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We design an adaptive finite element method (AFEM) for mixed boundary value prob-
lems associated with the differential operator A — Vdiv in H(div,2). For A being a
variable coefficient matrix with possible jump discontinuities, we provide a complete
a posteriori error analysis which applies to both Raviart—Thomas RT" and Brezzi—
Douglas—Marini BDM"” elements of any order n in dimensions d = 2,3. We prove a strict
reduction of the total error between consecutive iterates, namely a contraction prop-
erty for the sum of energy error and oscillation, the latter being solution-dependent. We
present numerical experiments for RT™ with n = 0,1 and BDM! which document the
performance of AFEM and corroborate as well as extend the theory.
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grid preconditioning.
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1. Introduction

The space H(div, Q) of square-integrable vector fields with square-integrable diver-
gence is ubiquitous in problems arising in fluid and solid mechanics.?'3 It occurs,
in particular, in the solution of second order elliptic partial differential equa-
tions (PDE) by first order least-squares methods or by mixed methods with aug-
mented Lagrangians. The differential operator I — Vdiv, with appropriate boundary
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conditions, may be considered as a natural realization of the underlying inner prod-
uct structure of H(div, ).

We consider more general second order elliptic operators over the Lipschitz
polyhedral domain © of R¢ with d = 2,3 and boundary 9 := T.g U That

Lp:=Ap—Vdivp=F inQ (1.1)

with essential boundary condition p - v = 0 on I.ss. We assume that the matrix
A is symmetric, uniformly positive definite, and piecewise Lipschitz with respect
to a given coarse triangulation 7° of ) into triangles or tetrahedra; hence A may
exhibit jump discontinuities aligned with 7°. This matrix may account for material
properties of porous media, an important area of application of mixed methods. The
essential and natural parts of 9, I'.ss and I'at, are supposed to match the partition
79 as well.

To write (1.1) weakly we set Q := H(div, ) and introduce the energy space
QO - H07Fess (diV, Q) = {q € H(le, Q) | q-v

Toss — 0 on Fess}7

along with the (coercive and continuous) bilinear form a:Q x Q@ — R

a(p,q) := (Ap,q)q + (divp,divg)e Vp,q € Q. (1.2)

Hereafter, we denote by (-, -),, the L%-scalar product in w for any measurable subset
w C Q, and use boldface for vector-valued functions. If Qf denotes the dual space
of Q,, we assume that F' € Qj is given by

F(q) = _<f17d1Vq>Q+ <f27q>Q+<gaq'V>Fnat vquo, (138“)
where

f1 is piecewise H' over 79,
fa is piecewise H(rot) in 2d, respectively, H(curl) in 3d over 7° (1.3b)
and g € Hl(I‘nat).

The weak formulation of (1.1) reads

P€Q:a(p,q)=F(q) YqeQ,. (1.4)

To understand the smoothing properties of operator £, it is convenient to use
the Helmholtz decomposition p = V¢ + curl ¥, which is orthogonal in L2. We
see that, if f3 = curlf, then ¢ satisfies the elliptic PDE —A¢ + ¢ = f; whereas
U = f. We thus conclude that £ has a typical elliptic smoothing in the gradient
component of Q but behaves as the identity (and so without smoothing) in the
orthogonal complement.

On the basis of this crucial observation, we provide a complete a posteriori
error analysis for (1.1)—(1.3a) in Secs. 5 and 7. To this end, we resort to suitable
quasi-Helmholtz decompositions in dimensions d = 2,3 and thereby get around a
convexity requirement on 2. This analysis is valid for a variable coefficient matrix
A, and general boundary conditions. This, together with the fact that we enforce
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the least possible refinement compatible with error and oscillation control, leads
to a solution-dependent oscillation. Our results apply to both the Raviart—Thomas
RT" and Brezzi—Douglas—Marini BDM" discretization of any order n in dimensions
d = 2,3. We recall the definition of these spaces in Sec. 2.

We then formulate an adaptive finite element method (AFEM) in Sec. 3 of the
form

SOLVE — ESTIMATE — MARK — REFINE, (1.5)

and describe these procedures in detail. If 7% is the current mesh, then ESTIMATE
computes element indicators of error and oscillation, which provide upper and lower
bounds for the energy error. The procedure MARK uses Dorfler marking for error
and oscillation, and REFINE iteratively bisects 7% to create the new conforming
mesh 7**! satisfying the so-called Interior Node Property. We then prove conver-
gence of AFEM in Sec. 4. In fact, we show a strict total error reduction between
consecutive steps, that is we prove that AFEM is a contraction for the (scaled) sum
of energy error and oscillation. The basic ingredients of AFEM for the proof are:

e an a posteriori error estimator with a global upper bound for the error in terms
of the error estimator and a discrete local lower bound for the energy between
consecutive discrete solutions;

e Dorfler’s marking for both energy error and oscillation;

e nested consecutive triangulations, 7% ¢ 7%+, with 75*! having one node in the
interior of each marked element of 7% as well as its sides.

As a consequence, we are able to prove a global error reduction estimate up to
oscillation and a global oscillation reduction up to error reduction. A tricky aspect
of the approach is that oscillation is solution-dependent and so it does not decouple
from the energy error. To circumvent this difficulty, we proceed as in Chen-Feng!”
and MekchayNochetto.!” Our approach exhibits an optimal convergence rate, a
statement we do not prove in this paper. However, extending the new results of
Ref. 8 to this case, we can show an optimal error decay in terms of the degrees of
freedom (DOFs).?

We also present several numerical experiments in Secs. 6 and 7. They are meant
not only to verify the theory, but also to check optimal error decay as well as the
multigrid solver performance for highly graded meshes and discontinuous coeffi-
cients in terms of the number of DOFs. We show experiments for both RT" (for
n = 0,1) and BDM' elements in dimensions d = 2,3, and compare their relative
merits. We also investigate the role of oscillation.

The paper is organized as follows. In Sec. 2 we discuss further the weak for-
mulation of (1.1) and introduce its discretization. In Sec. 3 we present AFEM and
describe the procedures SOLVE, ESTIMATE, MARK, and REFINE. We state without
proof some key properties of the estimator and oscillation and use them to prove
convergence of AFEM in Sec. 4. In Sec. 5 we construct in 2d an efficient and reliable
a posteriori error estimator and prove the key properties of error and oscillation
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reduction estimates. We present several numerical examples that illustrate the the-
ory in Sec. 6. Finally, in Sec. 7 we extend the a posteriori analysis to 3d and present
corresponding numerical experiments.

2. Properties of the Bilinear Form and Discretization

Let d = 2,3 denote the space dimension and let © C R? be a bounded polyhedron.
We assume that for d = 2 the domain 2 and I}, are connected and that for d = 3
Q is topologically equivalent to a ball and T},,; = . We introduce the norms

2 . 2 1 .
lallgiy.. = lallZ + lldivall? and Jall; = [[A2qll? + [|divall3

for all q € Q, where for w C Q we denote by ||.||, the L?(w;R?) norm for vector-
valued and the L?(w) norm for scalar-valued functions. The norm |||, o is the
standard norm on Q = H(div,2) and ||.||,, is the energy norm associated with
(1.4). Hence, the energy norm is equivalent to the H(div,2)-norm, i.e. there are
constants 0 < ¢, < C, such that

2 2 2
Ca ”q”div,Q < llallg < Ca ”quiv,Q for all q € Q,

where ¢, and C, depend on the smallest, respectively the largest eigenvalue of A
over ). This, in turn, implies that a:Q, x Q, — R is a coercive and continuous
bilinear form in Q,, and hence, (1.4) has a unique weak solution p € Q.

Let 7% be a conforming shape-regular triangulation of  and denote by P" the
set of all polynomials of degree < n. Now, let Q% C Q be either the Raviart-Thomas
elements of order n > 0 over Tk, ie.

