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Abstract

Estimationof a sparsesignal representation,one with the minimum numberof nonzerocomponents,
is hard. In this paperwe show that for a nontrivial set of the input data the correspondingoptimization
problemis equivalentto andcanbesolvedby analgorithmdevisedfor a simpleroptimizationproblem.The
simpleroptimizationproblemcorrespondsto estimationof signalsundera low-spreadconstraint.The goal
of the two optimizationproblemsis to minimize the Euclidiannorm of the linear approximationerror with
an
���

penaltyon the coefficients,for ����� (sparse)and ���	� (low-spread)respectively. The
��


problemis
hard,whereasthe

��
problemcanbe solved efficiently by an iterative algorithm.Herewe preciselydefine

the
� 


optimizationproblem,constructan associated
��

optimizationproblemandshow that for a setwith
openinterior of the input datatheoptimizersof the two optimizationproblemshave the samesupport.The
associated

��
optimizationproblemis usedto find the supportof the

� 

optimizer. Oncethe supportof the��


problemis known, the actualsolution is easily found by solving a linear systemof equations.However
we point out our approachdoesnot solve the harderoptimizationproblemfor all input dataandthusmay
fail to producethe optimal solution in somecases.

Index Terms

sparsesignal,
� 


quasi-norm,
��

norm, optimization

I . INTRODUCTION

Considerthe following linear problem:Given ������� of the form

����������� (1)

estimate����� � where � is a given !#"$! invertible (complex) matrix and �%��� � is an interference
(noise) term. Obviously, when �&�(' the solution of this problem is trivially, �)�*��+-,.� . However, in
a practical setting �0/�1' and it may also happenthat � is ill-conditioned in which casethe inversion
becomesa problem.Two approacheshave beendevised to dealwith theseissues.

Oneapproachis purelydeterministicandaddressesmainly thecasewhen � is ill-conditioned.Themain
observation in this caseis that inverting � yields

� +2, �3���4�5� +-, �
which potentially amplifiesthe noise-like error in the data.The solution is then to minimize a criterion
containingtwo terms:one term that measureshow well � matches�$� without regard to the noiseterm
and a secondterm that penalizeslarge entriesin � which, potentially, are due to amplified noise.Thus,
the regularizedproblembecomes:

687:9;=<?>A@ ���CBD� , �FE � G (2)

where H , and H G are somenorm-like measureschosenmore often from a convenientalgebraic
computationpoint of view. One of the most popular choicesfor thesemeasuresis the squareof the
Euclidiannorm IJHKI , ILMI�� �NPO ,

Q R N Q G ,TS G , thus the problemcanbe statedas:

687U9 ;=<?> @ I.�$�CBD��I G �DE�IV�WI G (3)
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where E is a regularizationparameter. Choosing IJHKI G for H , and H G asin (3) resultsin theTikhonov
regularizationmethod[8]. Alternatively, andmoregeneral,onecanusethe following measure:

687U9 ;=<?>A@ IV����BD��I G �	E8I.�WIKZZ\[
]_^a`4b$c ' (4)

and
687:9 ;=<?> @ I�$��Bd��I G �DE�I�eI�f [

]_^g`�b �	' (5)

where IJHKI Z is the
b

(quasi)norm definedby

IL4I Z �
�
NJO ,

Q R N Q Z ,TS Z
[
]_^g`�b$c '

and

I.L4I�f�� Q hikjWj2l LAm Q [
]_^a`4b �D'

with IJHKI�f insteadof IJHKI ff , becausen 7:6 Zo f IJpWI ZZ �qIJpWI�f , hikjWj2l LAm��srut QvR N /�1'ew is the supportof L ,
and

QUx\Q
denotesthe cardinalof the discreteset

x
. For 'zy b y|{ , IJHKI Z definesa quasi-norm,whereasforb �d' it is not even linear with respectto scalarmultiplication.

A secondapproachto solving (1) usesa stochasticestimationframework. For example,we may assume� is } l ' [�~
Ga� m Gaussiannoiseandthat thesignal � has! independentcomponentswith a priori distribution�\� j-l ' [

b
[�� m given by:

� ; l �um�� �
NJO ,

�
Zu� �W� +2� ����� �.S � (6)

Suchdistributions,for instance,have beencitedassparsedistributionsin [15, 19] sincethey have a sharper
peakthantheGaussiandistribution for

b y�� . It is not hardto show that theMaximumA Posteriori(MAP)
estimatorof � in this caseis given by:

����d� `� 6z7:9 ;=<?> @ IV�$�4Bd��I G � {
~ G �

IV�eIKZZ (7)

which is exactly the sameas the regularizationmentionedbefore.
The purposeof this paperis to connectthe optimizationproblemwith the generalform expressedin

(7) for
b �d' to that with

b �|{ . For
b �D' , the problemcanbe simply statedas:

687U9 ;=<?>�@ I.�$�CBD��I G � �
Q rut���p N /�D'�w Q (8)

for somefixed �
c ' . If one is given the supportof the optimizer, thenfinding the optimizer becomesa

simple leastsquareproblem,andthis involvesmerelysolving a linear system.Hencethe hardproblemis
to find the right support.For

b ��{ , the situationis completelydifferent.In the literaturealgorithmshave
beenproposed[4, 8] to solve

687:9;=<?> @ IV�z��BD�eI G �	E �NJO ,
Q p N Q (9)

and they converge quickly to a solution. In this paperwe show how the solution of (9) can be usedto
obtain the solutionof (8), for specificchoicesof � , and E , and for an opensetof data � .

