THE GAUGE-UZAWA FINITE ELEMENT METHOD
PART I : THE NAVIER-STOKES EQUATIONS

RICARDO H. NOCHETTO* AND JAE-HONG PYO'

Abstract. The Gauge-Uzawa FEM is a new first order fully discrete projection method which
combines advantages of both the Gauge and Uzawa methods within a variational framework. A time
step consists of a sequence of d+ 1 Poisson problems, d being the space dimension, thereby avoiding
both the incompressibility constraint as well as dealing with boundary tangential derivatives as in
the Gauge Method. This allows for a simple finite element discretization in space of any order in both
2d and 3d. This first part introduces the method for the Navier-Stokes equations of incompressible
fluids and shows unconditional stability and error estimates for both velocity and pressure via a
variational approach under realistic regularity assumptions. Several numerical experiments document
performance of the Gauge-Uzawa FEM and compare it with other projection methods.

Key words. Projection method, Gauge method, Uzawa method, Navier-Stokes equation.

AMS subject classifications. 65M12, 65M15, 65M60.

1. Introduction. Given an open bounded polygon (or polyhedron) € in R? with
d =2 (or 3), we consider the time dependent Navier-Stokes Equations:

w+(u-Viu+Vp—pAu==£f, inQQ,
divu=0, inQQ, (1.1)

u(x,0) =u’ inQ,

with vanishing Dirichlet boundary condition u = 0 on 0f2 and pressure mean-value

fQ p = 0. This system models the dynamics of an incompressible viscous Newto-

nian fluid. The viscosity u = Re™! is the reciprocal of the Reynolds number. The
unknowns are vector function u (velocity) and scalar function p (pressure).

The incompressibility condition divu = 0 in (1.1) leads to a saddle point struc-
ture, which requires compatibility between the discrete spaces for u and p [1, 2, 10]
(inf-sup condition). To circumvent this difficulty, projection methods have been stud-
ied since the late 60’s, which exploit the time dependence in (1.1) [4, 9, 11, 18, 21,
24, 25]. However, such methods
¢ yield momentum equations inconsistent with the first equation in (1.1) ;

e impose artificial boundary conditions on pressure (or related variables), which are
responsible for boundary layers and reduced accuracy [4, 9];

e require sometimes knowing a suitable initial pressure which is incompatible with
the elliptic nature of the Lagrange multiplier p and equation div u =0 [11, 18];

o are often studied without space discretization [3, 4, 18, 20, 21, 25], and the ensuing
analysis may not apply to full discretizations;

e often require unrealistic regularity assumptions in their analysis, particularly so for
fully discrete schemes; for instance uy € L (H?), uyy € L>®(HY), py € L=(H?),
put € L°(L?) is required in [11] for a Chorin finite element method, and similar
strong assumptions are made in [27] for a Gauge finite difference method.
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The Gauge Method is a projection method, due to Osedelets [17] and E and Liu [7],
meant to circumvent these difficulties. It introduces new variables a and ¢ (gauge)
such that u = a 4+ V¢ and couple them via the boundary condition u = 0. The
method has been studied in [27] using asymptotic methods and in [16] employing
variational techniques. The boundary coupling is responsible for accuracy degradation
in problems with singular solutions (due to reentrant corners), as will be illustrated
below. It also makes the use of finite element methods (FEM) problematic for space
discretization. In this paper, we construct a Gauge-Uzawa FEM (GU-FEM) which
inherits some beneficial properties of both the Gauge Method and the Uzawa Method
and avoids dealing with boundary derivatives. We also prove that the fully discrete
method is unconditionally stable and derive error estimates for both velocity and
pressure under realistic regularity requirements.

1.1. The Gauge-Uzawa Finite Element Method. To motivate the new
method we start from the Gauge Method of Oseledets [17] and E and Liu [7]; see
also [16, 19]. Let ¢ be an auxiliary scalar variable, the so-called gauge variable, and
a be a vector unknown such that u = a + V¢. If ¢ and p satisfy the heat equation
01 — pA¢p = —p, then the momentum and incompressibility equations become

da+(u-Vju—pla=f, inQ,
—A¢ =diva, in Q.

This formulation is equivalent to (1.1) at the PDE level. We are now free to choose
boundary conditions for the non-physical variables a and ¢ for as long as u = 0
is enforced. Hereafter, we employ a Neumann condition on ¢ which, according to
[7, 16, 19, 27], is the most advantageous:

(9,,(;5207 a-v=0, a-'r:—.r(b;

v and T are the unit vectors in the normal and tangential directions, respectively.
Upon discretizing in time via the backward Euler method [7, 27], and a semi-implicit
treatment of the convection term, we end up with the following unconditionally stable
method [16, 19]:
ALGORITHM 1 (Gauge Method). Start with ¢° = 0 and a® = u®. Repeat the steps
Step 1: Find a™t! as the solution of
an+1 _ an

+ (u"- V)@t + Vo) — pha"tt = £(1" Y, in Q,
T (1.2)

a"tl .y =0, a"tl . = —0.¢", on 0.
Step 2: Find ¢"' as the solution of
—Ng" =diva™t, inQ,
O,d" ™ =0, on 0.
Step 3: Update u™*! according to
u"tt = amtt 4 vertt, (1.3)

We point out that the momentum equation is linear in a®*!, and that the explicit
boundary condition a”*! -1 = —08,¢" is crucial to decouple the equations for a®*+!
and ¢"*1. Since this formulation is consistent with (1.1), except for u*t .7 =
Or ("1 — ¢™), normal mode analysis can be used to show full accuracy for smooth
solutions [3, 20]. However, several deficiencies of this algorithm are now apparent:
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e The boundary term J;¢™ is non-variational and thus difficult to implement within
a finite element context, especially in 3d.

e The computation of d;¢", which involves numerical differentiation, yields loss of
accuracy and is problematic at corners of 92 where 7 is not well defined. This is
remarkably important for reentrant corners as illustrated in the comparisons below.

e The computation of p" ™ = pA¢ntt — 771 (¢ +1 — ¢") is also unstable. This yields
a reduced rate of convergence or lack of convergence altogether [16, 19, 27].

e Numerical experiments indicate that the polynomial degree for ¢ must be of higher
order than that for p [19]. A suitable combination of finite element spaces for
(a,u, ¢, p) is continuous piecewise polynomials (P2, P2, P3 PL), which is consistent
with (1.3) and the previous expression for p"*!. This is however rather costly
computationally since ¢ is just an auxiliary variable without intrinsic interest [19].

The purpose of this paper is to construct and study the Gauge-Uzawa FEM,
which overcomes these shortcomings without losing advantages of the Gauge Method.

We start by introducing a new vector variable "' having zero boundary values

ﬁnJrl — anJrl 4 v(bn
Inserting this into (1.2), we readily get
ﬁn+1 —u”
— (" V)T - p AT 4 uV A" = £, in Q. (1.4)
-

To deal with the third order term VA¢@"™, which is a source of trouble due to lack
of commutativity of the differential operators at the discrete level, we introduce the
variable s"t! = A¢"T! and note the connection with the Uzawa iteration:

"= Ag"T! = —div a"t = A¢" — div i = 5" — div a" . (1.5)
If we also set p"T! = ¢"T!1 — ¢", then
—Ap"T = —A(p" T — ¢") = div "t (1.6)

Combining (1.4), (1.5) and (1.6) we arrive at the discrete-time Gauge-Uzawa method.

