FULLY LOCALIZED A POSTERIORI ERROR ESTIMATORS
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ABSTRACT. We derive novel pointwise a posteriori error estimators for ellip-
tic obstacle problems which, except for obstacle resolution, completely vanish
within the full-contact set (localization). We then construct a posteriori barrier
sets for free boundaries under a natural stability (or nondegeneracy) condition.
We illustrate localization properties as well as reliability and efficiency for both
solutions and free boundaries via several simulations in 2d and 3d.

1. MoDEL PROBLEM, ITS DISCRETIZATION, AND MAIN RESULTS

Free boundary problems are ubiquitous in applications, from nonlinear elasticity
and plasticity to fluids and finance. The detection and accurate approximation of
the free boundary is often a primary goal of the computation. There are, however,
no results in the literature which provide a posteriori error estimates for interfaces.
In case they are defined as level sets, then the mere control of the solution(s) does
not yield in general control of the interfaces. In this paper we examine a model
problem, namely the elliptic obstacle problem with Holder obstacle, and derive
novel pointwise a posteriori error estimates for both the solution and free boundary.
The maximum norm is essential in this endeavor to convert error estimates for
solutions into error estimates for interfaces. The estimators in turn exhibit complete
localization (vanish within the full-contact set) and thus improve upon [15]. Their
reliability and efficiency is assessed both theoretically and computationally herein.

We first introduce the continuous obstacle problem. Let € be a bounded, poly-
hedral, not necessarily convex domain in R? with d € {1,2,3}. Let f € L*>°(Q) be a
load function, x € H(2)NC%*(Q) be a lower obstacle, and g € H(Q2)NC%*(Q) be
a Dirichlet boundary datum with 0 < o < 1. Both x and g satisfy the compatibility
condition

x < g on 0.

Let K be the following non-empty, closed and convex subset of H*():
K:={ve H(Q)|v>xa.e in Qand v =g on dN}.

The variational formulation of the continuous obstacle problem reads as follows:

(1.1) uek: (Vu, V(u —v)) <{(f, u—v) for all v € K.
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Hereafter, (p, 1) denotes the scalar product in L?(€2) as well as the duality pairing
between H(Q) and H~1(). It is well known that (1.1) admits a unique solution u
[11, Theorem 6.2], [9], [17], which is also Holder continuous [8]. The latter implies
that the contact set

Ai={u=x}:={zeQfulx) =x(z)}
and the free boundary or interface
F=0{u>x}nN

are closed in 2. We are interested in the numerical study of these two sets. To
this end, we first approximate u by means of finite elements and, later on, we
construct appropriate a posteriori barrier sets depending on data and the finite
element solution wuy,.

Given a shape-regular partition 7y of Q, the set of nodes of 7}, is denoted by Ny,
and the subset of interior nodes by /\th. Let V,, indicate the space of continuous
piecewise affine finite element functions over 7;, and @h =V, N H 1(Q) The nodal
basis functions of V}, are given by (¢.).cn;,, and they form a partition of unity of
), that is Zze/\fh ¢, = 1. Let Iy, be the Lagrange interpolation operator onto V.

Let xp := Ipx be the discrete obstacle and let Ipg be the discrete Dirichlet
boundary datum. The discrete counterpart K, of K is then

Kp, :={vp € Vi | vp > xp in Q and vy, = Ig on 90}.

Note that it is sufficient to check the unilateral constraint of Kp only at the nodes.
The set K, is non-empty, convex, closed but in general not a subset of K (non-
conforming approximation). The discrete obstacle problem reads as follows:

(1.2) up € Kt (Vup, V(up —op)) < (f, un —vn) for all vy, € KCp.

Problem (1.2) admits a unique solution (use [9], [11] in the Hilbert space V},).
In §2 we introduce a computable, second order estimator &, and prove in par-
ticular the a posteriori error bound:

(1.3) [ = unllo,cc;2 < E-

Later in §4 we couple (1.3) with the nondegeneracy condition f+ Ay < —X <0, to
show an a posteriori error bound for interfaces, which roughly reads as follows:

The strip {x € Q| 0 < dist(z, {un, > xn +Er}) <rn}

1.4
(14) of width r, = \/Ep /X contains the exact interface F.

The reasoning behind these results is rather different from other a posteriori error
analyses, except for [15]. Indeed, in §2 we construct continuous barrier functions for
the exact solution u upon correcting the discrete solution u;, via the Riesz represen-
tation of the Galerkin functional, a nonlinear residual appropriate in this context;
cf. [15, 20]. The derivation concludes with an application of the continuous maxi-
mum principle, which imposes no constraint on the triangulations 75, in contrast
to a priori analyses.

