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Abstract

In this paper the windowed Fourier encoding-decoding scheme applied to the multiple description
compression problem is analyzed. In the general case, four window functions are needed to define
the encoder and decoder, although this number can be reduced to three or two by using time-shift or
frequency-shift division schemes. The encoding coefficients are next divided into two groups according
to the eveness of either modulation or translation index. The distortion on each channel is analyzed
using the Zak transform. For the optimal windows, explicit representation formulas are obtained and
non-localization results are proved. Asymptotic formulas of the total distortion and transmission rate
are established and the redundancy is shown to trade-off between these two.
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1 Introduction

The multiple description problem, a generalization of the problem of source coding subject to a fidelity
criterion, is one of the fundamental problems of source coding theory. The objective of a multiple
description coder is to construct several descriptions of the source sequence, with the property that the
descriptions be good individually (in the rate distortion sense) and be better together. The simplest
case (the one considered here) is of constructing two descriptions. Multiple description source codes
are designed with the following scenario in mind. Tt is assumed that several (in this case two) channels
connect the source to the destination, each with its own rate constraint. Each channel may fail; whether
or not a channel has failed i1s known to the decoder but not to the encoder. The encoder wishes to send
information about the source sequence over both channels, subject to the rate constraints, such that when
both channels work a high fidelity replica of the source sequence is obtained, and if either channel fails,
the degradation is graceful.

In addition to being an interesting and non-trivial problem in its own right, the multiple description
problem is of significant practical interest because it results in compression systems that are better able
to withstand frame erasures. Frame erasures are a significant problem in several communication systems
of current interest, most notably wireless digital speech communications and packetized speech and video
communications.

The formulation of the multiple description problem is attributed jointly to Gersho, Ozarow, Wit-
senhausen, Wolf, Wyner and Ziv. The main problem that information theorists consider is that of
determining the rate distortion region for a given statistical model for the source and for a given fi-
delity criterion. Ozarow [Ozarow80], constructed the rate distortion region for the only case solved so
far, namely the special case of a memoryless Gaussian source and the squared-error distortion criterion.
An achievable rate region was given by El Gamal and Cover [ElGaCo82] for a memoryless source and a
single-letter fidelity criterion. The binary symmetric memoryless source with an error frequency distortion
criterion has been studied by Berger and Zhang [BerZha83], [ZhBe87], Ahlswede [Ahls85], Witsenhausen
and Wyner [WiWy81], Wolf, Wyner and Ziv [WoWyZi80]. It was conjectured that the achievable rate
region given in [ElGaCo82] coincided with the rate distortion region in cases other than the Gaussian
memoryless source and the squared-error distortion criterion. However, this conjecture was disproved

in [ZhBe87]. An important special case of the multiple description problem is the problem of successive



refinement of information [EquCov91]. In [EquCov9l], a necessary and sufficient condition for a rate
distortion problem to be successively refinable is derived.

Published design techniques can loosely be divided into two categories, quantization-based approaches
and subspace approaches. In quantization-based approaches; the starting point is a memoryless source
and the most basic system is the multiple description quantizer [Vaish93, VaDo94]. Multiple description
quantizers operate by sending information about each source sample over each channel. The simplest
illustration is of two uniform step-size quantizers each with step size A, one offset from the other by half
a step size. The first quantizer index is sent on the first channel and the second quantizer index is sent
on the second channel. If both channels work, the decoder sees a quantizer with effective step size A/2
whereas if only a single channel works, the effective step size is A. Thus two channels are better than
one in the sense that a lower distortion is obtained when both channels work. However, when the step
size 1s small, we are using 2R bits in order to obtain the performance of an R+ 1 bit quantizer, i.e., the
rate overhead is almost 100%. More efficient constructions are presented in [Vaish93] and an asymptotic
analysis is presented in [VaBa98].

For real-world sources such as speech and video, it is important to exploit the correlation in order to
build efficient coders. Multiple description quantizers can be used efficiently for sources with memory by
using standard decorrelating transforms [BaVa94, Vaish96].

Subspace methods begin by assuming that the source to be encoded is correlated. The objective is to
construct two subspaces of the signal space and to send the projection of the signal on each space over
a separate channel. If the spaces are well chosen, the two projections are correlated and it is possible to
obtain acceptable quality when one channel is broken. Subspace methods are considered in [IngVai95],
[VaSi95], [JayChr81], [OrWaVaRe97]. One common point in all the subspace methods cited above is that
they do not use overcomplete expansions of the signal being coded. More recently several new approaches
have been considered; some papers have considered overcomplete sets (see [ChMeWa99, GoKoVe99]);
others have used vector quantization methods (see [FIEf99, SeVaS199]), a forward error correction coding
([MoRiLa99]) or an iterative decoding approach ([Srin99]). Here we consider the design of a multiple
description system based on overcomplete windowed Fourier expansions.

In this paper we use the discrete windowed Fourier transform to encode and decode the signal. A
(discrete) windowed Fourier transform is defined by the following data: a function ¢ called window, and

two positive parameters a, § > 0 called modulation parameter, respectively translation parameter. With



these data one constructs the following set of functions called a Weyl-Heisenberg set (or a WH set):

WH g = {gmniap s M €LY . gmnia,s(x) =T g(x = nff) (1)

A windowed Fourier transform-based encoder converts a signal f into a sequence of coefficients ¢, =
< f,gmn >, where < fi,fs >= ffooo fl(x)de is the scalar product in L*(R) (in this paper we
shall deal with continuous-time signals; in practice the signal is usually discrete and the scalar product
becomes a discrete sum). The inverse operation is performed by the windowed Fourier decoder. This
takes a double-indexed sequence of (complex) numbers (dmn)m nez and returns a continuous-time signal
of the form Zm,n dmngmn- We use the notation g¢,,, signaling a double-indexed sequence of functions.
Usually it is equivalent to gm n;a,g if not otherwise indicated.

Weyl-Heisenberg sets have been long studied in the literature (see [Daub90] or [HeWa89]). In Appendix
A we briefly review the main known results. Two important definitions regarding these (and other sets)

are the following:

DEFINITION 1 A Weyl-Heisenberg set is called a frame if there are two positive constants A, B > 0
such that for every f € L*(R):

ANFIP <21 < Fogmn > 17 < Bl (2)

m,n
The numbers A, B are called frame bounds. If A = B, the frame is called tight.

A WH set is called a Riesz basis for its span (or a s-Riesz basis) if there are two positive constants
A, B > 0 such that for every finite sequence (¢mn)mnez (i-€. only a finite number of elements are

non-zero):

A el Y cmngmnll” < BY lemnl? (3)
m,n m,n m,n

The numbers A, B are called Riesz basis bounds. If the WH set is simultaneously frame and s-Riesz basts,

then it is simply called a Riesz basis (its closed span is, in this case, the entire space L?(R)).

An extension of a (single windowed) Weyl-Heisenberg set is given by a Weyl-Heisenberg multiset
defined simply as a union of Weyl-Heisenberg sets. Thus, given g',¢?> € L*(R) and «,3 > 0, we
call WH (g1 g2y,0.8 = WHyr,05 UWH 2,05 a Weyl-Heisenberg multiset. Similarly we use the terms of

multiframe and multi s-Riesz basis to suggest the multiset property as well as the frame, respectively the



s-Riesz basis property of the WH multiset. Thus WH (41 42,4 s 1s @ multiframe if there are A, B > 0 such
that for every f € L%(R):

AP <D0 < Fogmn > P+ 1< frgmn > ) < BISIP

m,n

The multiset WH (g1 42).q,5 1s called a multi s-Riesz basis if there are A, B > 0 such that for every
et e? e 13(2?):

A (epnl” + 160l 1D (€mndmn + ondmn) I < B Y (lemnl” + |e5unl?)

m,n m,n m,n

Weyl-Heisenberg multisets have been studied in [ZiZe97] and recently in [ChDeHe99]. In Appendix A we
recall some of their results.
The block scheme of the multidescription transmission system we are proposing is given in Figure 1.
The original signal f is passed through the analog encoders defined for the first channel by a Weyl-
Heisenberg set associated to the window g¢', respectively for the second channel by g?. Their outputs
represent the encoding coefficients ¢l =< f, gL, >, 2., =< f,92, >. These coeflicients are passed
through the quantizers Qa and d},,, = Qa(ch,,), d2,, = Qa(c2,,) are their quantized values (we take the

mid-point of the quantization inter-level). Next, the coefficients dl, , d?, . are encoded, using for instance

1 b2

mans U, and sent through the two channels. The receiver

an entropy encoder, into the bit-sequences b
is made out of three decoders; the side decoders convert, in the first stage, the bit-sequences into the

1/

mn» Tespectively df,;yn and then, in the second stage, decode these coefficients

approximate coefficients d
into approximating signals f', respectively f2; the central decoder does the same thing, except for the
fact that it uses both bit-streams b});n and bf,;n.

Our problem is to analyze this scheme by computing the distortion, minimizing it under certain hy-
potheses, evaluating the transmission rate and determining the rate-distortion characteristics (or the side
distortion - central distortion characteristics). As we shall see later, by varying the encoding redundancy
we can trade off between side distortions and the transmission rate.

The paper is organized as follows: in section 2 we discuss the analog encoders and decoders, we analyze
different signal models and state certain optimization problems; in section 3 we solve the optimization
problems using the Zak transform; we also analyze the optimal, partial optimal and near-optimal cases
by obtaining the distortion-redundancy characteristics; in section 4 we discuss the rate and obtain the

rate-distortion and side distortion - central distortion characteristics; section 5 contains the conclusions

and 1s followed by the bibliography.



2 Models and Optimization Problems

Let us now return to the block scheme in Figure 1. Suppose for the moment the quantizer does not
introduce any error (for instance consider the asymptotic limit A — 0) and therefore the bit-stream
(bL,,,,b2,,) contains the same information as the coefficients (cl,,,,cZ,,). If both channels work, then the
full information is known to the central decoder. Then we have to design the encoders/central decoder in
such a way to losslessly reconstruct the original signal (recall that we make abstraction of the quantization
error). This is possible only if the multiset WH 41 42y, 5 defining the encoder is a multiframe. The density
result due to Christensen, Deng and Heil (see the Appendix A) shows the redundancy of this multiframe
18 % > 1. For the reconstruction (central decoder) we have many possibilities, all given by various dual
frames. Even if we impose the dual frame to be given by a WH multiset, an infinite number of choices
(assuming % > 1) remains (for instance see [Li95]). Among these we shall choose the standard dual
frame (also known as canonical, or minimal dual frame) (g~1 , g~2; «, ), whose construction will be indicated
later, in the next section. ' Let us now consider that only one channel works, say channel 1. Then the
receiver knows the bit-stream {b,lnm} solely. Unless we are prepared to spend a lot of rate, this bit-stream
should contain only partial information on the original signal f (even neglecting the quantization error).
Thus the coefficients c,lnm =< f, g,lnm > typically represent an incomplete description of the signal. This
means that the set WH 1., 5 should be an incomplete set, which suggests ﬁ < 1 (see again Appendix

A). Thus we obtain the natural condition:

1< 2 (4)

2 <
af —
i.e. the redundancy of the original WH multiset WH 41 42,4 5 should be between 1 and 2.

On the other hand, the side decoders are assumed linear, of the form )" d},;yng},fn, respectively

Zm,n df,;ynggfn. Approximating again drl;;,n = c}nm we obtain: f! = Zm,n c}mng}fn. In principle,
the {g}fn} could be an arbitrary collection of functions not necessarily obtained via (1). If we impose
two invariance conditions on this decoding scheme, we can show that the decoder necessarily has to
be coherent, i.e. given by translations and modulations as in (1). The two (very natural) invariance

conditions are the following:

1. If f is translated by 3 then the decoded signal f! translates by 3 as well, i.e. if T : L*(R) — L*(R)

L As reminded by one of the readers, this dual frame minimizes the reconstruction error variance in the case of white
quantization error (see for instance [BolHla97], for single window case).



is the translation operator Tp f(x) = f(x — ), then
Y < Talitmn >0 =D < Lghn > Toait, , Vf (5)
2. If f is modulated by 2ro, then the decoded signal f' modulates by 27a as well, i.e. if Moo :
L%(R) — L*(R) is the modulation operator Moy, f(z) = €27% f(z) then:

Y < Maraf ghn > 00 = < L1000 > Maragh¥, o VS (6)

m,n m,n

LEMMA 2 If conditions (5) and (6) are satisfied and WH g1.o g is a s-Riesz basis, then there exists a

function ¢*# such that:

1# (l‘) — eZﬂ'imocxgl#(x _ nﬁ) (7)

gm,n

Proof

Since the set {g}mn} is incomplete we can find fy such that < fo,g}nm >= 0 00n,0 (Where 655 = 1 if
a = b and 0 otherwise). From here, by setting far v (z) = ™M % f (x — N 3) we obtain < far n, g,lnm >=
dm,m6n v. On the other hand one can easily check that < Tjf, g,lnm >= e~ 2mimal o f g}mn_l > and

< Morof, g,lnm >=< f, g,ln_lyn > for every f. In particular by plugging fas n in (5) and (6) we get:

—2miM 13 — 13 13 — 13
e aﬁgM,N+1 =190 N > Irt1,n = Moralohy N (8)
for every integer M, N. Tterating now these relations we obtain (7). i

Assuming the same invariance hypotheses for the second channel we obtain similarly the following

relations:

2# (l‘) — eZWiMOél‘gZ#(x _ nﬁ) (9)

Imin

which shows that both {g}fn} and {ggfn} should be coherent, i.e. obtained as WH sets.

This discussion justifies our choice for the side decoders as given by the WH sets WH j1%., g, respec-
tively WH o0, 5

There are two particular choices for the encoder or decoder that we would like to single out. Both
choices correspond to using a single windowed WH frame WH ;... 3, followed by a downsampling (division)

of the coefficients. One possibility is to split with respect to the time shifts as follows:

1 2
Imn = Im,2n;a0,80 Imn = 9m,2n+1;a0,60 (10)



We call this encoder a time-shift division encoder (TSDE). Then it is obvious that ¢, ¢Z, can be

mn? mn

equivalently obtained via:

1 1 2 2
Cmn =< fa gmn;ocoyzﬁu > v Cmn =< f’ gmn;ocD,Zﬁu >

where ¢! = g and ¢g? = Tp,g. Similar translation-modulation invariance conditions on the decoder ask

1%

Im,2n;000, 607

The encoding-decoding

. 2
respectively g2# = gm#%_l_l;%ﬁo.

for the following relations: gl# =
scheme is represented in Figure 2.

The other possibility is to split the coefficients with respect to the frequency shifts as follows:

grlnn = 92m,n;0060 gg@n = 92m+1,n;0080 (11)

We call this encoder a frequency-shift division encoder (FSDE). We can still obtain the encoding scheme
via the general scheme presented in Figure 1, except for a constant phase factor in the second channel,
which is canceled out by a similar choice of the second side-decoder. We have ¢! =~=< f, g}nn,mu 8o >

2 — 2minogf 2 1 2 _ : : 113
and ¢, = e oPo < f, Imni200,60 > where ¢g° = ¢ and ¢° = Maza,9. The invariance conditions on

13

the decoder are satisfied if we use the following windows: ¢l# = 9om n:ao

24 _ 2
o and gmﬁ = Y9m+41 n;00,60°

Note that g;#@+1,n;agﬁg = 62””0‘050(Mzﬂaugz#)myn;zaoﬁo and this explains how the constant phase factor
is removed. The encoding-decoding scheme is similar to the one in Figure 2 where the indexes m, 2n and
m,2n + 1 are replaced by 2m, n, respectively 2m + 1, n.

Similarly, we can construct the side-decoders either by time-shift division or by frequency-shift divi-

we obtaln the

24 — L #
and gmﬁ - gm,2n+1;oéu,ﬁu

. . . 1# _ #
sion, of one given frame. Thus if we choose g7 = g7 ., 5

time-shift division decoder (TSDD) and the encoding-decoding scheme is shown in Figure 3. If we choose
gi# = gfmyn;%ﬁu and ¢2# = g#m_l_lyn;%yﬁu we have the frequency-shift division decoder (FSDD) and the
encoding-decoding scheme is analogous to the one drawn in Figure 3, where we replace the indexes m, 2n
and m,2n + 1 by 2m,n and 2m + 1, n, respectively.

Finally, we consider also the case when both the encoders and side-decoders are obtained by shift
division. Then, the time-shift division encoder-decoder (TSDED) is obtained by ¢.l,, = gm 2n:a0,f0s
G = Gm 2n+1i00,00, Iilh = giy%;%ﬁu and g2# = g#%%_l_l;%ﬁu. The frequency-shift division encoder-
decoder (FSDED) is defined analogously by gi.,, = g2m n.acfe, 9ran = 92m+1ni00,0, ot = gfmyn;%ﬁu

of _  #
and %% = g3 1 a0 po-

We analyze now certain signal models and we compute the one-channel approximation error.



Given a signal f, the approximation error furnished by the first side decoder is given by:
2
_||dengmn_ || (12)

Suppose again that d = c¢. When no a priori information is known about the signal, a logical choice
for the error measure would be to take the supremum of ey (f) over all f with ||f|| = 1. We obtain the
following norm:

ewe = sup || > < fgm, >0, — I’ (13)

A1=1 mn

The index we stands for the worst-case. Indeed, e,,. measures the worst-case error when the encoder 1s
fixed by ¢ and the decoder by ¢'#. Thus the designing issue seeks to solve the following optimization
problem:

fue = lnf#ll e 1Y < Fi90n > 0 — £II (14)
9,9 f m,n

Since for aff > 1 {g}nm; m,n € Z} is always incomplete in L?(R), then obviously e,. > 1 (just take f to
be orthogonal to all g}mn). In fact it is easy to see that the optimal value in (14) is 1 for every of with

af > 1 and it is 0 for af < 1. The value 1 is the threshold for af when {g}nn;aﬁ} may turn from

m,n
an incomplete set when af > 1 into a complete one when a3 < 1 (see the Appendix A). To achieve the
optimal value 1, we can choose ¢! and ¢'# such that Zm,n < -9k > gm#n represents, for instance, an
orthogonal projection. This happens whenever ¢'# is the generator of a WH set that is biorthogonal to
WHgr.q 5, 1.c. g'# € Span WH 505 and < g'#, g 0 >= 01y 00 0 for every m,n € Z. We shall return
in the next section to the problem of finding ¢'#, the biorthogonal generator, given g'. We note here
only the discontinuity of J . as a function of 1 5 at the threshold value 1 (see Figure 5 top plot). The
stochastic model presented below will yield a continuous transition from 1 to 0 (see Figure 5 bottom
plot).

We introduce now the stochastic model that is going to be the main topic of this paper. The abstract
(mathematic) results needed to justify the formal computations are presented in Appendix B. More

results and extensions are presented in [Balan98].

Our stochastic model is of a stationary signal with zero-mean and known autocovariance function:

Bf() = 0
Ef()f(s) = R(i—s) (15)



The natural representation space can no longer be L?(R), the space of finite energy signals, since E|[f()?|
is not integrable; instead one can use the Wiener amalgam space W (L?,1°°), a space of finite power signals
(hence the mathematical “complications” presented in Appendix B), or (less intrinsically) weighted L?-
spaces.
The approximation error is measured as an expected value of the weighted L?-norm given by a non-
negative weight function w as follows:
e =Elf =Y <f.gh, >0kl (16)
m,n
where ||h||i} = f_oooo |h(z)|*w(x)dz. The lower index st stands for stationary, the upper index indicates
the channel for which the approximation error is measured. Hence e, means the approximation error of
the second channel:
e =Elf = <fg0,> 0kl (17)
m,n
Consequently, the two-channel error (which is not the reconstruction error of the central decoder) is:
e =el el =EIf > <fogh >at L +EIf - <f.g2 >0 (18)
m,n m,n
The designing task is the following: given the stochastic model (15) and the weight function w,
find the windows ¢',¢%, ¢'#, ¢°# that minimize the two-channel approximation error, allow a perfect
reconstruction when both channels work and the quantizer is ignored, and are well-localized in the time-
frequency domain. To deal with the time-frequency localization we can append to the optimization
criterion certain terms measuring the time-frequency spread, but this turned out to be very expensive
computationally.

Let us state now the possible optimization problems related to the approximation errors (16)—(18).

We denote by Hi(g;a, 3), Ha(g; a, B) and H(g', ¢%; a, ) the following hypotheses:

Hi(g;c,3) : The set WH .o g is a s-Riesz basis. (19)
Hy(g;c,8) © The set WH .o g is a frame. (20)
H(g, g% a,B): The multiset WH (g1 g2)0,5 is @ multiframe. (21)

10



Ocasionally we shall use Hi(g), H2(g), H(g',¢?) when there is no danger of confusion. For a3 = ’q—’ we

can also use Hi(g;p,q), Ha(g;p,q) or H(g', g% p,q) instead of (19), (20), or (21), respectively.