The next sectionbriefly discusseswork relatedto problems(8) and (9). Then SectionIII presentsthe
maintheoreticalresults,which weregroupedtogetherin orderto offer a succinctview of thework. Section
IV containsproofs of the main lemmasand the central theorem.SectionV demonstratesthe application
of this work in a simpleexample.SectionVI summarizesthis work.
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I I . RELATED WORK

The seminalwork by DonohoandHuo [6], in which a connectionof a similar naturehasbeenmade,
subsequentlysparked interestfrom other researchers[7, 9–11, 16]. Theseauthorstackled the problem,
given a redundantdictionary ����r � , [¢¡�¡¢¡�[ �-£ w in � � (¤ c ! ), and a vector ����� � that admits a
sparserepresentation,find the sparsedecompositionof � , that is �3� ¥ <�¦ p ¥ � ¥ where

Q¨§-Q yD! .
The problemcanbe turnedinto an optimizationproblemasfollows:

� `.� 687:9 ;=<?>A©3ª.«�¬�®; O°¯ r Q hiWjkj-l �am Q w (10)

where ±²�|³ � , Q H�H¢H Q � £µ´ is the !�"z¤ matrix whosecolumnsare the � ¥ vectors.
The main result in [6] is that for a “thin” set of input data � (“thin” in the sensethat is hasempty

interior), thesolutionof this problemcoincideswith thesolutionof asimilarbut easierto solveoptimization
problem:

� `� 6z7:9 ;=<?>A©¶ª.«�¬$v; O°¯ r�I�WI , w (11)

In this framework our problemcanbe restatedas follows. Definethe !	"�� ! matrix
· � ¸ ¹ (12)

Then(7) is equivalent to the following optimizationproblem:

� `.� 687U9°º <?>°» @ ª.«�¬�¼ º Ov¯ I.½µI Zu� G (13)

where

I½¾I Zu� G �
�
NJO ,

Q ¿ N Q Z �
G �

NPO �ÁÀÂ,
Q ¿ N Q G (14)

which is slightly different than(11), even with
b ��{ . Note I.½µI Zu� G is not a norm (or quasi-norm)sinceit

doesnot scaleproperly. Unlike [6] our theoremsaysthat for a nonthinset(i.e. with nonemptyinterior) of
input data � , the supportof the first ! componentsof the optimizer for

b �|{ coincideswith the support
of the first ! componentsof one optimizer for

b �%' . On the one handthe conclusionof our theorem
is weaker than [6], namely the optimizersfor

b �|' and
b �s{ do not coincidebut only their supports

coincide.On the other handour result hasa much wider applicability sincethe set of input datawhere
the conclusionholds true hasnonemptyinterior.

Optimizationproblemsof type (8) have beenanalyzedfrom a computationalcomplexity point of view.
More specificallyin [5] the authorsprovedthatwhen � is a full rank !)"¾¤ matrix with ¤Ã�ÅÄ l ! N m , for
some t�Æ&{ , the finite-input Ç -term È -approximationof the optimum value problem(i.e. within È of the
optimum)is NP-complete.Theproof thoughreliescrucially uponthe redundancy of the dictionaryformed
by the columnsof matrix � . For instance,when �É�1Ê�Ë with Ê a unitary (or orthogonal)matrix andË a diagonalinvertible matrix, we have:

I���CBd��I G �ÌIV�WIKf��ÍIPË8�CB�Ê ÎJ��I G �ÌI.Ë8�eI�f (15)

which can easily be solved in order Ä l ! G m time. However, for general � , we do not know whethertheÇ -term approximationproblemwithin È to the optimal value is NP-completeor not.
Researchinto practicalproblemsleadingto similar optimizationproblemsappearsin the literatureon

speechenhancementandimageprocessing,andmoregenerallysignaltransformationusingtheindependent
componentanalysis(ICA) and blind sourceseparation(BSS) techniques.In speechenhancement,the
interest is to use a signal-adapted(i.e. learnedfrom the data) representationinsteadof the standard
frequency-domain representation,in hope of transforming the signal into a sparseform, which can
offer simplification of the complex estimationproblemsto be dealt with. Recently, many other signal
transformationproblemsseemto benefit from the use of data-dependenttransformations,for example
independentwavelet basesor independentcomponentslearned from the data, in contrast to the use
of fixed transformationssuch as a frequency domain data-independenttransformation.One outstanding
researchquestionis whetherreal datain variousdomains(MRI, EEG,vision, speech)is amenableto such
approaches.Experimentalevidenceis constantlybeing gainedin this sense.The definition of a sparse
representationof a signalhereis thata “small” numberof coefficientsdifferentfrom zeroarenecessaryin
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a decompositionof the signalusingthebases[19]. The ideaof sparsecodingis summarizedby Hyvarinen
et al [13Ï ].