The main theoretical results (1.3) and (1.4) exhibit the following salient features:
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o Full localization (see also [7]): the residual estimator inside &£, vanishes in the
discrete full-contact set where up = xp, (see §2.1 for its definition). In particular,
if x = x» and w = x = uy, on a finite element star, then the residual indicator
vanishes on the star as well. This gives rise to a rare local upper bound and is
an important improvement over [15]. Its computational impact is discussed and
illustrated in §3.2.

e Reliability and efficiency: In addition to the upper bound (1.3) (reliability), we
establish local lower bounds for all estimators (efficiency); this is discussed in
§2.5 and confirmed numerically in §3.1.

e Partition of unity and star-based estimators: the error analysis is based on the
partition of unity (¢,).en;, and consequently the residual estimators entering &,
are star-based; see also [7, 12].

e Element residual oscillation: the customary element residual ||h2f]o 000 is re-

placed here by data oscillation on stars, namely max, _ - II(f— fz)(bz [l0,00:02, Which
is generically of higher order asymptotically. This is achieved via an additional
cancellation provided directly by the partition of unity, without dealing with the
element residual as in [14]; see also [7].

e Barrier sets and interface estimates: two important issues must be emphasized.
First, the maximum norm is the most adequate one to link solutions and in-
terfaces. Secondly, the approximation of level sets is not a direct consequence
of precise estimates for solutions. The missing ingredient is the nondegeneracy
condition f+Ax < —X < 0 due to Caffarelli [2], which is also used in the a priori
error analysis of free boundaries [1, 5, 13]. Our second main result (1.4) is a dual
counterpart of the latter, and the first computable error estimate for interfaces.

This paper is organized as follows. In §2 we introduce the concept of full-contact
set along with exact and discrete multipliers associated with the unilateral con-
straint. We then define and study the Galerkin functional for (1.1), and use it to
construct barrier functions, which eventually yield the desired pointwise a posteri-
ori error estimates for solutions. In §3, we present two numerical examples which
document reliability, efficiency, and full localization properties of £,. We introduce
the concept of barrier sets and derive a posteriori error estimates for free boundaries
in §4. We conclude in §5 with two revealing numerical examples which not only
corroborate the theory of §4, but also provide support of its optimality.

2. POINTWISE A POSTERIORI ERROR ESTIMATES

Intuitively, one expects that a discrete counterpart of the exact contact set A
enters into the a posteriori estimate of | u — unl/o,00;0- Crucial facts, such as the
location of A, are encoded in the non-positive functional o € H~1(Q) = H'(Q)*
defined by

(2.1) (0. 9) = (f. @) = (Vu, Vyg)  forall p € H'(),

which plays the role of a multiplier for the unilateral constraint. In fact, we have
o = f+ Ay in the interior of the contact set A = {u = x}, where o is typically < 0,
and o = 0 in the open non-contact set Q\ A = {u > x}. It is then not surprising
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that the a posteriori error analysis needs a multiplier o, that is associated with uy,
— the discrete counterpart of o.

2.1. Discrete Full-contact Set and Multiplier. We first introduce some no-
tation. Let Jp be the jumps of the normal derivatives of w, across interior sides
(nodes/edges/faces in 1d/2d/3d, respectively). More precisely, given a common
side S of two different simplices 7' and T~, we have on S

In = [Onun] = [Onun i+ — Onunr-] - n,

where n is the normal of S that points from 7~ to 7. We denote the union of all
interior sides (inter-element boundaries) by I'. For anode z € Ny, let w, = supp(¢.)

be the finite element star and v, = ' Nint w, be the union of all interior sides in
w,. We define

Ch={z€N,|up=xpand f <0inw,, J, <0on~,}

to be the set of full-contact nodes and denote by
Q0 = {m el Y b.(x)= 1}, QF =0\

z€Cp,

the discrete full-contact set and its complement. Furthermore we set I') =T N QY
and I‘Z =N QZ We clearly have

(2.2) z2 € Np\Ch ﬁwzcﬁand’ncﬁ.

Finally, let I, : L1 () — Vj, be the interpolation operator of [3]; see also [16]. Such
a Il is both positivity preserving, which helps construct o, < 0, and second order
accurate, which is crucial in dealing with the second order maximum norm error.