A. The Optimal Problems
A1l. The One-Channel Optimal Problem:

1 . 1
€opt = inf €5t
gt g
(g5 a, )
A2. The Two-Channel Optimal Problem
142 . 142
e‘)’-’l_t - 1,2 m1f# 24 ol
9,99 ",9
H(g", 9% o, 260)
A3. The optimal TSDE:
TSDE . 142
o = ot el (e" =9,0° = Tpg)
9,97, 9
Hs(g; a0, Bo)
A4. The optimal TSDD:
TSDD . 142
Copr = Jif e = gt g = T
9,99
H(g", 9% o, 260)
A5. The optimal FSDE:
ot = ot e (9" = 9.9° = Marag)
9,97, 9
Hs(g; o, Bo)
A6. The optimal FSDD:
o = Jif e =g g = Marag?)
9,99

H(g", g% ao,23)

A7. The optimal TSDED:

TSDED .
Copt TV = inf, et (9 = 9.9° =Tpg,9'% = g%, 9" = Tpg%)
9.9
Hs(g; o, Bo)

11

(23)

(25)

(26)

(27)

(28)



AS8. The optimal FSDED:

ePSDED — inf, e (9" =9.9° = Marag, g'#* = g%, "% = Myrog?) (29)
9.9
Hs(g; ao, 3o)

B. The Partial Optimal Problems

The partial optimal problems are variations of the following theme: fix either the encoder or the
decoder and find the optimal decoder, respectively encoder that minimizes the error. Obviously there
are 16 possible problems. Each of them is an optimal problem with respect to a smaller searching space.

C. The Near-Optimal Problems

For the near-optimal problems we need to know first the optimal value for the corresponding problem.
Next we give a threshold, say § > 0. The problem is then to find an encoder and/or decoder that produce
an error less than 1+ J times the optimal error for the corresponding case.

For instance the near-optimal FSDED with threshold § is to find a g, g% € L?(R) such that eij’z(gl =
9,9% = Marag, g'# = g% ¢°#* = Morog#) < (1 + 5)65,€DED. We thus have 8 near-optimal problems
associated to A1-AS.

In the real world however the total distortion is different from the approximation errors considered
before. The assumption made at the beginning of this section, namely that the quantization error is
negligible, may not be true. In general we should take into account all sources of error. If we do so, the
total distortion has the following form:

JU=Elf - > Qa(<f.gh,>atlL (30)
(m,n)eSs

for the first channel, and similarly for the second channel, where S is the set of coefficients actually

encoded. Using the triangle-inequality we obtain:

T < B =Y <fgh, > aln Bl YD (Qa(<fighn, >)— <00, >k

m,n (m,n)eSs
+ Bl Y <fgnn > el =e e el (31)
(m,n)gs

Here: el, is the stationary error due to the incompleteness of each channel description; e; 1s the quanti-
zation error due to the quantization; e}, is the truncation error and is due to the fact that we send only
a subset of the total set of coefficients.

In section 4 we analyze the quantization and truncation errors. In the next section we deal only with

the stationary error and the optimization problems stated before.

12



3 Computations Using Zak Transform

In this section we shall compute the stationary error under the additional hypothesis that the redundancy

is a rational number. Consider the general encoding-decoding scheme in Figure 1. Set
_ P
af = p €[1,2] (32)

3.1 Stochastic Errors

First we concentrate on the first channel and estimate the reconstruction error. Then we compute

est? =el, +€2,. For the stationary stochastic model (15) we obtain:

el = B[ [ w@)t() -3 < b > i 0P
= [ wle) o)tz - > ~ [ [ e vt ot
—Z//dxdyw T, (0 R(y — )
DI N O AR e LTS

mnm Tl

Using Parseval’s formula (see Appendix C) for the summations over m, m’ we get:

m,n,m’ n'
To progress further we use the Zak transform. As we mentioned earlier, we assume af = 2—’ > 1 with
p and ¢ relatively prime. The Zak transforms of the four windows ¢*, g%, ¢'# and ¢*# are denoted by
capital letters, respectively by G!, G?, G'# G*# and are defined similarly to the following:
= VEY T (3(s + b)) (34)
keZ

The inversion formulae in time and frequency domain are:

L (Mo B g B[ imse
g(x):ﬁ/o G(t, 5)dt g({):@/o eTPRG (=2 5)ds (35)

13



We note here our convention regarding the Fourier transform: g(§) = \/12_77 ffooo e~€g(t)dt. For more
information on the Zak transform we refer the reader to [Jans82],[Jans88]. We recall here two quasi-

periodicity relations that will be used throughout this section:

G(t+1,s) =G(t,s) , Gt,s+1)=e ™Gt s) (36)
We denote by T'(¢, s) the px ¢ matrix whose (7, k) entry is G(t—l—%, 5—|—j;1—)),j =0,...,p—1,k=0,...,9—1,
le.
B NS par N
L(ts) = L P N (37)
G(t,s—l—.(p— nL G+ é,s—.I-(p— ni) - G+ ‘f;—l,§+(p— 1)

We define similarly the matrices ''(¢,s), ['%(¢,s), [1#(¢,5) and T?#(¢,s). We also define the following

transforms of the autocovariance function, respectively of the weight function:

. _|_ r
\ t — ZWzmqtR mp
) = BT R(EES

wis) = D w(B(s +k)) (39)

k

), r=0,...,p—1 (38)

Let us denote by M(¢) the p x p matrix whose (r1,72) entry is pp, —r, (1), i.€.

pot) o po(p-1)(t)
M@= | z (40)
pp-1(t) - polt)
Note the following properties:
prip() =720 (1) pu(t+ 1) = p(0) (41)
p-r(t) = pr(t) = M" =M

i.e. for fixed ¢, M(t) is self-adjoint as a matrix (we shall also use M* instead of M7 (¢)). Thus M(t) is a
p x p self-adjoint Toeplitz matrix.
Using W (s) defined in (39) we construct a p x p diagonal matrix W (s) whose (r,r) entry is w(s+ rf—)),

1.e.

0 wlt(p-DY

Since w(s) is 1-periodic the diagonal of W (s) contains a permutation of the w(s + %), r=0,...,p—1.
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Using these notations and the Parseval identity, the error el, given by (33) turns into:

g g 1 . 1 .
el :ﬁq/ ds/ dt trace{W(I — ;rl#rl YM(I — ;rlrl# )} = e(W,M; T T, 0, 8)  (43)
0 0

where It = T (¢, s), T1# = [''#(¢,5), M = M(t), W = W(s) and [ is the p x p identity matrix. In order

to make explicit dependence of the error on the window functions ¢ and ¢#, we also use the notation
e(w, Ry g,9%;a,8) = (W, M; T, T#;a, §). (44)

A full account of these computations can be found in [Balan98].
The other channel error is given by:
2
e?t = EHf - Z < faggz,n > gZ’#ﬂ”w
m,n

Then the same derivation leads to:
e?t = 6(W,M,F2,F2#;a’ﬁ) (45)

We turn now to the special cases of time-shift division and frequency-shift division encoders and
decoders. Both cases can be treated by adapting formula (43) to the specific context. We take af =
— L
20000 = .
In the time-shift division case the reconstruction operator on channel 1 has the form:
TSD¢ _ 1 1% — 1 1#
STPE=D < niano > It amiao o = D < 0mmian260 > I mico 260
m,n m,n

and thus the reconstruction error is:
e’ %P = e(W, M;T!, T'#; g, 23) (46)
with W, M, T'!, T'# defined as before but for 3 = 28y, a = ap. For the second channel we obtain:

TSD p _ 2 24 _ 2 2%
52 f - Z < fagm,Zn-I-l;Oéu,ﬁu > Im,2n+1:00,80 — T@(Z < T—ﬁf’gm,n;au,zﬁu > gm,n;ocD,ZﬁD)

m,n m,n
The error 1s then:

2;TSD __ 2 _ 2 2 _
€st - EHf - SgSDwa - EHTﬁ (T—ﬁf - Z < T—ﬁf’ggl,n;ocgﬂﬁg > gm#n;ocg,ZﬁD)H -

w
m,n

2 2
EHT—ﬁf - Z < T—ﬁf’ggl,n;ocgﬂﬁu > gm#n;ocg,ZﬁDHw

m,n
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because of the stationarity of the reconstruction error. Next, T_sf has the same second order statistics
as f does, because of the stationarity of the signal itself. Thus 7_z can be dropped out from the above

formula and we obtain:

T3P = e(W, M;T%, T%#; g, 23) (47)
The frequency-shift division case is similar, but a bit different. For channel 1 the reconstruction error
does not raise any difficulty since:

FSDge 1 1# _ 1 1#
Sl f= Z < f’gzmﬂ;amﬁu > Y2m,nie0,80 = Z < f’gmﬂ;zaoﬁo > ;200,60

m,n m,n

Thus:
el = (W, M; T ;200 o) (48)
On the other hand, for the channel 2 we obtain:
SESDy — Z < f,ggm_l_l’n;auyﬁuggiﬂymmﬁu = MZﬂ'ocg(Z < M—Zﬂaufaggz,n;Zocu,ﬁu > gifn;zom,ﬁu)

m,n m,n

which 1implies:

2, FSD 2 2 2
€st - EHf - S;SDwa - EHMZ?TOMJ (M—27Toéuf - Z < M—Zﬂ'oéufaggz,n;Zocu,ﬁu > gm#n;ZocD,ﬁg)Hw

m,n

2 2
= BIM-zraof =D < Moseaof 00 naans0 > nimszon pull

m,n

Note now that M_ar4,f has a different second order statistics than f has. Indeed:
E[M_ora,f(t) M_ora,t(s)] = 2™ =Rt — 5) (49)
Thus the reconstruction error becomes:
e = (W, N; T, T7#; 20, o) (50)

where N is a p x p Toeplitz matrix obtained similarly to M but for the autocovariance function (49). Let

us denote by o;(t) the entries of N(¢). Then an easy computation shows that:

oo(t) -+ o_(p-1)(?)
N(t) = : : (51)
op1(t) - oo(t)
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with
o2(t) = (=1)7pe (¢ + a0o) (52)

Note that o, and N have similar properties to those of p, and M given by (41).
The last two cases we consider are the TSDED and the FSDED. Both schemes are defined by two
windows ¢ and g# only. The total error in the TSDED case is obtained by adding up ei;TSD and e?;TSD

for ¢* = ¢ = g and ¢'# = ¢°# = ¢g#. Thus we obtain:
er PTEPED — 00 (W M; T, T#; g, 26) (53)
In the FSDED case we have to add together ei;FSD and e?;FSD and we obatin:
e FBESDED — (W M 4 N; T, T'#; 200, fo) (54)

The expressions (53) and (54) look very similar; note however that, because one of them uses 23, and the
other 3y as the time translation unit, our analysis uses different Zak transforms (in which the translation
unit enters), so that I', I# have different forms in the two formulas.

Next we analyze the three hypotheses (19,20,21) stated in the previous section as well as the central

decoder construction.

3.2 Biorthogonal and Dual Generators

The hypotheses impose different conditions on a WH set or multiset. The s-Riesz basis and frame condi-
tions on WH 4.« 5, in terms of the Zak transform, have long been studied (see [Daub90] and [HeWag89)]).
Similarly one can obtain necessary and sufficient conditions on a WH multiset to become a multiframe

(see [ZiZe95]). These conditions can be stated as follows:

THEOREM 3 A. Consider WHy.o. 5 a WH set. Suppose aff = 2—’ with p,q relatively prime integers.
Let us denote by G, G, G? the Zak transforms of these windows with respect to the parameter 3, and by
[, I'Y, % the p x ¢ matrices obtained similarly to (37). Then:

1. Wi 4.0 5 is a s-Riesz basis with bounds A, B iff for a.e. (t,s) €0, é] x [0, %]

1
A<-T*T<B (55)

p
where the inequalities are understood in the quadratic forms sense (i.e. M > a,a € R iff <, Mz >>

oz||a:||2). Moreover, the standard biorthogonal s-Riesz basis generator g% is given through the following
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relation:

I'# = pI'(T*T)~* (56)
2. WH .o p is a frame with bounds A, B iff for a.e. (t,s) € [0, é] x [0, %]
1 *
A< -IT*< B (57)
p

Moreover, the standard dual frame generator g is given by:
[ =p(r*)~'r (58)

B. Consider now WH (g1 42),0,5 @ WH multiset. Suppose again o = & with p, q integers and consider

q
the same notations as before.
The multiset WH (41 g2y.0,5 15 @ WH multiframe with bounds A, B off for a.e. (t,s) € [0 1% 10, 4]
1 * *
A< -(I'TY +T°T*) < B (59)
p

In this case the standard dual frame generator (g*,§*) is given by:

1:1 _ p(FlFl* + FZFZ*)—lrl (60)

2 =p(C'r"" 4+ 12r¥7)-'r? (61)

This result is known in the literature, in various places. Part B is perhaps the least known, since WH

multisets have been studied less. In Appendix D we sketch its proof.

REMARK 4 Note in (55), the s-Riesz basis condition is stated in terms of T*T because p > q, whereas

in (57) the frame condition involves the product TT*, since now ¢ > p.

This result makes it possible to obtain the central decoder. Indeed, in the TSDE or FSDE cases,
the full bit-stream b,,,, 1s obtained by encoding the expansion coefficients of the signal f with respect to
a frame WH,.o g. On the other hand the standard (minimal) dual frame minimizes the reconstruction
error variance when the coefficients are perturbed by an additive independent white noise. Thus, the
standard dual frame 1s a logical choice for the central decoder, and that is what we choose. In the other
cases when the encoder is a WH multiframe we choose its standard dual multiframe (60) and (61) for
the central decoder (note in the FSDD case the central decoder should preprocess the coefficients of the

second channel by shifting them with a constant phase e=27in0f0),
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3.3 The Partial Optimal Problems

Let us now concentrate on the partial optimal problems. Note first of all the symmetry in terms of the
encoding and decoding problem. Indeed, because we can make circular permutations and take adjoints

under the trace we have:
e(W,M; T, T, 0, 8) = e(M, W; % T, 0, 9) (62)

For the one-channel partial optimal problem with fixed encoder we have to minimize ¢(W, M; I, T'#: o, 3)

with respect to I'#, for o > 1. This is clearly equivalent with minimizing the following trace:

1 1
min tracedW(I[ — = XI'"")\M({ — -TX* 63
i TW( 5 )M( 5 )} (63)

for X € CP*? with W, M € CP*P hermitian and ' € CP*? given, because each X (¢,s) can be chosen

1

independently from each other for (¢,s) € [0, 5] % [0, %] The optimal solution is given by:

% = pMI(I"MTI)~! (64)
Note it does not depend on W, however the optimal value of the error does:

(W, M;I,T# o, 3) = ¢ /; ds/E dt trace{WM — WMT(T*MT) "' T*M} =: e,,(W,M;T; a, 3)
0 0 (65)
The explicit solutions that will be presented assume implicitely the encoding hypotheses (19,20,21) are
satisfied. We shall comment on this fact later in the subsequent subsections when the optimal problems
are considered.

We introduce also another expression that will be useful next:

elH (W, My, My; TH T% o, 8) = ﬁq/p ds/q dt trace{W (M; + M)
0 0

— W (M + M) (P M+ T2 ML) (0 My + 127 M)}

The solutions to the 16 partial optimal problems are given in the following theorem whose proof in given

in Appendix D:

THEOREM 5 Suppose the matrices W (s) and M(t), N(t) are strictly positive with bounded inverse.

Then the solutions of the partial optimal problems are given by:
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B2.

B3.

B4.

B5.

B6.

B7.

BS.

B1. The one-channel partial optimal problem with fired encoder:
Fl#so — erl(Fl*Mrl)—l

1
est;so

= e50(W, M; 't a, 3)
The one-channel partial optimal problem with fizred decoder:
rl,, = pWI'#(D1# wr'#)-!
ei#so = es0(M, W; Fl#é @, B)

The two-channel partial optimal problem with fired encoder

ri#,, = pMrH(rMrh=t | r¥#,, = pMr3(r’mr?)—?

et ey = eso(W,M; T 0, B) + €50(W, M; %, 3)

The two-channel partial optimal problem with fizred decoder

rl,, = pWI'#(T# Wri#)=t | 12, = pWI#(D2# wr2#)-!

er2F = e o (M, W; T, 0, 8) + e, (M, W; T?#; 0 )

st,s0
The partial optimal TSDE with fired encoder:
ri#,, =%, = pMI(I*MI) ™!

eFETSDE — 90 (W, M;T; g, 260)

st,s0
The partial optimal TSDE with fired decoder:
I, = PW(Fl# + Fz#)(Fl#*WFl# + FZ#*WFZ#)—l

et T IPEE = LM, WL W T T2 g, 25,)

st,50
The partial optimal TSDD with fizred encoder:
r#,, = pM(I'* 4+ T2 ("M + 127" Mr?)—*
et 7Y = e (WM ML T T, 260)
The partial optimal TSDD with fired decoder:
I, =12, = pWI#(T# Wr#)-!

st BT — 9¢ (M, W T#; ag, 203,)

st,s0
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B9. The partial optimal FSDE with fized encoder:

B10.

B11.

B12.

B13.

B14.

B15.

B16.

r#,, = pMI(I*MTI)~! | % = pNI(I"NT)~!

st BISPE — o (W, M; T, 200, B) + €50(W,N; T; 200, fo)

st,s0

The partial optimal FSDE with fized decoder:

I';,, = X solution of the linear system : MXT1#" = p(MWT# 4 NWT?#)

st,s0
The partial optimal FSDD with fized encoder:
I'#,, = p(MI'! + NI?)(TV"MT! 4 12"Nr2)~?

e 0P = e (W M NS T T% 200, o)

st,s0
The partial optimal FSDD with fized decoder:
rt,, =12, = pWI#(# Wr#)-!

61+2,FSDD# — 6so(M +N,W; F#; 20[0’60)

st,s0
The partial optimal TSDED with fized encoder:
I'#,, = pMI(I*MT)~!

12 TSDED _ 2e50(W,M; T; arg, 250)

st,s0
The partial optimal TSDED with fized decoder:
T, = pWI#(I# Wr#)~!

61+2’TSDED# = 2650(M, Wa F#a g, 260)

st,s0

The partial optimal FSDED with fized encoder:

I#,, =p(M+ N)T(T*(M + N)I') !

61+27FSDED — 650(W,M + N,F,an,ﬁo)

st,s0
The partial optimal FSDED with fized decoder:
r,, = pWI#(I# " Wr#)-!

61+2,FSDED# — 6so(M +N,W; F#; 20[0’60)

st,s0
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REMARK 6 1. We point out that the requirements (such as strict positivity) on W (s), M(t) and N(¥)
are not necessary. They are sufficient conditions ensuring that the suboptimal windows g! g2, g*#, g2#
belong to L*(R); in most cases these conditions can be relaxed. Each case can be dealt with separately,
but we shall not go further into this here. However, in practice we are interested in more reqularity than
stmply square integrability; we are interested in smoothness for our windows as well. We return to this
1ssue in the designing step, in section 4 below.

2. As mentioned before, we assume that each solution satisfies the s-Riesz basis and multiframe

condition. FExplicit conditions for these hypotheses will be given for the optimal problems.

4 The Optimal Problems

4.1 Spaces of Eigenvalue, Eigenvector and Eigenspace-Valued Maps

The following objects are useful in the analysis of the optimal solutions. The unit 2-dimensional square
is symbolized by O, O = [0,1] x [0,1]. Recall that the Hilber-Schmidt scalar product of two matrices

A, B € CP*? ig defined by:

P q
<A, B>ps=Trace{A"B} =Y Y A;Bj (98)
i=1j=1

Similarly, the Hilbert-Schmidt norm of A € CP*9 is defined as usual by ||A||zs = (< 4, A >ps)' /2. Then

we can easily define several LP spaces of matrix-valued functions. In particular we define two spaces:

LA (O;¢P*) = {A:0— CP*Y| ||A||iQ(D;Cqu) = // ||A(t,5)||12qsdtds <oo}  (99)
m]

L (B;GLg(C))

{A:0 = C™ | Al pe@ar, ) = (tsu)p‘:| [|A(t, s)]| g < o0 (100)
)8)€

and  sup ||A_1(t,5)||HS < oo}
(t,s)en

Note that L®°(0;GL,(C)) is not a linear space (for instance the constant zero matrix does not belong
to this space), but a group with respect to the matrix multiplication. Consider now the space of p x
p nonnegative symmetric matrices Sym;'(C). It is a convex cone and the trace is a pseudometric,
d(Sy, S2) = |Trace{S; — Sa}|, for 51,52 € Sym;' (C). Using this pseudometric we construct the L! space

of Sym;' (C)-valued functions as follows:

Ll(D;Sym;'(C)) ={5:0 = Symt(C) | IS/l = //] Trace{S(t,s)} dtds < oo} (101)
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Sym;' (C) is then extended to the space of Sym;' (C)-equivalent matrices, denoted Plus,(C) = {TAT~'; A€
Sym;'(C),T € GL,(C)}. Thus a matrix M € Plus,(C) if and only if it is diagonalizable and all its

eigenvalues are positive real numbers. Accordingly, L (O; Sym;'(C)) extends to:
LY(O; Plus,(C)) = {B : O — Plus,(C) | ||B|;: = // Trace{B(t,s)}dt ds < oo} (102)
o

Note that L(DO; Sym;'(C)) is a subset of the space L'(O; Plus,(C)) which in turn is a subset of the set

of trace-class operators over L?(0; CP). Moreover, the following property holds true as well:
PROPOSITION 7 IfS, R € L*(3; Sym} (C)) then S-R € L'(O; Plus,(C)) and ||S-R]|,, < HSHL?ﬂHRHL?{:’

Proof Suppose A € Sym;' (C) then there is a unique A% e Sym;' (C) such that AMY2AY? = A, For
every e >0 and B € Sym;'(C) we have the following equivalence (A4el)B ~ (A+eI)Y/?B(A+eI)Y/? €
Sym;' (C). Now, by continuity of the spectrum with respect to (compact) perturbations, we may take the
limit ¢ \, 0 and obtain AB ~ AY2BA'Y2 Thus AB € Plus,(C). Consequently, for S, R satisfying our
hypothesis, we have for every point (¢, s), S R|(; sy € Plus,(C). Next, note Trace{S* R} =< S,R>pgs<
151 775 || Rl g by the Cauchy-Schwartz inequality and thus S- R € L'(O; Plus,(C)) which ends the proof.
<&

Consider now S a matrix-valued function in L'(O; Plus,(C)). We want to study the eigenproblem
solution for S(¢,s). We are interested in the eigenvalue and the eigenvector maps.