In order to introduce the finite element discretization we need further notation.
Let H*(Q2) be the Sobolev space with s derivatives in L?(f2), set L%(Q) = (LQ(Q))d
and H*(Q) = (H*(€2))%, where d = 2 or 3, and denote by L2(€) the subspace of L2()
of functions with vanishing meanvalue. We indicate with ||-||, the norm in H*(Q), and
with (-, -) the inner product in L?(£2). Let ¥ = { K} be a shape-regular quasi-uniform
partition of Q of meshsize h into closed elements K [1, 2, 10]. The vector and scalar
finite element spaces are:

Wy, = {v, e L2(Q) : vi|x € P(K) VK € T}, V,:=W,NnHLQ),
P = {qn € L§(Q) N C°(Q) : qn|x € Q(K) VK €%},

where P(K) and Q(K) are spaces of polynomials with degree bounded uniformly
with respect to K € T [2, 10]. We stress that the space P}, is composed of continuous
functions for (1.6) to make sense. This implies the crucial equality

(div vi, qn) = = (Vn, Van), Yvi € Vi, qn € Py.

Using the following discrete counterpart of the form M(u,v,w) = ((u- V)v, w)

‘ﬁh(uh,vh,wh) = % ((uh . V)Vh ) Wh> — % <(uh . V)Wh y Vh> ) (17)
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we are ready to write the Gauge-Uzawa finite element method:

ALGORITHM 2 (Gauge-Uzawa FEM). Start with s\, = 0 and uf) as a solution of
<u2, Wh> = <u0, Wh> for all wy, € V.
Step 1: Find U} ™' € V}, as the solution of

AT —ap, wa) + M (up, T wy) 4+ (VAT Vwy,)

— sy, divwy) = <f(t"+1), Wh> , VYwp eV, (18)
Step 2: Find pZ“ € Py, as the solution of
(Vort™, V) = (divapth  vn), Vi, € Py (1.9)
Step 3: Update SZJFI € Py, according to
(sithoan) = (s an) — (v @ gn), Yo € P (1.10)
Step 4: Update uﬁ“ € Wy, according to
up =yt + vt (1.11)

We note that uZ“ is a discontinuous function across inter-element boundaries and
that, in light of (1.9), u'*t* is discrete divergence free in the sense that

(Wpt, Vi) =0, Vi € Py (1.12)

In addition, the discrete pressure pZ‘H € Pj, can be computed via

pptt = psptt — ol ppth (1.13)

Consequently, the ensuing momentum equations for either (W”*! p") or (u™+!, pntl)
are fully consistent with (1.1), a distinctive feature of this new formulation:

Tt =y, wa) + M (ap, wp T wa) 4+ e (VAR Vwy,)
— (pyy , divwp) = <f(t”+1), wh>, Ywy, € V.
1.2. Comparison with Other Projection Methods. We now compare the
Gauge-Uzawa FEM of Algorithm 2 with the original Chorin Method [4, 25|, the
Chorin-Uzawa Method [18], and the Gauge Method of Algorithm 1 [7, 16, 19] using
finite elements of degree 2 for u, U, a, of degree 1 for p, s, p, and of degree 3 for ¢.
We consider the L-shaped domain Q = ((—1,1) x (=1,1)) = ([0,1) x (—1,0]) and the
corresponding time-dependent singular solution of the Stokes equation (91, = 0) [26]

(1.14)

u(r,6) = 3~ cos(5t) o [ cos(@)d () + (1 + a) sin(0)4(6)
) 4 Sin(9)¢’(9) — (1 + a) 608(9)¢(9) )
p(r,0) = — 3 — cos(5t) a1 1+ 04)21/)’(9) + " ()

4 1—a ’

where w = 37”, a = 0.544,

() = sin((1 +1a)9) cos(aw)
+ «
and T = 5. Since a < 1, the pressure p is unbounded at the origin. The initial mesh
and time steps are 7 = h = 1/8 and are subsequently halved for every experiment.
Figure 1.1 clearly shows the superior performance of the Gauge-Uzawa FEM,
particularly so in regard to pressure approximation for which the Gauge Method fails

to converge. These experiments, as well as those in §7, were carried out within the
software platform ALBERT of Schmidt and Siebert [22].

sin((a — 1)) cos(aw)
l-«a

—cos((1+a)b) + + cos((a—1)0),
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Fic. 1.1. Error decay vs number of deIgrees of freedom for é‘our projection methods; the
errors are measured in L* (LQ) and L2 ) for wvelocity and L L2 for pressure. Veloczty
and pressure do not alwa st converge for the Gauge Method, even though we use the best ﬁmte
element combination ( ,PL, 733 fm“( u,p,¢). The Gauge Uzawa FEM ezhibits a superior
performance overall. The numbers in parenthesis are the experimental orders of convergence.

1.3. The Main Results. We now summarize our theoretical results of the rest
of this paper for the Gauge-Uzawa FEM. In §3 we prove stability.

THEOREM 1.1 (Stability). The Gauge-Uzawa FEM is unconditionally stable in
the sense that, for all T > 0, the following a priori bound holds:

N
\uh+1Ho+ZHu"“—qu§+%ZHVﬁZ“H§
N (1.15)
+2ZHVpZ“Ho+WHSh“Ho< | hHo+CTZHf -
n=0 n=0

We then study the rate of convergence of the various unknowns under appropriate
assumptions Al — 6 described in §2. In §4 we prove error estimates for velocity.

THEOREM 1.2 (Error Estimates for Velocity). If A1-6 hold and h? < CT, with
C > 0 arbitrary, then we have the error estimates

TZ Hv tn-l—l ’\Z-ﬁ-l HO < C(T+h2)

N
TZ (Hu(tn-l-l) _ U—ZHH?) n Hu(tn+1 An+1H ) < O(r + h?)2.

n=0
Given a sequence {W"}N_, we define its discrete time derivative to be
Wn+l —Wn
—

We also define the discrete weight ¢” := min(¢t",1) for 1 < n < N. In §5 we derive
an error estimate for time derivative of velocity and utilize it in §6 to prove and error
estimate for pressure.

SWwntl .=
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THEOREM 1.3 (Error estimates for Time Derivative of Velocity and Pressure). Let
A1-6 hold and Ch1h%? < 7 < Cgh%(HE) be valid with arbitrary constants C7 > 0 and
Cy > 0, where d is the space dimension. Then the following weighted estimates hold

N
o ([[a(a(etty — |l + o) = g ) < Ol + b2,
n=0

If NLC of §2 is also satisfied, then the following uniform error estimates are valid
N , ,
TZ (Hé(u(tnﬂ) — | + [ _pZJrl"o) < C(r + 7).
n=0

The proofs of Theorems 1.1-1.3 follow the variational approach of [16, 19]. We
finally conclude in §7 with numerical experiments which document both accuracy and
performance of the Gauge-Uzawa FEM.

2. Basic Assumptions and Regularity. This section is mainly devoted to
stating assumptions and basic regularity results. We refer to Constantin and Foias
[5], Heywood and Rannacher [12], Prohl [18] for details.

2.1. Regularity. We start with three basic assumptions about data Q, u°, f,
and u. We consider first the stationary Stokes equations, which will be used in a
duality argument:

—Av+Vg=g, inQ,
divv=0, in{Q, (2.1)
v=0, on{.

AssumPTION A 1 (Regularity of (v,q)). The unique solution (v,q) € H(£2) x
L3(Q) of the stationary Stokes equations (2.1) satisfies

[vlly + flall, < Cligllo-

We remark that Al is valid provided 99 is of class C? [5], or if Q is a convex
two-dimensional polygon [13] or three-dimensional polyhedron [6].

