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Abstract

In this thesis I present some aspects of the coherent sets theory in Hilbert space and some applications
in signal processing. The general theory will focus on three important types of coherent sets: Fourier
sets, Weyl-Heisenberg sets and wavelet sets. In a square-integrable unitary representation of a locally
compact group one chooses a generator (an admissible vector of the Hilbert space) and a discrete
subset of the locally compact group. Then the coherent set (associated to the given generator and
the discrete subset) is given by discretizing the continuous orbit passing through the generator, with
respect to the discrete subset.

The analysis of Fourier sets is intimately connected with the theory of nonharmonic Fourier
series and irregular sampling. Weyl-Heisenberg sets are obtained from a function (called window)
by translations and modulations given by a discrete subset of the time-frequency plane. Wavelet
sets are obtained starting again from a function (called wavelet) and then translating and dilating
it with parameters taken from a discrete subset of the time-scale plane.

My analysis concentrates around three problems: stability, localization and density.

In chapter 2 a geometric theory of frames is presented, emphasizing certain equivalence relations.
Within an equivalence class, a distance between equivalent frames is introduced.

In the next chapter two stability results are analyzed; one is an extension of Kadec’i—stability
theorem for nonharmonic Fourier series from Riesz bases to frames.; the other result generalizes an
observation by Daubechies and Tchamitchian that Meyer’s wavelet basis is preserved under small
perturbations of the translation parameter.

In chapter 4 the localization of the wavelet generator is studied. An uncertainty inequality of
Battle type is proved, where the lower bound of % (asin the case of the classical uncertainty principle)
is replaced by %

In the last chapter an application of the Weyl-Heisenberg Riesz bases for their span to a signal
processing problem is presented. The problem is to find the best approximation of a stochastic signal
by Weyl-Heisenberg expansions. Different sources of error (distortion) in an encoding-decoding

scheme are further analyzed.
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Chapter 1

Coherent Sets: The Group
Representation Point of View

1.1 Square Integrable Representations of l.c.g.’s

Assume T is a locally compact group (l.c.g.) with the left invariant measure g and U a strongly
continuous unitary representation on the complex Hilbert space H, U : I' — U(H) (U(H) denotes
the space of unitary operators on H). Then the representation U is called irreducible if the only closed
subspaces of H invariant under the action of every unitary operator U(y), v € I" are {0} and H itself.
A vector h € H is called cyclic if the linear span of {U(y)h,y € T'} is dense in H. A vector h € H is

called admissible if the map v —< h,U(y)h > is in L*(T,dp), i.e. [ | <h,U(7)h > |*du(y) < 0.

DEFINITION 1.1 The strongly continuous representation U is called square integrable if i) it has

a cyclic vector and i) there is an admissible vector h € H.
The central result that is of interest for us is the following theorem proved in [GMP85]:

THEOREM 1.2 Suppose U : T' — U(H) is a square integrable representation on H. Then:
1. The set of admissible vectors form a dense subset D of H;
2. There is a nonnegative selfadjoint operator A (unbounded, in general) on H with domain D

such that for every fi, fo € H and g1,g92 € D the following relation holds true:

/ < f1,UM)g1 ><U(()g2, f2 > du(y) =< g2, Agr >< f1, f2 > (1.1)
r
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3. If the group is unimodular (i.e. the left and right invariant measures coincide) then the
selfadjoint operator is a multiple of the identity, A =X-1, X > 0 and any vector is admissible, i.e.

D=H.O

REMARK 1.3 The relation (1.1) represents the weak form of a continuous resolution of identity

that, for the square integrable representation U takes the following form:

1

= ans

/ < f,U()h >U(y)hdu(y) , VfeH heD (1.2)
r

with the vectorial integration converging strongly (i.e. in the sense of Bochner). The word “contin-

uous” refers to the fact that we integrate over the entire group T,
REMARK 1.4 From (1.1) by letting f1 = fo = g1 = go = g € D we obtain:

1 .
<oAg>= / | < 9. U(M)g > [Pdu(y) (13)
N

Since the diagonal elements (i.e. of the form < x,Ax >) of a quadratic form are sufficient to

uniquely define that form we draw the conclusion that (1.8) specifies completely the selfadjoint A.

The relation (1.1) (or 1.2) lies at the basis of the continuous transforms frequently used in signal

processing. Suppose we fix an admissible g € D. Then we can define an operator:

Ty:H — L*(T,dp) , Tyf(7) =< f,U(7)g > (1.4)
Note that:
I,y = (1< LU > Pdu() =< 9. 4> 1] (15)
Thus:
1ol e, L2(r,an)) =< 9 A9 > (1.6)

(by B(Hy,H>) we denote the space of bounded operators from H; to Hy with the usual operator

norm).
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Relation (1.5) proves also the set H, = RanT, = {T,f; f € H} is a closed subspace of L*(T', dy).
Using now (1.2) we obtain that the vector f is “recovered” from the transformation T, by:

1

f:<g,Ag>

/F T, £(7) - Uy)gdu(y) (L.7)

We point out that the mapping f — T, f is one-to-one (because of (1.5)) but not onto (that is
H, ¢ L*(T,dp)). In fact, for recovering f we might as well have used any function of the form

Tyf +T.h, with h € H, z € D and < z, Ag >=0. Indeed, for every k € H:

1
<g,Ag >
_ 1
 <g,Ag>

/F (T, f +Toh)(7) < U(1)g.k > dyu()

/F <hU(v)z >< U(v), k> du(y)

< Ag,z>
g,Ag >

/Ga T, f(v) <U()g, k> du(y) + <9 Ag>

=<fk>+<hk> =< f k>

There exists thus many functions ¢ € L?(T,du) that allow reconstruction of f via the formula
ﬁ [ ©(7)U(7)gdp(v); this points out that the continuous transform Ty f contains redundant
information on f. One way to cut down this redundancy is to discretize the continuous transform,
i.e. to consider only a sequence of the form {< f,U(vi)g > },; for some particular discrete subset
{7i}ier of T. Sets of the form {U(7vi)g};o; are called coherent subsets and make the subject of the
present thesis.