With these notations at hand, we define the discrete multiplier o, € H1(2) by
using the partition of unity (o, ¢) = ZzENh (on, ¢ ¢-) and setting

(Ohs 9 b2) :/Qo feo: +/FO Inp ¢

(2.3)
[ RICOTE R

L

for all z € N}, and ¢ € H'(Q). Note that II¢ is evaluated at the node z, and is
thus a constant for each z € N},. Therefore, (2.2) gives

(2.4) 2 € Nu\Ch = (on, p¢2) = (Lnp)(2) 52,
where s, is a nodal multiplier:
(2.5) soim [ g+ [hon zemi

Q r

Such an s, in turn satisfies s, < 0 whenever z € ./\th U Cp. This follows from the
definition of Cp, if 2z € Cj, and from utilizing vy, = up, + ¢, € K, in (1.2), if 2 € Nj,.

Lemma 2.1 (Sign of o1,). The discrete multiplier o, satisfies op, < 0.
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Proof. Let ¢ € HY(Q) be non-negative. Since I > 0 in Q and I, = 0 on 082,
(2.4) implies (op, p¢.) <0 for all 2 € N, \ Cp. On the other hand, if z € Cp,, then
f <0in w, as well as J, < 0 on 7, by definition, whence (o, ¢ ¢.) < 0 follows
from (2.3). O

The multiplier o}, is not a discrete function and is thus non-computable. In
evaluating our error estimator, we will only make use of the nodal multipliers s,
for z € Nj, UCh. The properties of these computable multipliers are closely related
to properties of oy, (see Proposition 2.4 below).

2.2. Galerkin Functional: Definition and Properties. We are now in the
position to define the Galerkin functional G, € H (), which plays the role of the

residual for (unconstrained) equations; see [15, 20]:
26) (Gns ) = (V(u—un), Vo) + {0 = on, ¢)
' — (Vun, Vo) + (f —on, ) for all p € H(Q).

Integrating by parts and employing the partition of unity (¢.).ecn;, . we obtain

(Qh,s0>=/f</> /VUhWJ (on, ¢ /f«p+/Jh<p {on, @)
{/fwsz [ oo~ [ foo— [ dvo.

/ f(pp)(z */ Jn (Unp)(2) ¢ }
{/ [l — () (2)] <1>z+/+ Jn e — (Upp)(2)] ¢z}
zGN r

h

I [o= 3 Moo + [nle= > Mo o.]

2E€NG, h 2E€NG
/f@ Hpe] + /Jh[SD ]

This expression shows the effect of full localization of the Galerkin functional to the
set . The construction of &5, in [15] leads merely to a partial localization. The
full localization of o), defined by (2.3) is due to the notion of full-contact nodes,
which was introduced in [7] so as to achieve full localization in the context of a

2EN

first order estimator. In [7, Remark 4.5] one finds also an argument that the sign
conditions on f and Jj in the definition of Cj are crucial.
To exploit, further cancellation properties, we introduce the constant values

-1
go— A Uar o) " Jopvée  ifpe=o0,
0, else,

for all z € NV}, and ¢ € L1(2), where

/f@ / T .
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Note that, in view of (1.2) and (2.2), we certainly have p, = 0 if up(z) > xn(2) and
perhaps by chance otherwise. Setting ¢ := ¢ — I}, employing again the partition
of unity, and the fact that 1, p, = 0 we can rewrite (G, ) as follows:

G 0 ZA;/ F 1= B:)os + /F;Jh[w—z/?z]qbz.

For nodes z € N}, with p, = 0, the value v, is the weighted L2-projection of 1 to
the constant functions on w, N Q; Hence, we can subtract a constant from the
element residual at these nodes without altering the expression. In particular, we

can write
@) Guo= 3 [ =Rl -blen+ [ hle- e
2N}, Wz Yz
where
(2.8) wi=w.NQf, =100,
and
(2.9) i %(minwjf—{—maijf), if p, =0,
' o 0, else.

This shows that only the oscillation f — fz of the interior residual f enters in the
estimators on all stars with p, = 0 and not f itself.

2.3. Galerkin Functional: Estimates. In order to bound the pointwise error
[l — un||o0,00:02, We shall need an estimate of Gy, in the dual norm

(2.10)  [|Gnll-2,00:0 := sup{(Gn, ) | ¢ € H(Q) N W2(Q) with ||D?p|[o.1,0 < 1}.