At each point (¢,s) € O, the eigenvalues are well-defined and positive. The eigenvectors may not be
uniquely defined if one or more of the eigenvalues is degenerate. Let us denote by Ai(t,s),..., (¢, s)
the p monotonically decrasing ordered eigenvalues of S(t,s) at (¢,s). Thus we obtain p real-valued maps

over the unit-square, A; : 0 — R*, 1 < j < p. The following result characterizes these eigenvalue maps:

THEOREM 8 Consider S € L'(O; Plus,(C)) and A1,..., A, : O — RT the monotonically decreasing
ordered eigenvalue maps as above.

1. For every 1 < j < p, A; is measurable (with respect to the standard Lebesque measure) and
A\ € LYO;RY);

2. If the entries of S are continuous complez-valued functions on O, then so are A; : O — R*,
i=1...,p;

3. Suppose the entries of S are differentiable at some (t,s) € O (i.e. the real and imaginary parts of

Sk are differentiable at (t,s), for 1 <1 k < p) and A;(t,s) is nondegenerate, then A; is differentiable at
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(t,s).

Proof of Theorem 8

2. Part 2 is a standard result in matrix perturbation theory (see for instance Theorem IV.1.3 due to
Elsner in [StSu90]) and it is usually proved using complex analysis methods.

3. Part 3 is also standard (see Theorem IV.2.3 in [StSu90]) and it is proved using the Gerschgorin’s
disks technique.

1. For the first assertion we use first the density of C(O; Plus,(C)) in L'(O; Plus,(C)). Then we
consider a sequence (S(”))nzl in C(0; Plus,(C)) that converges to S in L'(O; Plus,(C)) sense. Then
we extract a subsequence (ny)y that converges pointwise almost everywhere on S. Next, the sequences
(A?k)kZa, j=1,...,pof the ordered eigenvalues of S(**) are bounded and necessarily converge to Ar(5)s

some eigenvalue of S, where 7 is a point-dependent permutation of {1,2,... n}. Because of the ordering

of (A?k) we have m = id. Thus A;(z) = limg 00 AT*

; (z) pointwisely and each A}” 1s continuous, hence

measurable and in L'(0;RT). Therefore A; is measurable as well. Since 0 < A;(z) < TraceS(z) we
obtain [ [ Aj(¢,s)dtds < [ 5 Trace S(t,s)dt ds < co. Thus for every j, A; € L*(0;R™). End of proof.
&

We consider now the eigenvectors problem. Unfortunately there are no easy answers to the continu-
ity problem for the eigenvectors. The difficulty arises whenever the eigenvalue is degenerate. For the
nondegenerate eigenvalues the problem is relatively easy and the answer i1s furnished by the spectral
theory.

Given a p x p matrix A € CP*P and a closed curve A € C that does not pass through any eigenvalue
of A (i.e. Spec(A)NA =0), then

1
Py=— | (AT — A" tdA 1
=g | AT=A) (103)

defines a projection onto the spectral space associated to the eigenvalues included in the interior of A
(see for instance [Kato80]). A spectral space associated to some eigenvalue A is the largest invariant space
of A such that the restriction of A to this invariant space has the spectrum made only of A. If A 1s
selfadjoint, Py is an orthonormal projection and any spectral space is exactly the eigenspace associated
to some eigenvalue. In general the eigenspace is included in the spectral space, but the inclusion may be

strict. However, when A diagonalizes the two spaces are always of the same dimension.
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Suppose now A = A(?) is a p x p matrix whose entries are continuously parametrized by ¢, and for
t € I, A has a simple eigenvalue at A;(t); we choose to number the eigenvalues so that A; is continuous
in ¢ (see above). Then the projection onto e; (the eigenvector associated to A;) is a continuous function
in the space of rank one projectors. Next, using a transformation function adapted to P; (see [Kato80],
Cap. II, §4.2) we can construct a continuous map of eigenvectors from 7 into CP: ¢ — e;(t), associated
to the map A;. The same argument can be carried over to any spectral projection of constant rank. Thus

we get the following result:

PROPOSITION 9 Let A : I — Plus,(C) be a continuous Plus,(C)-valued map defined on an open
set I (I C C*, for some k > 0) and let \i(t) > -+ > A\, (t) be the monotonically ordered continuous
system of eigenvalues. Suppose for some 1 < q < p, Ay(t) > Ag41(t) on I, then there are ¢ orthonormal
vectors e1, ... ,eq, continuously defined on I that form an orthonormal basis for the spectral space of A

associated to {\,... A}, <

REMARK 10 [. Egplicitely, e1,...,eq have the following property: for every t € I, if E 1s thewr q-
dimensional span in CP, then F is an invariant space for A and the spectrum of A restricted to E 1s
exactly {A,..., Aq}, t.e. Spec(Alp) = {A1,..., A}

2. The result in [Kato80] does not yield directly the orthonormal system, bul rather a basis for each
t in the spectral space. From there it is straightforward to obtain an orthonormal basis (for instance by

Gramm-Schmidt) which will depend continuously on t as well.

In order to deal with the degenerate case we have to be more careful. Consider now A : O — Plus,(C)
a function in L*°(0; Plus,(C)) and Ay > A > -+ > A, its system of eigenvalues. Fix ¢, 1 < ¢ < p. Let
us denote by £,(CP?) the set of ¢g-dimensional subspaces of CP. We define the following two important

sets of maps:
eigspacemax(A;p,q) = {V:0 = L (CP) | for every (¢,s) € O ( s) is A(t, s) — invariant
dimV(t,s) = ¢ and Spec(Aly) = {\1 gt}

eigmar(A;p,q) = {F:0—= CP*T| F*(t,s)F(t, ) , I is measurable and
3V € eigspacemax(A;p,q) s.t. Ran F vV}

(104)
(105)

We shall also use the notations eigspacemaz(A; o, 3) or eigmaz(A;a, 3) with af = f]—’ to denote the
same objects, when there is no danger of confusion. Note that )V is not necessarly a spectral space,
because we do not require V in eigspacemax to be maximal as invariant space (in fact we couldn’t have

required this because of the dimension constraint). If A\, > Ag41 then V is a spectral space, though. In
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this case Proposition 9 proves there is a continuous F' € eigmax(A;p, q); moreover eigspacemax(A;p,q)
contains only one map, namely the one associates for every (¢, s) € O the spectral space of {A,..., Az}
In the case when A\, = A\j41 eigspacemax(A;p,¢) will contain infinitely many maps. Note the columns
of F' € eigmax(A;p,q) form an orthonormal basis for some V € eigspacemax(A;p, q).

For a better characterization of these objects we introduce the following indices. For every (¢,s) we

define the degeneracy indices ky(t,s) and ka(t, s) as follows:
ki(t,s) = mkax{k | Ag—mk = A}, kalt,s) = mkax{k | Agrr = Ag} (106)

Thus the eigenvalues at (¢,s) are ordered as follows:

Agmki=1 > Ageky = - = Ag = - = Mgk > Agikatl (107)
Then we define:
Dy, ={(t,s) €0 | ki(t,s) =11, ka(t,s) =1lo} (108)
and
Dy = U?ZQD]'J (109)

Note that we always have 0 < k; < g and 0 < k2 < p — ¢ always. An easy exercise shows the following
properties of these sets:

1) Dy, i, N Dpyy oy, = 0, for every (I, 12) # (ma, ms);

2) Do ={(t,s) €O | Ag=1(t, 5) > Ag(t, 5) > Agy1 (2, 5)} is open;

3) Do ={(t,s) €0 | A\y(t,s) > Ag41(, s)} is open;

4) Dy U Dy U...UDjis open;

5) Uo<i,<m, Yo<iz<ms Diy 1, is open for every my, ms.

With these notations Proposition 9 implies that on Dy we can construct (continuous) g-system of
orthonormal basis in the spectral space of {A1,...,A;} (assuming A is continuous). Note also that
etgspacemax(A; p, q) restricted to Dy contains only one map. We are now ready to discuss the optimal

problems and the localization result.
4.2 The Optimal Problems

Once we have solved the partial optimal problems we can optimize over the remaining freedom in the

choice of window functions, i.e. we now concentrate on the eight optimal problems stated in (22)—(29).
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We shall solve exactly (i.e. in a closed form) seven of these eight problems. For the eighth problem (the
FSDE problem) we provide upper and lower bounds for the approximation error. The exact value of
the optimal error in this particular case can be obtained by solving a continuously parametrized finite
dimensional optimization problem. For all the cases the optimal solution represents a Karhunen-Loeve
approximation of the original stochastic signal. For the remainder of this section we assume M(?) is
bounded and invertible for almost every ¢ € [0, 1] (more precisely, M € L* ([0, 1]; GL,(C))).

We are going to study separately each of the eight optimal problems. In the following we use the

notations introduced before.
4.2.1 The One-Channel Optimal Problem

The one-channel optimal problem is the simplest and, in some sense, represents a benchmark for the
other optimization problems.

Recall the one-channel structure involves two WH s-Riesz bases WH .o 5, WH #., s and the com-
munication structure contains one encoding and one decoding block. If g, respectively g#, denotes the
encoding, respectively decoding window, then the optimal solution is obtained by solving one of the

following optimization problems:

eit;o = inf inf e(w,R;g,9%;a,8) = inf inf e(w, Ry g,9%; a, B)
7 g* g* 7
Hi(g;a,B) Hi(g#;a,p) Hi(g#;0,8) Hi(g;a,0)
(110)

where e(w, R; g, 9%; a, ) was defined in (44). Solving the first optimization problem is equivalent to
first solving the partial optimal one-channel problem with fixed encoder, and then optimizing over the
encoders . The second form in (110) means to optimize the partial optimal one-channel problem with
fixed decoder over all admissible decoders, and then to optimize over the encoders. The solution is given

by the following:

THEOREM 11 (One-Channel) The optimal solutions of the one-channel optimal problem are parametrized

i the Zak transform domain as follows:

Tope(t,5) = F(t,5) - L(t, ) (111)

T%.(t,s) = F#(t,s) - L#(t, ) (112)
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where:
F € eigmaz(WM; o, 8) , F#* = MF(F*M?F)~Y? ¢ eigmaz (MW ; a, 3) (113)
and
Le L¥(0;GLy(C)) , L* = p(F*M>F)Y*(F*MF)™' L™ € L™ (0;GL,(C)) (114)

L= denotes the hermitian conjugate of the inverse: L=* = (L™1)*. Recall from §4.1 that eigmazx(S; o, B)
represents the set of p x q-matrices of functions whose columns at each point are orthonormal vectors and
span an wnvariant space of S corresponding to the largest q eigenvalues.

The optimal value of the error turns into:

1/p 1/q P
eit;opt = eopt (WM o, §) := ﬁq/ ds/ dt Z Ai(t, 8) (115)
0 0 i=q+1
where (/\i)i:ﬁ are the p real eigenvalues of WM|(; oy decreasingly ordered as Ay > ... > Ap.

Proof First note that in the Zak domain the optimization problem decouples into independent finite-
dimensional optimization problems continuously parametrized by (¢,s). For a fized (¢,s) we have to

minimize
Trace{ WM — WMT(I*MT)~'T*M}

over I'. Assume M is invertible at (¢,s). Notice that Pr := MY?T(T*MT)~'T*M'/? is an orthogonal
projection for any choice of I' for which I'*"MTI is invertible. Moreover, for every ¢-dimensional subspace
V of CP,| there is a I' such that Pr = Py, where Py is the orthogonal projection onto V. Then the problem
reduces to finding a subspace V that maximizes Trace{MY>*WM?Y2Py}. Tt is clear that this subspace
should belong to eigspacemax(MY?*WM? 2, p q). Next we check that F given in (113) is a solution for
I'. Note first that Spectrum(WM) = Spectrum(Ml/ZWMl/z) (see Proposition 7). Thus F corresponds
to the largest eigenvalues of MY?WM'/? as well: WMF = FA, where Trace{A} = N with A

the ordered eigenvalues of WM. This proves (115). Then
MY?WMY? Pp = MY?*WMF(F*MF)"'F*MY? = PpMY/*WM*/?

which shows that Ran Pp is an invariant subspace of M'/?WM'/? and also Trace{M'/*WM'/?Pp} =

Trace{A}. Thus Ran Pr € eigspacemax(MY>WM?/2;p ¢) which proves (113).
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Next we note that any other T' € L (0; CP*?) that satisfies the s-Riesz basis condition (55) and is
optimal should correspond also to an element of eigspacemar(WM; «, 3). This means that RanT €
eigspacemaxr(WM; o, 3). From (55), it follows that I' = F - L for some L € L™(0;GLy(C)) and
F € eigmar(WM; o, 5), i.e. (111).

Finally, the biorthogonal generator is obtained through (66) which turns into (112) when (111) is

used. O.

An upper bound for the optimal error (115) can be easily obtained by using the following inequality:

Loy 55
/\i(t,s) S - /\i(t,s)
r—q i=q+1 p =0

Now, note the right hand side is %trace{W(s)M(t)}. Since W (s) is diagonal and the diagonal of M(¥)

is constant equal to pg(?) we obtain further:

ST Nits) < _qpo(t)Zw(er;)
i=q+1 r=0

Next, by integrating for (¢,s) € [0, 1] x [0, %] we get:

g
1
Copt (WM, B) < (1 = Z5) RO el (116)
where ||w|[;, = [w(x)dx is the 1-norm of the weight function w(-) and R(0) is the autocovariance

function evaluated at lag 0.

REMARK 12 1. In the case A, is nondegenerate, the optimal solution is parametrized only by L (0; GL,(C)).
In the case A\ 1s degenerate, the parametrization is more complicated because it takes into account the
local degeneracy of Aq.

2. In either of the two cases (i.e. Ay degenerate or not), the approximation error is given by the same
formula (115).

3. In the case when W (s) = w(s)I or M(t) = po(t)I we can solve this problem explicitely. We

postpone this analysis until later.
4.2.2 The Two-Channel Optimal Problem

The two-channel transmission scheme uses two encoding and two decoding blocks, one of each for each

channel. It thus represents a union of two one-channel transmission schemes, subject to hypotheses
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H(gt,¢%) and H(g'#, ¢*#). Without these additional constraints, the optimal two-channel problem
would simply reduce to the previously solved one-channel optimal problem. Hence a lower bound for the

approximation error is given by twice the optimal value of the optimal error for the one-channel case:

P

1/p 1/q
Cat ot > 260, (WM, 8) = 26(1/ ds/ dt § A(t,s) (117)
0 0 J=q+1

The issue is then whether the lower bound can be achieved or not.

The optimal solution for the one-channel problem is parametrized using the spaces in eigspacemaz (WM, p, q);
in particular we have Ran I', Ran I'? € eigspacemaz(WM; p, ¢). On the other hand, the frame condition
H(g', ¢%) requires that in the Zak domain, RanT! + RanT? = CP, another subspace condition. Now
clearly these two conditions are contradictory, unless almost all eigenvalues A, are degenerate and there is
enough “room” in eigspacemax(WM; p, q) to cover CP; we can therefore in general not hope to achieve
equality in (117). Moreover, (117) cannot be improved: for every ¢ > 0 there is a near-optimal solution

with eit‘"z < 2e0pt (WM e, 5) 4+ €. All these facts are proven in the following:

THEOREM 13 (Two-Channel) For the two-channel optimal problem, the lower bound (117) is sharp.
The equality cannot be achieved unless the following two conditions hold for almost every (t,s) € O:
1. The eigenvalue \;(t, s) is degenerate for WM,

2. 14+ ki(t,s) > ka(t,s) =p—gq.

Proof

We have to prove two statements: one is about the near-optimal solution with bound 2e,,:(WM; o, ),
the other concerns conditions to be satisfied if the bound is attained.

For the near-optimal solution we use a perturbative argument as follows. Consider (¢!, ¢'#) the
solution of the optimal one-channel problem. We shall tailor a near-optimal solution (g%, g?#) for the
one-channel problem by perturbing the first one in such a way that the two hypotheses H(g', ¢?) and
H(g'#, ¢°#) are satisfied.

For each (t,s) dim RanT'(t,s) = q. Let us construct the orthogonal complement of RanT'}(t,s) and
let fi,..., fp—q be an orthonormal basis in this complement. Note that fi,..., f,—4 can be chosen to be

at least measurable, as vector-valued functions over O, by a similar argument as in Proposition 9 . Since
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1§f1—’§2wehavep—q§q. Set:

I = I'+eA
[# = T 1A (118)
A = [Al "|fp—q|0| ~+10]
where the p x ¢ matrix A contains on the first p — ¢ columns, the component of the vectors f1,..., fp—q

in the cannonical basis and then is completed with zero on the remaining 2¢ — p columns. The lower
bound of the WH multiset W#H (g1 42).q 5 is given by (see (59) A = %inf(tys) min; /\Z'(Flfl* + FZFZ*). By
Theorem 11 ' = F} Ly with Ly € L*(0;GL,(C)). Then rirt* = F1L1 L7 F} . In the orthonormal basis

fi,..., fp (which depends on ¢, s), the matrices of interest are given by:

— Iq — 0
=] e=[0k ]

where every p x ¢ matrix is written in two blocks: a ¢ x ¢ block on top, and a (p — ¢) x ¢ block on the
bottom; fp_q is the (p — ¢) X ¢ matrix of which the first p — ¢ columns form the (p —¢) x (p — ¢) identity

matrix and the remaining 2¢ — p columns are zero. Then

e I LR A 2 S o Al

0 elp—yg p=a elp_gLi €1,y
But:
2L, L ely 1 [ sLiLy 0 N \@Ll { 5y 25 }> sLiLy 0
el &% N 0 .y \/5~ 281 S\ 3hp—q | = 0 2y
P—q 3‘r—q ev/ 51p—q 3‘r—q
Hence:

* * 1,1 -
/\min(rlrl +F2F2 )Zmln(§62a§||L1_1|| 2)

Since Ly € L®(0;GL,(C)) it follows that T'T'™ 4+ T?T?" > 5 > 0 for a.e. (t,s) € O and some v > 0.
Thus H (g%, g*#) is fulfilled. Similarly H (g%, ¢*#) holds true as well.
It remains to check that the approximation error is close to 2e,,;(WM;a,3). The first channel

approximation error is ep: (WM; o, §). For the second channel we use (43) and get:
e, — eit;o = e(W,M;T! + A T 4 cA;a, 8) — (W, M; T T1#: o 5)

Notice that W, M, I't, T''# A are all bounded as functions in 1> (O; Sym;' (C)), L= (O, CP*?) or L™ (O; Cpx(p_q)).

Using again (43) and expanding the above formula, we obtain a fourth order polynomial in & with zero
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constant term, e, — eit;o = ag + be? + ce® + de*. Since this can obviously be made arbitrarily small by
choosing appropriately small ¢, (117) is sharp.

For the second part of the theorem we need to show the two conditions in the hypothesis are equivalent
with the existence of two one-channel optimal solutions ¢!, g? that satisfy H(g', ¢?). As mentioned before
this reduces to the algebraic condition RanT' + RanT? = CF a.e., or equivalently, to the existence of
two members vy, va € eigspacemar(WM; af) such that v (2, s) + va(t, s) = CP for a.e. (¢,s) € O. Using

now the parametrization of eigspacemax(S;a, 3) developed in 4.1 we obtain the conclusion. <.

REMARK 14 The proof of the theorem suggests how to construct optimal solutions when the two con-
ditions hold. Let us fix some (to, so) € O and let k1 = k1(to, s0), k2 = ko(to, s0) and Dy, k, as in f.1. Let
U(to, s0) denote the eigenspace of W (sq)M(tg) corresponding to the eigenvalues {\;(to, s0), A;(to, s0) >
Ag(to, s0)}. If Eq(to, so) denotes the eigenspace corresponding to Ay(to, so) then U (to, s0) P Eq4(to, s0) = CF
and dim Eg(to,s0) > 2(p — q). Let e1(t,s),...,ep(t,s) be a measurable system of eigenvectors. Let
m,me {12, o ki = {g—ki,q—ki+1,...,q,9+1, ... q+ks = p} be two injective selection maps
such that Ranm URanmy ={q—ki,g—ki+1,... ¢,9+1,..., ¢+ ko}. Then on Dy, 1, we construct

the following objects:

(t,s) € Dy gy +— E; (t,s) = span{er, (1)(t,8), - - €x,(145,) (T, 5)}

(t,s) € Dy gy +— Eg(t, s) = span{eq,1)(t,5), .- €xy(14k1)(t, 8)}

(t,s) € Dk, > vi(t,s) =U(t,s) & Ej(t,s)

(t,s) € Dp,p, > walt,s) =U(t,s) & EL(t,s)

(t,5) € Diyis = FH(ts) = lea(ts) | Tegmrimn [ emy)(t8) [+ | eny1pny) (E, )]
(t,5) € Dyy ey = F2(t8) =[er(t,8) | - Tegmmmt [ emay(t,8) [ -+ [eminn) (L, 9)]
(t,5) € D, gy +— Fl(t,s) = FY(FYFYH)~1/?