Q* =RT(T") :={a€ Q| qr € (P*(T;R) + 2 P"(T)) VT € T*},
or the Brezzi-Douglas—Marini elements of order n > 1, i.e.
QF =BDM™(7%) := {q € Q | qir € P*(T;RY) VT € T*}.

The discrete space incorporating the essential boundary condition is finally defined
to be Qf = RTy(7%) = RT"(7%) N Q, or Qf = BDMy(7%) = BDM"(T*) N Q,.
Then, the discrete formulation of (1.4) reads

P, € Qf 1 a(Py, Q) = F(Qr) VQi € Qf. (2.1)

-
! 1 1

Fig. 1. DOFs for RT?, BDM!, and RT! on a triangle T'.
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Coercivity and continuity of the bilinear form a are inherited from Q, to any sub-
space (@’3, implying existence and uniqueness of the discrete solution Py of (2.1).

3. Adaptive Algorithm AFEM

In this section we discuss the basic adaptive loop (1.5) for approximating the solu-
tion p to problem (1.1). Given a grid 7%, SOLVE computes the discrete solution Py
0 (2.1). The procedure ESTIMATE calculates error and oscillation indicators for
all T € T* depending on the computed solution and data. The indicators are used
by the procedure MARK to make a judicious selection of elements to be refined.
Finally, the procedure REFINE divides the selected elements and creates a conform-
ing refinement 7%+ of 7%, thereby guaranteeing that 7% and 7**! are nested. We
now present a complete description of these procedures for problem (1.1).

3.1. Procedure SOLVE: Algebraic solution of the discrete problem

Given a mesh 7%, and the solution Py_; from the old grid as an initial guess for
an iterative solver, the procedure SOLVE is an efficient direct or iterative solver for
computing the discrete solution Py, on 7%, where we assume that we can solve (2.1)
exactly:

P;. := SOLVE(T", Py_1).

3.2. Procedure ESTIMATE: A Posteriori estimation of error and
oscillation

This procedure computes the error and oscillation indicators, 7 (7") and oscy (7T),
for all T € T*. Their definitions, given in (5.8) and (5.12) below, are immaterial at
this point. The indicators are local a posteriori quantities, i.e. they are computed
using only information from the discrete solution and data in a neighborhood of
the element T'. For any subset Tk c TF we set

m(T*) = Y (1), osci(T"):= ) osci(T)

TeT* TeTk

and use the convention 1;,(0) = nx(T"), 0sc (&) = oscy(TF) if & = Upeqn T, and
k(D) = osck(0) = 0.

The convergence proof centers around the following two properties of the error
estimator. The first one is the global upper bound for the true error ||p — Py, by
the error estimator 7;(7*) proved in Theorem 5.1:

Ip = Prllg, < Cini(TF), (3.1)

where the constant Oy only depends on the shape-regularity of 7%, Q, and 1/c,.
The second property is a discrete local lower bound for the local error reduction
IPr+1 — Pgll,,,. by the indicator ngx(T'), where wr C € is a patch that consists of
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T and its (at most d) direct neighbors 77 € 7*. The lower bound involves the
oscillation term oscy(wr). For obtaining such a bound, an element 7" € 7% and its
direct neighbors in wp need a minimal refinement depth; compare with Refs. 19
and 20:

Interior Node Property: An element T € T* fulfills the Interior

Node Property with respect to T*t1 if all elements in wr as well (3.2)

as all sides of T' contain a vertex of T*H\T* in their interior.

The Interior Node Property for an element T' € T* allows us to prove in Theorem 5.2
and Corollary 5.1 the discrete local lower bound

Coni(T) < IPrsr — Pells,, + osci (wr). (3.3)

where Co > 0 only depends on the shape-regularity of 7%+, and C,. Due to
the structure of the underlying problem (1.1), the oscillation indicators oscg(T")
depend on the discrete solution Pj. This complicates the convergence proof in
Sec. 4; compare with Refs. 10 and 17.

In summary, the procedure ESTIMATE computes the local indicators 7, (T") and
oscillation terms oscy(T') for all elements T' € T*:

{n(T), osci(T)}pers := ESTIMATE(T*, Py).

3.3. Procedure MARK: Dorfler’s marking strategy

On the basis of the computed values {n(T"),oscx(T)}perr, the procedure MARK
generates a set of marked elements subject to refinement. A key ingredient in the
convergence proof is an error and oscillation reduction property. Such a property can
be derived by selecting sufficiently many elements for refinement. This is quantified
by Dérfler’s marking strategy,!! which we apply to the estimator n,(7%) as well as

to the oscillation oscy(7%) as advocated by Morin et al.'%20:

Marking Strategy: Let 0 < Oogst, Oosc < 1 be given parameters.
Mark any subset TF, C T such that ng(TX) > Oeseni (TF); (3.4a)

est

Set TF. :={T € T* | T C wy: for some T' € TE}

If necessary enlarge T, to satisfy oscy,(TE.) > Ooscosc(TF).  (3.4b)

osc osc

The idea is to select subsets of the triangulation 7% whose element contributions
sum up to a fixed amount of the total. In practice, the subsets are chosen as small as
possible by collecting the biggest values in order to only introduce a small number
of new DOFs in the next mesh. Therefore, the procedure MARK uses the Marking
Strategy to select the subsets 7.%,, 7% according to (3.4):

{,Te];tv ,To];c} = MARK(aest; 90507 {nk(T)a Osck(T)}TETk)'
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3.4. Procedure REFINE: Refinement by bisection

For the refinement of 7% we rely on iterative or recursive bisection algorithms;
compare with Refs. 3,18 and 21. Starting from a conforming triangulation 7° we
construct a sequence of nested, conforming, and uniform shape-regular triangula-
tions {7 k}kzo by local refinement of selected elements. Especially, all constants
involving the shape-regularity of 7%, like the constants C; in (3.1) and Cy in (3.3),
only depend on 7.

Nesting of the meshes implies nesting of the discrete spaces, i.e. QF C QF*!
which in turn entails the orthogonality

2 2 2
Ip = Prsillo = P = Prllg = [Prs1 — Prllg, (3.5)

a crucial property of the energy norm and an essential ingredient of the conver-
gence proof. Equation (3.5) is a direct consequence of the Pythagoras theorem
applied to p — P, = (p — Pry1) + (Pry1 — Pr) and the Galerkin orthogonality
a(p — Pri1, Prr1 — Pp) = 0151 From (3.5) we deduce that the error reduction
between two consecutive discrete solutions is exactly |Pr+1 — Prllq,-

In 2d, applying at least 2% bisections to an element 7' € T* implies the existence
of vertices of TF*1\7* in the interior of T and all its edges; see Fig. 2. In 3d,
bisecting a tetrahedron T at least six times ensures new vertices in the interior of
T as well as in all its faces. For T € 7.},
applying at least 2% (2d), respectively 6 (3d) bisections. This implies the Interior
Node Property for T € T}, and, invoking the discrete local lower bound (3.3), yields
the lower bound for the total error reduction

we thus refine all elements T C wr by

Coni(Téae) < IPrss — Pallg, + osci(TF) (3.6)

with Cy := % thanks to the finite overlap of the patches wr (see Remark 5.3).

Bisecting all elements T € 7%, at least once, implies the oscillation reduction

osci 1 (TF1) < poscE (TF) + Cs | Pyss — Pill3, (3.7)

proven in Lemma 5.3. The constant 0 < p < 1 depends on s and the minimal
number of bisections used for the refinement of 7' € 7%, and Cs depends on the
shape-regularity, C,, and the element-wise W1 -norm of A.

JANFANFONFON

Fig. 2. Refinement of a triangle using 2% bisections. After the second bisectioning step, only the
two elements at the interior edge are bisected once more.
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In summary, given a mesh 7% and the sets 7.*, and 7.*. of marked elements,

the procedure REFINE creates a conforming refinement 75t! of 7% ensuring the
interior node property for all T € 7%, and bisecting all T € TX._ at least once:

S osc

Th+1 .= REFINE(T*, T, T*

est) osc)'

3.5. The adaptive algorithm AFEM
Finally, we summarize the adaptive algorithm (see also Refs. 19, 20 and 17):

AFEM Choose parameters 0 < Oest, Oosc < 1;

(1) Pick up an initial mesh 7°, set k:=0.