)

In what follows, the symbol ‘g’ stands for ‘< C’, where the generic constant C'

may depend on the shape-regularity of the partition 7j, the domain 2, and its
dimension d. Starting point for estimating (2.10) is (2.7). For ¢ € H'(Q) N W2(Q)
and ¢ = ¢ — I, the Bramble-Hilbert Lemma and second order interpolation
estimates for II;, provide

Hlb - 1Z)ZHO,I;WZ < hZHV@Z’”O,l;wz = thV((p - HhSD)HO,l;wz < hEHDQSD”O,l;Z/{h(wz)

and, with the additional use of a scaled trace theorem,

||¢ - 1/;Z| 0,172 < h;1”¢ - QZ’Z| 0,1;w, + ||V’¢|

where Uy, (w; ) is the union of all simplices of 7;, having non-empty intersection with
with the star w,. In view of (2.7), the last two estimates yield the following one:

(2'11) ‘<gha 90>| < Eé% (h3||(f - fZ) ¢Z||07OO;UJ; + hZ”Jh (bZ”U,oowj) ”DQSD”UJ;Q'

0w, = hz||D290||0,1;uh(wz)7

Analogously, one obtains

1/p
(212) 1(Gn: ¢ (EZthnf TR N B/ R 22 s
z h
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where p’ = p/(p—1) is the dual exponent of p € [1,00). The proof of (2.11)-(2.12) is
straightforward and is thus omitted; we refer to [15] for similar bounds for a slightly
different Galerkin functional Gj,. Let w € H 1(Q) be the Riesz representation of Gy,

(2.13) we HY(Q): /Vw-V<p=<Qh-, ¢) forall p € H'(Q).
Q

The following estimate will be instrumental in §2.5 and, compared with [15], it
exhibits extra localization and cancellation of the element residual. Since the ar-
gument is similar to that in [15], which in turn is based on linear theory [4, 14], we
only sketch it here for completeness.

Lemma 2.2 (Properties of w). The function w is Hélder continuous and satisfies
(2.14) [wllo,ocie < [108 Aunin|* max 7.
26./\/]1
where hyin 1= min.cp;, h, and n, is the star-based residual indicator
(2.15) Nz = hi”(f = f2) ¢Z||0,oo;wj + he || Jn ¢Z||0,oo;—y;rv
with w, 4T, and f. defined in (2.8) and (2.9).

Proof. We first apply the classical Holder estimate of De Giorgi and Nash to deduce
that w € C%*(Q) for a« =1—d/p > 0 and |[w|/co.a(0) < [|Gnll—1,m:0- Consequently,
(2.12) yields [[w]|coa(qy < (D.en;, CF) /P with

CZ = hz H(f - fz) ¢Z||O,p;wz+ + hi/l’ ||Jh QSZ”O,p;fy;r'

Hence
o o » 1/p
(216)  w(wo) —wen)| < 2o = @] wloon < o —aal*( 3 &)
zENh
To prove a bound for |w(zo)| = ||w||o,00;02, we first invoke the uniform cone property
of © and find a ball B € Q of radius p = k2. (8> 1 to be determined) such that

dist(xg, B) < p. We then introduce a regularized deltao function 0 supported in B
and corresponding regularized Green’s function G € H'(Q) satisfying —AG = 6.
As in [4, 14], we get

1D*Glo,1;0 < 108 hmin]?,
whence, for some 21 € B and with the help of (2.11),

(2.17) w(zy) = (w, §) = (Vw, VG) = (Gn, G) < |10 hunin|? max ;.
2EN

Fixing p > d and choosing 3 = a1, we deduce
(2.18) he?

min

C S haC S |wf|MP forall z € N,
Since |zg — 21| < p* = hmin, combining (2.16) and (2.17) leads to (2.14). O

Remark 2.3. We point out that, for linear elliptic PDEs (corresponding to the
situation when u > x and up, > xp), estimate (2.14) improves upon those of [4, 14]
in four respects. First, there is no structural assumption Amax < b, 7 > 1, on the
partition 7. Secondly, the nondegeneracy assumption ||w||o,c0;0 = b2,y is totally

circumvented via (2.16) and (2.18). Thirdly, the regular part f — oy, of the Galerkin
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functional need not be globally continuous. These three requirements may fail to be
valid in the present context (see §3.2 below). Fourthly, the usual interior residual
R\ fb]]0.00w. is directly replaced by data oscillation h, ||(f — f.)é-
is asymptotically smaller for f € C9(£); this is in the spirit of [14, Corollary 7.2].

0,00, s Which

2.4. Barrier Functions. We now introduce the continuous barriers wu. (lower)
and u* (upper), and derive a posteriori comparison estimates via the continuous
maximum principle, thereby imposing no geometric constraints on the mesh. This
is in striking contrast to a priori error analyses.

Given a function v, let v+ = max(v, 0) denote its non-negative part.