(t,5) € Dy, gy +— F2(t,s) = FX(F¥F?)~1/?

By construction E;(t, s) + Eg(t, s) = Ey4t,s), dimw(t,s) = dimw(t,s) = ¢ and
vy, vy € eigspacemax(W (s)M(t); o, B)|p,, 4, -

The F', F? constructed on Dy ko are local optimal solutions for each one-channel transmaission prob-
lem and for every (t,s) € Dy, r, they form a frame in CP with lower bound larger than 1. Therefore by

patching together these local frames we get two windows g*, g° that satisfy H(g', ¢*) and are also optimal
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for each one-channel transmission problem.
4.2.3 The Optimal TSDE

The encoding scheme using a time-shift division encoder (TSDE) shown in figure 2 is characterized by:

grlnn = Ym,2n;00,60 g%@n = 9m,2n+1;a0,60 119
% _ L op _ o (119)
Imn = gm,Zn;ocD,ﬁD Imn = gm,2n+1;ocg,ﬁg

where a3y € [%, 1] and g, ¢g'#, g°# are the generating windows. The approximation errors have been

computed in (46) and (47). In the TSDE case ¢! = ¢ = ¢ and thus the total approximation error is:
el PETSDE — (W M T, ;a0 200) + (W, M; T, T%#; g, 20,)
The partial optimal TSDE with fixed encoder has been obtained in Theorem 5 case B5, as:
r#,, =1%,, = pMI(I"MTI)~! (120)
and
st BT = 2¢, (W, M; T; g, 2/30) (121)

which is perfectly equivalent to the one-channel problem, duplicated modulo a Gy-time shift to the two

channels. Clearly the optimal value of the error is bounded below by twice the one-channel optimal error:
ittt T > 20 (WM a0, 2/50) (122)

As in the optimal two-channel case, the lower bound in actually achieved if and only if the hypothesis
Hy(g) holds true. To be more precise, the only issue is whether there is any optimal solution of the
one-channel optimal problem (paramterized by (111)-(114)) that makes also WH 4., g, @ WH frame. A

partial answer to this question in given by the following lemma:

LEMMA 15 Consider 2003y = 2—’ > 1 with p,q relatively prime integers and g € L*(R) such that
WH g 25, 15 @ s-Riesz basis. Then WH .00 5, 15 a frame for L*(R) iff there is an A > 0 such that for

almost every (t,s) € O:
FF*|(t,s) + FF*|(t,s+%) Z pA (123)

(T is the p x ¢ matriz defined in (37)).
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Proof Let us denote by ¢(2) = Ts,g the Bp-time shift of g. By sorting the labels (m, n) into those with

even n and those with odd n, we have the following decomposition
WHgia,80 = WHgia0,28, U W%g@);ao,zﬁu
Therefore WH g0 5, 1s a frame it WH , 2)).00,25, 15 @ WH multiframe. Next note the Zak transform

of ¢ is:

1

GO (1, 5) = /2o 3 TG D205 + K)) = Glt, 5+ 5)
k

The fact that WH g.0,,28, 1s @ WH s-Riesz basis translates into (see Proposition 3, case A.1):
pAg <T'T < pBy (124)

for almost every (¢,s) € O and some Ag, By > 0. By the same Proposition 3, case B.3, the multiset

WH (g,9));00,28, 15 @ multiframe (with frame bounds A, B) iff
pA <TT* + T(T)@* < pB (125)

a.e. (t,s). Since T'®) = T'(t,s + %) the upper bound comes automatically from (124) (note ||T*T| =
|[TT*||). Thus the only condition that remains to be satisfied is the lower bound in (125) which is

equivalent to (123). &

This Lemma does not solve our problem completely yet. It merely states an equivalent form to the
hypothesis H»(g) when Hi(g) is satisfied (i.e. when WH.q, 28, is @ WH s-Riesz basis). However, it
provides an easier verifiable condition. The general solution of the optimal TSDE is furnished by the

following theorem:

THEOREM 16 (TSDE) Consider the encoding scheme 2 using a TSDE. Then the optimal approxi-
mation error is
et = 2e05 (WM a0, 20) (126)

This bound is achieved iff for almost every (t,s) € O,

FF |0+ FF | oy1) > A (127)
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for F € eigmax(WM;aq,25) and some A > 0. In this case the optimal solution in terms of the Zak

transform s

Cope(t,s) = F(t,s)L(t,s) (128)
#,, = T, = F¥(1,s)L#(t,s) (129)
with
F# = MF(F*M?F)"Y? € cigmaz(MW; ag, 2) (130)
L€ L®(@;GLy(C)) , L#=p(F*M2F)Y2(F*MF)~'L™" € L=°(0;GL,(C)) (131)

If (127} is not satisfied, the optimal bound (126) is not achieved, however for every ¢ > 0 there is a

near-optimal solution within €.

REMARK 17 [. The condition (127) is generically satisfied. In fact it represents a constraint only
on the weight w. However, for every (R,w) (autocovariance and weight functions) such that W, M €
L™ (0; GL4(C)) but not satisfying (127), and for every ¢ > 0 there is a weight w' that satisfies (127) and
llw—w'||; . <e. To see this note that ||w —w'||;, <||W — W'||,w and (127) can be made to hold true
with an arbitrary small perturbation.

2.There is a particular class of weights for which (127) does not hold true in general (it depends
now on R). This class contains the characteristic function of [0,205,], or any other weight w such that
w(s) = const. For these weights W (s) = w(0)] and therefore F' does not depend on s. The only way for
(127) to be satisfied is, in this case, that M satisfy both conditions of the Theorem 13. Since this is an

mmportant case we state it explicitelly in the following corollary:

COROLLARY 18 Suppose the weight w satisfies w(s) = >, cz w(200(s + k)) = w(0) > 0 for almost
every s. Then the lower bound wn the TSDE encoding scheme is achieved iff for almost every t the
following two conditions hold true:

1. The eigenvalue \y(t) of M(t) is degenerate;

214 kalt) > halt) = p— g

where k1(t), ka(t) are the left and right multiplicities of Ay (t) as defined in 4.1.

Proof of Theorem 16
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It is clear that I'yp; and Fl#opt from (127) and (129) achieve the lower bound in (122) because of (121)
and the construction of eigmax(WM; ag, 25;). The only issue is to check whether the frame hypothesis

on WH g.0,,3, 18 satisfied. Using the previous lemma we have to check whether
Fomrzptkt,s) + Fomrzpt|(t,s+§) > A

for some A > 0 and a.e. (t,s). Since ' = F- L and L € L>®(0;GLy(C)) it follows that |[|[L71(¢,s)|| is

uniformly bounded, therefore L - L*|; ) > > 0 for a.e. (t,s). Hence:
Lope Dopel(t,8) + Topt Uopele s 1) 2 Y (FF [(0,5) + FFG 1)

and (127) is then a sufficient condition.
To show now that it is necessary also, we use the upper bound L - L*|; ) < T < oo for some finite

T >0 and a.e. (¢,s). Then if Ha(g) holds true we get:
T(FF*|(t,s) + FF*|(t,s+%)) > Fomrzpt|(t,8) + Fomrzpt|(t,s+§) > ple

and thus (127).

The near-optimal solution is easily obtained using the following observation. Condition (127) is
structurally stable because for every (t,s), rank(FF*| ) = ¢ > 5. Thus a small perturbation in
L (O; CP*9)-gsense of F would make (127) hold true. However by the continuity of the approximation
error with respect to the window T' (see the argument used in the proof of Theorem 13) we get a
perturbation that increases the approximation error by no more than ¢ and makes (127) hold true. This
concludes the proof. <.

Proof of Corollary 18

If W(s) = w(0)I, then the columns of F' can be chosen from the eigenvectors of M and the lower

bound condition reduces to an algebraic range condition: if v € eigspacemax(WM; aqg, 25p) then v(t, s)+

v(t, s+ %) = CP and thus the conclusion. &

REMARK 19 In general the range condition from the proof is a necessary but not sufficient condition
for the attainability of the optimal bound. The equation (127) is equivalent to this range condition plus
a lower bound of some angle between these spaces. The angle should be defined between the orthogonal

complements within each range of their intersection.
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4.2.4 The Optimal TSDD

The encoding scheme using a time-shift division decoder (TSDD) is shown in figure 3 and involves the

following configuration:

gfln” = gflnyz”;auyﬁo gg@” = gg%Zn-l'l;Oéuﬁu (132)

1# _ 2 _
Imn = Im2n500,60  Imn = Im 204150060

where a3y € [%, 1] and g', g%, g# are the generating windows. The approximation error is similar to the

TSDE case:
s ITIPD — o (W M T T#; ag, 2600) 4 e(W, M; T2 T#; a, 23)
The partial optimal TSDD with fixed decoder has been obtained in Theorem 5, case B8, as:

r',,=r%, = pWI#([I# Wr#)-! (133)

et PTEPP = 96, (M, W T#; 0, 2,) (134)

Note the similarity to (120),(121) though M and W have switched their places. The problem is formally
equivalent to two one-channel problems as in the TSDE case. Since MW has the same spectrum as

WM, it follows immediately the lower bound for the optimal error is:
ei;—gﬁSDD > 2e,pt (WM g, 260) (135)
Clearly the T# which achieves the lower bound in (135) is given by:

[#,,, =F#. L% (136)

with F# € eigmax(MW; ag, 260), L¥ € L°°(0;GL,(C)). Using (133) we obtain for I

Tope = F - L (137)
with
Fo= W F#(F#-W2 F#)=1/2 € eigmar(WM; g, 205) (138)
L = p(FPEWIF#F)YHPEWEF#)TIL#= € L[*(0;GL4(C))

The achievability of the lower bound depends now upon the validity of the frame hypothesis on W#H 4.0, 3,
as in the TSDE case. Moreover, the equations (136)-(138) are perfectly equivalent to the solution (127)-

(131) of the TSDE case. Thus we have obtained the following
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THEOREM 20 (TSDD) The optimal encoding scheme using a TSDD is identical to the TSDE case.
The optimal bound 2eqp (WM avg, 250) is achieved under the same conditions and by the same solutions

as in the TSDE case.

REMARK 21 1. The corollary 18 equally applies to the TSDD case.
2. One can ask whether the s-Riesz basis and/or frame conditions on the decoder automatically
wmply the corresponding conditions on the encoder. The answer to this question is analyzed in the next

subsubsection, devoted to the TSDED case.
4.2.5 The Optimal TSDED

In the TSDED scheme shown in figure 4, we start with the structure

grlnn = 9m,2n;00,60 g%@n = 9m,2n+1;00,80 (139)

1 _ 2 —
It = G onsango It = i 2n+1i00.60

with agfy € [%, 1] and g,¢# € L*(R) the generating windows. Since the partial optimal of TSDE or
TSDD schemes involve a TSDED structure anyway, it is straightforward that the optimal TSDED case
should be identical to the optimal TSDE and TSDD. Indeed using the same arguments as before, one

can easily show that:

et BTSDED ~ 90 (WM ag, 200) (140)

st,opt
and the optimal value, if achieved, is attained by (136)-(138). Hence the following theorem:

THEOREM 22 (TSDED) The optimal TSDED scheme coincides with the optimal TSDE and TSDD

schemes. The achievability conditions are the same as in Theorem 16.

We discuss now two interesting results concerning the behaviour of the encoding and decoding sets. Recall
the hypotheses of the optimal problems were stated in terms of the encoding sets. Here we establish the

connections with the decoding sets.

PROPOSITION 23 a) Suppose R € L™°(0;GL,(C) N Sym;'(C)) and g¥# satisfies Hi(9%;, ), i.e.

WH g#. 5 15 a s-Riesz basis. Then g defined by
I = pRI#(T#" RI#)~! (141)

satisfies Hi(g; o, B) as well, i.e. WHy.o p is a s-Riesz basis too.

38



b) Suppose W, M € L*>(0;GL,(C) N Sym;'(C)) are the standard matrices associated to the weight,

respectively the autocovariance function. Suppose g% satisfies Ho(g#; g, Bo) and has the form
% =p#. [# (142)
for some F# € eigmax(MW;aqg,28), L¥ € L>=(0;GLy(C)). Then g¥ satisfies also Hy(g%; o, 2080)
and g defined by:
I = pWI#(IT# Wr#)-! (143)
satisfies both H1(g; oo, 250) and Ha(g; oo, Bo).

REMARK 24 One may ask whether is was necessary to assume the special form for I'# at part b.
The answer is affirmative. Indeed, without assuming I'# = F# . L# as above, the frame conclusion
H(g; o, Bo) would not be true in general. Therefore the exact solutions of the partial optimal problems
should take into account this phenomenon: while the s-Riesz basis condition on the encoder follows easily

from the s-Riesz basis conditions on the decoder, the same thing does not happen for the frame condition.

Proof of Proposition 23

a) The conclusion follows easily since H;(g#) means:
pA, < T#T# < pBy (144)

for some A;,B; > 0, and R € L™ (0;GL,(C)) means ¢; < R < ¢y a.e. for some ¢1,¢0 > 0. Hence

pAicr < #" RU# < pBjcs and

2
1

pAlc * 9 * —1 * 50 * —1
Fr2 < [#°T# = p?(I'#" RI¥)~1T#" R2I#(I'# RI#)~! < yEE:
1-2 1~1

and thus Hy(g).

b) The first claim H;(g%; ag,280) comes from P#°1# — [#*L# > ||L5“?'E_1||_2 > 0. The conclusion
H1(g; o, 250) follows from the part a). For the frame condition we use the Theorem 16. Repeating the
proof of this theorem we obtain that the only condition we have to check on I' is the lower bound of the

form:

K(t,s) =T -T@o+ T T 1) > pA

ts+i

for some A > 0. We know that ['# satisfies (144) and the similar inequality:

K#(t, 5) = r# T#*I(t,s) 4 T# .r#*|(tys+%) > pAs
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Using (143) and (142) we get:

K(t,s) = p[WI#I# WI#) 22 I# W|, )+ WI#(T#F WIH#) 220 W ()]

> c[WIH . W o+ WEF . FEW| )]

Now we note that MW F# = F#A with A € L>(0; GL,(C)). Therefore:

M(t) - K(t,s) M(t) > es[FFAF# )+ FEAF#|, o]

> C4K#(t, s) > peaAs

for some positive constants c3,cq > 0 depending on T'# 'W and M. This proves Hs(g; ag, fo) and hence

the Proposition. &
4.2.6 The Optimal FSDE

The encoding-decoding scheme for the frequency-shift division encoder (FSDE) case is similar to the

TSDE case shown in Figure 2. The analog encoder and respectively side decoders are given by:

gmn = 92m,n;00,60 gmn g2m+1,”70407@u 145
1% _ o _ 2 (145)
Imn = Y2mn;a0,60  Imn = J2m41,n500,60

with apfy € [%, 1] as before, and g, g'#, ¢># the generating windows. The approximation error obtained

before in (48) and (50) gives:
e FBESDE — (W M T, ' 200, f0) + e(W,N; T, I°#; 200, 35) (146)
The partial optimal FSDE with fixed encoder has been obtained in Theorem 5, case B9, as:
[# = pMI(I"MI) ™ | %% = pNI(I"NT)™* (147)
and the error:
6it-|;_s,2<;FSDE = e5o(W,M; T'; 200, o) + €50 (W, N; I'; 2a0, o) (148)

Note that unlike the TSDE case, the two terms are different because N # M in general. The difference
is due to the meaning of stationarity: the signals are assumed stationary in time domain; this makes the
TSDE case so easy: both channels have the same M. However, in frequency domain we do not have
stationarity which results in different M matrices.Unfortunately we are not able to obtain a closed form

solution for the optimal window in the FSDE case. We still can find lower and upper bounds for the
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optimal error and a subspace type condition for the optimal window g, though this subspace does not
necessary comes from an eigenvalue problem.
For the optimal error we proceed as follows. A lower bound is given as in the previous cases by the

two-channel optimal formula with adapted parameters. Thus:

eLEEISDE 5 96 0t (WM 200, o) (149)

An upper bound of the optimal error is obtained by choosing a particular, yet interesting as we shall see

later, configuration. Set T''# = I'?# =T in (146) and obtain:
e TPE = o(W, M+ N; 200, fh)

Thus the optimal value under this constraint is given by a formula similar to the one-channel case.

Obviously this will contain an upper bound for the optimal FSDE error:

Copr T < eope (W (M + N); 200, o) (150)

Hence we can bound the optimal FSDE error by:

2¢opt (WM 2000, fo) < et PP < 0y (W(M + N); 200, Bo) (151)

A direct computation shows that M and N commute (we shall discuss in §4.3 the exact structure of the
spectrum of these two matrices). However they do not commute with W in general, unless W (or M, N)
is (are) a multiple of identity. Suppose this is the case, namely W is a multiple of identity. Then the
lower bound is given by the smallest p — ¢ eigenvalues of M, whereas the upper bound is determined
by the smallest p — ¢ eigenvalues of M 4+ N. Unfortunately the p — ¢ eigenvalues of M that enter in
the smallest p — ¢ eigenvalues of M + N are, in general, not the p — ¢ smallest eigenvalues of M. Thus,
despite of the fact that eqp: (WN; 2av, 5o) = eopt (WM 2a0p, 5y) (since WN(t) ~ WM(t 4+ «pfy)) we do
not obtain an exact formula for the optimal FSDE error.

Let us analyze now the optimal windows. Using (65), (148) turns into the following explicit formula:

i/p 1/q
L+2FSDE _ 50@/ ds/ dttrace{W(M 4+ N) — WMI(I*MT)~'T*M — WNT(I'"*NT)"'T*N}
0 0

st;so

Therefore the optimization problem turns into an infinite number of finite-dimensional optimization

problems: for each (¢, s), we have to maximize the trace of:

I(T) = trace{WMT(I"MT)~'IT*"M + WNI(I'"NT) " 'T*N} (152)
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over I' € CP*? gubject to the constraints Hi(g;2ag, fo) and Hs(g; oo, o). An analysis of (152) shows
that I' can be factorized in the usual way, I' = F'- L where F has orthonormal columns and L is invertible

in L*. The following Lemma is the first step toward this fact:

LEMMA 25 Let T € GL,(C) be an arbitrary change of coordonates in C4. Then: I(T') = I(T'T) and I
defines a unique map from Lq,(CP), the space of all g-dimensional subspaces of CF, into RY denoted by
J as follows:

ve Ly(CP) — J(v):=I(T) , where RanT =v (153)

REMARK 26 J can also be defined on the space of rank q orthogonal projectors, since each v € L,(CP)

defines uniquely such a projector.

Proof The proof is straightforward since I'(I*MI')~!I'* and ['(I*NT)~!I'* are invariant under the
transformation I' — T' - 7. Hence, for any two I'',T? € CP*9 of rank ¢ such that RanT' = RanT?,
I(TY) = 1[(T?%). ©

This Lemma shows the optimal window is given by a I' € CP*9, RanT C L£,(CF) solution of the

following optimization problem:

RanT = J 154
anl'=arg max (v) (154)

Note that the optimizer may not be unique. However it always can be factorized as I' = /- L with F a
p X g-matrix valued function whose columns are orthonormal vectors and L a ¢ x ¢ matrix valued function.
The s-Riesz basis condition Hi(g; 2aq, £o) imposes to consider only those L that are in L™ (0; G Ly(C)).
There still remained to check the frame hypothesis Ha(g; g, 8p). For this end we need the following

Lemma, similar to Lemma 15:

LEMMA 27 Suppose 2a0/3y = f]—’ > 1 with p, q relatively prime integers and WH 20,5, @ WH s-Riesz
basis in L*(R). Then WH 4., g, 15 a frame for L*(R) iff there is a constant A > 0 such that for almost

every (t,s) € O:
IT(,5) + DT |t 400,50 D > pA (155)

where D is the p x p diagonal matriz whose (I,1) element is D;; = (=1)" and T is the p x ¢ matriz given

by (37).
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Proof
Let ¢(» = Maraeg be the 2mag-frequency modulation of g. By sorting the labels (m, n) into those

with even m and those with odd m, we have the following decomposition
WHgao,80 = WHgi2a0,8, U W%g@);zau,ﬁo

Therefore WH g;0,,8, 1s a frame ifft WH, )i200,80 15 @ WH multiframe. The Zak transform of g is:

9:9®
G(Z)(t, 5) — /60 ZeZWiktg(Z)(ﬁo(s + k’)) — eZﬂ'iocuﬁusG(t + 04060, 8)
k

Then the T-matrix of ¢(2) is ['?) = e2mi20fos DI (t + g By, s). Since WH 3200 4, is @ WH s-Riesz basis,
with Proposition 3, case A.1, we obtain pAg < I'*I' < pBy for some Ay, By > 0. Using again Proposition

3, case B, WH, )i2a0,80 15 @ WH multiframe (with frame bounds A, B) iff pA < TT* + rAr®= < pB

9;9(2)
for almost every (¢,s) € O and for some A, B > 0. The upper bound is immediate, whereas the lower
bound condition is equivalent to (155). This ends the proof of the Lemma. <

Thus we have to check (155) for the optimizer of (154). Unfortunately the answer is negative. In
general, the optimizers of (154) do not satisfy (155) and the reason is the following: The definition of N

given by (51)-(52) is equivalent to
with D as in the statement of Lemma 27. Then one can easily check that:

J((t+ aofo,s))|t+aose,s) = J(Dv(t 4+ aofo, s))l,s)

Assuming the solution of (154) is unique (in terms of subspaces) and ¢ < p we obtain DF(t + a3, s) =
F(t,s) where I' = F - L. Then I'T™|¢ oy 4+ DUT™ (14 a0p0,6) D = F(t,8) (DL |(t,6) + LL |(t4a0po,)) I (t, 5)
which makes (155) impossible. The only way in which (155) can be satisfied is by the existence of two
subspace optimizers that cover the entire space CP very much like in Theorem 13. In the generic case
(when the subspace optimizer is unique) the optimal error is not achieved by admissible windows (i.e.
windows that obey the frame and s-Riesz basis hypotheses) but for every ¢ > 0 there is a near-optimal
solution within ¢, because of the continuity of the approximation error with respect to the windows.

