistribution). We point out that in Examples 1.1, 1.2, and 1.3 the solution
u 2 W 2

1 (
) nH 2(
). This is a typical situation for elliptic PDE in 2D. We now assume,as suggested
by Example 1.8, that the error in H 1 is equidistributed in Th , namely,

ku � I h ukH 1 (T ) = � 8 T 2 Th

where � is a constant. To �nd the value of � we resort to the relation between H 1(T ) and W 2
1 (T ).

Sincethesespaceshave the sameSobolev number, that is sob(H 1) = 1� 2=2 = 0 = 2� 2=1 = sob(W 2
1 ),

the scaling of norms doesnot have any power of the meshsizehT ; hence

ku � I h ukH 1 (T ) � CkD 2(u � I h u)kL 1 (T ) = CkD 2ukL 1 (T ) :

Therefore
N � 2 =

X

T 2T h

ku � I h uk2
H 1 (T ) � C�

X

T 2T h

kD 2ukL 1 (T ) = C� kD 2ukL 1 (
) ;

which implies � � CN � 1kD 2ukL 1 (
) as well as

ku � I h ukH 1 (
) � CN � 1
2 kD 2ukL 1 (
) :

We seeagain the trade-o� of di�eren tiabilit y and integrabilit y alluded to beforein section1.1; see[20].

1.6. Numerical Exp erimen ts. Here we present numerical experiments on uniform meshesfor the
Dirichlet problem � � u = f with exact solution (in polar coordinates)

u(r; � ) = r
2
3 sin(2� =3) � r 2=4;

on an L-shaped domain 
 (seeExample 1.1). In Figure 1.6 we depict the sequenceof uniform meshes,
and in Table 1.1 we report the order of convergencefor polynomial degreek = 1; 2; 3. The asymptotic
rate is about s = 2=3 regardlessof k and is consistent with the estimate (1.26). We will show numerical
experiments for graded meshesalong with optimal rates in section 2.6.

Figure 1.2. Sequenceof uniform meshesfor L-shaped domain 


h linear (k = 1) quadratic (k = 2) cubic (k = 3)
1/4 1.14 9.64 9.89
1/8 0.74 0.67 0.67
1/16 0.68 0.67 0.67
1/32 0.66 0.67 0.67
1/64 0.66 0.67 0.67
1/128 0.66 0.67 0.67

Table 1.1. The asymptotic rate of convergenceis about s = 2=3 irrespective of the
polynomial degreek as predicted by (1.26).
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1.7. Exercises.

1.7.1. Exercise: Thir d Boundary Value Problem. Find a variational formulation which amounts to
solving

� � u = f in 
 ; @� u + pu = g on @
 ;
where f 2 L 2(
) ; g 2 L 2(@
) and 0 < P1 � p � P2 on @
.
(a) Show that Lax-Milgram theorem applies and conclude that there exists a unique solution u 2
H 1(
).
(b) Supposethat p = � � 1 ! 1 . What it the boundary value problem satis�ed by u0 = lim � ! 0 u� ?
Can you derive an error estimate for ku� � u0kH 1 (
) ?

1.7.2. Exercise: Minimization and Euler-LagrangeEquations. Suuposethat b = 0 in (1.3) and so that
the bilinear form B is symmetric. Show that the weak solution u is also the minimizer of an energy
I (v) de�ned over H 1

0 (
). Show that the discrete solution uh 2 Vh is also a minimizer

1.7.3. Exercise: Scaling. Show (1.20) and (1.21).

1.7.4. Exercise: Clement Interpolant. Let ! z = supp(� z ) be the support of a piecewiselinear basis
function � z where z 2 Nh is a node. Let I h : L 1(
) ! Vh be de�ned as follows:

vz =
1

j! z j

Z

! z

v; 8z 2 Nh ; I h v =
X

z2N h

vz � z :

(a) Show that I h is 1st order accurate in all W 1
p (
) for all 1 � p � 1 .

(b) Show that I h is not secondorder accurate in any W 2
p (
) for any 1 � p � 1 .

1.7.5. Exercise: Optimality Condition. Prove (1.27).

1.7.6. Exercise: Pointwise Values. Let � be a smooth function de�ned for 0 < r � 1 satisfying
Z 1

0
j� 0(r )jr n � 1dr < 1 :

De�ne f on 
 = f x 2 Rn : jx j < 1g via f (x) = � (jx j) for n � 2. Show that the weak derivative D � f
for j� j = 1 is given by

g(x) = � 0(jx j)
x �

jx j
:

Use this to prove that f (x) = log
�
� log jx=2j

�
� 2 W 1

p (
) for all p � n. This shows that W 1
n (
) in NOT

contained in L 1 (
) for n � 2.

1.7.7. Exercise: Equivalent Norms (Deni-Lions). Considerthe SobolevspaceW k+1
p (
) with k � 0; 1 �

p � 1 and a Lipschitz domain 
 in Rd. Let f f i gN
i =1 be linear continuous functionals in W k+1

p (
) such
that for any polynomial v 2 Pk of degree� k:

f i (v) = 0 81 � i � N ( ) v = 0:

Show that kvkW k +1
p (
) is equivalent to the seminorm

jvjW k +1
p (
) +

NX

i =1

jf i (v)j:

Hint: Proceedby contradiction assumingthat there is a sequencef vn g � W k+1
p (
) such that kvn kW k +1

p (
) =

1 but the latter seminorm tends to 0. Use that W k+1
p (
) is compactly imbedded in W k

p (
) (Rellich
Theorem), namely that each bounded sequencein W k+1

p (
) admits a convergencesubsequencein
W k

p (
).