Proposition 2.4 (Lower barrier). Let u. be the function

(219)  wec=un+w = [[wlloecse — g~ Ingllo.ccive — [ = X) " llo,coinns
where Ay, is the contact set

(2.20) Ap = U{wz 2 €N U(ChnoQ) and s, < 0}

with s, defined in (2.5). Then u. satisfies

Ue < U i .

Proof. We split the proof into four steps.
1. Since

(ue —w)joo < (un —u)ga — 19 — Ingllo,cc00 < 0,

the function v := (u, —u)™ satisfies

(2.21) Vo = 0.

We want to show that ||Vv||o 20 = 0 and then use (2.21) to conclude that v = 0.
2. In view of (2.19), (2.13), (2.6), and o < 0, we can write

IVOl§ 5.0 = /QV(u* —u) Vo= /QV(uh —u)- Vv — /Q Vw - Vv

= (0 — op, v) < —(op, V).

(2.22)

It thus remains to show (op, v) =0, i.e. {(op, v¢,) =0 for all z € Nj,.
3. We now show that

s;=0o0rze N, NI\ C,, = (o, v¢,) =0.

First, consider z € Cp, with s, = 0. By definition of Cj, we have J;, < 0 on ~, and
f <0in w,. Hence,

0=s, = wzf¢z+/th¢z

implies in fact J, = 0 on 7, and f = 0 in w,. This yields

<ah,v¢>z>=/ fv¢z+/ Thvos
w, N ¥2NQY

+ (M) (2) [ Lofe] sz] -0,
w2\ 7=\ Q9
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Next, for z € Np\Cp with s, = 0, we directly obtain (op, v¢,) = 0 by (2.4).
Finally, if z € (M, N 9Q) \ Cp, is a boundary node not being in full-contact, then
(2.4) and (ITpv)(2) = 0 give {op, v d,) = 0.

4. Tt remains to show that there is no node z € N}, UC), with (oh, v¢,) < 0and
s, < 0. Suppose that z were such a node. Then there would exist an = € w, with
v(x) > 0, whence the definitions of u, and Ay, give

un(z) > u(z) + [|(un = x) " llo,coinn = x(@) + I (un — %) llo,0ciw. = un(2).
This contradiction concludes the proof. O

Proposition 2.5 (Upper barrier). The function

)-‘r

(2.23) u” = up + w+ [[wlocce + 19 = Ingllo.ccaa + [0 = un) ™ llo,cci0

satisfies

u<u* in Q.

Proof. We proceed as in Proposition 2.4, dealing with v := (u—u*)* € H}(Q) and
using o5, < 0 from Lemma 2.1. The crucial property (o, (u —u*)T) = 0 follows
easily as in [15, Proposition 4.1]. O

2.5. Upper and Lower Bounds. Combining the results of §§2.3 and 2.4, we can
now establish an upper a posteriori error estimate.

Theorem 2.6 (Reliability). Let (u, o) be the continuous solution satisfying (1.1) and
(2.1), and let (up, o) be the discrete solution satisfying (1.2) and (2.3), respectively.
Then the following global a posteriori upper bound holds:

(2.24) max {||u — unflo,cc2: o = onll 2,000} < &,
where || - || —2,00;0 s defined in (2.10), the error estimator &, is given by
En = C.|10g hunin|® max,cp;, 12 localized residual

+ [(x = un) 0,002 + | (un — X) " llo,00:0,  localized obstacle approz.
+llg = Ing

0,00:00 boundary datum approz,

C.. is twice the geometric constant hidden in (2.14), solely depending on mesh reg-
ularity, n, is the star-based indicator defined in (2.15), and Ay, is defined in (2.20).

Proof. Combining Propositions 2.4 and 2.5, we obtain u, < u < u*, whence
[u=wunllo,c0s2 < 2l|wllo,00s0+ [l (x =) * [lo,002+ [ (wn=X) " llo,00:0,, 19— Tngllo,00500-
Lemma 2.2 then yields (2.24) for u — wuy,. Finally, we resort to (2.6), namely,

(0 —ohy @) = (Gh, @) + (u— up, Ap) for all ¢ € Iofl(Q) NWE(Q),

and make use of (2.11) in conjunction with the bound above for ||u — upl/o,00;0 tO
derive the remaining estimate for o — oy,. O
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The latter observation is important for the establishment of lower bounds and
underlines the significance of the Galerkin functional. The global upper bound
of Theorem 2.6 is of optimal order because the computable quantities therein are
(locally) bounded by the combined error ||u — up0,00:0 + |0 — o] =2,00:0 and data
approximation as follows.