For example,speechis a sparsesignal,andthe propertyhasbeenexploited in the ICA-BSS community
for parameterestimationandsourceseparation[1, 12, 19]. A time-frequency (TF) sparsenessassumption
hasbeenintroduced [14] andsubsequentlyusedin [2, 17], which allows for the separationof morethan
two sourcesgiven just two mixtures.This sparsenessproperty, called W-disjoint orthogonality (WDO),
assumesthat thesignalshave non-overlappingTF representationsupports.GivensourceTF representationsx
,
lÑÐ
[
Ò m [¢¡�¡¢¡�[

x�Ó lÑÐ
[
Ò m , the WDO assumptioncanbe stated:

x�ÔlÑÐ
[
Ò m x ¥ l:Ð [

Ò m��	' [
ÕkÖ /�¶× [

Õ l:Ð
[
Ò m ¡ (16)

This assumptionhas been shown to be approximatelytrue for speechsignals [18]. Further, WDO is
approximatelysatisfiedwhenoneassumesa signalmodelof the form:xÂl:Ð

[
Ò m��ÅØ l:Ð [

Ò mKÙ l:Ð [
Ò m (17)

where Ø lÑÐ [
Ò m is a Bernoulli randomvariable (i.e. it takes a value of only 0 or 1), and Ù lÑÐ [

Ò m is a
continuouslydistributedrandomvariable[2]. It follows that the joint distribution is:bkÚWÛ

�
Ú » lKx , [

x GÜmÝ� l {4B	Þam Gaß l�x , m ß lKx GÜm®�	Þ l {�B�Þam l ß l�x , m b lKx GÜm®� ß l�x G?m b l�x , mm®�	Þ G b l�x , m b l�x GÜm (18)

Sparsedecompositionsdirectly lead to solving a problemequivalent to (7) in the context of learninga
signal dictionary, that is the matrix � , suchas wavelet or ICA bases.More specifically, assumegiven a
sequenceof measurements

lÑàvá mTâá O f with observation model
à®á �ã�äp á �Då á , for every '�æ Ò æ5ç . Assume

that each p á is drawn independentlyfrom a distribution
b � l pum , each å á is drawn independentlyfrom a

distribution
béè l åem , and the prior distribution

b�ê l �)m of � . Then the posteriordistribution of
l � [

l p á m�âá O f m
given

l:àvá mTâá O f is given by

b l � [
l p á m âá O f Q:lÑà á m âá O f mÝ� {béë l:à m

â
á O f
bkè l:à á BD�äp á m b �

l p á m b°ê l ��m (19)

The MAP estimatorof
l � [

l p á mTâá O f m is obtainedmy maximizingthe above probability. Typically optimiza-
tion algotihms(see[19]) iterate betweenoptimization over � for fixed

l p á m�âá O f , and optimization overl p á m âá O f for fixed � . In this work we concentrateon the latter optimizationproblem,that is given � , we
look for the MAP estimatorof

l p á mTâá O f .
I I I . MAIN RESULTS

Considerthe following two optimizationproblems:

p f l ��mì� � `.� 687U9 ;=<?>A@ IV�$BD�$�eI G � � I.�WI�f (20)

p , l ��mì� � `.� 687U9 ;=<?> @ IV�$BD� �eI G �	E8I.�WI , (21)

where � [ �&��� �kíW� , �\[ E
c ' and ���)� � aregiven. In generaltheoptimizerin (20) maynot beunique,

in which case p f l ��m denotesone such optimizer. On the other hand,since the criterion (21) is strictly
convex, the optimizer in (21) is uniqueand pu, l ��m is a well-definedfunction.

The main resultsof this paperarestatedas follows:
Proposition 1: Considerthe optimizationproblem(21) with � invertible and E c ' . Then for every

subset�¾î rg{ [ � [�¡�¡¢¡P[ !Âw , thereis a set ïMð î � � with nonemptyinterior sothat for ���3ïµð , hiWjkj2l pu, l ��mVm\�� . ñ
Proposition 2: Considerthe optimizationproblem(20) with � invertible and �

c ' . Then for every
subset�zî rg{ [ � [�¡�¡¢¡P[ !Âw , there is a set ò ð î � � with nonemptyinterior so that for ���ãò ð there is an
optimizer p f l ��m suchthat

h.ikjkj2l p f l ��mmÝ� � . ñ
Theorem 3: Assume � is invertible and �

c ' is given constant.Then thereare ó��Ìó l ��m c ' and
setswith nonemptyinteriors ±)ð indexed by subsets�$î r?{ [ � [�¡¢¡�¡P[ !Âw such that for �Ã� ��+-, Î (the
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adjoint of the inversematrix), E�� ô �õ , andfor every subset�¾î r?{ [ � [�¡¢¡�¡P[ !Âw , ����±�ð , andat leastone
optimizer p f l ��m has h.ikjkjAl p f l ��mVmÝ� h.ikjkj2l p , l ��mm\� � (22)ñ