(2) Py, :=SOLVE(T*, P;_1)

(3) {ni(T), osck(T)}reqr = ESTIMATE(T*, Py)

@) {1, Tow} = MARK(Gesta Oosc, {m(T), OSCk(T)}TeTk)
(5) THt!:=REFINE(T", T}, TF.)

(6) Update k+«— k+ 1, and go to step (2).

4. Convergence

In this section we prove convergence of AFEM. Since error and oscillation couple
we proceed as Chen-Feng!? and Mekchay-Nochetto.!” We give a complete proof
below for the sake of completeness.

Theorem 4.1. (Convergence of AFEM) Let p be the true solution to (1.1) and
let {TF, Py }i>0 be the sequence of graded triangulations together with the discrete
solutions of (2.1) produced by AFEM.

Then, there exist constants 0 < a < 1 and 3 > 0 such that for two consecutive
iterations we get

Ip — Py ll2 + Boscd 1 (TH1) < a(llp — Pyl + Bosci(TH)),
whence, if Co == ||p — Pol|, + Bosc} (T°),
Ip — Pell, + Bosci, (TFHY) < Coak — 0, & — oo
Proof. We use the notation e, := p — P, and Ej, := P41 — P,. We first employ

the upper bound (3.1) and the marking (3.4a) for the estimator, which results in
the lower bound (3.6) and allow us to write

C c
llexlll, < Cuni(T*) < g ni (T) < o (KBl + 056 (T1).
est est




Design and Convergence of AFEM in H(div) 1857

2
est

2 2
IExllg > Allexllg — osci (7). (4.1)
We rewrite (3.5) for a constant § € (0,1) to be chosen later as
2 2 2 2
les+illa = llexlla = o IExllg — (1 = 6) Bkl -
Now, replace ¢ |||Ek|||52) via (4.1) to obtain
2 2 2
lews112 < au llexl?, + S5 (T4) — (1 - &) Bl (42)

with oy = 1—0A < 1. We multiply the oscillation reduction (3.7) by 5 := (1—9)/Cj
and add it to (4.2) to remove its last term:

leksll + Boscdy, (TH1) < a lel2 + (557 + p)Foscd (T*).
For any as € (p,1) and § = (az — p)/(C3 + az — p) € (0,1) we have
B+ p=035(1-8)"" +p=0n

Defining the constant A := 65, C2/C; we convert the above expression into

and thus
Ip — Prsalls, + Bosciyy (TF) < a [lp — Prllg, + a2 Bosci (TF)

with ap = 1 — 62,Ca(az — p)/(C1(C5 + aa — p)). The theorem now follows upon
taking o = max{ay, as}. m|

5. A Posteriori Error Estimate and Oscillation Reduction

We now derive (3.1), (3.6), and (3.7) for d = 2, which are the key estimates to
prove Theorem 4.1. Before doing this, we introduce some notations related to the
triangulation 7% that is hereafter used for d = 2, 3.

Let VF ¢ H'(Q) be the space of piecewise linear finite elements over 7%, i.e.
piecewise linear functions. The set of sides (edges/faces) of 7* is denoted by S* and
we split S¥ = SF U Sk U SE,, into interior sides, sides on L., and sides on [yat,
respectively. The skeleton ¥ of 7% is the union of all sides, i.e. ¥ = Usesk o

Associate to a side o € S* a unique unit normal vector v. In 2d, 7 denotes the
unit tangent vector such that the determinant of the matrix [v, 7] is bigger than
zero and O, is the tangential derivative of a function ¢ € Hl (o). If o € SF, is
an interior side then w, is the union of the two adjacent elements 1,75 € 7%, and
[v],, is the jump of the quantity v across o, i.e. [v], = v|p, —v|7,, where the normal
associated with o points from 7} to T. For a boundary side o € S¥ U Sk, we
denote by w, = T the element T' € 7" containing the side o.

Finally, we denote by hi € L>°(Q2) the piecewise constant mesh density function

defined by hgjp = |T|1/d for all T € T*. We abuse notation and use the same
symbol hy € L(Xy) with hije = |wa|1/d for 0 € Sk

int*
on denotes lower or equal, up to a constant only depending on the shape-regularity

of 70,

The symbol < used later
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5.1. Approxzimation in H(div)

A basic ingredient for a sharp a posteriori error estimator is an optimal interpolation
operator relying on intrinsic regularity only. To avoid a convexity assumption on
Q, we resort to a quasi-Helmholtz decomposition of q € Q,. We shall write q as
a sum of a “smooth” vector field and a curl of an H' function with curl ) =
[~ 0u,, 02,07 and ot q = O,,q1 — Ox, g2 being its adjoint. Both parts will be
approximated separately.

Lemma 5.1. (Quasi-Helmholtz decomposition) Let Q@ C R? be a bounded and
connected Lipschitz domain such that Tt s connected.

Then for all q € Q, there exist ® € H&,Fess (;R?), d.e. @ has zero trace on e,
and 1 € HY(Q) with ¢ = ¢; € R for all connected components T, of Tess such that

q=®+curly nQ and [VB|la, [Vella < Cllallg- (5.1)

Proof. Suppose that I.¢ # 0. Since 9 is Lipschitz, given x; € I.¢ we can find a
coordinate system and a rectangle O aligned with it and centered at x; such that
[at intersects O in the vertical sides and O does not intersect [ss. Consequently
QU O is also Lipschitz and connected.

Let ¢ be a smooth function with support on O\ such that

/ 5:/divq,
0\Q Q

whence u := divq — J has mean zero. In view of Ref. 13 (Corollary 1.2.4) there
exists a vector field ® € H(Q U O;R?) such that
div@ =u and | ®llovo, [[VE/lavo < C lldlyq- (5.2)

where the constant C' depends on Q U O. If ® denotes the restriction of ® to Q,
then clearly ® € Hjp, (©;R?) and div® = divq in Q.

From (q— @) -v = 0 on [y, div(gq—®) = 0 in 2, and I},at connected, we deduce
{((q—®)-v,1)p: =0 for any connected component I' of Q. This is equivalent to
the existence of a stream function ¢ € H(Q), i.e. curly) = q — ® (Ref. 13, Theo-
rem 1.3.1). Since, q € Hor,,,(div,Q) and ® = 0 on L, we get for the tangential
derivative 0r1¢ = curly - v, = q- v, — ® v, = 0 on L. This in turn
implies ¥ = ¢; on any connected component I’ of Tegs.

The bound for ® is a consequence of (5.2), whereas the bound for ¢ results from

IVl = [leurlyfo < lafo + [®lle < Cllallgy.q -

The case T'ess = 0N is simpler because now div q has mean zero and the above
proof works without any auxiliary function §. |

On the basis of the quasi-Helmholtz decomposition q = ® + curlvy of Lemma
5.1, we now construct an approximation Qy of q with suitable approximation prop-
erties. To this end, let IT} be the RT(, respectively BDM; interpolation operator, i.e.

niQy N L (4 R?) — Qf
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for some s > 2 (Ref. 5, p. 125). It satisfies for all functions ® € H'(Q;R?)
(® -T'®) - v,0)y =0 YvecP(o) and ocSF, (5.3a)
1hi 1 (® = TIE®) | o2y < VR0 (5.3b)

see Ref. 5 (Sec. 1113, p. 127 and Proposition I11.3.6). If Zy: H*(Q) — V* denotes

the Scott-Zhang interpolation operator such that for any connected component I'’

Yp=c;€R onll = Tph=c¢; onTl,.
We recall the local approximation property for all 1 € H'(Q):

b (W = Tet)l L2y < IV, (5.4)

see (Ref. 22, Theorem 4.1). It is easy to check that curl Z;1) € Q" holds.
Using the quasi-Helmholtz decomposition for q € Q; we now define an approx-
imation Qj to q via the I} and 7j, interpolation operators.