Hence we obtained the following result:
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THEOREM 28 (FSDE) suppose (t,s) — Fop:(t,s) is a measurable solution of (15]) whose columns

are orthonormal vectors in CP. Then the optimal error has the lower bound:

1+2;FSDE Lr L4
€stiopt = 2||w||, R(0) — Bogq ds dt I(Fope) (157)
0 0

The optimum is not achieved unless there are two such solutions Fy and Fy such that Ran Fi + Ran Fy =

C? ae. (t,s) € O. In this case the admissible optimizers are parametrized by Tope = Fope L with
L € L™(0;GL,(C)). The decoding windows are obtained from (147).

In general, for every ¢ > 0 there is an admissible near-optimum solution g, within ¢ of (157).

REMARK 29 The term 2|jw||,R(0) in (157) comes from the integral Boqtrace{W (M + N)} over O.
\lw]|, = [ w(x)dx stands for the 1-norm of the weight function and R(0) is the variance of the signal (i.e.

the autocovariance for lag 0).
4.2.7 The Optimal FSDD

In the frequency-shift division decoder case, the encoding-decoding scheme is similar to the TSDD case

shown in Figure 3. The analog encoders and side decoders are described by:

1 1 2 2
Imn = me,n;ocD,ﬁD Imn = g2m+1,n;ocg,ﬁg (158)

1# _ 24 _
gm;i - me,n;ocD,ﬁD gﬂ’ﬁ:l - g2m+1,n;ocg,ﬁg

with apfy € [%, 1] and g¢', g% g# the generating windows. The approximation error obtained through
(48) and (50) gives:

et BIPD = o(W M T T#; 200, Bo) + e(W, N; T%, T#; 200, ) (159)
The solution of the partial optimal FSDD with fixed decoder, as found in Theorem 5, case B12, yields:
I, =I?, = pWI#(# Wr#)-! (160)
and the error:
6i:s,2$FSDD# = e5o(M + N, W;T#; 20, ) (161)

The optimal FSDD sould minimize (161). This is equivalent to the one-channel optimization problem
having the matrix-valued autocovariance function M + N instead of M. Therefore the lower bound of

the optimal approximation error is

Catropt T 2 Copt (M + N)W: 2aq, o) (162)
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and the optimizer is parametrized by I'# = F#L# F# ¢ eigmax((M + N)W;2a, o) and L# €
L*™(0; GLy(C)) with 2a08, = ’q—’. However it remains to check that ¢ = g* = ¢? satisfies the s-Riesz basis
and frame hypotheses H;(g;2aq, By) and Ha(g; ag, fo). First we need the following result proved with

the help of Lemma 27:

PROPOSITION 30 Suppose W, M+N € L*(0O; GLp(C)ﬁSym;'(C)) and g#* defined by T# = F#L#
for some F# € eigmaz((M + N)YW;2aq, 8) and L¥# € L>(0;GL(C)), satisfies Ha(g; oo, B0). Then
g# satisfies Hy(g%#; 20, By) and g defined by T = pVVF?“?‘E(F?‘?‘E*\?VF?‘*‘E)_1 satisfies both Hy(g;2aq, fo) and
Hs(g; oo, Bo).

Proof

The claim Hy(g#;2aq, ) comes from r#°r# = p#p# > ||L*_1||_2 > 0. The second claim

H1(g; 200, By) follows from Proposition 23, part a). The frame condition H3(g;2aq, fy) comes from

the previous lemma as follows: First, the condition we need to check is (155). Let:
K(t,s) = I'T"|t,s) + DIT™ |t 4 000,5) D
and similarly:
K#(t,s) = T#I#7| ) + DU#FI# | (4 opo sy D

By hypothesis and Lemma 27, K#(t,s) > pA for some A > 0. For M € L>(0;GL,(C) N Sym;' (C)) we

have XM X* > ||[M~Y||"' X X*. Therefore:

K(t,s) = pPPWIT#(T#F WI#)720%7 |, )+ DI#F(T# WIH) 7207 D) (4 0050 0 ]W

> p?||IT#* WI#|| [ W 2 K# (1, 5) > 1 A

for some positive constant ¢;. This end the proof of the claim and hence of the Proposition. <

This Proposition proves the optimizer g, g# defined above satisfies the s-Riesz basis hypotheses. Un-
fortunately in the cases of interest, the frame conditions is not satisfied. Indeed, suppose I'# is given
by T# = F#L# with F# € eigmaz((M + N)W;2a9, ) and L# € L°°(0;GLy(C)). The definition of
N given by (51)-(52) is equivalent to N(¢) = DM(t + aofp)D with D as in the statement of Lemma
27. Then note the following invariance (M + N)W/|(;1q,4,,s) = D(M + N)W D|; ;) holds which implies

F#(t 4+ aofo,s) = DF#(t,s), unless the ¢'" eigenvalue A, of (M + N)W is fully degenerate as in the
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hypothesis of Theorem 13. This invariance turns into:
P#T# (00 + DIFI# (o 00 D = FH# (8, ) [LFLF (1) + LFL#" |14 0o, |E# (2, 5)

and clearly the rank of this matrix is ¢ < p, when 2ap3y > 1. On the other hand, a similar perturbation
argument as in Theorem 13, shows that the approximation error can be arbitray close to the lower bound

in (162). Thus we obtained:

THEOREM 31 (FSDD) In the FSDD case, the optimal approximation error is:

eIODD — ¢, (M 4 NYW; 200, o) (163)

st;opt

although in general it is not achieved by any encoder-decoder satisfying the frame hypothesis Ha(g; oo, Bo).
For any ¢ > 0 there are g', g% g# that satisfy the s-Riesz basis and frame hypotheses Hy(g*; 20, Bo),
H1(9%; 200, Bo), H(g*, 9%; 200, Bo) and achieve for FSDD scheme an approzrimation error within € of the
optimal value (163). The optimal value is achieved by an admissible solution (i.e. one that satisfies
the above s-Riesz basis and frame hypotheses) only if the conditions in Theorem 13 with WM replaced
by W(M + N) are satisfied in which case the optimizers are parametrized by T# = F#L# with F# ¢
eigmar((M + N)W; 2aq, o) and L¥ € L>°(0; (GL,(C)).

4.2.8 The Optimal FSDED

The frequency-shift division encoder and decoder case, similar to TSDED shown in Figure 4, has the

following equations:

1 — 2 —
Imn = I2m ;00,60 Imn = 92m+1,n;00,80

1# _ 2 _
Imn = 92m n;00,80  Imn = Y2m41,n500,60

(164)

leaving only two degrees of freedom ¢ and g#. As in the TSDED case, the FSDED optimal problem
reduces to the previous case FSDD. Indeed, as we have seen in (160), the partial optimal FSDD with
fixed decoder already requires g* = ¢2. Thus the optimizers of FSDD are also optimizers for FSDED and

conversly. Thus we obtained:

THEOREM 32 (FSDED) The optimal approximation error in the FSDED case is
eESDED — ¢ (M + N)YW; 2a0, 5) (165)

st;opt

and is achieved under the same conditions as in Theorem 31. Moreover for every € > 0 there is a

near-optimal admissible solution g, g%, within € to (165).
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REMARK 33 The only new thing this Theorem brings, compared to Theorem 31, is that there is near-
optimal solutions of the form g' = g% = g for every ¢ > 0. Again the proof of this fact follows the

perturbative arguments as shown in Theorem 13.
4.3 The Case W(s) = w(s)/

In this subsection we analyze the optimal solutions obtained before in the case W (s) is a multiple of the
identity matrix. Recall the operator W (s) is defined in terms of the weight function w(-) by (39) and
(42). Thus W(s) is a multiple of identity if and only if the function w(s) is a %—periodic function. This
means the following condition:

Zw(ﬁ(s—l—%—l—k)) = w(B(s + k) (166)

kEZ keZ

for almost every s. A particular case is when w = 1 g) and then the approximation errors (16)-(17) are
computed as averages over an interval of length /3, the translation step.

Except for the FSDE case, in all the other configurations, the optimal solution involves the computa-
tion of the eigenspaces of WM or W(M + N). When W is a multiple of the identity, the computation
reduces to the eigenproblem for M or M + IN. In the rest of this subsection we find first the eigenvalues
and eigenvectors of M and M + N, and next we compute the optimal errors for two encoding-decoding
schemes (one-channel and FSDD cases).

Recall M is the Sym, (C)-valued function introduced by (40). We pointed out in (41) some of its
properties. In fact M(¢) is not only self-adjoint Toeplitz matrix, but it is also a nonnegative form as we

prove below. First note the following “quasi-periodicity” property of M(t):
E@t)-M(t) - E(t)" = M(?) (167)

where F(t) is the following p x p unitary matrix:

0 10 0
0 0 1 0

E(t) = S (168)
0 00 1

6—27Tiqt 0 0

o

Therefore £ and M commutes, hence they have the same system of eigenvectors. A simple computation

shows the eigenvalues of E(t) are the p roots of e~27i4¢:

e(t) =D p =01, p—1 (169)
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corresponding to the eigenvectors:
1
VP

Note at ¢ = 0 these eigenvectors are the standard vectors that perform the finite-dimensional discrete

e e ... e 1T (170)

T, =

Fourier tranform. The eigenvalues of M(t) are obtained by computing the quadratic form:

p—1
pr(t) =<z, M(t)z, >= = Z proigy B0 () =D prlt)er*
k=0

klO

because p (t)eF =P = pr_,(t)eF. Furthermore, using the definition (38) of p, (t) we obtain:
c1a r l
s e am
l€Z @

Thus p,(t) is the discrete Fourier transform of the sequence {R(% )}iez evaluated at 2 (t + ) Note

et ) = e (1), (172)

relation that is useful in the localization problem treated in §4.6.

Suppose now R decays sufficiently fast (for instance |R(z)| < for some v > 0), then we can

N S
(I+|e)t+>>

apply the Poisson summation formula (see for instance [Groc96]) and obtain:
wr(t) = V2o Z R(2mal — %—a(qt + 7)) (173)
leZ p
where R( ) = \/— [ e7"?R(x)dx is the Fourier transform of R(-), and thus the spectral power density
of the original signal. The equation (173) shows also that u, () > 0 because the spectral power is always
nonnegative. Thus we proved M() is nonnegative definite and the eigenproblem for M(¢) is completely
solved.
We study now the eigenproblem for N(¢), defined by (51) and (52). A simple computation shows that
N{(t) has the same “quasi-cyclicity” property as M(t), i.e. E(t)N(#)E(t)* = N(¢). Therefore N(¢) has
the same system of eigenvectors as E(t), namely (170). In particular this shows that M and N commute.

The eigenvalues of N(¢) are computed similar to those of M(t):

p—1
ve(t) =< 2, Nz, >=_on(t)e* (1)
k=0
Explicitely, this turns into:
= S A R = 1+ L (174)
«@ 2q

lEZ
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Thus N has the same eigenvectors as M has at an argument shifted by 2%. This also proves that N is
nonnegative definite as well. These conclusions could have been obtained also from (156). Indeed, this
relation shows that N(¢) has the same eigenvalues as M(¢ + agfy) = M(¢ + 2”—(1). However (174) shows
something more, namely these eigenvalues correspond to the same eigenvectors as p, (t)’s correspond to
for M(¢). This remark allows us to write down immediately the eigenvalues of M + N:
47TZl L( t+ 21
Bel) = )+ 00 (1) =23 e 2) (175)
lI€EZ
Note n,(-) is 2%—periodic, whereas p,(-) and v,(-) are only f]—’—periodic.
Now we can obtain explicit forms for some approximations errors. We compute e, (WM; o, 3) and

eopt (W (M + N); 200, By) where egpe(-;-, ) has been introduced in (115). The eigenvalues of WM are:
Ar(WM)(t,8) =w(s)ps(t) , »=0,1,...,p—1 (176)

To compute the optimal error we need to select the smallest p — ¢ eigenvalues. Let (¢) denote an index
set of the smallest p — ¢ eigenvalues. Thus for every » € I(t) and j € {0,1,...,p—1}\I(t), pr () < p;(2).
The index set I(t) may not be unique if the ¢'* monotonically ordered eigenvalue is degenerate. In any
case, eopt (WM; o, ) turns into:
1/p 1/q
eopt (WM o, 3) = ﬁq/ w(s) ds/ Z pr(t) dt

0 O rer(n)

Since w(s) is %—periodic, the first integral is %HwHLl. Thus we obtain:
|w||L1 L/
eopt (WM, B) = ZR Z ean (177)
IEZ rel(t

For eopt (W (M + N); 20, fp) analog computations yield:

w 1 21 1/(1 27l
eopt (W(M + N); 200, fo) = | a||L / Z oo | (178)
leZ rel(t

REMARK 34 1. Let us assume now the mapt — R = > eZWil%tR(é) is continuous and monotonically
decreasing on [0,t*] and increasing on [t*, f]—’], for some t* € [O,Zq—’]. Then for a fired t, the sum of the
smallest p—q eigenvalues is given by ]:E(t—l— %”) —1—1:3(15—1— %) + - ~—|—]:3(t—|— %) for some 0 < 7y < gq.
Then, integrating over 1 € [0, é] we obtain:

/01/q > pe(t) dt:/I R(t) dt

rel(t)
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where Iy = [to, to—i—’%] is an interval of length ’% containing t*. The monotonicity insures the contiquily

of Iy. Then e,y turns into:

W11 l 2mil _af-1 Sin(g—l(aﬁ— 1))
eopt(WM;O[,ﬁ) = % ZR(;)@ ap (to 2 )ﬁT (179)
lI€EZ af

Furthermore, if the original signal has the correlation length smaller than %, i.e. R(z)=0 for|x|> é,

then the approximation error turns into a very simple expression:
af —1
of

showing the decaying of the error proportional to 1 — # as plotted in Figure §, bottom.

Copt (WM, f) = [[w][71 R(0) (180)

2. For the other approzimation error e,,: (W (M + N); 2ag, Bo) the anlysis can be done similarly.
3. The knowledge of the eigenvectors (170) allows one to explicitely construct the optimizing win-
dow(s). However, one has first to find for every t the largest eigenvalues of M or M + N and then to

select the right eigenvectors in the columns of I'. Later on we give some example of optimal windows.
4.4 The case M(t) = po(t)l

The second special case we propose to treat separately is when M(?) is a diagonal matrix for every ¢. Since
M(t) is already Toeplitz, it follows that it has to be a multiple of the diagonal matrix, i.e. M(t) = po(t)[.
Such a situation can be achieved when R(z) = 0, for |z| > «, i.e. the signal correlation length is smaller
than a. One such a case is when the signal is white noise.

The solution of the optimization problems studied before is controlled in this case by the weight
function w(-). The optimizer subspace is given at every (¢, s) by the ¢g-dimensional invariant subspaces of
W (s) corrsponding to the largest ¢ eigenvalues, i.e. eigspacemaz(W (s);p,q). One case easily see that
the optimization problem (154) reduces also to eigspacemaz(W (s);p, q). The eigenvectors of W (s) are

given by:
y(s)=1[0...010...07 (181)

i.e. by the canonical basis of CP (the only “1” is on the r + 1°¢ position in (181), 0 < r < p—1). The

eigenvalues of W (s) are:

Spec(W(s)) = {w(s),w(s + %), ow(s+ (-1} (182)

4
p
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or, since p and ¢ are relatively prime:

1 1
Spec(W(s)) = {w(s),w(s + ;), ,wis + T)} (183)

The selection of y,’s is based on the largest ¢ eigenvalues, respectively the largest ¢ positive numbers of
(182). When the ¢ eigenvalue is degenerate, the invariant space is not unique. In fact there are infinitely
many possible choices, i.e. eigspacemax(W;p,q) has an infinite cardinal. Let w,(s) = w(s + rd ) Note

the following “twisting” relation, similar to (172):

rls+ 7) = o5 (184)

where o is a permutation of {0,1,... p— 1}. This relation will be useful in the localization analysis of
the optimal window.
We analyze now the optimal approximation error e,,; given in (115). For M (t) = po(t)] this expression
turns into:
1/q 1/p
Copt :ﬁq/ dt/ Z 5—1— (185)
0 TEI
where I(s) is the index set of the p — ¢ labels corresponding to the smallest eigenvalues in (183). Using
the definition of pg(?) (38) we obtain:
1/q
| mitde =< koo
0 q
Thus:
1/p
eopt = BR(0 / Z (s + (186)
TEI
REMARK 35 The upper bound obtained in (116) is more transparent here: first note that:
p—1

P Z ) < ;ZM(H %) (187)

pP= TEI r=0
Then the integrand in (186) is bounded above by ’% fol/p trace{W (s)}ds = p gl ||w||L1 Thus we get:

cont < (1= 2ROl (15%)

The equality in (187) is achieved only for W (s) = w(s)I.
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4.5 Optimal Windows - Examples

Let us consider the stationary signal f given by the output of a 4-pole Markov process whose transfer

function is:

H(s) = 158.1s2(s? 4+ 60s + 300?) (189)
(824 20s + 1002)(s2 4 200s + 10002)

We take the weight function w to be the characteristic function of the interval [0, 5]. Thus:

R(E) = [H(iE)]2 , R(z)= %/_Oo €T R(€)de (190)

we plot in Figure 6 the autocovariance function in time and frequency domains, respectively.
Let us consider now the one-channel optimal problem. We set 3 = 0.1. For every o > 10 such that

af =B > 1, we construct M(¢) using (40). Then the optimal window is parametrized by:

Qs

T(t,s)=F(t)- L(t,s) (191)
where F' € eigmaz(M;p,q) and L € L*(0;GL,(C)). Let us consider the solution with

L(t’s):{ Jy o, t>

where J, is the ¢ X ¢ matrix with 1 on the anti-diagonal ( (Jg)i» = d14rg-1, 0 < {,7 < ¢ —1). Then

(192)

|
&=81~

the optimal window ¢ is uniquely determined by eigmaxz(M;p,q). We choose the columns in F' to
be the eigenvectors of M, ordered according to the corresponding eigenvalues (), ..., up(t) of M.
Therefore, for those (¢, s) where pug(t) > p1(t) > -+ > pg(t), F(t) is uniquely determined. Suppose this
nondegeneracy condition holds for almost every ¢. Then T' does not depend on s, for s € [0, %] which in
turn implies G(t, s) is piecewise constant for every ¢ and s € [0,1]. The number of pieces is exactly p.
Therefore the optimal window g is piecewise constant on [0, 3] and the number of pieces on this interval
1s exactly p.

For our case (189), this situation takes place as it can be seen in the Figures 7-9.

For various o (i.e. p and ¢) we plot the p eigenvalues of M(#) as function of ¢ (Figures 10-12), and
the optimal window obtained as described before (Figures 7-9). We point out this window is also a
Weyl-Heisenberg orthogonal basis generator. Thus the biorthogonal window g# coincides with a scaled
version of g. The exact normalization is ﬁg to have an orthonormal basis generator. The standard

biorthogonal generator to g is g# = %g.

52



We prove when the signals are real, the optimal solution chosen as before is a real-valued function.
First the necessary and sufficient condition for a function to be real in terms of the Zak transform is the

following:
LEMMA 36 g € L*(R) is a real-valued function if and only if
Gt,s) =G(1—1t,s) (193)

or, equivalently, iff:

T(t,s) = r(é —1,5) - J, (194)

where G = Zak(g) is the Zak transform of g, T' is the matriz representation (37) and J, is the ¢ X ¢

matriz with 1 on the anti-diagonal.

This lemma can be checked directly from the definition of the Zak transform (34) and of T' in (37).
Next, we check the symmetry properties of the eigenvectors (170). Since in F(t) defined above, the
eigenvectors are ordered according to the eigenvalues, we have to find the symmetry relations of the
eigenvalues as well. Note the eigenvalues are proportional with u, (t) given in (171) or pr(t) + v, (t) with
vp(t) given in (174). Assume the signal is real. This implies the autocovariance function is real too and

then:
R(—z) = R(z) (195)

This symmetry of the autocovariance function implies immediatelly:

ﬂr(é - t) = ﬂp—r—l(t) ) Vr(é - t) = “P—T_l(t) (196)

Therefore, if the 0-indexed column (i.e. the first one) of F' at ¢ is given by the eigenvector z,(t), then

at Zl)—t the first column is given by xl(é —t) such that /il(é —t) = pr(t). Hence | = p—r—1. Similar for

the other columns. Thus, if 7o(?), ..., rq—1(t) are indices of the eigenvectors appearing in the columns of
F(t), at é—t, the indices are ro(é—t) =p—ro(t)—1, rl(é—t) =p-r—1,... ,rq_l(é—t) =p—rg_1—1:
1 1
P = 2@ Pl =0 = 2p-re-1 (7 = 1)

Note that ,(¢) defined in (169) obeies:

S
(o= 1) = gpmrr(t)
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hence:

1
(= 1) = 2o ()
Thus:
Fale =) =500 @ = Fad)
F(é —t) = F(t) (197)

(Alternatively, (197) could have been obtained also by noting that M(é —t) = M(t).) Note L(t,s) has

been chosen in (192) in such a way that we obtain:

F(1 —t,5)=T(t,s)-Jy,
q

which proves that ¢ is real. The following result contains our findings so far:

THEOREM 37 When the autocovariance function is real, the optimal window can be chosen to be

real-valued.