Theorem 2.7 (Efficiency). The following local lower bounds hold for any z € Nj,
and T € Tp:

hz“*]h(z)z|

1119 — gllo,00;rr00 < [lu — s

0,005v < ”u - uhHO,OO;wi + ”U - UhH_Z,oo;wz+ + h§||f - fZHO,oo;wja
*

0,00;T's (¢ = un) " llo,007 < [lu = uplo,00;7s
and, if w, C Ay,

0,005w; T o — Uh”*ZOO;wz + hi”f - fz”0,00;wz

1 (un = 20" llo,c0w. < 1w — unl
+ 110 = X) Mooz + 1 10nxA] llo,0077. -

The proofs of these estimates are very similar to those of the corresponding
lower bounds in [15, §6] and are therefore skipped. The efficiency predicted by
these estimates is corroborated computationally in §3.

3. NUMERICAL EXPERIMENTS I: POINTWISE ERROR

In this section we present a couple of insightful examples computed with the finite
element toolbox ALBERT of Schmidt and Siebert [18, 19]. This code implements
a bisection algorithm for refinement and thus guarantees mesh regularity. In each
iteration of the adaptive algorithm, the solver for the resulting complementary
problem is the projective nonlinear SOR analyzed in [6].

The factor C.|loghmin| of Theorem 2.6 is in practice replaced by C* = 0.02.
This choice is consistent with (2.24) for meshes with reasonable shape-regularity
and moderate hpi,. For the computation of the maximum norm, functions are
evaluated at the element Lagrange nodes corresponding to polynomials of degree
7. The marking strategy for refinement is based on the maximum norm criterion.

3.1. Madonna’s Obstacle: Reliability and Efficiency. Let 2 := (—1,1)? and

the obstacle x be the upward cone with tip at 2o = (%, %) and slope m = 1.8:

x(z) =1 —m|x — xg|.

The exact solution is radially symmetric with respect to zg, vanishes at |z —xq| = %
and has a first order contact with the obstacle at |z —zo| = ﬁ; this corresponds to
height 1 (see Figure 3.1). The obstacle is thus singular within the contact set, due
to the upward tip, which leads to local refinement. Several meshes are displayed in
Figure 5.2 below.

Since we know the exact solution wu, this example allows for a precise computa-

tional study of the estimator &,. Figure 3.2 displays both &, and ||u — upl0,00;:0
versus the number of degrees of freedom (DOFs), and clearly demonstrates the
equivalence between them. This result is consistent with Theorems 2.6 (reliability)

and 2.7 (efficiency), and confirms their optimality.
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FIGURE 3.1. Madonna’s obstacle: graph and grid of the discrete solu-
tion for adaptive iteration 14.

T
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FIGURE 3.2. Madonna’s obstacle: equivalence of estimator £, and true
pointwise error ||u — unlo,00;0. The optimal decay is indicated by the

dotted line with slope —1.

3.2. Pyramid Obstacle: Full Localization. We consider now the same pyramid
obstacle as in [15, §7.4], namely

x(z) = dist(z, 0Q) — £,

f = —5 and g = 0 on the square domain 2 := {z | |z|; < 1}; see Figure 3.3.
We show the dramatic effect of full localization of &, in Figure 3.4, which exhibits
coarse meshes within the full-contact set (bottom row) in striking contrast to recent
results from [15] (top row). In addition, the new estimator is sharper with respect
to the maximum norm than that in [15], and thus yields much fewer DOFs for

about the same accuracy.

4. A POSTERIORI BARRIER SETS

The error in the approximation of ¢ is related to some ‘weak distance’ of the exact
contact set A and an appropriate approximation; cf. [20, Remark 3.2]. However,
the fact that the estimator &, controls the pointwise error ||u — up||o,00;0 allows in
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FIGURE 3.3. Pyramid obstacle: graph with grid of the discrete solution
over the obstacle for adaptive iteration 10, displaying lack of refinement
along the diagonals inside the full-contact set (effect of full localization).

step = 0, DOFs = 5 step = 6, DOFs = 829 step = 17, DOFs = 14 869

step = 0, DOFs = 5 step = 5, DOFs = 381 step =10, DOFs = 3073

FIGURE 3.4. Pyramid obstacle: Comparison of grids obtained with
the partially localized estimator of [15] (top) and the fully localized
estimator (bottom). The meshes on the same column correspond to
about the same value of the estimator, whereas the number of degrees of
freedom (DOFs) are much reduced with the new approach. The benefits
of full localization are apparent since the refinement on the diagonals in
contact is avoided.
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certain situations for more accurate a posteriori information on A and also on the
exact free boundary (or interface) F. This topic is the main concern of this section.
We consider the nondegenerate situation when one knows A > 0 such that