AssuMPTION A2 (Data Regularity). The initial velocity u® and the forcing term
f in (1.1) satisfy

W e HX(Q)NZ(Q) and f,f € L0, T;L%(Q)),

where Z(Q) := {z € H}(Q) : div z = 0}.
AssUMPTION A3 (Regularity of the Solution u). There exists M > 0 such that

sup || Vu(t)l, < M.
te[0,T]

We note that A3 is always satisfied in 2d, whereas it is valid in 3d provided HuOH1
and [l 1o (o 7;1.2(n)) are sufficiently small [12].

LEMMA 2.1 (Uniform and Weighted A Priori Estimates [12]). Let o(t) = min{¢,1}
be a weight function. Let A1-3 hold and 0 < T < oo. Then the solution (u,p) of (1.1)
satisfies

T
sup (Ihall+ ol + o) <0 [ e < (2.2)
o<t<T 0
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and

T
swp (o0lwl}) <30 [ o)l + ol + o) < 21 (23
o<t<T 0

Consequently, (u,p) € L>(0,T; H?(Q) x H'(Q)) provided A1-3 are valid.

The following nonlocal assumption is used to remove the weight o(t) for the error
estimates for u; in §5 and pressure in §6.

AssumpPTION NLC (Nonlocal Compatibility). The data u° and f° = £(0,-) are
such that ||[Vu,(0), < M.

In view of [12, Corollary 2.1], we realize that NLC is equivalent to the initial data
u’, p® = p(0,-), £V satisfying the overdetermined system

Ap® =div (£ — (u°- V)u") inQ, Vp' = Au’ + 0 — (u’ - V)u® on 99.

This is true if u’ = £ = 0, in which case also p® = 0 and ||Vu,(0)||, = 0. However,
|[Vu(t)]|, blows-up in general as ¢t | 0, thereby uncovering the practical limitations
of results based on higher regularity than (2.2) and (2.3) uniformly for ¢ | 0 [11, 27].

LEMMA 2.2 (Uniform A Priori Estimates [12, Corollary 2.1]). Suppose A1-3 hold
and let 0 < T < oo. Then NLC' is valid if and only if

T
| Tl + swp Vol < (2.0
0 o<t<T

Furthermore, if NLC holds, then
T 2 2
| (ool + rwo13) ar < o
LEMMA 2.3 (A Priori Estimates on Z(Q)* [16, 19]). If A1-8 hold, then we have

T
| Tatoyiar < o (2.
0
where Z(Q)* is a dual space of Z(QY). Furthermore, if NLC also hold, then

sup_[luu (|| < M.
0<t<T

LEMMA 2.4 (Div-Grad Relation [15, 16, 19, 24]). If v € HL(), then

[div vilo < [[Vvllo-

2.2. Properties of FEM. We impose the following properties on Vj, Py.
AssuMPTION A4 (Discrete Inf-Sup). There exists a constant 3 > 0 such that

. (div v, qn)
inf sup —7F—+ >
qn€Pp v EV) ”VhHl”qb”o

AsSsUMPTION A5 (Shape Regularity and Quasiuniformity [1, 2, 10]). There exists
a constant C' > 0 such that the ratio between the diameter hx of an element K € T
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and the diameter of the largest ball contained in K is bounded uniformly by C, and
hx is comparable with the meshsize h for all K € X.

AssUMPTION A6 (Approximability [1, 2, 10]). For each (v,q) € H?(Q) x H1(Q),
there exist approzimations (Vi,qn) € Vi, x Py such that

IV =vallo +hllv = vally <CR2|Iv]l, and llg—anlly < Chllqll;-

Let now (vp,qn) € Vi, x P, indicate the finite element solution of (2.1), namely,

(Vvh, VWh> — (qh, div Wh> = (g, Wh>, VWh S Vh,

2.6
<T‘h , div Vh> =0, Vry, € Py,. ( )

LEMMA 2.5 (Error Estimates for Mixed FEM [1, 2, 10]). Let (v, q) € H{(Q) x LE(Q)
be the solutions of (2.1) and (vh,qn) = Sr(v,q) € V}, x Py, be the Stokes projections
defined by (2.6), respectively. If A4-6 hold, then

IV = Vil + 2lIv = vall, + hllg = anlly < Ch* (vl + llall,) - (2.7)
If also A1 holds, then the right-hand side is bounded by Ch?||g||, and if d <4

lgll. < ClIVvlly < Chllglly + ClIVVall, (2.8)
Iv =vall == IV = VhllLe @) + IV(V = va)llLs ) < Clgllo- (2.9)

Proof. Inequality (2.7) is standard [1, 2, 10]. To prove (2.8) we simply test (2.1)
with an arbitrary z € Z(f2) for the first inequality, and next use (2.7) for the second
one. To establish (2.9) we just deal with the L°°-norm since the other can be treated
similarly. If I; denotes the Clement interpolant, then [|[v — I V||« (q) < C||v][, and

11V = Vil ) < CP™ Y211V = Va2 (q) < Clivll,

as a consequence of an inverse estimate and (2.7). This completes the proof. O
REMARK 2.6 (H' Stability of g5). The bound [|[Vgullo < C(||v],+ llql;) is a
simple by-product of (2.7). To see this, we add and subtract Ijq, use the stability of
Iy, in H', and observe that (2.7) implies ||V (gn — Ing)|lo < Ch™Y|qn — Ing|| < C.
We finally state without proof several properties of the nonlinear form 91,. In
view of (1.7), we have a following properties of My, for all up, vywy, € Vj:

‘ﬁh(uh,vh,wh) = —‘ﬁh(uh,wh,vh), ‘ﬁh(uh,vh,vh) = O, (210)
and
divu=0 = ‘ﬂh(u, Vh,Wh) = ‘J‘((u, Vh,Wh) = —‘ﬁ(u, Wh, Vh).

Applying Sobolev imbedding Lemma yields the following useful results.
LEMMA 2.7 (Bounds on Nonlinear Convection [11, 12]). Let u,v € H%(Q) with
divu =0, and let up, vy, wp € Vy,. Then

[[ally[[vally Wl
i (, Vi, wi) < C Q- ([l VVallollwallg (2.11)
[allo[vallol Vwallo,

M (up, v, Wi ) < [[unllo/[ VI [V wnlo- (2.12)
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If in addition d < 3, then

CllunlovallllVwalo

2.13
Cllunllps ey [V VWl (2.13)

‘J'(h(uh,vh,wh) S C{

3. Theorem 1.1: Stability. In this section, we show that the Gauge-Uzawa
FEM is unconditionally stable via a standard energy method. We choose w; =
27, in (1.8) and observe the following relation for the first term in (1.8)

@t =g, ) = g )+ (T V)
because of (1.11). Since the convection term vanishes from (2.10), we then obtain
™ g = Il + g™ = willy +2([ Vo™ g + 20| V5|
=2ur (sp, divay™t) + 27 (Ft" ), ap ).
According to (1.10), we can write
2(sh, div @) =2(sh, sf — i) = llsillg = s flo + s = 55l

Combining now (1.10) with Lemma 2.4, we infer that ||s"+1

HVG"H H whence

= sillo = lldiv el <

Huh-i-l HO ||O + Hun+1 _ uh”o + 2vaz+lHO + 2’”'7-Hvun+1H0

3 -
+MTHSh+1HO MTHSZHO < in(th H +£HV n+1HO

Adding over n from 0 to N, we obtain (1.15) and complete the proof of Theorem 1.1.