Lemma 5.2. (Approximation in H(div)) For q € Q, let @ = ® + curly be the
quasi-Helmholtz decomposition of Lemma 5.1. Let ® := II}® be the RTy, resp.
BDMy, interpolant of ® and p;, := Iyyp be the Scott-Zhang interpolant of ¢ and
define

Q. := @), + curlyy, € Q.

Then, ¥ —p, =0 on Legs and for §® := & — By, and 0¢ := ¢ — P, we have the
(local) interpolation estimates

_1

by 0@ o + |7y, 26@]s, < IVR]a < lallgv.o (5.5a)
_ 1

b 5l + 1y, 26 )ls, < IVYlla < llallg.q - (5.5b)

Proof. The approximation properties are a direct consequence of (5.3b) and (5.4),
in conjunction with a scaled trace inequality and (5.1). On each connected compo-
nent I' C [ess we have ¢ = ¢; € R and thus by construction 1) — Zx1) = 0 on Tu.

Furthermore, curl Z;% - v = 0, Z;%) = 0 on any I\ which yields curl Z,%» € Qk. O

5.2. Error representation

We now derive a representation formula of the error e, = p — Pg. Recall the
definition of the right-hand side F' € Qf from (1.3a) together with its regularity
properties collected in (1.3b). Consider a decomposition q = ® + curl+y € Q, with
® € Q, and ¥ € H'(Q), ) = 0 on Iess. Then the error-residual relation reads

aler,q) = aleg, ® + curly) = F(® + curly) — a(Py, P + curly)
= <f2 — APk, ® + curl L/J>Q — <f1 + div Py, div ‘I)>Q
+ (9, (® + curly) - v)p, .,
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thanks to divcurly = 0. We split terms related to ® and curly and integrate
element-wise by parts, the terms involving div ® and curl ¢). We employ the bound-
ary values ® - v, =, =0, to obtain

a(er,q) = Y (Vfi +f, — APy + Vdiv Py, @)1

TeTk

= D A+ AVPL® v+ Y (g (fi+divP), - v),
oeSk, oeSk,,

+ > (rot(fy — APL), b)r + > ([(f2 — APy) - 7], )4
TeTk oeSE,

+ ) (Org+ (2 — APy) - 7,1,
oc€SFk

nat

Defining elementwise and edgewise residuals to be

Ryjp=Vfi+f— AP, +VdivP,, TeT"

— [[fl + div Pk]]g (S Smt’

Jk|a =<0 o€ wa
— (f1 +divPy) oSk,

T = rot(fy — APy) TeTk,
[(f, — APy) - 7], o€ Sk,

jklo. = 0 o c Stii’
0-g+ (fo — APy) - T oec Sk,

We deduce the error representation

a(p — Pr,q) = (Ri, @)oo + (Ji, @ - V)5 + (11, V)0 + (ks ¥)sy (5.6)
where q = ® + curly € Q, is decomposed into ® € Q, and ¢ € H(Q) with
Y., = 0. Moreover, if q € QE™, then (5.6) yields

a(Pry1 — P, q) = (Ri, ®)o + (Ji, @ - V)s, + (e, ¥)a + Uk, V)=, (5.7)

thanks to Galerkin orthogonality a(p — Prx+1,q9) = 0. We note that (5.6) is the
starting point for proving the upper bound, whereas (5.7) leads to the discrete
lower bound. This is achieved in the next two sections.

5.3. Upper bound

We now use the error representation (5.6) in conjunction with Galerkin orthogo-
nality and the approximation properties (5.5), to derive the upper bound.

Theorem 5.1. (Upper bound) Let p € Q, be the solution of (1.4) and let Py € Q
be the discrete solution of (2.1). For T € T* define the local error indicators

1 - 1
e (T) = MRl + 10 (Jk = T3z + Nhwrell7 + 127 g3, (5.8)

where Jy|, is the Ly(c) projection of Ji|, onto P"(0) for o € S*.
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Then, there exist a constant C; > 0, only depending on the shape-reqularity of
7° Q, and 1/c,, such that the following a posteriori error estimate for the true
error holds

Ip = Pells, < CLnf(T*) = C1 > ni(T). (5.9)
TeTk

Proof. Define e, := p — P, and let e, = ® + curly be its quasi-Helmholtz
decomposition by Lemma 5.1 and let Qi = ®;, + curle,, be its approximation by
Lemma 5.2. Now, set q := e, — Qi = 0@ + curldy := (® — ®;) + curl(yp —vpy,) €
Qy, where 6® € Q, and d¢» € H'(Q) with §¢) = 0 on L.

By Galerkin orthogonality a(ey,er) = a(eg,er — Qi) = a(ex, q) and thus (5.6)
implies

lexll, = aler, @) = (Ri, 0®)q + (Ji, 0@ - V)5, + (rk, 6o + (ik, 50)s, -
Property (5.3a) of the RT(, respectively BDM] interpolant ®;, of ® and definition
of Jy yield (Ji,d® - v)s, = (Jp — Ji, 6® - V)5, . Hence,
llexlle, = (R, 6@)q + (Jk = T, 0% - ), + (re, 0) + (i, 68)s, -

Invoking Cauchy—Schwarz inequality we infer that
2 _ 1 = _1
llexlle, < ImRellllny 5@l + 187 (Jx — Ji)lls, 7y 202 |lx,
L _1
+lherkllelhy ' dvlle + 1Akl lIhy * 6¢ s,

All terms involving §® and 0¢ can be estimated by ||ex|| 4, o, Using estimates (5.5a)
and (5.5b) of Lemma 5.2. The asserted upper bound (5.9) then directly follows from
lexllg.q < ca'’? lexll and definition of 7, (7%). O
Remark 5.1. (Jump residuals) Let o € S¥, be a side such that o ¢ og for any
o9 € 82,. Consequently, we get [f1], = 0 whence J, — J; = 0 on 0. Similarly, for
such o we have j, = — [AP;], . Especially, for fi € H'(Q) or f, € H(rot; ) we
have Jj, — Ji, = 0, respectively, j, = — [APy],_ for all 0 € SE,.

5.4. Local lower bound

We now establish a (discrete) lower bound for the error Pri1 — P upon taking
advantage of properties of discrete bubble functions. These functions are piecewise
polynomials on the refinement 7%+ of 7%, We start with a crucial geometric result.

Lemma 5.3. (Discrete Bubble Function) Let T' be a triangle that is bisected 2%
times as depicted in Fig. 3. Forn = 0,1 let B"(T') be the Raviart—Thomas space of
order n over the refinement of T with zero normal trace on OT.

Then for all polynomials q € P™(T;R?) of degree n there exists a bubble function
b € B"(T) such that

lallZ < (a,b)r and bz < [lalr, (5.10)

where the constants hidden in < only depend on the aspect ratio of T.
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Fig. 3. Raviart-Thomas basis functions for 2 bisections of the reference element 7'. (a), (b):
nodes of RT? basis functions {®;}?_, assomated with boundary DOF's f ®Tv; =1 for the given
normals v; to edges ;. (c): nodes of RT! basis functions {®;}5_, assoc1ated with the interior
DOFs fTi ®7Te; =1 in each sub-triangle T; of 7. Both (a) and (c) are used in Lemma 5.3, whereas
(b) is a counterexample (see Remark 5.2).

Proof.
1. For the reference triangle T depicted in Fig. 3, we show below that for all q €
P"(T'; R?) there exists a b € B"(T") with

léll3 = (@, D)z, and bl < [léll;- (5.11)

Let F:T — T be invertible and affine and denote by 2 := |DF|_1/2 DF a scaled
Jacobian of F. Then

Nmin|a1% = Amin / {4 < / GTAA TG = AT < A2
T T

forall q € IP’"(T; RQ), since the eigenvalues Apin, Amax Of the positive definite matrix
A1A-T are of order 1 and only depend on the aspect ratio of T'.