Remark 4: With the notationsabove, the main result simply says ïMðAö)ò2ð hasnonemptyinterior for

every �Mî rg{ [ � [�¡�¡¢¡P[ !Âw , when �*� �)+-, Î and Eä� ô �õ .
The function ó3�#ó l �)m hasan explicit descriptionthat we presentnext. First a lemma:
Lemma 5: Assume rÁ÷ , [�¡¢¡�¡�[ ÷ � w is a set of independentvectors in ��� . Considertwo sets � [

§ î
rg{ [ � [¢¡�¡�¡P[ !Âw so that

Q � Q Æ Q¨§-Q . Denoteby ø the orthogonalprojectiononto the spanof rÁ÷ ¥ �¾×d� § w .
Then the set r l {�Bdøzm�÷ Ô � Ö � �Âù § w is independentin � � . ñ

This lemmasaysthat for every two sets � [
§ î r?{ [ � [�¡¢¡�¡P[ !Âw with

Q � Q Æ Q¨§-Q , anddenotingby � Ô the
Ö á_ú

columnof � , andby ø theorthogonalprojectiononto the spanof rÁ� ¥ �2×8� § w theset r l {-B�øzm�� Ô � Ö ��Âù § w is a Rieszbasisfor its span(see[3] for definition), hencethereis a û l � [
§ m c ' so that:

Ô < ð:ü ¦
ý Ô l {4BDøzm ¸ Ô

G
ÆÅû l � [

§ m Ô < ð:ü ¦
Q ý Ô Q G [

Õ ý , [�¡¢¡�¡�[ ý � �)� (23)

Then define ó as the minimum of Riesz basislower bounds û l � [
§ m over all pairs of subsets

l �
[
§ m ofrg{ [ � [¢¡�¡�¡P[ !Âw with

Q � Q Æ Q¨§-Q , ó5� 6z7:9ð � ¦eþ � ð �¨ÿ2� ¦ � û
l �
[
§ m (24)

IV. PROOF OF RESULTS

Let us startby proving first Lemma5.
Proof of Lemma 5.
Consider r ÷ , [ ÷WG [�¡¢¡�¡�[ ÷ � w independentvectorsin � � , and � [

§ î rg{ [ � [¢¡�¡¢¡P[ !Âw with
Q � Q Æ Q §-Q . Denote

by ø the orthogonalprojection onto
hj � 9 rÁ÷ ¥ � ×#� § w and by

� � {�B�ø , the projection onto its
orthogonalcomplement.We needto prove r � ÷ Ô � Ö � �Aù § w is independent.Assumethis is not so.Then
thereare ý Ô ��� ,

Ö � �Âù § , not all zeroso that

Ô < ð:ü ¦
ý Ô � ÷ Ô �D'

Hence

Ô < ðUü ¦
ý Ô ÷ Ô � h.j � 9 rÁ÷ ¥ �Â×8� § w

But then,thereshouldexist � ¥ ��� , ×8� § so that

Ô < ð:ü ¦
ý Ô ÷ Ô � ¥ <�¦ � ¥ ÷ ¥

Thus we obtaineda linear combinationof rÁ÷ , [ ÷ G [�¡¢¡�¡�[ ÷ � w , with not all coefficients zero, that is zero.
Contradictionwith the independencehypothesis.Q.E.D.

Now we prove Theorem3. A sketch of its proof is as follows. First we constructexplicit solutionsof
(21) andprove Proposition2. Thenwe show that thereis some ���¶ïMð that is alsoin ò2ð , andfurthermore
it is an interior point in both which concludesthe proof of Theorem3.

Considerthe ��, -optimizationproblem(21).
Definition. We call a pair

l � [ ��m������)"�� � admissible if it satisfiesthe following setof conditions:

l �$ÎJ�z�CBD��ÎP��m N � E�
p NQ p N Q � ' [

]_^g` �an:n\t h ^���� � � p N /�D' (25)

Q:l � Î �z�CBD� Î ��m ¥ Q æ E
� [

]_^a` �gnUn®× h ^���� � � p ¥ �D' (26)

Thenwe have the following Lemma:
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Lemma 6: � is a solutionof the optimizationproblem(21) if andonly if
l � [ ��m is an admissiblepair.