(4.1) (f, 0) =(Vx, Vo) < —A/Qw
for all o € H'(Q) with ¢ > 0. Condition (4.1) guarantees stability of the exact free
boundary F and is due to Caffarelli [2]; see also [9, §2.10]. Moreover, (4.1) implies
Ar?
(4.2) sup (u—x) > u(z) — x(z) + =—
B(air) 2d
for any z € {u > x} and any r > 0 such that B(z;r) C . Its proof proceeds along
the same lines as that of Lemma 3.1 in [9, Chapter 2].
Let us define K := {dist(-, 9Q) > r,} and the barrier sets

(4.3) A= {un < x+E), A= {dist(-, {un > xn + En}) > rh},
where
(4‘4) Th = T (Qgh + ”(Xh - X) | 0,00;{uhSXh+€h})‘

The following result, based on Theorem 2.6 and (4.2), locates the exact contact set
A and the free boundary F a posteriori.

Theorem 4.1 (A posteriori control of contact set and interface). The set A* is an
upper barrier set for the exact contact set A = {u = x}, i.e. A C A*.
Moreover, if the stability condition (4.1) holds, then the set A, is a lower barrier
set for A in the sense that A, N K C AN K, whence
FNK Cc (A*NK)\int(A, NK).

Remark 4.2 (Conditioning). In light of (4.2), A dictates the quadratic growth of
u—x in the non-contact set away from the free boundary F and so: the larger X\ the
more stable F. Therefore, A acts as a measure of conditioning of the free boundary.
Correspondingly, the thickness of the strips O\ K and (A* N K) \ int(A, N K) are
inversely proportional to .

Remark 4.3 (Existence of exact interface). Suppose condition (4.1) holds. Then
AN K # () implies A # (). Moreover, A, N K # () and Q\ A* # @) imply F # ().

Proof of Theorem 4.1. We first prove A C A*. We use Theorem 2.6 with z € A
un(w) = u(z) + [un(z) — u(z)] < x(z) + &

to deduce z € A*. We next prove A, N K C AN K provided (4.1) holds. Let
r € A, N K and suppose that

(4.5) u(z) > x(z).
Then, the definition of A. in (4.3) implies

(4.6) up, < xn +En in B(x;ry)
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and (4.2) yields

Ar?
4.7 sup (u—x) > Zh
(4.7) B(m;rh)( )> 5,
Consequently, Theorem 2.6, (4.4), and (4.7) give for some point y € B(x;ry):
Ar?
un(y) = u(y) + [unly) —ul®)] > x(v) + 57 — &

= x(y) +2&0 + [[(xn — X) Nlo,corfun<xn+ént —En = Xn(y) + En.
This contradicts (4.6) and so (4.5) is false. Consequently, z € A as asserted. O

Remark 4.4 (Estimate in distance). We stress that Theorem 4.1 relies solely on
(4.2) and not on estimating the measure of {0 < u — x < €}, the so-called non-
degeneracy property of Caffarelli [2]. This leads, in the a priori error analysis for
X = Xh, to estimates in measure for the discrete free boundary relative to F [1, 13].
Bounds in distance require regularity of F [1, 5, 13]. We locate here F relative to

Fn = 0{up > xn +En} N

This dual approach yields estimates in distance without regularity assumptions on
the exact free boundary F.

Remark 4.5 (Computation of effective condition number). Statement (4.6) reveals
that (4.1) is needed in the proof of Theorem 4.1 only for positive test functions
¢ with supp¢ C {un < xn + En}. Therefore, if x € H?(Q), one can adaptively
compute the condition number A\ by

A=—  sup (f+Ax).
{un<xn+&n}

5. NUMERICAL EXPERIMENTS II: FREE BOUNDARIES

In this section we present several numerical experiments illustrating the impact
of the a posteriori barrier sets in §4 on the numerical study of exact free boundaries.

5.1. Madonna’s Obstacle: Reliability and Efficiency. Let us reconsider the
example from §3.1, this time focusing on the approximation of the exact free
boundary F = {z € Q | [z — 20| = 5=}. The condition number A which en-
ters the definition of r, in (4.4), and thus the one of A,, is computed according
to Remark 4.5. Figure 5.1 depicts the true distance dist(F, F;) between F and
Fn = 0{up > xn + En} together with r, versus the number of DOFs; the num-
ber 7, essentially measures the gap between the two barrier sets. Both quantities
decay with optimal order. Their behavior corroborates the reliability statement of
Theorem 4.1 and, furthermore, reveals also nice efficiency properties of 7, which
are not explained by the theory of §4. Note also that, for the final computations
the two barrier sets are quite close: r, ~ 0.02. The grids and interface barriers in
Figure 5.2 illustrate different stages in the information about the exact free bound-
ary: the very coarse grid of the first column only indicates a possible exact free
boundary; the still quite coarse grid of the second column assures the existence of
the free boundary within the a posteriori annulus A*\A. (see Remark 4.3), and
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suggest that it might be a circle; the latter is further confirmed by the finer grid of
the third column and corresponding better interface resolution.