4.6 Localization of the optimal windows

We continue in this subsection the anlysis of the optimal solution of the one-channel problem. The other
encoding-decoding schemes, except for the FSDE case, reduce to an equivalent one-channel optimal prob-
lem. The examples shown in the previous subsection suggest a “bad” localization in the time-frequency
domain. For a given autocovariance function R(-) and a weight w(-), the optimizer is parametrized via
(191), by some L € L™(0;GLy(C)), in general. In the examples shown in Figures 7-9, we made a
particular choice for L to obtain real-valued windows, namely (192). One can ask whether by appro-
priately choosing L, the “bad” time-frequency localization phenomenon observed before can be avoided.
The purpose of this subsection is to show for any choice of L, when the data satisfies some topological
condition, the optimizer ¢ is not well localized in time-frequeny domain, in a sense that is made more
precise below.

Our method of proving requires the exact knowledge of the eigenvectors and eigenvalues. Thus we

shall assume either W(s) = w(s)I, or M(t) = po(t)I,. The general case still remains an open problem,
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though some perturbative arguments may extend the nonlocalization results that we obtain, a bit further
than the mentioned cases.

For our purposes a window g is said well-localized in time-frequency domain if g € QYU C(L*>, 1) or
g€ QY UC(L>®, ). The space Q1! and Wiener amalgam space C'(L°,{1) has been introduced in A, by
(236), respectively (237). As it can be easily checked, if a function g is well-localized in time-frequency
domain (as defined above), then the Zak transform (' is either a continuous function (if g € C'(L* 1) or
g € C(L>, 1)), i.e. G € C(O;C), or the derivatives of G with respect to ¢ and s are square integrable
(if g € Q1Y), i.e. G € WH%(O, C). Thus, in order to prove g is not well-localized (or, equivalently, is bad
localized) in TF domain, we have to show that G ¢ C'(0;C) U W12(0;C), i.e. (i is discontinuous and
[ fo |88 2dt ds = oo or [ [ |25 |2dt ds = oo (see [BeHeWa95]).

Consider now the data (R, w;p, ¢) (the autocovariance and weight functions and aff = 2—’ > 1) for the
one-channel optimal problem. With this data we construct the matrix-valued functions M and W as in
(40) and (42). For every (¢, s) we denote by A;(t,s), j =0,...,p—1, the p real eigenvalues of W (s)M(t)

ordered monotonically decreasing. Consider now the following sets of points of O = [0, =] x [0, =]:

Dy = {(t,8) €0 Aglt,s) > Aga(t.5)) (198)

De = Do\ Dy (199)

Note Dy agrees with the definition in (109), and Ds, = U'Z?D; with the same notations as in (109).

The data (R, w;p,q) is said nondegenerate on a dense subset if Dy is dense in O.

The data is said sufficiently regularif the spectral projector associated to the eigenvalues A > Ag41 (2, 5)
1s continuous on Dy.

For instance is enough that M and W are continuous for the data (R, w; p, ¢) to be sufficiently regular
(see Proposition 9). Hence, when the data is sufficiently regular and nondegenerate on a dense subset,

Do, 18 a closed subset with empty interior in O. This also shows the following property:

LEMMA 38 Suppose (R,w;p,q) is a data sufficiently regular and nondegenerate on a dense subset.
Let f: 0 = R be a function such that on Dy C O it takes only values on a discrete set (for instance

{0,1,...,p—1}). Then, if f is continuous it follows that f should be constant on O.

The next lemma extends the previous result to multi-valued maps (or selection maps):
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LEMMA 39 Suppose the data (R, w;p,q) is sufficiently reqular and nondegenerate on a dense subset.

Let fo, ..., fp—1 : 0 — CP be p continuous vector-valued maps on O such that at every point (t,s) € O,
{folt,s), ..., fp—i(t,s)} form a basis in CP. Let V : O — L (CP) be a g-dimensional subspace-valued
map on O such that on Dy, V is spanned by some q vectors from {fo, ..., fo—1}, t.e. there is a selection

map ©: Do x{0,1,...,9g—1} = {0,1,... ,p— 1} such that:
V(ta 8) = Span{fﬂ'(t,s;o)(ta S)a AR afﬂ'(t,s;q—l)(ta 8)} bl V(ta 5) E DO (200)

Then, if V is continuous on O with respect to the graph topology (or, equivalently, the orthonormal
projection onto V at every (t,s) is continuous with respect to the norm topology), then the selection
map is a permutation of the same index set I, i.e. Ranm(ty,s1;-) = Rann(ts,s2;:) = I for every

(t1,81), (t2, s2) € Dy. Moreover, in this case V(t,s) = span{fi(t,s) ; 1 € I} for every (t,s) € O.

Proof Despite of its rather long statement, the proof of this lemma is relatively simple. Suppose
Dy = Ugea Hy 1s the decomposition of Dy into its arcwise connected components. Thus each H, is an
open arcwise connected subset of O. The continuity of V implies that 7|z, is a permutation of the same
index set I, Rann(t,s; ) = I, for every (¢,s) € H,. Next, consider two neighborhing subspaces Hg,
and H,, such that H,, N H,, # 0, where H, is the closure (with respect to the usual euclidian topology)
of Hy in O. This is always possible since there is no isolated subset H, in Dy (recall Dy is dense). Now,

the same continuity argument implies that I,, = I, and, furthermore, on the common boundary:
V(t,s) = span{fi(t,s) , i € Iy, = Is,} , (t,8) € IHy, NOH,,
where 0H, = H_a\ H, is the boundary of H,. This ends the proof of the lemma. O.

REMARK 40 The two essential ingredients in this lemma are the continuity of V and the fact that the
arcwise connected components of Dy are not isolated. Thus, for every continuous curve v : [0,1] — O,

the intersection of its tmage with Do, s either empty or is made out of isolated points.

Now let us return to our optimization solution I'. In the one-channel case, I' is chosen in such a
way that RanT'|q ) is a g-dimensional subset of a family of g-dimensional subspaces. Moreover, at
(t,s) € Do RanT|(; ) is constrained to a unique subspace. Thus we are in a position to check whether
V(t,s) = RanI'|; 5) can be a continuous map on 0. Under regularity and density conditions of the initial

data, if V is continuous 1t follows the selection map 1s a permutation of the some index set of eigenvectors.
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But this is not possible when V is chosen to be spanned by the eigenvectors corresponding to the largest

eigenvalues because of twisting relations (172) and (184) as we prove next:

LEMMA 41 (The case W (s) = w(s)I,) Suppose the data (R, w;p,q) is sufficiently reqular and non-
degenerate on a dense subset, and, additionally, W(s) = w(s)I,. Then, if (to,s0) € Do, (to,s0) and
(to + é, sg+ %) belong to different connected components of Dy, and every V € eigspacemax(WM; p, q)

15 discontinuous.

LEMMA 42 (The case M(t) = po(t)I,) Suppose the data (R, w;p,q) is sufficiently reqular and non-
degenerate on a dense subset, and, additionally, M(t) = po(t)I,. Then, if (to,s0) € Do, (to,s0) and
(to + é, sg+ %) belong to different connected components of Dy, and every V € eigspacemax(WM; p, q)

15 discontinuous.

REMARK 43 The conclusions of these lemmas also imply that for any continuous curve v connecting
(to, s0) to (to + é, sg + %), there is at least one transversal intersection of the curves Ay and Agq1, or,

since Ag > Agp1, Aq 15 not differentiable along that curve .

Proof of Lemma 41

In the case W(s) = w(s)l, the eigenvectors are given by z.(f), » = 0,1,...,p — 1, given in (170).
Let yi,(t) be the associated eigenvalue for M(t) as given in (171). Note A;(t,s) = w(s)u-(;)(t) for some
permutation 7 depending on . we prove the claim by contradiction. Suppose v : [0, 1] — O is a continuous
curve connecting (g, so) to (to + é, Sp 4+ %) First note that M (to + é) = M(tg), hence from (tg, s9) € Dy
it follows (tp + é, sg + Zl)) € Dy as well. Using Lemma 39, it follows that V(tg, sg) and V(to + é, sg + %)
are spanned by the same eigenvector labels, say {ro,r1,...,7q—1} C {0,1,...,p—1}. On the other hand
pr(to + é) = ptr41(to) (see (172)). Thus it necessarily holds true:

g—1

S plto b 1) # 3 i) (201)

1=0
On the other hand V € eigspacemaz(WM;p,¢) that implies the eigenvalues of WM|y should be the
largest q eigenvalues of WM. In particular, because of periodicity, we should have trace{WM|y s, s,)} =
trace{WM|v(tD+%ysD+%)}. But this is a contradiction with (201). This end the proof of this lemma. <.
Proof of Lemma 42
Note first that since W(s + %) is equivalent to W (s), if (to,s0) € Dy then (to + %,50 + %) e Dy

as well. On Dy, V is spanned by some ¢ vectors of {yo,y1,...,Yp—1}, where y, is defined in (181).
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Note the correspinding eigenvalues of W are w,(s) = w(s + r%). Suppose the conclusion of this lemma
is fale. Then there is a continuous curve 7 connecting (Zg, s9) to (fg + 5,50 + %) such that V|, is
. . . . . 1 1
continuous. In particular, using Lemma 39, it follows the eigenvalues of W|v(t0+%750+%)(to + 5580+ 1_7)
are Wy (so + %), co W, (50 F %) where rg, ..., rg_1 are the indices of the largest ¢ eigenvalues of W at

(to, s0). Because of (184):

E Wy 50+ g wrl 50

which is a contradiction with the maximality of the eigenvalues of Wiy, &

These two lemmas have the following conclusion:

THEOREM 44 Suppose the data (R, w;p,q) is nondegenerate on a dense subset. Additionally suppose
that either W (s) = w(s)I, or M(t) = po(t)I,. Then any window defined by T'(t,s) = F(t,s)L(t,s)
with F € eigmax(WM;p,q) and L € L (0;GL4(C)) is bad localized in time-frequency domain, in that

g C(L=Hyubt and g & C(L*, 1Y)y uQbL.

Proof

If the data (R, w;p,q) is not sufficiently regular, then the spectral projector onto the eigenvectors
corresponding to the largest ¢ eigenvalues is discontinue and then g will have even less regularity than in
the case when the data is sufficently regular. Thus we can assume the data is sufficiently regular.
d 26 o 9G

= or =X is not square integrable over O.

We have to prove two conditions: G is discontinuous an 5

The discontinuity of G comes directly from the previous two lemmas because otherwise V = Ran T €
etgspacemax (WM, p, q) would be continuous.

The nonintegrability condition is proved as follows. First note in any of the two cases W (s) = w(s)I,
or M(t) = po(t)Ip, G turns out discontinuous on at least a straight segment {(¢o,s), |s — so| < ¢} or

{(t,s0), [t — to] < £} parallel with one of the axes. Then by Fubini theorem:

. tote sD+€ . sD+€ tote
//MQ s 128 = [ [ 2 [ [ 26

|s — so| < ¢
where n is the normal direction to the segment (¢ in the first case, and s in the second case). Then one

sote tote P . . . .
o 941205 o ho e 95|24t is infinite (because a discontinuous function on the

of the inner integrals f
line cannot have a square-integrable derivative) and therefore the left-hand side is infinite as well. In
conclusion we obtain that % and % cannot both be in L?(0; C) which is equivalent to g ¢ Q'''. This

ends the proof of the Theorem. <
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REMARK 45 1. The discontinuity of G comes as a result of the discontinuity of V € eigspacemaxr(WM; p, q).
This means the rank q projector-valued function associated to V that s uniquelly defined on Dy, cannot
be extended to a continuous projector-valued function on O.
2. As in the standard Balian-Low Theorem, the second part of non-localization (i.e. g & Q1) does not
come automatically from G discontinuous via a Sobolev embedding arqgument, because Sobolev embedding

theorem in dimension 2 does not require continuity for functions in W12,

5 Near-Optimal Solution and Distortion-Rate Estimates

The previous section showed the optimal solution is not well-localized in the time-frequency domain.
Moreover, in the Frequency-Shift Division cases, the optimal solution does not satisfy in general the
frame condition Hs(g; a, 3), unless some very strong geometric conditions are satisfied. Naturally, in
such cases we can ask to find a near-optimal solution. In this section we show in a case study how to
design or choose a near-optimal solution and next we obtain some asymptotic estimates regarding the
transmission rate when a “nice” window is used (i.e. a well-localized in time-frequency domain). In fact
the TF localization of the window is a first important factor in determining the rate. Thus for better-
localized windows, the filter lengths used to implement the encoders and decoders are smaller and the

number of coefficients in frequency label (i.e. m label) is smaller than in the non well-localized case.

5.1 Near-Optimal Solutions: A Case Study

Let us study closer the example introduced in subsection 4.5. Thus consider a signal f whose autocovari-
ance function is given by (190) and for the weight we choose w = 1[g 25]. Consider = 0.05 (note is half
the value considered in §4.5) and let us concentrate on the Time-Shift Division Optimal Problems. More
specific we shall consider the TSDED problem where the encoder is characterized by a window g and
the decoder is determined by a window ¢#. As proved in Theorem 22 the optimal problem reduces to a
one-channel problem with Gequsv = 26 = 0.1. This latter problem has been analyzed in §4.5. The Figures
7-9 show some real-valued optimal windows. In general any optimal solution is bad-localized in TF plane
as we proved in Theorem 44. On the other hand we know for any € > 0 and «, there is a near-optimal

solution (g, ¢#) in that the criterion J(g, ¢%; R, w; a, B) is not larger than 1+ ¢ times the optimal value

1+2,TSED
J +2;

st opt (R, w; «, f) given in (140). Our problem here is to find well-localized near-optimal solutions.

Suppose €mae = b% is the allowed tolerance to the optimal criterion.
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We start by choosing a particular window for the encoder and computing the best associated decoding
window. For this we use the solution of the partial optimal problem TSDED given in Theorem 5, case B

13. We choose a gaussian function for the encoding window. More specific, consider:
g(x) — 6—1000172 (202)

for the encoder. For the partial optimal g# we use (90) and for the criterion (91). The numerical results

are compared in Table 1 (note that Jy,q. = 2||w||;1 R(0) = 26.88 would be obtained for af = o0).

ARiecs. and Bpries, are the Riesz basis bounds obtained for {gmn.a 25}, whereas Ay qme and Byrame are

142, TSDED _ 1+2;TSDED)/ 1+2;TSDED

the frame bounds obtained for {gmn.« g} with 2a4 = 2—’ and e = (est,so st opt st opt

The decoding window g# is plotted in Figures 13—16 for each case. Note how well-localized in TF domain
each window is. Basically we can very well approximate the window by compactly supported functions
in both time and frequency domain. Practically, this implies short filters for both the analog encoder and
analog decoder.

We would like to have the criterion smaller than 1.05 times the optimal value. Notice the gaussian
window (202) satisfies this condition for all the redundancy values except 2—’ = % and 2—’ = %. For these
particular valuee we have to choose different encoding windows. Here is how we proceed for these two
cases. In the first step we analyze the optimal window and find some frequency conditions. In the second
step we design an encoding window satisfying these constraints Finally, in the third step we adjust, if
needed, the decoding window to have a better time-frequency localization satisfying, at the same time
the near-optimality condition.

The optimal encoding windows given by:
T=F(@) Lt s9)

with F € eigmaz(M;«,28) (recall W = I, in our case) and L € L*™(0;GLy(C)) as in (192), are
represented in Figure 17 and 18. Note the symmetry axis in time domain has an offset from the origin.
Thus the Fourier transform of the window has an imaginary component too. In any case, the frequency
plots suggest to choose encoding windows that have no DC components. And that what we do next.
The previous frequency constraint imposes to choose a window of zero mean. The s-Riesz basis and

frame constraints require the measure of the window support to be at least % One simple choice satisfying
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these constraints is:

9(x) = { - fé_[g% (203)

shown in Figure 19. For this choice we obtain the results of Table 2.

The approximation error is less than 3% larger than the optimal value. The time domain plots of the
partial optimal duals for (203) are shown in Figure 20. Note the time localization of both the encoding
and decoding windows is very good. The frequency localization is not so good, but this is due to the
temporal discontinuities of these windows. For practical purposes, their form is good enough. Hence we
do not need a third step, to filter the decoding window function. Other example is given in [Balan98§],

where all these steps are effectively applied to obtain windows well localized in TF plane.
5.2 Rate and Distortion Estimation

Let us return to our transmision scheme in Figure 1. The digital encoders will encode only those mean-
ingful coefficients. By meaningful we mean those coefficients whose variance is greater than a threshold.
The labels of these coefficients can be determined a priori, based on the autocovariance function R and
the encoding window g. Suppose ?—2 is this threshold. (This corresponds to a uniform quantizer with
interlevel A). As lower the threshold, as larger the number of coefficients to be encoded and transmitted,
and hence as higher the rate. At the other limit, as higher the threshold as larger the distortion (i.e. the
reconstruction error). Thus there is a trade-off between distortion and rate realized by this threshold.
However, in our case we want to keep the threshold fixed and realize the trade-off by changing the re-
dundancy of the encoding scheme. In the following, the threshold is assumed fixed and the redundancy
1s the free parameter. However, to obtain analytic expressions, we need to consider the asymptotic limit
A —0.

The analysis is done in the following steps: first we compute the variance of the coefficients < f, gt =~ >
and < f, g%, > that are outputed from the analog encoder. Next, using a Gaussian model for the signal,
we can estimate the number of bits (in average) needed to encode this coefficient when the entropic
encoder is used. Thus we obtain an exact formula for the rate. Also we can obtain an upper bound
for the distortion when only a finite number of coefficients are sent. However, to obtain the qualitative
behaviour of these we shall make the asymptotic analysis for A — 0. We also make the assumption the
signal is real. This implies the autocovariance is a real and even function.

Here we make the analysis for one channel. The same result holds for all the two-channel cases,
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although some adjustment of the formula might be necessary because of different encoding windows. We
assume the encoding window is sufficiently well localized in time frequency domain. For instance the
frequency band of the window is much smaller than the frequency range of the stochastic process (i.e. of
the spectral power).

First, let us evaluate the variance of the coefficents. We denote by g the window that defines the en-
coder. Thus we are interested in estimating E[|c.n 2], E[|Re(cimn)|?], E[[Im(cmn)|?] where ¢y =< f, gmnia.s >-
Assuming R € L*(R) and g € L*3(R) N L*(R) these variances are easily obtained as (for details see
[Balan98]):

Ton = Ellemnl’] = v2ﬂ/ dER(€)]3(€ — 2mma)|* < V2r| Rl 2lldllzs < V2[Rl pallgllpes  (204)

f7n = B[|Re(cmn)|?] :@/ d€R(€)|ezmm"°‘ﬁ§(€ — 27ma)
4 e 2mimnabg (¢ _ rma)|? (205)
yrznn = E[|[m(cmn)|2] :@ /OO ng(gﬂezm'mnocﬁﬁ(g _ 27rma)

—emImmnefg (¢ orma)l? (206)

Note in general the variances of the real and imaginary parts may depend on n. In any case, this
dependency 1is ¢g-periodic.

The scheme works in the following way: in a ¢ time interval, say [N3, (N 4+ ¢+ 1)8), the transmitter
has to send the meaningful coefficients ¢y, » (0 € n—q for some fixed delay d > 0) for n € {N,N +
1,...,N +q}. The meaningful coefficients are those given by p2,,. > % or v, > % (when each real
and imaginary part is quantized separately). Using the Riemann-Lebesgue lemma (see [Rudin74]) there
exists a M > 0 such that for every |m| > M, 02, < %. Thus we have to send only a finite number of
quantized values.

In the second step of our analysis we have to assume a particular distribution for the signal. Suppose

the signal 1s gaussian. Then, when the entropic encoder is used, for the threshold A the number of bits

R, needed to quantize a gaussian random variable # with zero-mean and variance E[|z|?] is given by:

AZ
Eflz|] = ;2% (207)

62



(see [Davi72]). This yields the following rate:

1 12 1 12
Rate = %5 Z IOgZ(Fﬂmn) + %7 Z logz(Fan) (208)
m,n m,n
/’ernn > % Vrznn > %

where we assume we encode independently the real and imaginary parts of ¢y, .

Let us analyze now the distortion obtain through this scheme. In (31) we obtained an upper bound
for the distortion in this transmission scheme. We now analyze further the terms in that formula.

Let g# the decoding window. Let &; = {(m,n)|u2,, > %}, Sy = {(m,n)|v2, > %} Then the

reconstructed signal has the following form:

frecon — Z QA(R6(< f’ Imn >))g#m +2 Z QA(Im(< fa Imn >))g#m

(m,n)eS; (m,n)€S>

Then:

Vv Distortion < (E||f — Zcmng#qn||i2 )1/

+ (Bl DY Re(< frgmn >)afa +i D Im(< o gmn >)gEall12)"?
(m,n)gS:1 (m,n)gS,
+ (Bl D (Re(< frgmn >) — Qa(Re(< £, gmn >)))gihn (209)
(m,n)eS;
+ i Y (Im(< Fgmn >) = QalIm(< £, gmn >)))gfall72 )"
(m,n)ES,

VI +VT 4Ty

where J represents the stochastic approzimation errordue to the incompleteness of the set {g,n;m,n € Z}
in L%(R); J. is the truncation error and represents those coefficients that are excluded from encoding;
Jq is the quantization error and is due to the uncertainty introduced by the quantizer. Our problem is
to bound and control each term.