For q € P™(T; RQ) let b € B"(T") be the bubble function of (5.11) associated to
q:=A"qo F € P"(T;R?). Then holds

. ST ot 1
|DF| lallz = 2~ "al% < lal3 = (@ by = (A "a,Ab); = W@l, b)r
for b :=Ab o F~! being a scaled Piola transformation of b. The Piola transfor-

mation preserves degrees of freedom of Raviart—Thomas elements and hence b e
B"(T) implies b € B"(T); see Ref. 5 (Sec. III.1, p. 98). On the other hand,

bz = b3 < lalf < 12T al% =

which implies (5.10). It remains to show (5.11) which we do next.
2. In order to simplify notation set 7' := T'. Let {&,}!_, be a basis of P"(T;R?),
define the mass matrix 9 = [(&;,&,)7]] j—;, and write

I
a=> ¢& andset Q:=q,...,q/]"
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Below we construct {®;}/_, € B"(T) such that the matrix B = [(&;, ®;)7]] ;—; is
invertible. If we define

I
b=> b® withB=[b,....,b]" =B 'MQ,
=1

then b € B"(T) satisfies (5.11) since ||q[|% = QTMQ = QTBVBB = (q,b)r
and invertibility of % together with equivalence of norms on P"(7;R?) and
B"(T) implies ||bllr < ||a||7- Next, we prove that it is possible to construct an
invertible 9.

3. For n = 0, let ®; be the Raviart-Thomas basis function associated with
the interior edge o;, for i = 1,2, with the orientation plotted in Fig. 3(a). For
¢ =e; =[1,0/7 and &, = ex = [0,1]T, B is explicitly given as

1[ 11
%_6[4 J'

For n =1, let {®;}%_, be the Raviart-Thomas basis functions associated with
the interior DOFs in the sub-elements T3, 7 = 1,...,6, as depicted in Fig. 3(c). If
{&,;1%_, is the canonical basis of P}(T; R?), namely e, e2, re;, res, ye1, yes, then
B is given by

0 60 0 26 1 15]
60 0 15 —1 4 0
1 | —60 60 —42 40 —1 12
T120|-60 60 —12 1 —40 42

0 —60 0 —4 1 —15
60 0 —15 —1 26 0

We have |B| = % for n = 0, respectively, |B| = ﬁ for n = 1, and thus step 2

implies the assertion. O

We are now ready to define for T € 7% and o € S* several oscillation terms,
where we use the same symbol 7} in different ways, depending on n and its
argument. For RT" we denote by Rk|T := 7 Ry the L%-projection onto either
P"(T;R2) for n = 0,1 or onto RT"~*(T) for n > 2. For BDM", we denote by 7} Ry |7
the L2-projection onto P°(T; R?) for n = 1 or onto BDM"™ (7)) for n > 2. For all
n >0, let 7 p := m}rE 7 be the L2-projection onto P*(T') and let Jk|o = T Jk|s De
the L2-projection onto P"(c). The oscillation indicator for 7' € 7" is now defined
to be

osci(T) = |he(Ri — Ri)||7 + [|BZ (Je — Ji) 130

|

(e = 7)lI7 + g G = T I (5.12)

We first prove a discrete lower bound for the Raviart—Thomas discretization.
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Theorem 5.2. (Discrete local lower bound for RT") For n > 0 consider the
Raviart-Thomas discretization Q¥ = RT"(T*) and let Py € (@0+1 and Py € QF
be two consecutive solutions of (2.1).

Then, there exists a constant Cy > 0, only depending on the shape-reqularity of
T°,Q, and C,, such that for all T € T* satisfying the Interior Node Property (3.2)
we have

Coni(T) < |Pur1 — Pyl + osci (wr), (5.13)

where wr is the union of the elements in T sharing an edge with T.

Proof. We split the proof into three steps to account for the residuals Ry, 7, 7k
Let o7 and ¢, be the piecewise linear basis functions over 75! associated with
the interior nodes of T, respectively o C 0T, and set Ey := P11 — Pg.

1. Interior residual Ry. Let b € B"(T) be the bubble function for q = Ry
according to Lemma 5.3 if n = 0,1, or b = ¢7rRy, for n > 2. After extending b
by zero outside T we see that b € Qkﬂ, since T' was bisected at least 2% times.
Invoking (5.10) for n = 0,1 or the fact that ¢ > 0 in 7' is a piecewise polynomial
we obtain

IR%||% < (Ry,b)r = (Ry — Ry, b)r + (Ry, b)r = (Ry — Ry, b)r + a(Ey, b),

where in the last step we have used (5.7) with g = ® = b. Combining the Cauchy—
Schwarz inequality with an inverse estimate, we have

IRx |7 < (IRx = Rallz + hz' [Exfl7)[Ibllz

with hp = hyp. Since ||b||r < [|[Ri||7, either as a consequence of (5.10) for n. = 0,1
or by direct computation for n > 2, we deduce

IR lF < N7 + 17k (Ri: = Rl

The same estimate holds true for all adjacent elements in wrp.

2. Interior residual Tr,. The function v := T € H(T) is a piecewise polyno-
mial of degree n+1 on the refinement of T, hence curly € QISH. Using q = curly
in (5.7) and employing standard scaling arguments together with 0 < pp < 1 we
get

176l < (P )1 = (P = 18, )7 + (s ) = (P = 7, )7 + @By, curl )
_ — 2 _
< (e = el + bt IEkll7) |7 7.
We thus deduce for T as well as the adjacent elements in wp

el 7 < WERlT + [l (P — 7217 (5.14)

3. Jump residual 7;. Let ¢ € S* be a side of T', and extend 7, constant along the
normal to o so that J; € P"(w, ), where we recall that w, is the union of the elements
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containing 0. We set ¢ := Jrp, € H}(w,) and observe that q = curly € QISH is
an admissible test function in (5.7). Arguing as before, we arrive at

17615 = (ks ¥)e = (i = Jis ¥)o + a(Bi, curly) = (re, 1),
< 17k = dkllollzelle + (A 1Bkl + o, )17k lw, -

1
Finally, the inverse estimate ||Jx||w, < h3|/Jk|lo, together with (5.14), yields

1 .
Hh Jellor < NEkll,,. + 1hk(Pr — 1) lor + (1A Gk — dk)lloT-

This completes the proof. O

Remark 5.2. (Order of oscillation) The Ly projection of Ry onto RT™1(T) is
of order n — 1, whereas the Lo projection onto P"(T’; R?) is of order n. Hence, the
oscillation term ||hx(Ry — Ri)||q is generically of higher order than the estimator
for n < 1 but not for n > 2. Convergence of AFEM is still granted for all n € Nj.

Using a projection onto P™(T;R?) for all n would need a generalization of
the crucial Lemma 5.3 to any n € Ngy. The proof hinges on showing that the
matrix 9B is invertible. A counting argument yields N = dim P*(T; R?) < dim B”( )
which suggests that one always can choose functions {®;},=1 . n C B"(T) for
constructing an invertible matrix 8. However, this simple counting argument does
not imply the existence of such b. Indeed, even for n = 0 choosing ®,, ®, € B® (T)
as depicted in Fig. 3 (b) leads to |B| = 0. This explains our explicit construction
of b € B"(T) for Ry € P*(T;R?) if n = 0,1 and the use of the general approach
b = ¢orRy € B*(T) for Ry € RT" (T if n > 2. This construction is even more
useful in 3d; compare with Sec. 7.4.

The other oscillation terms for RT" as well as all oscillation terms for BDM"
are generically of higher order.

Corollary 5.1. (Discrete local lower bound for BDM") For n > 0 consider the
Brezzi-Douglas—Marini discretization Q¥ = BDM™(T*) and let P, € QX! and
Py € QF be two consecutive solutions of (2.1).