4. Theorem 1.2: Error Analysis for Velocity. In this section, we prove
weak and strong error estimates for velocity for the Gauge-Uzawa FEM of Algorithm
2. The proof is rather intricate because of the limited regularity of §2.1, particularly
that uy ¢ L?(0,T;L2(Q)), and consists of 3 steps as follows:

e Time-Discrete Stokes: We first consider a sequence of Stokes equations with exact
forcing and convection, namely Un™t € H}(Q2), P € L(Q) satisfy U = u® and

UM — p AU 4 VPP = £(¢" ) — ((u- V)u) ("),  div U™ =0. (4.1)
In Lemma 4.1 we derive estimates for the errors
GnJrl = u(thrl) _ UnJrl, gn+1 = p(thrl) _ P)nJrl7

which rely solely on the regularity u; € L ([0 : T] : Z(2)*) of Lemma 2.3. This is
possible because the test function w = u(t"*1) — U is divergence free and thus
allows us to work on the spaces Z(2) and Z(£2)*.

e Stokes Projection: We define (U, PP i= &) (u(t™ 1), p(t" 1)) € Vi, x P, to
be the Stokes projection of the true solution at time ¢+, and derive error estimates
in Lemma 4.3 for the errors

Gptli=u("th) — Ut gyt i=p(enth) — Pt

We point out that this choice of space discretization is more handy than discretizing
(4.1) by finite elements, and still gives estimates for the errors F*+! .= Un+! —UZH
and 1= P+l — Pt by combining the first two steps.
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o Comparing (4.1) with (1.8)-(1.11): We derive strong estimates of order 1/2 and use
then to prove weak estimates of order 1 for the errors

Erl.= Ut —uptt, B =0 gttt etth= Pttt (42)

This is the most technical step since we now must deal with the fact that ﬁZH is
not divergence free whereas uZ‘H does not vanish on 0f2; this is carried out in §4.3.
Upon combining the estimates of these 3 steps, we readily obtain Theorem 1.2.

4.1. Time-Discrete Stokes Problem. We now show error bounds for (4.1).
LEMMA 4.1 (Uniform estimates). Let A1-3 hold. Then

N N
||GN+1||§ i Z ||Gn+1 B Gn”i T UTZ HVG"HH(QJ < Cr?, (4.3)
n=0 n=0
N 2
TZ HgnﬂHo <Cr. (4.4)
n=0

Proof. We subtract (4.1) from (1.1) at ¢ = t"™* and thereby write
1 tn+1

SG™MH — pAG™ T 4 Vgt = R = —/ (t — t")ug (-, t)dt,  (4.5)
t

T

n

where R"™*! is the truncation error. We multiply this elliptic PDE by the admissible
test function 2rG"*! € Z(Q) to arrive at

G2~ 16712 + |67 — G2+ 2ur [V G2 < R 9G],

Adding over n and using (2.5) yield (4.3). To prove (4.4) we use the error equation
(4.5) to obtain for any w € H}(Q)

(g7, divw) < —[|G"T = G| [wllo + ul| VG [IVwlo + [[R ] lwllo-

Since ||R"+1H§ < %f::ﬂ ollug |2, then (2.3) and (4.3) together with the continuous
inf-sup condition imply (4.4). O
LEMMA 4.2 (Weighted Estimates). Let A1-3 hold. Then

N N
TGN 4 3 o G sar 24 AT S 0 [ < O, (46

n=1 2 ne1
N ) i
2
OSSE%JA a™[lg" |lo +nz:%gn+1 (HgnHHO n ||5gn+1||0) <o (4.7)

If NLC is also valid, then (4.6) and (4.7) become uniform, namely without weights.

Proof. To prove (4.6) we subtract two consecutive equations (4.5) and thus derive
an equation for §G™t!. We next multiply this equation by 2¢"T16G"*! and pro-
ceed as in Lemma 4.1 to discover that ™! := 20"T! (§(G"T! — G"), §G"*1) and
I+ = 270" T (SR™F1, 6G™ 1) must be estimated. We see that

In+l _ O_n+1H6Gn+1H(2) _ Un”(SGn”g 4 O'n+1H(SGn+1 _ 5GnH§ _ (Un-i—l _ Un)||6Gn||(2),
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and realize that, upon summation over n, the first two terms on the right-hand side
telescope whereas the last one leads to L Eﬁle |Gt — G"H?J < C7 in view of (4.3).
On the other hand, II™t! can be written equivalently as follows:

I = 20" (R G 1) — 20" (R™, 6G™)
+20" (R™, 6G™ — 6G" 1) + 2(0" — o™ ™!) (R™, 6G™ ).
We now add on n and observe that the first two terms telescope. The third term can be
handled via the estimate >, o |R"||Z < C7 foT olluy |2 < Cr, which results from
(2.3), together with the bound for 3 1"+, Using again N, o™ |R"||2 < Cr,
now coupled with Efj:l |\5G"||§ < C from (4.3), takes care of the last term in 1771,
We finally observe that the presence of weights allows us to employ regularity

(2.3) for uy. If we further assume NLC, then we could omit weights and instead

resort to regularity (2.4) to establish uniform bounds. This completes the proof. O
4.2. Stokes Projection. We now establish simple estimates for (GZ‘H, gZH).

LEMMA 4.3 (Stokes Projection). Let A1-6 hold. Then
IGE o + Rl G + Rllgn™l, < o2, (48)

N
3o (190Gl + R 0GE [T+ h2 g ) < ent. (a9)
n=0

If NLC also holds, then (4.9) becomes uniform, namely without weights.

Proof. Estimate (4.8) is a direct consequence of Lemma 2.5 and (2.2). Since the
Stokes operator &y, is linear, we readily have (U}, dP)) = & (du(t™),dp(t™)), and
Lemma 2.5 applies again. Upon multiplying by 70" %!, the square of the right-hand
side of (2.7) can be bounded by

N
S o () — a2+ ) - e )

n=0

We examine the velocity term only since the other one is similar. For n = 0 we recall
(2.2), along with o' = 7, to write o*||u(t') — u(to)Hz < Cr. For n > 1, instead, we
use that 0" ! < 20(t) for t" <t < "1, whence

N T
S o u( ) — u(e)F < CT/ ollusll? < O,
n=1 0

because of (2.3). This completes the proof. O

4.3. Comparing (4.1) with (1.8)-(1.11). We derive strong estimates of order
1/2 and use then to prove weak estimates of order 1 for the errors in (4.2), namely,

En+1 _ UnJrl _ uz-{-l EnJrl _ Un+1 _ ﬁZ+1 n+1 _ PnJrl n+1
) ) *

e - Py

Before embarking on this discussion, we mention several useful properties of the error
functions. If B} ! = Ut —ut EP T = U —apt!, and FoAl = UnHL U,
then

EnJrl — g 4 sz-i-l7 Ez-i-l _ EZ-H + sz-i-l,

E’n,Jrl _ F’n,Jrl + EZ-{-l7 E’n,Jrl _ F’n,Jrl + EZ+17
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as well as
(E" V) = (B}, Vg,) = (F™  Vg,) =0, Vg, € Py, (4.10)
whence we deduce crucial orthogonality properties:
B E = B+ Vo3 B = B 4 VR ()

Since F*tl = G — gntl, frtl = gnt! — gn+l Lemmas 4.1 and 4.3 give rise to
the following estimates provided A1-6 hold

N
[E™HE < C(* + 1Y), pr ) [IVE"HG < O +4%),
n=1
N (4.12)
Y I < O+ b2,

n=1

We also point out that, owing to Lemma 2.4, s}'t! € Pj, defined in (1.10) satisfies
Ish ™ = silly < IVE™lo. (4.13)

LEMMA 4.4 (Reduced Rate of Convergence for Velocity). Let A1-6 and h?> < Ct
be valid with arbitrary constant C > 0. Then the velocity error functions satisfy

2 =~ 2 2 1 " |2
BN+ BN+ i g+ 5 D BT - B
n=0

(4.14)
> 2, HT > Snt1l|? 2
Vot o+ B0 ||VE| < o+ n2).
#3939 < e
Proof. Subtracting (1.8) from (4.1) yields, for all wy, € Vj,
-1 /fan+1 n mn+1 _ n+1 3
1 {E —E,w>—|— <VE , Vw) = (P divw
( n)+h ny=( n) w1

—p sy, div wp) — N (wE ), u (@), wy) + Ny (uy, Gt wy,).