In other words, this lemmasaysthat
l pu, l ��m [ ��m satisfies(25) and (26) and conversely, any solution of

(25) and(26) is an optimizer.
Proof of Lemma 6
First note that the criterion �

,
l �amÝ�ÍI.��BD�z�WI G �DE�IV�WI , (27)

is strictly convex, and thereforeit hasa uniqueglobal minimum.
“ 	 ” Assume ���&p , l ��m is the uniqueminimum. Denoteby � the index set of non-zeroentriesof � ,

that is � �Årat)�Fp N /�	'ew , anddenoteby 
 N the t á_ú vectorof the canonicalbasis,i.e. all entriesarezeros
except for one “1” on the t á_ú position. Since for t5� � , § , � N

l Ò m � �
,
l �F� Ò 
 N m hasa minimum and is

differentiableat
Ò �ã' , � � ,

� ��p N Q ; O �
Û� ¯�� �Å' . The partial derivative is exactly the left handside of (25).

For ×�/� � the situationis different.We computethe variation
�
,
l �-� Ò 
 ¥ mgB � ,

l �am . Expandingthe quadratic
form we obtain:�

, l ��� Ò 
 ¥ mvB
�
, l �um�� Ò G I.Ø ¥ I G B Ò�� Ø ¥ [ ��BD� ���®B

Ò�� �$Bd�z� [ Ø ¥ �-B	E
Q Ò Q

where Ø ¥ is the × á_ú columnof � . Choosing
Ò ��� � ��B	�z� [ Ø ¥ �\��� l � Î l ��BD�z�umm ¥ , with � c ' arbitrary

small, we obtain:�
, l ��� Ò 
 ¥ m°B

�
, l �am��ÅÄ l � G mv� Q � Q:Q:l ��Î l ��BD�z�umm ¥ QÑl E B3� QÑl �$Î l �z�CBd��mm ¥ Q m

In order for this to be positive for all � c ' , the last term shouldalwaysbe nonnegative, meaning

E B3� QÑl �$Î l � ��Bd��mm ¥ Q ÆD'
and thus(26).

“ � ”Assumenow that
l � [ ��m is anadmissiblepair. Thencomputethe variation

�
, l ����÷Am?B

�
, l �um , where� � N�� N 
 N is an arbitraryvectorwith

Q � N Q y Q p N Q for t�� � . We obtain:�
,
l ��� � mvB � ,

l �um � I� � I G � N < ð ³ �����
lVl ��ÎP� ��Bd�$ÎJ��m N��� N m®�	E l�Q p N � � N Q B Q p N Q m ´ �

N� < ð ³ ���!�
ll �$ÎJ�z�CBD��ÎP��m N �� N m®�	E Q � N Q ´

Now use(25) in the first sumover t�� � , and then(26) to obtain the inequalitybelow:�
,
l ��� � mvB � ,

l �um � I� � I G � N < ð E°³
Q p N � � N Q B Q p N Q B"��� p N �� NQ p N Q ´ �

¥  < ð �
Q � ¥ Q E� �"�!�

l �$ÎJ�z�CBD��ÎP��m ¥ �� ¥Q � ¥ Q

Æ N < ð E
Q p N � � N Q B Q p N Q B"��� p N �� NQ p N Q

Now a little algebrashows:

Q p N � � N Q B Q p N Q B"��� p N �� NQ p N Q � {
� Q p N Q ³

Q p N Q � Q � N Q B Q p N � � N Q ´ ³ Q p N � � N Q � Q � N Q B Q p N Q ´
which is always positive by applicationof the triangle inequality twice, oncein eachterm. Therefore,ifl � [ ��m is anadmissiblepair,

�
,
l �-� � muB � ,

l �amAÆ	' in a neighborhoodof zero.Hence� is a local minimum
for

�
,
l H:m , but sincethe local minimum is alsoglobal, ���#pu, l ��m . Q.E.D.

Next we constructparticularadmissiblepairs. Fix � an arbitrary subsetof rg{ [ � [¢¡�¡¢¡P[ !Âw , possibly the
empty set. We will constructan admissiblepair

l �� [
��Am so that

hiWjkj2l ��amF� � . Considera
������ � so thathikjWj2l ��am�� � and I ��kIÂy #$&% ê % » . Thendefinefor t�� ¹ ,

' N � ( < ð
l ��ÎP�$m N �

( p ( � E�
�p NQ �p N Q (28)
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andconstruct ���� N < ð
' N � +2, Î 
 N ¡ (29)

We claim
l �� [
���m is anadmissiblepair. Indeed,first note

l � Î ���m N � ' N for t�� � , and
l � Î ���m ¥ �D' for ×�/� � .