T T T T
B—a dist(F,F_h) ||
6—o rh

----- optimal

10°

T

10

i

T

102 | L |
10 10

DOFs

F1GURE 5.1. Madonna’s obstacle: equivalence of dist(F, F5) and the
distance r, of the barriers. The optimal decay is indicated by the dotted
line with slope —1/2.

FIGURE 5.2. Madonna’s obstacle: grids and interface barriers obtained
by the adaptive algorithm in steps 1, 6, and 13.

5.2. From Balls to Bones. We consider the domain = (—2,2) x (—1,1)4"1,
boundary value g = 0, several constant loads f, and the smooth obstacle

(5.1) X(2) = a = B(z] - 1)* = y(|z* - )

with « =10, 8 =6, v =20 in 2d, and a« = 5, f§ = 6, and v = 30 in 3d. In 2d the
graph of the obstacle consists of two hills connected by a saddle.
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FIGURE 5.3. From balls to bones: Interface barriers for tolerance =
0.01 (left) and adaptive grids for tolerance ~ 0.15 (right) in 2d for forcing
term f =0,—5.9,—8.1, —15 (from top to bottom). The distance of the
barriers is &~ 0.05 for all four forces.

In what follows, “barrier sets for tolerance ~ 7" (> 0) denote those barrier
sets which are constructed in the first adaptive iteration with £, < 7. The left
column in Figure 5.3 illustrates the interface barriers for four constant loads f =
0,—5.9,—8.1,—15 in 2d for about the same tolerance 7 ~ 0.01; the exterior curves
correspond to JA* whereas the interior curves display dA.. For f =0, the contact
set does not contain the saddle, whereas, for f = —15, it does. This happens
because the solution, being pushed down by f, adheres longer to the obstacle.
During the transition between these two extreme cases, the free boundary has a
singular point, namely a “double-cusp” at the origin, for some critical value fepit.
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FIGURE 5.4. From balls to bones: Upper barrier 9A* NQ and adaptive
grids in 3d for tolerance ~ 0.25 and f = 0, —9.3, —13.9. The distance of

the barriers is = 0.1 for all three forces.

Tolerance || Interval for feri |

T~ 0.5

T 0.1
7~ 0.05
7~ 0.01
T~ 0.005
7~ 0.001

(—3.3,-17.0)
(—5.1,-9.5)
(5.5, —8.8)
(5.9, —8.1)
(—6.0, -7.3)
(—6.5,—6.9)

| Tolerance || Interval for feri |

7~ 0.5
T~ (.25
T=0.1

(—8.0, —21.0)
(—8.5,—15.1)
(—9.3,—13.9)

TABLE 5.1. From balls to bones: A posteriori control of the interval
containing feriy for different tolerances in 2d (left) and 3d (right).

17
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The barrier sets constructed in §4 from the discrete solution and the estimator give
a reliable range for feis: as long as A* does not contain the saddle and A, # 0,
the true contact set A exists and does not contain the saddle; this happens for
0> f > —5.9. For f < —8.1, the lower barrier A, contains the saddle and exhibits
a dumbbell shape, and so does A; hence, ferit € (—5.9,—8.1). The size of this
interval depends on the size of the estimator &, and decreases for smaller values of
En, as documented in Table 5.1. Although the true interface develops a singularity,
it is worth noticing that u € W2 (Q) and thus no special refinement is needed to
approximate either u (or ). Moreover, f + Ay < —16 in § for the 4 loads, which
shows that the double-cusp is not due to lack of stability. The interface estimate of
Theorem 4.1 thus applies and provides a posteriori error control of the entire free
boundary including the double-cusp.

A similar situation occurs in 3d, as depicted in Figure 5.4, for tolerance ~ 0.25
and values f = 0,—9.3,—13.9. These pictures as well as Figure 3.1 were created
using the graphics package GRAPE [10]. For tolerance ~ 0.25, we can predict that
a double-cusp forms for ferir € (—9.3,—13.9). The interval for other tolerances is
shown in Table 5.1.
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