Choosing wj, = 2rEP ! = 27(E™H — F*+1) in (4.15), and using (4.10), we easily get
2 1

B2 = B2+ B -2+ 2WHVEn+1HO +2| Vo2 =3 A (4.16)
i=1

with
Ayi=2 (B — B P o (VBT VR
Ag =27 <P"+1 , div EZ+1> ,
Ag 1= =27 (T (u(e" ), u(et ), Byt — o (up, w L B,

Ay = 2ur <SZ , div EZ+1> .
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We now estimate each term A; separately. Applying Holder inequality, we find a
bound of the first term

A< %HE"“ — B + o[Fnt 2 + %HVE"HHE + Cpr||VE 2. (417)

Iy

Since UZ‘H is discrete divergence free, but not so GZH, we add and subtract P,?H
and p(#"*1), and recall (1.9) and Remark 2.6 to derive

Ay =21 <fn+1 div En+l> Lor <vgn+1 vpn+1> 2r (Vp(t" 1), VpZ+1>

. (4.18)
< orp s+ ST B (9B L VPt ) + 9

where B"*1! = Hu(t"“)”2 + [|[Vp("t) H To tackle A3 we first add and subtract
u(t"*1), u}, and realize that My (uy, E”Jr1 E"H) = 0 according to (2.10). This yields

Ag = — 279, (0 (") — u(t™), u(t"+h), Epth)
— 270, ((u(t™) — up), u(t™ ), Bl — 270, (up, G EPTL).

Since [[u(t™+1) ||, + |G| < C in view of (2.2) and (2.9), and ET! = En+! —Fr+1,
(2.11) and (2.13) give

Ay < =DM (B +IGE + |GE )+ | 9F +1H +5|vE +1HO

with D"l = ft" ||ut )||Zdt. Next, making use of (1.10) and (4.13), we arrive at
Ayq =2p7 (sp, div ) = 2ur () — sptt, si)

< ur (I3 = s+ ) + e[ 7+

Inserting the above estimates into (4.16), summing over n from 0 to N gives

2 1 - n n KT al nn 2
B+ 5 2 It =B+ 5 3 VB
(4.19)

+ s o + Z IVt lo < Cr+ %) + Z "5,
n=0

where we have used (2.2) to bound B"! D"l  together with (4.3) and (4.8) to
estimate ||G™||o and ||G}"(|o, respectively, and (4.12) as well as h? < C7 to bound
[|F" Lo, ||F"+1||0 and || f"Y|o. The discrete Gronwall lemma finally yields (4.14)
except for ||E"+1||0 The latter results from (4.11) and completes the proof. O
REMARK 4.5 (Initial Errors). If N =0 in (4.19), then Lemmas 4.1 and 4.3 give
I

2 1 2 UT||omt]? 2 2
lo + §HE1 —E,+ 5 ’VElH Farsilly + 1ol

< C(r? +7h* + hY) + ||f o< C(r +7h? + 1Y),
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or alternatively < C(72 + 7h? + h*) provided NLC holds in conjunction with (4.7).
REMARK 4.6 (Suboptimal Order). The suboptimal order O(7 +h?) of Lemma 4.4
is due to terms |[F"1||2 + 7||VF™ 1|2 in (4.17) and the fact that EIF in (4.18) is
not discrete divergence free. To improve upon this we must get rid of both terms.
LEMMA 4.7 (Full Rate of Convergence for Velocity). Let A1-6 hold and h* < Ct
be valid with arbitrary constant C > 0. Then we have

N
i + Z HEn+1 _E"

n=0

HENJrl

i+@wWHm+@wﬁDgc@mWﬂ.@m

Proof. Let (v™,q") and (v}, q}) be solutions of the Stokes equations (2.1) and
(2.6) with g = E™. Then Lemma 2.5 and A1 yield a crucial inequality

V" = illg + hllv™ =Vl +Allg" — aflly < CH[E",. (4.21)

Since v}t is discrete divergence free, then <VpZ+1 ) VZ+1> =0 and

<E"+1 —E", VZ+1> = <E"Jrl - E", VZ+1> = <V(VZ+1 —-vy), VVZ+1> .

Choosing wy, = 27v;'™ in (4.15), thus yields
4
Vvt e = I9vils + [V vt = vl + 2ur B = 3" 4s, (4.22)
i=1

with
Ay = —2u7 (VE™ 1 Wity
Ay =207 (B B + (Vo i),
Ag =27 (P"th div vt
Ay = =27 (M (™), uE), vt = M (af G Vi)
We now estimate A; to A4 separately. We use the inequality (4.21) to get
Ay =2ur (VF" 1V (viil — ity — vt
< Cper (2| VE™1 [0+ [ 2] + £ [[E 2
as well as
Ay < Cprr ([0 + ([ Vo3 ) + S Bl
We next use that v’ is discrete divergence free and v**! is divergence free. Hence

Az =27 (Pt — P div (vt — v )
N " CTh? || 112 HT |1t |2
< Crhfl £ ol ly < == 1 o + T B lo-

At the same time, the convection term A4 can be rewritten as Ay = 2?21 Ay ; with
Ay = =200 ((a(™) —a(t™)) + (u(t") — up), u@ ), vith),
Agp =270, (u(t”) —up,u@"th) —aptt, (vt — v vt

Ay = =20, (u(t™),u(t"*) — ﬁZ“,vZ“) .

)
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Since u(t") —uy = E” + G”, (2.2) in conjunction with (2.12) yields
tn+l

n n Cr n 2
Auy <0 / e (Ol + 5 (1B 5 + 16 5) + =193 I

Before tacking A4 2 we observe that (4.3) and (4.14) imply ||u(t")—uZ||o < C(h+7Y/?),
and that (2.9) and (4.21) yield

”’vn—i—l n+1m S C||vn+1||2 S C”EnJrIHO

Therefore, (2.12) and (2.13) lead to
Crt 1112 i1l BT o1 12
Ara < S (4 12) <||vc: )24 |[vE +1HO) AT 2
Since u(t") is divergence free, we can resort to (2.11) and (4.11) to obtain
Ay < B (B3 + 190315 + 6 3) + T||VVZ“||§-

Inserting the above estimates into (4.22) and summing over n from 0 to N, we deduce

N
n n 2 n
Vv N“HO+ZHV vl + ur Y IE
n=0 n=0 (4.23)

<C (2 +hY) +—ZHV "+1HO

because of (4.3), (4.12), and (4.14) bound the remaining terms. The discrete Gronwall
lemma and (2.8) allows us to remove the rightmost term in (4.23), and thereby arrive

t (4.20) upon invoking (2.8). However, this does not give a bound for ||E"1||o,
which comes from (4.11) and (4.14) instead. The proof is thus finished. O
PROOF OF THEOREM 1.2. This is a consequence of Lemmas 4.1, 4.4, and 4.7. &
REMARK 4.8 (Estimates for HVV}LHO). These estimates will be crucial in §5 and
can be extracted from (4.23) upon invoking Remark 4.5 and choosing N = 0. Since
v = 0 because E° is orthogonal to Vj, (4.23) reduces to

CTh?