Then(28) proves(25), whereas(26) is satisfiedby the norm constraint I ��eIÝy #$)% ê % » .
The third step is to show that for an admissiblepair

l �� [
���m , as constructedabove, there is an open

neighborhoodof
�� , say ïMð , so that for every ���¶ïMð the optimal solution pu, l ��m hassupport � ,hikjWj�l p , l ��mVm\� � [

Õ ���3ï ð
Note first that at

l �� [
��Am , (26) is actuallysatisfiedas:

QÑl �$Î�� ��CBD�$Î ���m ¥ Q y E* y E�
By continuity of the left hand side there are + , [ + G

c ' so that for every � [ �Í�&� � , I.�CB
��WI)y,+ , ,I��B ��4I\y-+ G , QÑl � Î �z�CBD� Î ��m ¥ Q y E�

Now set
ò N¥/. � Î l � m\"0� Î l � m\"ä� �21 � [ t��

�
[ ×8�5rg{ [ ��w

ò N,
l ½ [ ÷ [ ��mÂ� ( < ð

l � Î ��m N �
( ¿ ( � E�

¿ N3 ¿ N ÷ N B
l � Î ��m N

ò NG l ½ [ ÷ [ ��mÝ� ( < ð
l � Î ��m N �

(546( � E�
÷ N3 ¿ N ÷ N B

l � Î ��m N
where � Î l � m is the setof � -indexed vectorswith nonvanishingcomponents.An admissiblepair

l � [ ��m withhikjWj2l �am�� � satisfies ò N¥ l � [ �� [ ��mä��' , for all t�� � and ×�� rg{ [ �ew . Our task is to show that there
is ½Í� ¿\l ��m so that ò N¥ l:¿\l ��m [

¿\l ��m [ ��m8�&' for all t�� � , ×��Írg{ [ �ew and � in a neighborhoodof
�� .

This follows from the Implicit MappingTheorem,provided the Jacobianof
l ò N¥ m N < ð � ¥ <87 , � G&9 with respect

to
l ½ [ ÷Am is nonzeroat

l;:Cl ��um [
:Cl ���am [

���m (where
: . � Î l rg{ [ � [¢¡�¡¢¡P[ !Âwgm 1 � Î l � m is the reduction,or cut-off,

operatorto index set � ). The Jacobianat
l<:Cl ��gm [

:Cl ���am [
���m turnsout to be the determinantof:

§ �
: � Î � : Î � # $>= 7 � � ,�;?� � � B # $>= 7 � � @ ?���?� � �;?� � �B # $ = 7 � � ?���@ ?�¢���5?�����

: � Î � : Î � # $ = 7 � � ,�;?� � �
We computethe quadraticform

l:à Î, [
à ÎG m §2lÑà , �

à G mBA with
à
, [
à G �"� G l � m :

l:à Î, [
à ÎG m §

à ,à G �*IV� : Î à , I G �)IV� : Î ��WG®I G � E* N < ð
Q à , � N B

à G � N � + G
Ô;C
� Q GQ �p N Q Æ�E6DFE « l ��Î��$m l I à , I G �)I à GvI G m

where � +
Ô;C ��� ?����5?����� . Hence

§
is invertible and G>� � l�§ m c ' . By the InverseMapping Theoremwe thus

have obtaineda neighborhoodof
�� where pu, l ��m always hassupportexactly � . This concludesthe proof

of Proposition1. Q.E.D.
Let us turn now our attentionto Proposition2. For every � î rg{ [ � [¢¡�¡¢¡P[ !Âw we constructa solution of

(20) which is stableunderperturbationsin � . This will prove the result.
Fix �µî rg{ [ � [¢¡�¡�¡P[ !Âw . Set

� f � N < ð
' N f �H
 N [

' N f � � �ó �
Ô;C � (30)

where
lBI N m N < ð aresomearbitraryphases.Define:

� f � N < ð
' N f 
 N (31)
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We claim � f above is a solutionof (20) for �3��� f . Denote:� f l �um\� � f BD�$� G � � I�eI�f (32)

We needto show
� f l � f mAæ � f l �am , for all ��/��� f . Note first

� f l � f mÝ� �
Q � Q .

Let �¾��� � be arbitrary. If
Q hikjWj2l �am Q c Q � Q , thenclearly

� f l �amAÆ �
Q hiWjkj2l �am Q c �

Q � Q � � f l � f m .
Assumenow

Q h.ikjkj2l �um Q æ Q � Q . Let usdenote
§ � hiWjkj2l �am . Notice that � f /� h.j � 9 r �H
 ¥ �2×8� § w because

otherwisethis would imply the columnsof � are not independent.Let us denoteby ø the orthogonal
projectiononto the spanof rÁ�2
 ¥ �C×8� § w . Then:

� f l �amAÆ l {�Bdøzm�� f G � Q §-Q � � N < ð:ü ¦
� �ó �

Ô5C � l {4Bdøzm��H
 N
G
� Q §-Q �

Now we apply (23) with (24), andobtain:� f l �um�Æ û l � [
§ m N < ðUü ¦

� �ó � Q §-Q � Æ�� �
l�Q �\ù §-Q m2� �

Q §-Q Æ Q � Q
� �

l�Q � Q B Q §®Q m �
c
�
Q � Q � � f l � f m

This shows that � f is the optimumfor
� f l HÑm . Furthermore,we alsoobtain the following inequalities:� f l �um®B � f l � f m�Æ �

Q I.�WI�f¾B � f f Q
for all �F��� � , and � f l �amvB � f l � f m�ÆD� �

Q �Âù §-Q
when I�WIKf�� Q � Q . Explicitly this means:

� f BD�$� G � � IV�eI�f�B � f BD�$� f G B � � f f Æ � H 6 �
� l�Q I�eI�f�B � f f Q [ �

Q hikjWj2l �am ù h.ikjkj�l � f m Q m (33)

In particular theseshow � f is the uniquesolution of (20). The left handside of (33) is a differentiable
function on � f , with Lipschitz constantÇ	�	� � l �CBD� f m . Therefore,for any �F����� with �CBD� f yGJLK>M N  ê � � �

Q � Q � . x with ~ DFE «
l ��m the smallestsingulareigenvalueof � , and

h.ikjkj2l �um¾/� h.ikjkj�l � f m , and�)��� � with �$BD� f y 687U9 l �
�?l �zIV�DI x m [ �

Q � Q m (34)

we obtain: � f l � [ ��mvB
� f l � f [ ��m�Æ � 6 �

� lVQ I.�WI�f¾B � f f Q B�{ [
Q h.ikjkj2l �um ùÂ� Q B�{gmAÆ	'

where � f l � [ ��m��&I.��B	���WI
G � � IV�eI f

Furthermore,for �CBD� f c GJ�K>M N  ê � � �
Q � Q ,

� � �
Q � Q y ~ DFE «

l �)m �CBD� f æ � l �CBD� f m æ*I�$BD�$�eI2� �$BD�$� f æ&I.�$Bd���WI�� �
Q � Q

Hence §2l � [ ��m�Æ
lPO B * 3 �em �

Q � Q � �
Q h.ikjkjAl �am Q Æ lPO B * 3 �em �

Q � Q
On the otherhand §2l � f [ ��m�� �$Bd� f G � �

Q � Q æD� �
Q � Q y §2l � [ ��m

This shows that for sucha � , an optimum p f l ��m hasto have the samesupportas � f , i.e.
hiWjkj2l p f l ��mVm\� � .

Hencewe obtaineda neighborhoodof � f , say ò2ð , so that theoptimumsolutionof (20) hassupport� . This
provesProposition2 Q.E.D.

Now we arepreparedto prove Theorem3. Theabove discussionshowedtheexistenceof neighborhoods
in � � , denotedò�ð , ïMð , wherethe optimizersof (21), respectively (34) have supportexactly � . Theorem3

is proved by showing ï ð ö�ò ð /�RQ . But, for �s� �)+-, Î and E)� ô �õ , � f of (30) is in the closureof
both the setof

�� definedby (28) andof
�� definedby (29). Hencethe two sets ïMð and ò�ð shouldhave a

nonemptyinterior intersection,and this provesthe statementof the Theorem.Q.E.D.
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V. AN EXAMPLE

In this sectionwe presentan exampleof optimizationin S G . Considerthe caseof problem(20) where:

¸ � { {' { [|� ��{ (35)

This dataturns (20) into:l p f ,
lÑà m [ p

fG lÑà mm\�d� `� 687U9 � Û � � »
Q à , B	p , B�p.G Q G � Q à GFB	pJG Q G ��{ � Û  O f ��{ � »  O f (36)

where { �  O f is { if p8/�D' , and ' for p��D' .
Let us statethe � f optimizationproblem.To compute ó we needto consideronly

l � �Ìrg{aw [
§ �Ìr��ewgm

and
l � ��r���w [

§ ��rg{awgm , because� ��r?{ [ ��w and
§ �²rg{uw (or

§ �²r��ew ) reducesto one of thesetwo
cases.The lower Rieszbasicsequenceboundis the norm of the projectionof the correspondingcolumn
vector onto the orthogonaldirection to the other column vector. The bound for

l � � r?{uw [
§ ��r��ewgm isû l � [

§ mF� ,G , whereasthe boundof
l � �*r��ew [

§ �*r?{uw?m is û l � [
§ mF�*{ . Hence óã� ,G and thereforethe

associated��, -optimizationproblem(21) hasthe following parameters:

Ø(� { 'B�{ { [ Eä�
*

(37)

This dataturns (21) into:l p ,,
l:à m [ p ,G

l:à mmÝ�	� `.� 687U9 � Û � � »
Q à
, B	p ,

Q G � Q à G �	p , B	p G
Q G � * Q p ,

Q � * Q p G Q (38)

After a few computations,one can obtain the solutions in closedform as follow. The � f optimization
problem(36) hasthe following solution:

p f , �	' [ p
fG �D' ]_^a` l:à , [

à GémA�5r à G , �
à GG æ	��wCö�r Q à , Q æÌ{uw�ö�r Q à , � à G Q æ

3 �Ww
p f , �	' [ p

fG �
à , � à G�

]_^a` l:à , [
à GémA�5r Q à , B à G Q æ

3 ��wCö�r Q à , � à G Q Æ
3 �Ww4ö

à Gà
, æ

3 ��B�{
p f , �

à , [ p
fG �D' ]_^a` l:à , [

à GémA�5r Q à , Q Æ|{awCö�r Q à G Q æÌ{uw�ö
à Gà
, æ

3 ��B�{
p f , �

à , B à G [ p
fG � à G ]_^a` l:à , [

à GémA�5r Q à G Q Æ|{awCö�r Q à , B à G Q ÆÌ{uw4öär à G , �
à GG Æ	�ew

Figure1 shows thedatadomainsïUT in theinputspacewherethesolutionto theoptimizationproblemhas
somespecificsupport.At the intersectionof domains(on the frontiers),the optimizermay be degenerate.