Then there exists a constant Cy > 0, only depending on the shape-reqularity of
T°, Q and C,, such that for all T € T* satisfying the Interior Node Property (3.2)
we have

Comi(T) < |Pir1 — Pell2, + o5 (wr). (5.15)

Proof. For n = 1 we observe RT’(T) ¢ BDM'(T) and thus for constant Ry, the
explicit construction of the discrete bubble b € RTY(T") ¢ BDM'(T') in Lemma 5.3
is valid in this case, too. For n > 2 we use the general construction as for RT", i.e
b = prR; € BDM"™(T). The other terms are estimated as above. |

Corollary 5.2. (Local lower bound) Let p € Q, be the solution of (1.4) and let
P, € QF be the discrete solution of (2.1).
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If Cy is the constant from Theorem 5.2, respectively Corollary 5.1, then we have

Conf(T) < llp — Pill?, + osci(wr) YT €T".

Proof. It suffices to observe that for all T € 7" the test functions used in the
proof of Theorem 5.2 and Corollary 5.1 are admissible test functions in (5.6). The
claim follows by using (5.6) instead of (5.7) for all T € T*. O

Remark 5.3. (Discrete global lower bound) The refinement procedure REFINE
assures the Interior Node Property (3.2) for all elements 7' € 7.%,. Adding (5.13),

est-
respectively (5.15), over all elements of 7%, , using the finite overlap of the patches

est»

wr, and setting Cy := Cy/4 we end up with
Com(T5) < IPug1 — Pllg + 05k (T%) < [Ip — Py, + osci (T5),
where we have used ||Py41 — Pi||, < [[p — Px|l, by (3.5).

5.5. Oscillation reduction

For T € T* the oscillation indicator oscy(T) is defined via local projection opera-
tors 7 that are not invariant in the space RT"™(T'), respectively BDM™(T'). This,
together with the fact that the matrix A is variable within T, and may exhibit
discontinuities across 97", leads to a solution-dependent oscillation. The same situ-
ation occurs in Ref. 17 and, therefore, we will follow a similar approach in the study
of oscillation reduction. The crucial quantity in our analysis is the local mesh-size
reduction factor

1 _1
A o= max{|| b1 byl ) 1y by 2 lowom} <1, YT €T (5.16)

As a consequence, Ay < 1 for all T € TF* that are bisected at least once and
M <A< 1forall T € TX,, where A depends on the minimal number of bisections
applied to T € TX

osc*

Lemma 5.4. (Local oscillation bound) There exists a constant C3 < oo solely
depending on the shape-regularity of T°, C, and the element-wise WL -norm of A,
such that for any 6 > 0 and all T € T* holds

osci_H(T) < (1+0)A\2 osci(T) +(1+6HC3||Pry1 — P |||iT ) (5.17)
Proof. Welet Ej := Pj.;1 — Py and denote by Ry any of the residuals Ry, Ji, r or

jr. Given T € T*, let Rj41 be defined over a set K’ C T that is either an element
T € T+ or a side o/ € S¥*1. We can write on K’

Rit1 = TRt = R — iy Ric + (L — m41) (Rie1 — Rie)-

We examine the two terms on the right-hand side separately, but first note that the
norm of I — 7!, | as a linear operator in L?(K’) is bounded by 1, whence

[Rir = 7 RicsaBer < (L 4+ O Ri — 7 a Rillder + (146~ Ricss — Rl
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where § > 0 is entering by Young’s inequality. To deal with the first term, we recall
that 7, ; Ry provides the best L?-approximation of Ry, over the set K. Therefore,
given K € 7% (or S*) and a partition of K into elements K’ € TF*! (or SF1),

and using definition (5.16) of A we deduce with v =1 (or %)

100y (R =mia Rillze < M D 10 (Re = mf Rl = N [P7 (Roe = 7 Ra) 1 -
K'CK
For the second term above, we show that R+ — Ry is proportional to E; and its
derivatives. We study each residual separately, starting with Rj;. We have
Rk+1 — R, = —AE; + Vdiv Eg,
whence, utilizing an inverse estimate on 77 € T*+1, we end up with
[k 1 AE |77 + ([P a Vdiv Eg 7 < [[AEg[|72 + [|div Eg[| < [[Egl 0 -
A similar argument applies to 1,11 — 1, = —Tot(AEL) = —rot A - E;, — A : curl Ey

lhks1(Trsr — i)l < 1Bkl -

To analyze the jump residuals, we take o/ € S¥*! and let w, be its patch in
THHL. Setting Ji = jr. = 0 on ¥j41\ g, an inverse inequality finally yields

1 1 . .
1P (Terr = Ji)llor = 17y [divER] [lor < [[div Egllo,, < 1B, , »

as well as
P ) 1
1P 1 Gt = Gi)llor = 1Py [AEx - T o < [1Eklle,, < BRI, , -
This proves (5.17) regardless of whether 7' € 7% has been refined or not. O

Corollary 5.3. (Oscillation reduction) Let 751 be a refinement of T* where all
elements in T, are bisected at least once. Let Py € QF and Pyy1 € QT be the
discrete solutions of (2.1). Then there exists a constant p < 1, depending on Oosc
and the mesh-size reduction factor A < 1, as well as a constant Cs, depending on
the shape-regularity of T°, C, and the element-wise WL -norm of A, such that

0841 (TFH) < poscd (TF) + C [|Prst — Pel5, -

Proof. We observe that \p < A< 1forall T € 75 and A\p < 1 for all T € TF.

osc

Hence, for E; := Pr11 — P, and any 6 > 0 we obtain by Lemma 5.4
0s¢i 4 (TH) < (146) Y Aposei(T) + (1+67)Cs > |ExZ, -
TeTk TeTk
By virtue of Dérfler’s marking for oscillation (3.4b), we arrive at
Z )‘T Obck < )‘2 08Ck, (7(-31;3) + oscg (Tk\ osc)
TeTk
— (A2 = 1) osc2(T,) + 05eX(TF) < (1 — 62,(1 — A2)) 0sc2(T5).

Since 1 — 62..(1 — A?) < 1 we now can choose § sufficiently small such that

pi= (14 0)(1 - 62, (1 - N) < 1



1868 J. M. Cascon, R. H. Nochetto €& K. G. Siebert
The assertion follows upon realizing that » ..« |||Ek|||iT <4 |||Ek|||?27 because of
the finite overlap of patches wr, and finally taking Cs := (1 + 6~ 1)4Cs. O

6. Numerical Experiments

In this section we present some numerical examples which corroborate the conver-
gence of AFEM, quantify the role of oscillation, and exhibit an optimal convergence
rate; the latter will be proved in Ref. 9. The experiments have been performed with
the finite element toolbox ALBERTA using refinement by recursive bisection.?! We
have implemented RT?, RT!, and BDM'. The finite element space on an element
T is realized by a function space on a reference element T, and the Piola trans-
formation from 7' to T. Furthermore, the multigrid solver described in Sec. 6.1
for RT", the estimator 7;,(7%) and oscillation term oscy(7*) defined in Sec. 5.2
are implemented. Procedure MARK uses 05t = 0osc = 0.4, and procedure REFINE
sub-divides all elements 7' € 7%, as well as all direct neighbors 7" of T' € T, by
creating all grandchildren of 3rd generation. This implies the interior node property
(3.2) for all T € TX

est-

6.1. Multigrid preconditioning

The efficient solution of the linear algebraic system arising from (2.1) is not straight-
forward. This difficulty is usual in mixed finite element methods. The development
and theoretical justification of fast algorithms for solving such problems have been
studied recently.?'* In our case, to solve efficiently the system associated to the
operator £ := A — Vdiv, we use a CG preconditioning with a V-cycle multigrid
developed by Arnold et al. Although theoretically only justified for quasi-uniform
triangulations, this method seems also optimal for highly graded meshes, i.e. the
number of iterations remains bounded as the number of DOFs grows as long as the
coefficient matrix A is quasi-monotone, see Ref. 12. The situation for a checkerboard
pattern is much less clear and we refer to Sec. 6.3.