[Vvi]ls < (72 + %) + Hf o < Cr(72 + h2).

On the other hand, if NLC is also valid then || f}||2 < Cr and HVV}LH?J < O7(r2+h?).

5. Theorem 1.3: Error Analysis for Time Derivative of Velocity. In this
section we embark on an error analysis for the time derivative of velocity.
LEMMA 5.1 (Stability of Time-Derivative of Velocity). Let A1-6 hold and h? <

Cih?2 <1< C2hg(1+€) be valid with arbitrary constants C1,Co > 0. Then the error
functions satisfy the weighted estimates

N N
N HSEN g+ D o [GBT — B¢+ D o | Vet
n=1 n=1
N , (5.1)
+MTUN+1||5ShNH||§ +”TZUH+1HV5EH+1HO <c.

n=1
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If NLC also wvalid, then (5.1) become uniform, namely without weights.
Proof. Subtracting two consecutive expressions (4.15) yields

<5E"+1 _E", wh> +our <v5E"+1 : th>
=7 (6P" div wy) — pr (5sy, div wy,)

(5.2)
— My (u(E™ ), (), wh) 4+ M (uf, G w)
+ N (u(t™), u(t"), wp) — My (up ™, Gp, wy).
Choosing wj, = 20E7 = 2§(E"*+1 — F*+1) in (5.2), and using (4.10), implies
n n n n 2
B2 — o 4 o — w2
(5.3)

+2|| Voot 2 + 2WHV5E"+1H ZA“

with
Ay i=2 (SB"T 0B, R ) 4 27 (VOB VR,
Aoy =21 <(5P"+1 , div 5EZ+1> ,
As = —2ut <55}1I , div 5EZ+1> ,
Ay = =290, (u(t™ ), () OERTY) + 200, (u, Gy T OB,
+ 290, (u(t™), u(t"), SERY) — 201, (ur L Gy, SENY).

We now estimate each term A; separately. First, we easily find out that

WT ~nt1ll? 12, 1 n n||2
Ay < || VOB 4 Cpar[VOETH P 4 S [[0E" ! - 6E7 7

Ay =27 <(5p(t"+l) g" L div 5E”+1>
trtt

n n /'I’T n 2
<2 [ e+ T oy + S [vaBe |+ AT wsr

Since UZJr is discrete divergence free, then A3 = 2ur <6SZ, div 6ﬁ2+1>. Conse-
quently, making use of (1.10) and (4.13), we arrive at

Ay = 2 (57, dsie — o) < pr (1035 — [|os 1) + mHvaE"“Hz.

At the same time, we further split Ay to read As = Ay 1 + Aa o with
Ay = =27 (M (Su(t™ ), u(t™ ), SEFY) — 0, (Su(t™), u(t ) SEPT)
— M (u(t™) — up, u@ ), SERT) + 9, (u(E" ) — up T u(t"), 6B ),
Agz = =2 (Ma(uf, u@™) = G GBE) — 9wy~ u) — 67, 0B )

In light of (2.2) and definitions of G* and E?, (2.12) produces

C n n - if|2 if|2
Au < Spret B oo | B veEn o ST (6 + )

i -1
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with D"+ .= ft" | ||ut Hodt To bound A, 2 we rewrite as Ay o = EZ 1 Bi with

By = =29, (u)y, G171 OB,
By := 29, (u} ", G}, SEI Y,
By := =20, (up, EMHY SEMHY) 4+ 290, (up Ep, OEP ).

Since |G7HH|| < C([u™ )2 + [p(t"*)]l1) < C, (2.11) and (2.13) give

By = 29, ((u(r") — uf) —u(i"), G 6By )
C n n n 2 uT =n 2 T . 5
< (B3 + 16" 15 + IG5 1) + e ‘WE +1HO+ T [VIF o,
as well as
By < — (HEW 1Ho+ HG" 1H0+ IIGH]] ) Hv(gEn-HH N HvéFn-HHo'

Invoking crucial properties of My, written in (2.10), we infer that

By = % (9 (g, Byt By + (g~ B By ) ) = 200 (0, 0By E).
Hence

By = —2r0M,(6G} — du(t"), SEF T EY) — 270, (OEY, 6EM ! EY) = By + Bs.
Since ||E |1 < C according to (4.12) and (4.14), then (2.11) yields

By < Cr (10GH]|, + lou(e) ) [oB;+| [,

tn+1

Cr s C ur 2
< T vean|2+ = dt HV(SE"“H BT g sFn |2,
<STIvasqIg+ = [ o+ o R A

We now deal with Bs via (2.13), namely Bs < C7|[0E} |5 q) |0E 1B [1. In

contrast to [16], here we no longer have E}"! € H{ and we have to resort to the

inverse inequality ||5EZ||LS @ S Ch™ § |6ER |, whence

Cth~

nll? BT | smnrt||? KT nt1(2
B < O g 15| vEs +—4HV5E |+ S veE,

=:A"

We postpone the discussion of A™ until the end since it is rather delicate. We now
insert the above estimates into (5.3), multiply by the weight ¢"*!, and add over n
from 1 to N. Arguing as in Lemma 4.4, we see that the first two terms in (5.3) become

N
PV HSEN - o B 7 3 B2 2 —C 4 oM OB (5a)

n=1
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2

N N+

C
S o, <7zan+1uagn+lui+; / o ()llpe(t) |2t
tl

n=1 n=1

al n+1 Ln+1 2 n+1 2
+ﬂ <HV6E | +[voF HO>.

(5.5)

Collecting these estimates, and using Lemmas 4.1-4.4 and 4.7, we get for D1, Do > 0
| N
n+1 n+1 n
+5 > "SB! — OB

n=1

N
N+1 N+1])2 2 | kT +1 Snt1l]]?
oNFYSEN T o+ & Y- om || ek
n=1
N ) ) N
o Top L ™ a2 < Dy Dy YoM A
n=1 n=1
To complete this proof, it suffices to show E . o"T1BY < C. To do so, we start
with a simpler form of the above estimate, namely,

N
AN SBY 2 < Dy + Dyrh =t Y o omy 2 VB (5.6)
n=1

Since 72N 5E"(2 = SN, [|E" - E"1||2 < Cr and HVEZ

Lemma 4.4, we readily obtain the rough estimate

2
< C according to
0

oV |SEVH2 < ont,

To improve upon this, we utilize 25:1 HVEZH% < C, a by-product of (4.12) and
(4.14). Hence

N
AN SEN Y < Dy + Dyrh = Y ||VE;, z < Crh ¥
n=1

We realize that the net effect is a an additional factor C7h=%/3 in (5.6). After m
iterations, we obtain

oML SENHL| 0 < M(m) (rh§) "R,

where M (m) > 0 possibly grows with m. Since Th™4 < Czh%, for m > 7! we
obtain Zﬁ;l o™ A" < C. This shows our assertion (5.1).