The ��, optimizationproblem(38) hasthe following solution:

p ,, �D' [ p
fG �	' ]_^a` lÑà , [

à GémA�5r Q à G Q æ	��w�öär°I à G¾B à , Q æ��ewp ,, �d' [ p ,G �D�WV
à G
�

]_^a` r Q à G Q c �ew�ö�r Q à , B�� h 7 � 9 l:à , m Q æ��ew
p ,, �XV

à , B à G� [ p ,G �	'
]_^a` lÑà

, [
à G mA�5r Q à G B à ,

Q c �ew4öär Q à , �
à G B3� h 7 � 9 l:à , m

Q æ * w
p ,, �

à
, B��

h 7 � 9 l pu,, m®�
h 7 � 9 l pu,G mpu,G � à , �

à G B3� h 7 � 9 l pu,, mv���
h 7 � 9 l pu,G m

]_^a`ì` � h �
where

V l:à mÝ�
à B�{ ]_^a` à Æ|{' ]_^a` Q à�Q yÌ{à ��{ ]_^a` à æ�B�{

Figure2 shows the datadomainsfor the ��, optimizationproblem.Within eachdomain,the solutionhas
the samesupport.

Overlappingthe Figure 1 and Figure 2 we obtain Figure 3. The intersectionswhere supportsof the
solutionsof the two problemscoincide, Ë�Y [ Ë 7 , 9 [ Ë 7 G)9 [ Ë 7 , � G&9 , describethe set of input datawherethe
methodpresentedin this papercorrectlysolvesthe hard � f problemby first solving the easier��, problem.
The unlabeledshadedportionsof the graphcorrespondto inputs for which the methoddescribedin this
paperwould fail to determinethe correct � f solution.Oneof the main resultsof this paperis that the set
of input data for which the supportsof the solution to the � f problemand appropriatelyconstructed��,
problemcoincideis non-empty, and this fact is clearly verified in Figure3.
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VI. CONCLUSIONS

Estimation of a sparsedata or signal representationis hard. We presenta new approachto the
correspondingoptimization problem,which shows that for a nontrivial set of input data the problem is
equivalentto andcanbe solved by an algorithmdevisedfor the simpler low-spreadoptimizationproblem.
This doesnot meana reductionof the harder � f problemto a simpler ��, problemin all cases,however.
The two optimizationproblemsareto minimize the Euclidiannorm of linear approximationerror with an� f penalty, or with an � , penalty. The latter problemcan be solved efficiently by an iterative algorithm.
Here, for a given � f optimizationproblem,we constructan associated��, optimizationproblemandshow
that for a setwith openinterior of the input datathe optimizersof the two optimizationproblemshave the
samesupport.Oncethe supportof the � f problemis known, the actualsolutionis easily found by solving
a linearsystemof equations.Thustheassociated��, optimizationproblemis usedto find thesupportof the� f optimizerand this leadsto the optimal � f solutionwhen the two optimizationproblemshave the same
support.When the optimizersdo not have the samesupport,the methodwill fail to producethe optimal
solution.

This classof optimizationproblemsis relatedto a numberof signalestimationproblemsof interest.The
MAP estimatorof a signal with generalizedexponentialprior in the presenceof Gaussiannoisereduces
to an optimizationproblemof the type studiedhere.Similarly, regularizationproblemswith exponential
cost reduceto the sameoptimizationproblem.

Our resultcanbe appliedto a new classof sparsesignalrepresentationtechniques,for examplespeech
enhancementtechniques,that usesignal-adaptedrepresentationsinsteadof the standardfrequency-domain
representation.Suchrepresentationsusefor instancethe ICA techniqueto replacethe Fourier transform
by a more densebut, hopefully, bettersignaladaptedtransformationthat representsthe signal in a much
sparserform.

Several issuesremain as topics of further study. One such issue is the “size” of regions where the
supportsof the two optimizationproblemsoverlap.We have shown hereonly that the regionshave non-
zero size.Another topic concernsthe redundantcase,namely the casewhen � is a ���Wí £ matrix with¤ c ! , which is not addressedin this work.
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Fig. 1. The datadomainsin Z\[ �^] [>_^` spacewith samesupportof solutionof a 
 optimization(36)
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Fig. 2. The datadomainsin Z\[ �^] [>_^` spacewith samesupportof solutionof a � optimization(38)
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Fig. 3. The intersectionof the datadomainswheresupportsof (36) and(38) coincide