Now recall the upper bound given in Lemma 59, Appendix B. Let B# denote the norm of the

reconstruction operator T;‘# 1% — L2 . By the lemma above, an upper bound for this norm is:
# 2,00 . k # k 2
B# < BY™ = ZHZUJ(' + E)|g (-+ o nB) e 0,1y
n k

. . . . . A
For an arbitrary distribution of < f, gmn >, the difference |Re(< f, gmn >) — Qa(Re(< f,9mn >))| < 5

which implies E[|Re(< f, gmn >) — Qa(Re(< f,gmn >))?] < ATQ. The same relation holds true for
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A2

the imaginary part too. However, if we assume the signal f is gaussian, the upper bound becomes 75

instead of ATQ. The same thing is obtained if we assume the < f, gy, > 18 uniformly distributed on each

quantization interlevel. Anyway in general we obtain:

AZ
Jg < B#T sup(#8in + #S2) (210)

where 81, = {(m,n) € S1}, San = {(m,n) € Sz}. Assuming symmetry between the distribution of real

and 1maginary parts of the coefficients ¢, we get:
Jg < apree (#3) (211)

where & = {m|E[|cmn|?] > A?/12}. We give now a rough evaluation of the cardinality of & based on
(204) and the following assumptions: R(E’) is concentrated in a band of size 2bg (2 because R is even in
frequency domain - recall we assumed real-valued signals) and the support of § is much narrower than

2bgr. Then the number of coefficients is roughly constant and it is given by:

2b b
#S~y H _E
2ro T
Thus:
PR LESININEIY (212)
7 9ra

which says that J, decays to 0 as A% when A — 0.
For the truncation error, using again Lemma 59 (see Appendix A) we obtain a first estimate of the

form:

J. < B»*(sup Z E[|Re(cmn)|? —|—sup Z [l1m(cmn)]?])
n mES1n MmESan

Next, assuming again a symmetry in the distribution of the real and imaginary part we obtain:
Je < 2B sup > Eflema ] = 28> Y o2,
" mgs mgs

with 8§ = {m|c2,, > %} Assuming § = [—M, M| we obtain:

Jo <2V2rBh Y / — 2mma)|?de (213)

|m|>M

The assumptions made before to obtain (212) would now give J, = 0. Thus if we assume that both the
autocovariance function and the window are band-limited, we get rid of the truncation error provided we

take into account all the (finite) non-zero coefficients.
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Another (more realistic) model of R and g is to assume that both decay in frequency domain as:

Gy
(14N

Co

|R(&)| < NG

l9(&)] < (214)

with a,b > 1. The assumption on R is particularily useful when we assume that our signal is the output
of a linear system excited by white noise. Then R(E’) = |H (i€)|* where H(s) is the linear system transfer
function. We shall give an asymptotic estimation of the rate and the truncation and quantization errors.

We start by estimating the variance o2, ,:

P = VI [ IR(E+ Tma)|lg(e — mma) P
T d¢
¢ /—oo (1+ & + mma])?(1 + £ — mmal)??
! u dé c’ 0 de
. (mma)?® /_oo (14 € + mmal)® + (mma)@ /0 (1+ |¢ — mmal)?®
C/ 00 dg C/ [e] dg C
< e L T oy L T S (215)

where = min(a, 2b) and an estimate of C' is:

1 n 1 ) - @
(a — 1)(ma)?® (20— 1)(7a)® a’

C= 20102 \% 271'(

Next we estimate Ma such that for |m| > Ma, o2, < %. Using (214) we obtain for Ma the following

estimate:

(120)4/r

Ma = A2/

(216)

Therefore we have to encode at most 2Ma + 1 coefficients. This gives the following estimate for the

quantization error Jy, (see (211):

oo A 1
J, < 2B% T (2Ma+ 1)~ Cy A=) (217)

with an estimate of C,, given by C,, = (12C)/" B>,

For the truncation error we use the following estimate (see (213)):

- ee] d 1"
Lo<wampe Y Sy C”/ -
m

? - r—1
Im|>Ma Ma M

Using now (216) we obtain:

J. < C. A7) (218)
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with an estimate of C; given by C. = 20\/%32700/(7“ — 1). We notice that J. and J, are both of the
same order in A. Moreover, for a > 1 and b > % they both decay to zero as A — 0. Thus by choosing
a sufficiently small A we can make J. + J; < J. The moral of this computation was to show that
asymptotically (i.e. for A — 0), the dominant term in the distortion (209) is given by the stochastic
approximation error J which depends on the redundancy proportional to 1 — O}—ﬁ (see (116).

We analyze next an asymptotic approximation of the rate, under the same assumptions as before. We

use (208) and again we replace piymyn and vy, by om, and we get:

1 12 , 2 12C
Rate < - Z logz(FUmn) = 3 Z (log, Az rlog, m)
|m|<Ma 1<m<Ma

Note that Ma has been chosen so that log, 1A220 = rlog, Ma. Then, when we approximate the sum by

an integral we get:

or [Ma 2r
Rate < ?/1 (logy Ma — log, #)dx ~ MMA

Thus:

192 1/7‘2 A—Z/r
(C)irA—WT ~ (219)

Rate <
ST e ad

Note the upper bound of the rate goes to co when A — 0, a very natural conclusion since we are going to
send more and more coefficients. For a fixed A the rate is (essentialy) proportional to the redundancy
O}—ﬁ, whereas, for sufficiently small A, the distortion is given by the stochastic part which is proportional
to 1— ﬁ Thus the redundancy ﬁ parametrizes both the distortion and the rate plots, realizing thus a
trade-off between two two quantities in the distortion-rate characteristics.

We end this section by evaluating the rate for the stochastic process studied in Subsection 5.1. We
analyze the rate for two encoding windows: the gaussian (202) and the step function (203), both after
norming. We took A = 1.0. The numerical results are given in the Table 3, where M] represents
the number of coefficients sent in a ¢ time interval (5 = 0.1 for each channel and af = ’q—’)) counting
separately the real and immaginary parts of each c¢,,,, Ma is the average on each J time interval, i.e.
Ma = M} /q, and the rate Rate is computed with (208). We computed these values for both the
gaussian window and the step function. In Figure 21 we represent the typical distribution of the variance

coeflicients for the two windows. On the same plot is shown the coefficient variance for different n. Note

for gaussian window there 1s no difference for different n’s. For the step function, for some values of m
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the variance is different for different n (in particular at m = 1). In Figure 22 the rate-redundancy and
rate-distortion characteristics are shown. The redundancy is Red = ;1—). Note the almost linear dependence
of the rate to the redundancy. We computed only the stochastic part of the distortion when the decoding
window is the partial optimal dual to g. In Figure 22, the distortion is measured as the ratio J/Jpmaz
where J00 = E||f||iQw = R(0)||w||L1 = 13.4. These results are for one channel. For two channels, one
should multiply the numbers by a factor of two. However the dependence rate-distortion is essentially

the same.

6 Conclusions

In this paper we analyzed the multiple representation transmission scheme when windowed Fourier en-
coders and decoders are used. A windowed Fourier encoder is obtained by computing first the Fourier
coeflicients of the signal multiplied by a translated window and next by quantizing and encoding these
coefficients. The inverse of the product of the modulation parameter and window translation factor rep-
resents the redundancy of the encoder. When this number is subunital, the encoder gives only a partial
description of the signal, i.e. ignoring the quantization effects, the encoder is not invertible, or, which
is the same, any decoder would not be able to perfectly reconstruct the original signal. The windowed
Fourier decoder is obtained by an inverse operation (even though, as we mentioned before, it may not be
the inverse operator), namely by making a linear combination of the quantized coefficients with trans-
lates and modulates of a certain window function. Thus a windowed Fourier encoding-decoding channel
is characterized by two distinct windows: the encoding window and the decoding window. Some natural
invariance properties meke us to choose respectively the same translation and modulation parameters for
the encoder and decoder.

In the multiple description scheme, two channels are used to transmite the signal (see Figure 1). Each
channel carries a partial description of the signal, but together they form an (over)complete representation
of the original signal. The side decoders have the task to estimate the original signal based on the partial
description that each channel carries. When the signal is assumed stationary with a known autocovariance
function and the error is measured as a weighted L? norm, an exact analysis of the approximation error
is possible and this is what we did in this paper.

In Section 2 we introduced several configuration schemes. More specific, the two encoders can be re-

alized a a time-shift or a frequency-shift of the other. This means that one of the windows is, essentially,
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either a time-shift or a frequency-shift of the other. We call the former scheme a Time-Shift Division
Encoder (TSDE), and the latter scheme a Frequency-Shift Division Encoder (FSDE). The same termi-
nology is appliable to the decoder: Time-Shift Division Decoder (TDED) and Frequency-Shift Division
Decoder (FSDD). When the division is performed at both the encoder and decoder we have a TSDED
or FSDED transmission schemes. These cases are shown in Figures 24, for Time-Shift Division.

The one-channel distortion, in the absence of quantization effects; is simply a weighted 2-norm of the
approximation error. In Section 3 we analyzed this error by using the Zak transform. In order to do
that, we assume the redundancy parameter is rational. This allows us to obtain reduce the problem to
a finite dimension matrix algebra problem. The minimization of this criterion (i.e. the purely stochastic
distortion) yields an interesting optimization problem. In Section 4 we analyzed all the eight optimization
problems and we obtained explicit parametrization in all cases, except the FSDD case. The parametriza-
tion is a Karhunen-Loéve-type formula’: the window is obtained by solving an eigenvalue-eigenvector
problem for a self-adjoint matrix of functions. The distortion i1s obtained by summing and then inte-
grating the lowest eigenvalues of this matrix (the exact formuae are obtained in the Subsection 4.2). In
the FSD cases, the optimal solution is shown not to satisfy generically the completeness hypothesis on
the encoders. More specific, the encoders are optimal, the two channels do not give an (over)complete
description of the signal. Thus, even though each channel would have the lowest distortion, when both
channels work, the reconstruction stochastic error (i.e. neglecting the quantization effects) is nonzero.
However, a near-optimal solution always exists and satisfis the (over)completeness requirement. A sec-
ond negative property of the optimizer is established in Subsection 4.6 where a non-localization result
(whether for TSD or FSD case) of the optimal window is proved. These non-localization results are of
the type of “no-go theorems” of Balian-Low and Heil-Walnut. The case FSDD is still open, though.

A case study is presented in Subsection 5.1. It is shown that well-localized windows can achieve
near-optimality. The optimal window, despite of being poorly localized, gives interesting information
about certain “frequency bands” that a near-optimal window has to avoid. This suggests an algorithm
of designing such windows (and therefore encoding-decoding schemes).

Finally, in Subsection 5.2, we analyzed the total distortion and the rate needed for transmission.
Asymptotic formulae with respect to the quantizing interlevel are obtained in that section. The redun-
dancy parameter is shown to trade-off between distortion and rate.

Some problems are left for a further study. We mention here two such open problems. First is the
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non-localization phenomenon proved in Subsection 4.6. There, we proved this result assuming some
extra conditions (either M(?) is diagonal of W (s) is Toeplitz). Thus we naturally ask whether thsi result
holds in the general case. The second problem concerns the near-optimal case. A better solution to the
designing problem would be to minimize a criterion containing not only the approximation error measure

but also a time-frequency localization norm of the window (for instance some mixed Sobolev norm).
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Appendices

A Known Results on Weyl-Heisenberg Frames and Riesz Bases

The abstract concept of frame has been introduced in the seminal paper [DuSch52] by R.J.Duffin and

A.C.Schaeffer. Consider H a Hilbert space and I a countable index set. Then:

DEFINITION 46 A set of vectors of H, F = {f;};cy is caled a frame (for H ) if there are constants

A, B > 0 such that for every f € H we have:

AIFIP <1< £ i > P < BIAIP (220)
i€l
The constants A, B are called frame bounds. If we can choose A = B the frame is called tight. Note that
(220) immediately implies F is a complete set in H (i.e. the set of finite linear combinations of f;’s is
dense in H). Indeed if this is not so, there would exist a nontrivial f € H orthogonal to all of f;’s. But
the first inequality would imply ||f|| = 0, leading to a contradiction.

The Riesz basis for its span concept generalizes the notion of an orthonormal set:

DEFINITION 47 A set of vectors of H, F = {fi};c 15 called a Riesz basis for its span (or a s-Riesz
basis) if there are constants A, B > 0 such that for every finite sequence of complex numbers ¢ = {¢; }ier
we have:

A el <D el <BY lail? (221)

i€l i€l i€l

The constants A, B are called s-Riesz basis bounds. If we can choose A = B, the s-Riesz basis is an
orthogonal equi-norm set. The span of F is defined as the closure of its linear span (i.e. of the finite linear
combinations of f;’s). If the span is H, we simply call F a Riesz basis. Note that (221) implies a {*-form
of linear independence of f;’s. Moreover, the restriction that ¢ be a finite sequence can be dropped; we
can let ¢ run through [*(I).

We introduce now several operators associated to frames and s-Riesz bases:

the analysis operator T : H —I*(I) |, T(f) ={< f, fi >}ier (222)

the synthesis operator T* :I*(1) = H |, T*(c) = ZchZ (223)

i€l
the frame operator S:H —H , S=T"T , S(f) = Z <f fi> i (224)
i€l
the grammian operator G :1*(I) = 1*(I) , G=TT* | G(c) ={< chfj, Ji > her (225)
Jjel
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The right inequalities in (220) and (221) show that the analysis and synthesis operators are bounded
and well-defined on their definition domains. Moreover, notice they are dual to one another (hence the
notation). Thus the frame and grammian operators are well defined as well. The frame condition (220)
is equivalent to A < S < B, where the inequalities are in the sense of quadratic forms. Similarly, (221)
is equivalent to A < G < B in the same sense. Note that A > 0 implies S, respectively G, is invertible.

Then let us define the following vectors. For a frame F:
fi=S'fi , iel (226)
and respectively, for a s-Riesz basis F:
FE =TG5 (227)

(where §; is the canonical basis of I*(I), (6;); = d;; the Kronecker symbol). Straightforward computations

show the following result:

PROPOSITION 48 A. Suppose F is a frame for H and consider the vectors (226). Then:

1. The set F = {ﬁ,l € 1} is a frame for H with bounds %, %;

2. The synthesis operator associated to F isa left inverse of the analysis operator associated to F.
Similarly, the synthesis operator associated to F s a left wnverse of the analysis operator T associated to
F. Ezxplicitly this means for every f € H,

No<tf>h=Y <fli>f=f (228)

i€l iel
3. Let E denote the range of T in [*(1). Then:

Py :=TT* (229)

is the orthogonal projection onto E. Thus Pg = TT* and T has the same range F as T.

B. Suppose F is a s-Riesz basis in H and consider the vectors fl# defined by (227).

1. The set F# = {fl#,i € I} is a s-Riesz basis in H with bounds %, % and with the same span & as
Fan H.

2. The analysis operator T# associated to F# is a left inverse of the synthesis operator T* of F, and
the analysis operator T is a left inverse of the synthesis operator T#* associated to F#. Explicitly, for
every ¢ = (¢;)ie1 € 13(I),

< Zijj,ﬁ >=< chfjafi >=¢ (230)

JEel jel
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Thus the following biorthogonality relations hold:
< fi fi >= 6 (231)
3. The operator:
Pe =T*T# (232)
15 the orthogonal projection onto the span £ of F. Hence the following identity holds true as well:
Pe =T#T (233)
4. F is a frame for £. Moreover the formula (226) gives the same vectors as (227), i.e.
(Sle)~ ' fi =TG4 (234)

The set F defined by (228) is called the standard dual frame (associated to F). The remarkable
property (228) represents a discrete resolution of identity, called also a reconstruction formula. Note
that (228) does not uniquely define F. In other words, there may exist many dual frames which yield
reconstruction formulae as (228). In general there are infinity many such duals, unless F is a Riesz basis,
in which case the dual is unique. Each such alternate dual frame gives an oblique (i.e. non-orthogonal)
projection onto F via (229).

The set F# defined by (227) is called the standard biorthogonal s-Riesz basis (associated to F).
(230) represents a reconstruction formula in the space of coefficients and follows immediately from the
biorthogonality relations (231). Note that in general there are many alternate biorthogonal s-Riesz bases
that satisfy (231). Each of them will yield a reconstruction formula of type (230), although (232) will give
only an oblique projection onto £ and therefore (233) is no longer true. These alternate biorthogonals
will have different spans.

Weyl-Heisenberg frames and s-Riesz bases are simply WH sets that are frames or s-Riesz bases,
according to the previous definitions. Note that the definitions in Definition 1 are simply particular
instances of Definitions 46 and 47, applied to the WH context.

WH sets enjoy the remarkable property (which wavelet sets do not have, for instance) that the
standard dual frame or the standard biorthogonal s-Riesz basis is also a WH set. This follows from the

commutation relations:

STy =T3S |, SMare = MaraS (235)
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Therefore, in the WH frame case, if § = S~'g, the WH set WH ., g is the standard dual frame, whereas

in the WH s-Riesz basis case, if g% = T*G 71619 o) = (5] )~'g then WH j# , 5 is the standard

biorthogonal s-Riesz basis.

The window § is called the standard dual frame window, whereas g# is called the standard biorthogonal
window. Note that in general there are many dual frame generators (respectively biorthogonal windows)
that give rise to alternate WH dual frames (respectively alternate WH biorthogonal s-Riesz bases). The
only case when the dual (or biorthogonal) is unique is when W ., 3 is a Riesz basis, in which case the
standard dual frame is also the standard biorthogonal s-Riesz basis.

Beside this dual/biorthogonal construction, there are also results dealing with the density of the
lattice {(ma,nB);m,n € Z} and the localization of the generator g in the basis case. We summarize
these results in the following theorem. The interested reader may find the density results proved for the
lattice case in [Rief81], [DaLaLa96] or [Jans95], and for nonuniform sets in [RaSte95]. The localization
theorem due in its original form to Balian ([Balian81]) and Low ([Low85]) has been rigorously proved by
Coifman and Semmes (see [Daub90]) and differently (and much more simply) by Battle in [Batt88]. Later
on it was extended to a different space of functions by Heil and Walnut (see [BeHeWa95]). Statements

of these results are summarized in the theorem below. The following spaces of functions turn out to be

very useful in the statement:

Q" ={fer’ / 22| f(z)*dz < oo, / E17(6)de < oo (236)
C= 1) = {F | M fllyim iy = SIS Tpnmsnllo, < o0} (237)
ne7z

THEOREM 49 Consider WH .o, 35 « WH Riesz basis. Then:

1. The lattice {(ma,nf);m,n € Z} has uniform density 1, i.e. « = 3 =1. Moreover, if Wt 4.0 5 is
a frame then af <1, whereas if WH 4.0 5 15 a s-Riesz basts then of > 1.

2.1 (Balian-Low) The generator g has an infinite uncertainty product, i.e. g ¢ Q.

2.2 (Heil-Walnut) The generator is spread in time-frequency domain, i.e. g & C(L>,I*) and g &
C(L>,11).

O

Moreover, when we have a union of WH sets, the following density and nonlocalization results apply:

THEOREM 50 Suppose WH 1.0 5 UWH g2.0 5 is a Riesz basis of L*(R). Then:
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1.(see [ChDeHe99]) aff = %;

2.(see [2iZe97]) Either gt ¢ QY or ¢> € Q11;

3.(see the proof of the previous result and the Heil-Walnut’s proof in [BeHeWa95]) Either g' &
C(L®, 1Y) and g' ¢ C(L™, 1Y), or g% ¢ C(L®, 1Y) and g% ¢ C(L>,1).

B Approximation of Stochastic Processes by Weyl-Heisenberg
Sets

Consider two WH sets WH j1. 5, WH 2. s and a stationary stochastic signal f of zero-mean and second-
order statistics (i.e. autocovariance) given by R(t) = E[f()m] Assume the analysis operators of
the two WH sets are bounded on L?(R) (this means they are Bessel sequences). For such pairs of WH
sets we define the frame operator denoted Sy1 42.. 5 by:

Sgr 920,86 (f) = Z </, grlnn;ocﬁ > gim;a,@ (238)

m,n

Note that Sg1 42, 5 is bounded on L?(R) and its norm is bounded by the product of the two analysis
operator norms ||Tg1.q || - |[Ty2,a,5]|- The problem is to give sense to and study the boundedness of this
frame operator when applied to the stochastic signal f.

First we introduce a couple of function spaces that are useful in the following. the general Wiener

amalgam space is defined for by

WALE ) = T llw e oy = RIS - Ll Frezlly < oo} (239)

where the (p, ¢) norm for p, ¢ # oo is defined as

n+1

IS gt illy boezlly, = (Z(/ | ()| dar) ) T (240)

nez 7"
For p = oo or ¢ = oo the definitions have to be adapted in the obvious way. For instance W (L I!) has
been defined earlier in (237). In particular we are concerned with W (L2 1°°), W (L 1) and W (L', 1°).
For more properties of these spaces we refer the reader to [FoSt85]. Note that these spaces are translation
and dilation invariant. In particular the space does not change (although the norm does) if instead of

translation step 1 we consider the translation step 3.