If NLC is valid, then so is Lemma 2.2, thereby making unnecessary the use of
weight o"*! in (5.4) and (5.5). This yields an inequality similar to (5.1) without
weights, and implies the asserted uniform estimate. O

LEMMA 5.2 (Rate of Convergence for Time-Derivative of Velocity). Let A1-6 hold
and C1h? < 1 < Cgh%(prs) be valid with arbitrary constants C1,Cos > 0. Then the
error function E™ satisfies the weighted estimates

N
O,N+1H5EN+1Hi 4 Zo.n-l-l (HéEn-l-l _ 6EnHi +MTH5E”+1||§) S C (T+ h2) . (57)

n=1
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If NLC also valid, then the following uniform error estimates hold

N N
JBY P 4 2 S oR - SE P e 3 R R < O (r 407 (65)
n=1

n=1

Proof. Let (v™,q") and (v}, q}) be solutions of the Stokes equations (2.1) and
(2.6) with g = E"*!. Choosing wj, = 26v}"! in (5.2), we arrive at

4
VoVt s = IVava I + [V (vitt = aville + 2um B [lo = - Aiy - (5.9)
1=1

with
Ay == —2u7 (VOF™  Vevith)
A = 2p7 ((SE™, 6F" 1) + (Vogp ™, Vépp ™)),
Az =27 <(5P"+1 , div 5VZ+1> ,
Ay =29 (up, APt ovi ) — 200, (up L g, vt
— 29, (u(t" ), u (™), Svith) + 29t (u(t), u(t"), sviTh).
Except for Ay, we can proceed as in Lemma 4.7 to estimate A; — Az, whence
Ay < Oper (12|| VSB[ 8B4 6) + B flom I
Ay < Cprr ([SF |3 + ([ Vapp ) + S OB 5,
Cth?
1

Ay < =0 [+ T lET I

The remaining term A4 gives rise to rather technical calculations. A tedious but simple
rearrangement yields Ay = 2?21 Ay ; with each term A; to be examined separately

Agq o= =200, (u(t™Y) — 2u(t™) + u(t™ ), u ("), ovith),

Ay = =20 ((u(t™) —uf) — (E" ") —up =), u(E ), svith),
Ay s = =20y (uf — uZ_l, u(t"t) — ﬁZH, 5VZ+1)7

Agg = =20, (u(t™) — u(t" 1), u(t™) — u(t"), svith),

Ags = =20, (u(t™™Y) —uf~ a( ) — u(th), svit),

Ay = =20 (w71, (™) —u(t")) — (W - ap), 6vi ).

Since [[u(t+1) — 2u(t") + u(E )2 < 72 1) olfull? dt, (2.2) and (2.12) yield

tn+1

nt1 2
A <07 [ aOllwat) i + Orl|vovi |
tn—l
as well as

% n n Cr 12
Ao < §(|‘5G ||§ + [[OE"]) + 7||V5Vh+1uo'
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Dealing with A4 3 entails further rearrangement as follows:
Az = 20, (Su(t™) — dup, u(t" ™) — APt svitt — gvt )
+ 2790, (Ju(t") — suy, u(t" ) —aptt, vt
=27, (Su(t™), u(t" ) — aptt 5VZ+1 svh)
— 27y, (Su(t™), u(t" ) — ﬁZ"’l, Sv ).
In view of (2.12) and (2.13), we can thus write
Az < O7||du(t™) = dugl|lLs (g [u@™ ) —wp | [lov ! = ovi |,
+ C7|ou(t”) — 5uZHOHu (") — A"HH Hdv”“”
+ C’T||5u(t")|\1‘|u(t"+1) A"HH H6V"+1 5Vh+1H1

+ OrlduE™)[|, la(@ ) —ap*[[ove ],

Since ||§(v* ! — vy < Ch|E™!|o because of (2.7), we see that the problematic
term with L3 norm can be easily handled. In fact, invoking Lemma 5.1 together with
an inverse inequality from L? to L? gives

o"|Fu(t") = dup g + o™ h?[Su(t”) — dup|fs ) < C-

We note that this inequality also holds without weight ¢™ if NLC is valid. Since,
n+1

according with (2.2), we have ||[du(t")[|2 < M and ||du(t")||? < 7! f:n [l (t)]|2dt <

Mt~ after a simple calculation we get

Az < Sremtpn+ E8 (Hvﬁ"“Hz + HVG”“H§> + 5[l
o o 0 8

where D" := ftin,l HVut(t)H(Q)dt. We use again the bound for ||[du(t")|; to get
Aga < CTQ||5u(t”)||1||5u(t”+1)Hl||5vZ+1H1 <CtD" + CTHV(SVZHH?).

To estimate A4 5, As we again have to handle an L? norm, this time for u(t") — uf.
Combining once more Lemma 5.1 with an inverse estimate, yields h|lu(t") — uZ||L3(Q)

< Ollu(t™) — |, < C(r + h?)z. Consequently,
Ags <OTl[u™") =i o g 0@ ] [lov = avitt
+ Crlfu@ ) — | [ su ] lov
S%(r +h%)DH 4 %HéE"“Hi.
In addition, since
Age =20, (u(™ ™) —up L su(t™th) — saptt svitt — svitt)

+ 270, (u(t" ) —wph su( ) — suptt, ovt )
= 27N, (u(t™ ), su(t" ) — suptt svith),

a similar argument leads to

C N 2 R 2
Agp < 77 (HaE"“ + 5G”+1H0 +(T+ h2)H5E"+1 + 5G"+1H1> + M—;||5E"+1||§.
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We now multiply both sides of (5.9) by the weight ¢"*! and sum over n for
1 <n < N. We ﬁrst examine the ensui Ag first two terms on the left-hand side
of (5.9). In light of ¢! =7, k> < C7, >, ||V(5Vh|\0 < C (see Lemma 4.7) and

ol HV(SV}IH?) < C7 (see Remark 4.8), we deduce

N
> (Ve = IVl — (0" = o™ [ VaviE)

n=1

N
> W s = oWV - D IVOVEIE 2 0™ v -

n=1

Since 2

can achieve an estimate for o™ !|| Vv (|2 with the aid of Lemmas 4.1, 4.7, and 5.1,
as well as the discrete Gronwall lemma. The asserted weighted error estimate follows
from (2.8).

If NLC is valid, we do not need to multiply (5.9) by ¢! to derive the uniform
error estimate (5.8). In this case we have, instead, ||dG™|lo+||[0E"|lo < C (see Lemmas
4.2 and 5.1). We finally proceed as before to obtain (5.8). O

< 2 for n > 1, we can replace /0™ in Ay 3 by a constant. Therefore, we

6. Theorem 1.3: Error Analysis for Pressure. We derive here the error of
pressure of Theorem 1.3 by exploiting all previous results.
LEMMA 6.1 (Rate of Convergence for Pressure). Let A1-6 hold and C1h? < 7 <

Cgh%(HE) be wvalid with arbitrary constants C1,Co > 0. Then the pressure error
function satisfies the weighted estimates

N
TZ a’“f1||eZ“||(2J <C(r+h%. (6.1)
n=0

If NLC is also valid, then the following uniform error estimate holds

N
Y et lo < C (7 + 1) (6.2)
n=0

Proof. Since p"Jrl = usZH — T_lpZJrl and EZH = EZ“ + VpZJr1 according to
(1.11) and (1.13), we can rearrange (4.15) to read (e} ™", div wy,) = A; + Ay with

Ay = (B )+ (VEH Gw ) = (st = sp) 4+ £ div w).