The V-cycle multigrid is defined using an additive Schwarz smoother based on
solutions to local problems on finite element stars, i.e. the union of all elements
meeting at one mesh vertex. For graded meshes, we introduce the following defini-
tion of multigrid levels M7, associated with the nested sequence of meshes {7%};>0
constructed by the refinement process: each element 7' € 7" is assigned a level £(T"),
so that

(T):=0 fTeT® and 4T):=0T')+1 ifT is child of T".
The multigrid levels are set to be M? := 70 and
MI = {T : {(T)=j}U{T : 4(T) < j and T has no children}.

Note that M7 is a triangulation of Q for all j and that, in general, the multigrid
level M/ is different from 77. The smoother of the V-cycle multigrid in the level
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j is defined as a scaled sum of solutions to the restriction of the discrete problem
(2.1) to the star at each vertex of M7. On the boundary of a star we use essential
boundary condition p - ¥ = 0, except where the star’s boundary coincides with the
domain boundary and then the boundary condition of (2.1) is applied.

6.2. Example 1: L-shaped domain

Let Q@ = {|z| +]y| <1} N{x <0 or y > 0} be an L-shaped domain, and p := A~ u
the solution of (1.1) where

260 r?

0: 2‘. e _ —

u(r, 6) r351n<3) T
A=1, fi=1+u, f2=0, g=u, 9IN2=1Ia,

and (r,0) denote polar coordinates. Note that u is the solution of the elliptic equa-
tion —Au =1 in .

We solve the problem for both RT? and RT'. The optimal error decay in terms
of the degrees of freedom (DOFs) can be appreciated in Fig. 4. In both cases,
oscillation is a higher order term and plays a minor role: The number of elements
marked by oscillation is insignificant (always less than 10).

We solve the linear system arising from (2.1) using RT? by means of PCG with
the multigrid preconditioner of Sec. 6.1. We emphasize that in this case the number
of iterations of PCG remains bounded as the number of DOFs grows [see Fig. 6(a)],
and thus indicates that the theory in Refs. 2 and 14 extends to graded meshes.

6.3. Example 2: Discontinuous coefficients

We deal with Kellogg’s exact solution of the elliptic problem!®
—divA™'Vu =0 inQ, u=g¢g on 0f, (6.1)

with A piecewise constant in sectors with a vertex at the origin. In particular,
we consider the checkerboard example presented by Morin et al. in Ref. 19, where
Kellogg’s formulas are written for Q = (—=1,1)?, and A = a; ' I in the first and the
third quadrants, whereas A = a; 17 in the second and the fourth quadrants. An
exact solution of (6.1) is given in polar coordinates by w(r,0) = r7u(6), where 1(6)
is a smooth function depending of §. We choose p := A~ 'u to be the solution of
(1.1) with the following parameters and data

~v=0.25, a; =25.27414236908818, as =1,
fl = u, fQZOv g=1u, Fnatzagv
and employ RTY. The checkerboard pattern is the most demanding configuration

in terms of regularity and multigrid performance. Multigrid seems to be sensitive
to the jumps of A because the number of PCG iterations for RT" increases slightly
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Fig. 4. L-shaped domain: Error, estimator 7, and oscillation oscy, for (a) RT? and (b) RT!. The
optimal error decay is evident as well as the fact that oscillation is of higher order.
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Fig. 5. L-shaped domain: Comparison of meshes generated by (a) RT® and (b) RT! with approx-
imately the same error ||p — Py ||, &~ 1072,

as the number of DOF's grows; see Fig. 6(b). Iterations of PCG are rather stable
in the quasi-monotone case, in agreement with theory.'?> On the other hand, AFEM
exhibits an optimal convergence rate, as documented in Fig. 6.

6.4. FExample 3: Crack domain

Let Q = {|z| + |y| < 1}\{0 <z <1,y = 0} be a domain with a crack, and let p be
the solution of (1.1) with

fl =0, fo = 1, aQ:]-—‘ess~

We use AFEM with RT' [Fig. 8(a)] and BDM" [Fig. 8(b)], for which there are
geometric singularities in each corner of Q. For RT! we perform experiments with
oscillation of the same order as well as of higher order than the estimator, i.e.
L? projection of Ry |7 onto RT(T), respectively P'(T;R?); see Remark 5.2. The
adaptive method is insensitive to the order of oscillation because the estimator is
similar in both cases for the same number of DOF's; see Fig. 8(a).

7. Extension to Three Dimensions

In this section, we extend convergence of AFEM to 3d. The main changes are related
to the fact that the quasi-Helmholtz decomposition q = ® + curl ¥ in 3d hinges
on a vector potential ¥ € H'(Q;R?). Since this influences the a posteriori analysis
only slightly, the most important change is a 3d version of Lemma 5.3. We will only
comment on the changes.
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3| —e— Error

10° , N .
—sv— Estimator ~
——CDOFs™? ~.
—*—Osc TS <

| —¢ DOFs™
10' L L L
10’ 10 10° 10*
DOFs - RT?
(a)
30
251 .

20 b

10f .

Number of iterations of PCG

5 L -
—o— L-shape domain
—+&— Discontinuous coeffs

0 . . .

10’ 10° 10° 10" 10°

DOFs - RT®
(b)

Fig. 6. (a) Discontinuous coefficients: Error estimator n;, and oscillation oscy, for RT?. (b) Num-
ber of iterations of PCG versus the number of DOF's. The number of iterations remains bounded
as the coefficient matrix A is the identity (Example 6.2: L-shape domain) but appears to grow
linearly as the matrix A exhibits a checkerboard pattern (Example 6.3: Discontinuous coefficients).
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() (d)

Fig. 7. Discontinuous coefficients: Adaptive grids for 14th iteration (10,524 DOFs): (a) full grid,
(b) zooms to (1072,1072)2, (c) (10=%,10~%)2 and (d) (10~5,1075)2.

7.1. Approxzimation in H(div)

For the quasi-Helmholtz decomposition, define
curl ¥ := VXxW:= [87"21/)3 - a.’l)g¢2) 6:1:31/)1 - ar1¢3; 8:1:1¢2 - amgwl]T-

The arguments of Lemma 5.1 are also true in 3d. However, in this case the boundary
condition of the vector potential ¥, namely curl ¥ - v, = 0, does not permit
to choose ¥ constant on [ss. To circumvent this problem we now pose stronger
assumptions on ). Even though the following result can also be found in Ref. 14,
we state here a more constructive proof suggested by Girault.
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10° | .
10"k 1
10} 1
10°F ;
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—#— Osc2
- - -CDOFs"
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10- L L L
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10° b 5
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Fig. 8. Crack domain: Estimator 7, and oscillation oscy, for (a) RT! and (b) BDM!. For RT!, we
have solved the problem using oscillation of same order as the estimator (Estimatorl, Oscl) and
oscillation of higher order (Estimator2, Osc2). Oscillation does not play a significant role in AFEM.
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Lemma 7.1. (Quasi-Helmholtz decomposition in 3d) Let © C R? be a bounded
Lipschitz domain that is topologically equivalent to a ball and assume Iy, = 0.