Another useful space is the weighted L2 space for some nonnegative function w > 0:
(o]

Lo =AWl = wlo)lf)Pdn) P < oo 241)

— 00
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With this weight w we construct also a weighted version of the Wiener amalgam space:
WalL2, 1) = {F |1 lhysgrs 1o = sgg/ w(x)|f(z — n)|’de (242)
L% and Wg(L2,1°) are in general no longer translation invariant, but for appropriate w they may be

(see below). Finally, we introduce also the following notion:

DEFINITION 51 A function f : R — C has the persistency length a if there is a 6 > 0 and a compact

set K congruent to [0,a] mod a such that for every x € K, |f(z)] > 4.

The following results are proved in [Balan98].

THEOREM 52 Suppose g*, 9> € W(L>,11).
a) Let f € W(L%1®) and o, > 0. Then Y.~ < f, gt > 92, converges unconditionally in the

LZ

loc

topology, i.e. for every € > 0 and compact set K there are N., M, > 0 such that for every finite set
S CZ2\ ([-M., M.] x [-N., N.]),
|| Z < fa grlnn > ggmeLQ(R) <é& (243)
(m,n)eSs
moreover (243) converges also in the weak-x topology of W(L?,1%°), i.e. for every h € W(L? ') and
€ > 0 there are M., N; > 0 such that for every N > N., M > M.,
| <hf= D D <[ighn>0mn >1<c
[m[<M |n|<N
b) For every «, 3 > 0 there is some constant C' = C(g*, g%; o, B) such that for every f € W(L?,1*)
the function defined by (238) is in W(L?,1*) and ||Sglygz;a7@f||W(L27lw) < C||f||W(L2,l°°)~ Therefore
Syt g2.0.p 15 a well-defined and bounded operator on W(L?,1°°). Moreover, the constant C' can be chosen

as C(g', 9%, B) = Coc,ﬁHngW(Lw,ll) : ||g2||W(L°°,ll)’

REMARK 53 [t is well-known (see [HeWa89]) that if g*,¢9? € W(L>,l') then g* and g* are Bessel
sequence generators; therefore Sy1 g2.o g 15 well-defined and bounded on L?(R). However, in general even

if Sy g2.0.5 s well-defined and bounded on L*(R), it does not need to be bounded on W (L?,1°°).

REMARK 54 Similar resulls has been proved in [FeiGré97] but under a stronger requirement, namely
the generators to belong to the Segal algebra Sy which is a subspace of W(L> 1Y) (for exact definitions
see [FeiGro97]).
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REMARK 55 The series (238) that locally defines Sy y2.o 5 s not strongly convergent in W(L?,1%°)-

norm in general.

The condition g', g% € W(L*, ') in Theorem 52 is not necessary for the boundedness of Syt 4205 ON
W(L?,1°°) (an example is given in [Balan98]). However the following result shows that it is a necessary

condition for g1 € W(L>,?):

THEOREM 56 Let (¢t 9%, 3) be the given data and suppose the following:

2 .
loc?

1. For every f € W(L?,1°), the series Zm,n < [, 9k, > g2, converges unconditionally in L
2. The frame operator is bounded on W (L*1>);

3. g% has persistency length %

Then gt € W(L*>,1?). O

The above results refer specifically to W(L?,1°). We are interested to measure the error in L2 though.

The transition toward this space is given by the following result:

PROPOSITION 57 Suppose the nonnegative weight w has persistency length 3 and w € W(L*>,1').
Then the norm || - ||W(L2 1) is equivalent to || - ||Wﬁ(L2 1) and thus the two Banach spaces are identical:

W(L?,1%°) = Ws(L2,1>). O
Note that by equivalence we mean there are constants A, B > 0 such that for every f,

Allf v (2 00y S M w2, 00y < Bl w2 1)

All these results show that if g1, g> € W(L°,1') and the weight w has persistency length 3 and belongs
to the space W (L, I'), then Sy 42,4 g is well-defined and bounded on Ws(L2,,1°).

The picture is now the following. We would like to work with f € L2 because f € L?(R) is not
possible for stationary signals. However, extending Sg1 42.4 5 to L2 is tricky because L2 is not well-
adapted to the study of translations (in general it is not even a normed space). Therefore we introduce
W(L%,1°) = Ws(L2,1°°) under some mild conditions on the weight. On this space Sy 2.4 5 is well-
defined and bounded, provided the conditions of Theorem 52 are satisfied. Now, our stochastic signal is
given by an element f of L?(2; W(L?,1°)) where (2, %, i) is a probability space and L#(2; W (L?,1°°)) is
the space of W(L?,1°)-valued functions on € that are square integrable with respect to the probability

measure pr. Thus w € Q — £, = f(w) € W(L?,1®) is a realization of this stochastic process. The goal is
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to approximate f by the coherent stochastic signal Sj1 2., sf. We still measure the approximation error

in L2:
J(g" 6% 0 8) = BIIf = Spr g oF

which is finite and bounded as follows:

J(g 9%, B) < / du(w) sup T3 (1 = Sgi g2ia 5 ol

Q n
< (L4 11Sgr 920,68l Bw s 22 1o N2, (22 10
because Sg1 42., g commutes with the translation of 3. Note that
|51 92;oc,ﬁ||B(Wﬂ(L2w,lw)) < Coc,ﬁ,ngl||W(Lw,ll)||92||W(Loo,ll)
which turns the previous relation into:
J(g" 9% 0, 8) < (1+ Ca,ﬁ,w||gl||W(L<x>,ll)||92||W(L<>o,ll))||f||L2(Q;W(L2,lw)) (244)

All the above are summarized by the following theorem:

THEOREM 58 Suppose g',g°> € W(L™,1') and the nonnegative weight w has persistency length 3 and
w € W(L™,1Y). Then for every stochastic signal £ € L*(Q; W(L?,1®)) the approzimation error given by

the WH pair (g1, g%; ., B) is bounded above as in (244). O

In the asymptotic analysis of the distortion we shall need the following result (whose proof is in

[Balan98]):

LEMMA 59 Suppose g,w € W(L*>1'). Then Ty [2°° — L2 defined by T5(¢) = 3 nez Cmndmn 8
well defined and bounded by:

—ZHZ Mot + E —nd Pl

a,@IIwIIW<Lw,l1>||g||W<Lw,ll>|lg||oo (245)

IA

2
175 1Bz 12)

IA

C Note on the Poisson Summation Formula

The computations made in subsection 3.1 used a special form of the Poisson summation formula. Actually,

despite 1ts similarity, the formula we use 1s in fact the Parseval identity. We call it the weak form of
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the Poisson Summation Formula. Tt has been proved and used by many authors before (see the proof
of Theorem 4.1.5 in [HeWa89], or Theorem 2 in [ChuiShi93], or Lemma 3.2 in [DaLala96]). Below we

prove it for a different set of functions:

LEMMA 60 (Weak Poisson Summation Formula) Suppose f1, f2 € W(L?,1°°) and g*, g*> € W(L>1').

Then:

Z//dxdyﬁ (&) o () () e2mimate=) = Z/dxfl Do+ D)o+ ) (246)

and the integrals converge absolutely.

Proof
The “trick” is to periodize each integral in the left hand side. Notice fig!, fag? € LY(R) N L*(R).
Then:
rfm) = [ dz felg (@) = [T daf3S e+ Dt ek e
lI€EZ

and the Z-periodic function @ — Y .7 fi(z + L)g'(x + L) is in L'[0, 2] N L2[0, ZX] because of the

following:
l (o)
[ ne+ bt D <3 [T ine+ it D= [ 1000 1 e = 1001
leZ leZ -

/§|Zf1x—|— x—l— )|Pde < Z/ |f1x—|— 2! x—l— )|dx] - Z/ |dx]

lEZ

= / 1A @) gt @) 1dn - g Nl < Iy e gy 0 (e iny

We denote by ¢5(m) a similar expression as for ¢1(m) where the product fig' is replaced by fag?. Thus,
using the Parseval identity, the left hand side in (246) becomes:

> er(m)es(m / > Al x+ 1D fal x+ l)]dx

m IEZ I€Z
Now commuting all the summation symbols with the integral (allowed because of the absolute convergence
of the integrals) and extending again the integral over the entire real line, we obtain the right hand side
n (246) and thus the conclusion. O

This lemma has the following corollary:
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COROLLARY 61 Suppose £ € L*(Q;W(L2,1>)) is a stationary stochastic signal of autocovariance

function R, and g*,9* € W(L>,11), then:

S [ [ vty e - e gy )= =

= IR [t wte)g’ o - s - D (0

D Proof of Theorems 3 and 5

Proof of Theorem 3

The idea is to consider the frame operator associated to WH multisets WH (41 2.4 5 and W?—l(g~1 )58
Sy 1+ Sy 3. For the first two cases we set gt =g,97 =0, g~1 = g# or §, g~2 = 0. In the first case 5 j
should be the orthogonal projector onto the range of S; 1 (which is the span of the s-Riesz basis); in the
second case Sl,i =1 and in the third case Sl,i + 5275 =1, the unit operator.

These conditions are more transparent if we change the representation. Instead of L*(R) we use

L2([0,1] x [0, %}]; CP) via the unitary transformation:

fe®ts)=[F(t,s) F(t,s—l—%) L Pts+ (p— 1))

4
p

where F' is the Zak transform (34) of f and * denotes the hermitian conjugation. Note also that:
< gt g? >= /p ds/q dt trace{T'T?"} =< ' T? >y (248)
0 0

Then standard computations show that, for every fi, fo € L?(R) (or, equivalently, for every ®;,®s €
L*([0,1] x [0, 5] C7)):

1
1 [» !
< IS if >= D < Fiihnas >< Goniaps f2 >= ;/ ds/ H®ITT @,
mn 0] 0]

Thus the frame operator S; j + 5, 5 acting on L2([0,1] x [0, %}]; CP) is given simply by the matrix multipli-
cation with %(lﬁfl* + szZ*) for every (¢, s). This easily implies (57) and (59). Note that if any of (55),
(57) or (59) holds true for ¢ € [0, é] then it automatically holds true for every ¢ by the 1-periodicity of the
Zak transform in ¢. Note that a s-Riesz basis can always be viewed as a frame when one restricts oneself to

the span of the s-Riesz basis; the upper s-Riesz basis bound is then identical to the upper frame bound of
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ir=r
P

this (restricted) frame. Hence if WH ;.. 5 is a s-Riesz basis then B > %/\max(FF*) = %/\m(w(F*F) >
where Apqy (M) is the largest eigenvalue of the matrix M. Thus we obtain the upper bound in (55).

Next we compute the standard biorthogonal generator, respectively the standard dual generator. In
the case Al we impose %ff* to be the othogonal projection onto the range of %FF*. This clearly implies
(56).

In the case A2 we require for %ff* = I. Clearly (58) is a solution. Now any other solution will be given
by I'# =T + AT for some AT with < T', AT >= foi ds foé dt trace{TAT*} = 0. Thus [|[T#|| ;¢ > |T]| ;75
which can be drawn back to g’s via (248). Since the standard dual frame generator is the dual frame
generator with the smallest norm (see [Dal.aLa96]) we obtain that AT = 0 and hence (58).

Similarly, in case B we obtain the equation %(lﬁfl* + szZ*) =1or %ff* =] with ' = [fl fz] and
[ = [I'! T?]. The discussion follows the previous case and we thus obtain (60) and (61).

The lower bounds in (55), (57) and (59) are obtained by noting that the standard biorthogonal s-Riesz

basis, respectively standard dual frame, have % as upper bound. 0.

Proof of Theorem 5.

First a Lemma:

LEMMA 62 Let Wi, Wo, My, My be p x p nonegative symmetric matrices and I't, T'? be p x ¢ matrices.
Suppose further that either Wy, My are invertible and T't is of full rank, or Wy, My are invertible and I'?

has mazimal rank. Then the solution of the following optimization problem:

e = Xéncippxq J(X) = trace{Wr (I — XT™*)M (I = D' X™) + Wa(I — XT)Ma(1 - T2X*)} (249)
1s unique and given by the solution Xy of the linear system:
Wi MTY + Wo MoT? = Wy XoT ™ M T 4+ Wo Xo T2 Mol (250)
and the optimum in (249) is:

e* =trace{W (I — XoI'"* )My + Wo(I — XoI?*)M>} (251)

Proof of Lemma

The variation of the criterion (249) due to a variation § X is:

§J = trace{—Wi(I — XT™)MT'6X* — Wo(l — XT?*)MsT25X*} + c.c.

= —trace{[Wy(I — XT")M T + Wa(I — XT?*)MoT?6X*} + c.c.
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where c.c. stands for complex conjugated term.

By the variational principle §J must vanish for every §X,dX*. Thus we get (250). We have now to
prove that (250) has a unique solution. Consider the linear endomorphism on CP*? defined by X —
T(X) = Wi XTY™ M T + Wo XT?2* M52, This linear map defines also a quadratic form on the Hilbert
space (CP*9 <, >ps) of p x ¢ complex matrices with scalar product < A, B >gs= trace{A*B}. Tt is

straightforward to see that:
< X, T(X) >gs= trace{W > XT* MiT' X* W2 + Wi 2 XT2* M T2X* W %) > 0
The hypothesis guarantees at least one of the two terms is strictly positive. Thus
<X, T(X) >ps>a< X, X >gs

with a > 0, and then T is invertible.
The only issue that remains is to check that Xy defines the minimum for (249). To do this consider

X = Xo + A. Then, an easy computation using (249) shows that:
J(X) = J(Xo) + trace{ W PAT ™ M T A* W2 4 W22 AT MoT2A* W2} > J(Xy)

Thus Xj is a global minimum and (251) follows. O0.
Proof of the Theorem 5
Each of the partial optimal problems is solved by choosing appropriate Wy, W, My, M5, T'' T'? in
(249) as follows:
Bl. Wy =W, M; =M, Flzz%Fl,szMzzo,Fzzo.
B2. Wy =M, M; =W, Flzzl)Fl#, Wo=M>;=0,T%2=0.
B3 Wi =W, M, =M, T'' = %Fl, Wa = My =0, I'? = 0 (for channel 1),
Wi=M =0,T'=0,Wo =W, My =M, I'? = %Fz (for channel 2).
B4 Wi =M, M; =W, I'' = %Fl#, Way = My =0, I'? = 0 (for channel 1),
Wi=M =0,T'=0,Wo=M, My =W, I'? = %FZ# (for channel 2).
B5. Wi =W, M; =M, T'' = %F, Way = My =0, I'? =0 (for channel 1),
Wi=M =0,T'=0,Wo =W, My=M, I'? = Zl)r (for channel 2).
B6. Wi =W =W, My = My =M, I'" = JT"#, T? = 217,
BT. Wi =Wy =W, M; =My, =M, I'' = Zl)rl, 2= Zl)rz.
BS. Wi =M, M; =W, I'' = %F#, Way = My =0, 2 = 0 (for channel 1),
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Wi=M =0,I'=0,Wo=M, My =W, I'? = Zl)r# (for channel 2).

BY). W, =W, M; =M, I'' = %F, Wa = My =0, I'? =0 (for channel 1),
Wi=M =0,I'=0,Wo =W, My =N, 2= Zl)r (for channel 2).

B10. Wi, =M, Wy =N, My = My =W, I'l = Zl)rl#, 2= %FZ#.

Bll. Wy =Wo =W, M; =M, My =N, I'l = Zl)rl, 2= Zl)rz.

B12. Wi =M, M; =W, I'' = %F#, Way = My =0, 2 =0 (for channel 1),
Wi=M =0,I"=0,Wo =N, My =W, 2= Zl)r# (for channel 2).

B13. W1:W2:W,M1:M2:M,F1:F2:%F.

Bl4. Wiy =Wo =M, M; = My =W, r1:r2:%r#.

B15. Wi =We =W, M; =M, Mo =N, T' =12 =
B16. Wi =M, Wo =N, M} = My =W, T =T2 =

This ends the proof of the Theorem. O
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Captions for Figures and Tables

Figure 1: The Multidescription Transmission Block Diagram.

Figure 2: The Encoding-Decoding Scheme for the Time-Shift Division Encoder (TSDE): ¢!, ¢? are
derived from the same g.

Figure 3: The Encoding-Decoding Scheme for the Time-Shift Division Decoder (TSDD): ¢'# ¢*# are
derived from the same g#.

Figure 4: The Encoding-Decoding Scheme for the Time-Shift Division Encoder and Decoder (TS-
DED): g%, g% are derived from the same g and ¢g'#, ¢?# are derived from the same g#.

Figure 5: The optimal error in the deterministic model (top plot) and in the generic stochastic model
(bottom plot).

Figure 6: The autocovariance function of the stationary process (189) in time domain - left plot - and
the spectral power (i.e. frequency domain) - right plot.

Figure 7: The optimal solution for p = 2 and ¢ = 1.

Figure 8: The optimal solution for p =5 and ¢ = 1.

Figure 9: The optimal solution for p = 3 and ¢ = 2.

Figure 10: The eigenvalue maps for the case p = 2 and ¢ = 1.

Figure 11: The eigenvalue maps for the case p =5 and ¢ = 1.

Figure 12: The eigenvalue maps for the case p = 3 and ¢ = 2.

Table 1: Numerical results for the partial optimal problem with gaussian window (202).

Figure 13: The gaussian g given by (202) (top) and the partial optimal g# found in time domain for
various choices of p and ¢: Bottom left: p = 6,¢ = 5; Bottom right: p = 5,9 = 4.

Figure 14: The partial optimal ¢# found in time domain for various choices of p and ¢: Top left:
p=4,q9=3; Top right: p = 3, ¢ = 2; Bottom left: p =5, ¢ = 3; Bottom right: p=2,¢=1.

Figure 15: The gaussian g given by (202) (top) and the partial optimal g# found in frequency domain
for various choices of p and ¢: Bottom left: p = 6,¢ = 5; Bottom right: p =5,¢ = 4.

Figure 16: The partial optimal g# found in frequency domain for various choices of p and ¢: Top left:
p=4,q9=3; Top right: p = 3, ¢ = 2; Bottom left: p =5, ¢ = 3; Bottom right: p=2,¢=1.

Figure 17: The optimal encoding window for p = 6 and ¢ = 5.

Figure 18: The optimal encoding window for p = 7 and ¢ = 6.

Table 2: Numerical results for the partial optimal problem with the characteristic function window
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(203).

Figure 19: The encoding window g given in (203) in time (left plot) and frequency (right plot) domains.

Figure 20: The decoding window g# obtained as the partial optimal dual to g via (90) for p = 6 and
q =5 (left plot) and p =7 and ¢ = 6 (right plot).

Table 3: Numerical results for the Rate Estimation.

Figure 21: The distribution of the variance of Re(c¢py) for p = 4 and ¢ = 3 when g is the gaussian
(left plot) or the step function (right plot).

Figure 22: The rate-redundancy (left plot) and rate-distortion (right plot) characteristics; o is for the

gaussian and + is for the step function.
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7/6 0.4309 8.5715 4.919 9.4805 1.92 3.9264 3.679 6.72%
6/5 0.5149 8.333 4.7907 9.6833 2.02 4.542 4.308 5.43%
5/4 0.6509 8 4.6195 10.207 2.21 5.396 5.218 3.41%
4/3 0.9002 7.5 4.397 10.981 2.50 6.644 6.492 2.34%
7/5 1.1139 7.1435 4.2834 11.365 2.65 7.533 7.3528 2.45%
3/2 1.444 6.669 4.2325 11.621 2.75 8.736 8.524 2.49%
5/3 1.983 6.01 4.4729 11.447 2.56 10.47 10.24 2.24%
7/4 2.233 5.7323 4.721 11.188 2.37 11.208 10.86 3.20%
2/1 2.827 5.136 5.653 10.271 1.82 13.254 12.984 2.08%

Table 1:
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Time domain frequency domain
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Time domain Frequency domain
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P/q ARiesz . 102 BRiesz . 102 Aframe . 102 Bframe . 102 % i;ljsz(;TSDED it-ljg];fSDED 9

7/6 8.5714 17.143 17.143 25.714 1.5 3.7534 3.679 2.02%

6/5 8.333 16.667 16.667 25 1.5 4.406 4.308 2.27%
Table 2:
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Gaussian window

Step window

p/q a MZ | Ma | Rategauss | MA | Ma | Rategie,
7/6 | 11.66 | 96 16 119.7 102 17 115.4
6/5 12 80 16 117.6 85 17 111.6
5/4 | 12.5 64 16 113.2 68 17 107.3
4/3 | 13.33 | 42 14 108.3 37 | 123 97
7/5 14 70 14 103.4 60 12 93
3/2 15 24 12 98 20 10 85.4
5/3 | 16.66 | 36 12 90.4 30 10 78.6
7/4 | 175 40 10 84 40 10 73
2/1 20 10 10 73 9 9 64.46
Table 3:
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The eigenvalues for p=3 q=2
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First window — time domain
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Time domain Time domain
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First window — frequency domain
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Frequency domain

Frequency domain
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a)

Optimal window - time domain

Optimal window - frequency domain, real part
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a)

Optimal window - time domain

Optimal window - frequency domain, real part
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Encoding window - time domain Encoding window - frequency domain, imag part
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Decoding window - time domain

Decoding window - time domain
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Rate (bits/sec)

Rate - Redundancy Characteristics

Rate - Distortion Characteristics
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