Ay =Ny, (u(@™ ™), a(t" ), wy) — Ny, (wp, @)t wy,)
In view of (4.13), A; can be bounded as follows:

s e < ofjop e+ o[ vB | el
The remaining term Ay can be further split as follows:
Az = = My (u(t™™) —u(t"), u(t" ), 2™
=My (u(t") - up, ("), 2"
= My (u(t"), u(t" ) —uptt 2zt
(

— M (uf — (), (e — a2,
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The only problematic term is the last one because it requires use of (2.13). To this
end, note that ||u(t™) — uZHLS(Q) < C+Ch™5(r2 +h) < C, as results from adding
and subtracting Ipu(t"), and employing an inverse inequality together with (4.14).

n+41
Therefore, since (2.2) implies Li lu(t)]|dt < C,

|As|
sup

7§CT+C(En +Gn +HE"+1H +||gntt )
wrevn IVWallo IE" o +1G"lo 1 I ”1

Altogether, invoking the inf-sup condition A4 in conjunction with (4.3) and (4.14),
we thus obtain

<GZ+1 , div Wh>

BlleptHlo < sup
4 wihev,  IVwallo

<ot )+ 0 (JoB |+ [B ]+ e+ )

What remains now is to square, multiply by 7o™*! (resp. 7 in case NLC is valid)),
and sum over n from 0 to N. Recalling (4.3), (4.12), (4.14) and (5.7), assertion (6.1)
(resp. (6.2)) follows immediately. This concludes the proof. O

7. Numerical Experiments. In this section, we document the computational
performance of the Gauge-Uzawa FEM with two relevant examples. They were both
computed within the finite element toolbox ALBERT of Schmidt and Siebert [22].

7.1. Example 1: Smooth Solution. This example is meant to confirm our
main theorems numerically. The domain is the unit square Q = [0, 1] x [0, 1] and the
(smooth) solution is given by

u(z,y,t) = cos(t)(z® — 22° + 2*)(2y — 6y° + 4y°)
v(z,y,t) = —cos(t)(y® — 2 + y") (2w — 62® + 42°)
p(x,y,t) = cos(t)(z? +y? — 2).

The forcing term f(¢) is determined accordingly for any p; here p = 1. Computations
are performed with the Taylor-Hood (P2?,P!) finite element pair on quasi-uniform
meshes of size h. However, the coarsest mesh is quite distorted to avoid superconver-
gence effects. Since we expect a rate of convergence in L?(H! x L?) of order O(1+h?),
we impose the relation 7 = h? to avoid dominance of either space or time error over
the other. Table 7.1 shows second order accuracy for both velocity and pressure. This
computational result is consistent with our theory for velocity in L?(L?) but is better
than we predict for pressure as well as several stronger norms for both velocity and
pressure.

7.2. Example 2: Backward Step and Do-nothing Boundary Condition.
In order to explore the applicability of the Gauge-Uzawa method beyond the theory,
we consider the backward step flow problem with do-nothing boundary condition; this
is a natural boundary condition for the stress, namely

(—=Vu+1Ip) - v=0, onT,u, (7.1)

where 'y, C 0. This condition can be imposed for fluid problems with an open
outlet without forcing. Conditions involving the stress and geometric quantities such
as mean curvature are ubiquitous in dealing with free boundary problems for fluids.
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| h I 1/8 | 16 ] 1/32 | 1/64a | 1/128 ]
B e 2y || 0000620853 | 0.00015719 | 3.93629¢-05 | 9.84413¢-06 | 2.46124e-06
Order 1.981742 1.997601 1.999501 1.999878
|Eflp ) || ©-00161487 | 0.000405717 | 9.99044c-05 | 2.47218¢-05 | 6.14264e-06
Order 1.992872 2.021854 2.014764 2.008853
IE|Lzey || 0-00156787 | 0.000430621 | 0.000111099 | 2.80201e-05 | 7.02442¢-06
Order 1.864315 1.954573 1.986848 1.996474
B oo erry || 000823813 | 0.0021339 | 0.00053749 | 0.000134617 | 3.36693¢-05
Order 1948824 1.989183 1.997377 1.999355
1Bl 22 et 0.0220663 | 0.00643655 | 0.00171973 | 0.000442083 | 0.000111798
Order 1.777485 1.904106 1.959793 1.983423
lell o z2) 0.0105357 | 0.0027511 | 0.000694088 | 0.000173903 | 4.34992e-05
Order 1.937206 1.986818 1.996836 1.999222
lellgoo ooy || 00894505 | 0.0293408 | 0.00887096 | 0.00258632 | 0.000737458
Order 1.608181 1.725746 1.778189 1.810268
lell e e 0.0894505 | 0.00836859 | 0.0023322 | 0.000620179 | 0.0001615
Order 3.418033 1.843293 1.910935 1.941151
TABLE 7.1

Exzample 7.1: The Error Decay of Gauge-Uzawa FEM for a smooth solution and several norms
for welocity and pressure. The computations are performed with the Taylor-Hood (P2,P') finite
element pair on quasi-uniform meshes. The meshes are distorted though to prevent superconvergence
effects. The table shows second order accuracy for both velocity and pressure for the relation T = h2.

The mere fact that projection methods decouple velocity and pressure computations,
and that both u and p appear together in (7.1) makes its implementation a challenge.
This is the case for several projections methods such as the Chorin’s method [4, 21, 18]
and the Gauge method [8, 7, 27].

Since the momentum equation (1.8) is consistent for the pair (GZH ,DR), as written
in (1.14), to impose (7.1) on the Gauge-Uzawa method, we use the modified form
(=Vu™*! +1Ip") - v = 0. This amounts to solving (1.14), namely,

1 <ﬁZ+1 —uy, Wh> + Ny (uy, ﬁZJrl, wp) + i <Vﬁz+1 , VWh>
— pipp, div wy) = <f(t"+1), Wh> ,
but with test function wyj, free on I',:. This leads, however, to an incompatible
Poisson problem (1.9) if we insist on a homogeneous Neumann condition; note that
now it is plausible that [y, 4y v # 0.

To circumvent this issue, we consider a space-continuous Gauge-Uzawa formula-
tion. In view of (1.9) and (1.12), we can write

<vpn+1 : Vz/1> _ <ﬁn+1 ’ V¢> _ <un+1 —qntt, V¢>, vy € P.

This amounts to the natural boundary condition 9, p"*! = (u"*! —a"*!) . v, which
is not computable since we do not yet know u”*!. We now decompose 9 into an
inflow part I';,,, where we prescribe velocity, an outflow part Iy, where we impose
(7.1), and the rest where 4" *!.v = u"*' .y = 0. Since [, u" v = [ divu"t!t =0

/ u"“-u:—/ u”“-u:—/ u"tt oy,
Cout Lin Tin
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whence

/ (u"t —anth .y = / antl .
Tout o0

We thus solve (1.9) with a constant flux condition, namely,

1 —1 o 1
aupn+ = |Fout| / u"tt .y on Cout-
o

We consider a simple geometry consisting of a backward step flow with do-nothing
boundary condition. This example has been studied extensively and our results are
consistent with those in the literature [14, 23]. The computational domain € is [0, 6] x
[0, 1] with an obstacle [1.2,1.6] x [0,0.4] (see Figure 7.1). No slip boundary condition
is imposed except on the inflow boundary I';, and on the outflow boundary I',,;. We
assign u = (1,0) on I';;, and (7.1) on T,y for all time ¢. The viscosity is u = 0.005
and the discretization parameters are 7 = 0.05 and h = 1/32.

(0,1) u=0
>
Fin 1—‘lou
:3: ] !
(00) 1216 u=0 (6,0)

Fic. 7.1. Example 7.2: The computational domain and boundary values. The wviscosity s
n=0.005 and the discretization parameters are T = 0.05 and h = 1/32.

Fic. 7.2. Example 7.2: The streamlines and velocity vector fields at times t = 1,2, 5, and 50.

Figure 7.2 is a time sequence of streamlines and velocity vector fields for t = 1,2, 5, 50.
For t = 50 the evolution already became stationary. Figure 7.3 displays zooms of the
recirculation zone behind the step.
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F1c. 7.3. Ezample 7.2: Zooms of velocity vector field in the recirculation zone behind the step
at times t = 1,2, 5, and 50
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