Then for all q € Q, there exist ®, ¥ € H}(Q;R?), i.e. ® and ¥ have vanishing
trace on 02, such that

q=®+curl¥? inQ and [Ve[lo, V(o < Cllallgy.o- (7.1)

Proof. We first observe that ¢ € Q, implies (divq, 1)q = 0. Since €2 is connected,
this implies the existence of a vector field ® € H}(Q;R3) with

dive =divg nQ  and [l |V]o < fala.o; (7.2)

see Ref. 13 (Corollary 1.2.4). We now consider a ball B such that Q is compactly
contained in B. We define v € H(div, B) as

V::{q—{) in €,

0 in B\Q. (73)

Then from Ref. 13 (Theorems 1.3.4 and 1.3.5) there exists ¥ € H!(B;R3) with
W . v =0 on 0B such that

v=curl¥ and div¥ =0. (7.4)

Function ¥ satisfies curl & = 0 in B\Q and since ) is topologically equivalent

to a ball, B\Q is simply connected, and thus from Ref. 13 (Theorem I1.2.9) there

exists a function 8 € H?(B\Q) such that ¥ = V3. Using Calderén’s extension

(Ref. 6, Theorem 12), Ref. 23 § can be extended to the interior of €, obtaining
s € H?(B) with

1aslz < IV E] pro. (7.5)

We now define ¥ := ¥ — Vs € H}(2,R?), since ¥ = 0 in B\Q. Finally, from (7.3),
(7.4), and definition of ¥ we obtain the quasi-Helmholtz decomposition (7.1),

q:(I)—i—curl\il:‘I'—i—curl\Il.

To conclude the proof we need to bound ¥ in terms of q. Since ¥ € H{ (2;R?),
(Ref. 13, Theorem 1.3.9) yields

IV}, < [leurl @[, + [|div @[3, = || — allg, + | As]|3, (7.6)

by (7.1) and div ® = div(¥ — Vs) = —As. By (7.2) the first term is bounded by
[® —dlle < [lallgy,o- For the second term we observe that ¥ - v = 0 on 0B is
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hence, from Ref. 13 (Theorem 1.3.9) and (7.5), we see that

« 2 & - 2
[As]& < VT < [leurl ¥[[F + [[div @[5 = [eurl ¥[F = [@ - qll§ < lalg.o
again invoking (7.2). The desired bound (7.1) for ¥ is thus proven. m|

Using the quasi-Helmholtz decomposition we construct an approximation Qy of
q € Qq by
Qi = @y + curl ¥y, =11} P + curl 7, ¥,

where II} denotes the natural interpolation operator defined for RT(, respectively
BDMJ, and Zj is the Scott—Zhang interpolation operator onto the vector-valued
piecewise linear functions over 7% with vanishing trace, defined component-wise.
By construction, curl ¥y is piecewise constant and for any side o, curl ¥y - v
only involves tangential derivatives of W,. Hence, the normal component of
curl ¥, is continuous across interior sides and 0 for boundary sides which implies
curl ¥, € RTY(7%) ¢ QF. The approximation properties of I} (Ref. 5, Proposi-
tion I11.3.6) and Z;, (Ref. 22, Theorem 4.1) allow us to prove the (local) interpolation
estimates
1
b (@ — @p)lle + 17, * (@ — @0)llze < lallivo (7.7a)

1

17y (2 = @)l + (12 * (¥ = )|, < llallgivq - (7.7b)

7.2. Error representation

Recall the definition of the residuals Ry and Jj in Sec. 5 and redefine ry and ji as
follows:

ry,r := curl(f2 — APy) T c Tk,
. I = AP x V], 0 €S,
e =0 o€ Sk,

We proceed as with the 2d calculations to derive the error representation
a(p — Py, q) = (Ri, @)o + (Ji, @ - V)5, + (v, o + (i, ¥)s, (7.8)

for any q = ®+curl ¥ € Q, with ® € Q, and ¥ € H}(; R?) which is the starting
point in the proof of the lower and upper bound.

7.3. Upper bound
We now define the error indicators as
1 _ 1.
(1) = [|PkReNT + 17 (Jk — T 3r + | harwll7 + 1BZ 3k 32,

where Ji, is the Ly(o) projection of Ji|, onto P"(o) for o € S*. Then (7.8), the
quasi-Helmholtz decomposition (7.1) in conjunction with Galerkin orthogonality
and (7.7) establish the upper bound

Ip = Pulle, < Ca(T").
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Introducing oscillation of .J;, — Jj, in the upper bound is possible by property (5.3a)
of II? in 3d; see Ref. 5 (Sec. IIL.3, p. 127).

7.4. Local lower bound

Similarly to the 2d situation of Lemma 5.3, the local lower bound for the low-
est order discretization hinges on the construction of a suitable bubble function
b € B(T) for given constant vector q. Let T be a tetrahedron that is refined three
times. Then for any q € R? there exists b € B(T'), i.e. RT" on the refinement of T
with zero normal trace, such that

lall7 < (a.b)r and  |b]r < [lalr-

The proof mimics that of Lemma 5.3. For the invertible and affine map F" T — T,
the scaled Jacobian is now 2 := |DF|71/3 DF. In 3d, the bisection of an element
depends on its type t € {0,1,2}.16:2! Therefore, we have to show invertibility of
B for the three corresponding refinements of the reference element T. Let & = e,
1 = 1,2,3, be the canonical basis of PO(T;R3) and denote by ®;, ®,, P53 the
Raviart-Thomas basis functions associated with three interior faces of the refined
T; see Fig. 9. The matrices By, t € {0, 1,2}, are now given as

1 10 0 1 00 2
%OZZ 0 0 1, %121 0 0 1], Bo=<|0
0 1 0 1 0 0

and the invertibility of B follows from |B;| = :|:6—14, t=0,1,2.

Moreover, the basis functions ®; have to be chosen properly in 3d, compare with
Remark 5.2. The most natural choice of ®; € B(T), i = 1,2,3, are the Raviart—
Thomas basic functions depicted in Fig. 10, which yield a singular matrix 8.

We use the same definition of oscillation terms except for R?I% where we let,

for conciseness, Ry, be the piecewise Lo projection onto RTg and use the bubble

= First bisection
= Second bisection
= Third bisection

@ Type 0 i Type 1 @ Type 2

Fig. 9. Refinement of the reference tetrahedron of type 0,1 and 2 with three bisections, and
nodes of Raviart—Thomas basis functions ®; associated with three interior faces. The orientation
of basis functions is such that ®; - [1,1,1]7 >0, i =1,2,3.
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oo

= First bisection

= Second bisection
= Third bisection

:
’ |

€T |

Fig. 10. Reference tetrahedron of type O refined with three bisections. Nodes and orientation
of Raviart—Thomas basis functions associated with three interior sides which generate a singular
matrix B. Therefore, these DOFs are inadequate to construct the bubble function b € B(T').

b := ¢rRy, for T € T*. With this modification the proof of the lower bound
Coni(T) < [Pryr — Pl + osci(wr)

is now the same as in 2d.

7.5. Oscillation reduction

The proof of oscillation reduction does not depend on the dimension. Consequently,
Lemma 5.4 and Corollary 5.3 are also valid in 3d.

7.6. Numerical experiment

Let Q be the L-shape domain shown in Fig. 11 and p := A~ the solution of (1.1)
with u(x) = u(z,y, 2) = a(z,y),

A=1 fi=14u, =0 g=u, 00 =T,

where @ is the solution of Example 6.2. We use AFEM with RT.

In this example, the discrete local lower bound for T € 7X, can be derived
with just five bisections of 7. No refinement of direct neighbors is needed. This
is due to the following observations: Using the RTY discretization, the element
residual Ry is controled via a bubble function b € B(T) relying on three bisec-
tions of T'. The bound for the second residual r; would need an interior node
inside 7', but in this example rp = curl(fz — Px) = —curl Py = 0; hence the
interior nodes inside 7" and its direct neighbors are not used. The estimate for ji
requires only nodes in the interior of all faces of T which are created by bisecting T’
five times.
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in the sixth iteration, with 281,148 DOFs.

Fig. 11.



1880 J. M. Cascon, R. H. Nochetto & K. G. Siebert

MARK uses again 0,sc = fest = 0.4, and REFINE applies five bisections for
T € 7%, and one bisection for T' € T%.. The optimal error decay is evident from

S osc*

Fig. 11. We also observe from Fig. 11 that the oscillation is a higher order term
with a minor role in the adaptive procedure.
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