We end this section by recalling another property of the subspace H, C L*(,du). Recall a
Hilbert space of functions (V,<,>y) is called a reproducing kernel Hilbert space if the mappings
f €V f(z) are bounded for every z, i.e. for every x there is a constant C, such that |f(x)| <
Call flly-

Take an arbitrarily f € H and the corresponding T, f € H,. Then, by using (1.4), (1.5) and the

Cauchy-Schwartz inequality we get:

7,500 < I 0 )l = = (18)

which proves that J{, is a reproducing kernel Hilbert space.
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1.2 Frames, Riesz Bases, s-Riesz Bases

Consider a Hilbert space H and an indexed set of vectors F = (f;)icr in H with I a finite or countably

infinite index set.

DEFINITION 1.5 The set F is called a frame for H if there are two positive constants 0 < A, B <
oo such that for every h € H:
AlRI* <Y I <o fi> P < Bl|A|)? (1.9)
icl
DEFINITION 1.6 The set JF is called a Riesz basis for H if it is a frame and a Schauder basis
for H.

DEFINITION 1.7 The set F is called a Riesz basis for its span (or a s-Riesz basis) if there are
two positive constants 0 < A, B < oo such that for every finite sequence of complex numbers (¢;)ici
(i.e. ¢; #0 for only a finite number of i’s):
AN el <D efil* <BY el (1.10)
i€l icl icl

DEFINITION 1.8 The set 3 is called a Bessel sequence if there is a B > 0 such that for every
heH:

S oI<h fi> > < Bl (1.11)

iel
REMARK 1.9 Any frame is a complete set, i.e. its closed linear span is all of H. Indeed, if h € H
is such that < h, f; >= 0 then (1.9) implies h = 0. Any frame, Riesz basis or s-Riesz basis is a

Bessel sequence as well. However the converse is not true in general.

The positive numbers A and B in (1.9) are called frame bounds and in (1.10) are called Riesz basis
bounds. The number B in (1.11) is called a Bessel sequence bound. If in (1.9) we can choose A = B

then the frame is called tight.
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Suppose J is a Bessel sequence. Then the following operators are well-defined and bounded:

T:H — *(I) , Th = (<h, fi >)ier (1.12)
T 1%(1) > H , T*c=Y cifi (1.13)
i€l
S:H—H, S=TT ,Sh=Y <hfi>f (1.14)
i€l
G:P(M)— 1), G=TT* ,Ge=(<Y cififi>)je (1.15)
i€l

where [2(I) is the Hilbert space of the complex-valued square summable sequences indexed by I.
Let E = RanT C I2(I) and &€ = RanT* C H. The operator T is called the analysis operator, T*
(the adjoint of T') is called the synthesis operator, S is called the frame operator and G is called the
grammian operator. The space E is called the coefficients range and € represents the linear span of
the set F. Let us denote by 6; the sequence (6;); = 1if i = j and (6;); = 0 if ¢ # j. Then the set
{6:},c1 is an orthonormal basis in {*(I). The matrix of the grammian operator in the canonical basis
{6:};c1 of I2(I) is given by: (G)i; =< f;, fi >, 4,j € L.

When S is invertible we let fz and fi# be:
fi=S i, fESTURS (1.16)
When G is invertible we denote by fl and f1, the following vectors:
fo=TH(G) Y6, f1,=T7(G) '/*6; (1.17)
Then the following result is known in the literature (see [Daub90, HeWag89, Chris93] for proof):

PROPOSITION 1.10 I. Consider F = (f;)ic1 a Bessel sequence in the Hilbert space H. Then

1. The set F is a frame with frame bounds A, B if and only if A1 < S < B1 (where T < S stands
for <Tf, f><<Sf,f>forall feH);

2. The set F is a s-Riesz basis with Riesz basis bounds A, B if A1 < G < B1;

II. Suppose that F is a frame for H with frame bounds A, B. Then
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1.

2.

€ =H and E is a closed subspace of 1*(I)

The set F = {fl,l € I} is a frame for H (called the standard dual frame) with frame bounds

L, % and having the same coefficients range;

The following reconstruction formula (or discrete resolution of identity) holds true for every

heH:

h=Y <hfi>fi=) <hfi>fi (1.18)

i€l i€l
The set F# = {fl#,i € I} is a tight frame for H (called the associated tight frame) with frame

bound 1 and having the same coefficients range E;

The orthogonal projection onto the coefficients range E is given by:

= <chfj:fi )iel = chf]afz )iel = ZCJf]7f i€l (1.19)

JEl jel Jel

I1I1. Suppose now that F is a s-Riesz basis for H with Riesz basis bounds A, B. Then

. E=12(1) and & is a closed subspace of H;

The set ¥ = {f;,i € I} is a s-Riesz basis for H (called the standard biorthogonal s-Riesz basis)
with Riesz basis bounds %, % and having the same span &; moreover, < fi,fj >= 0;; (the

Kronecker symbol) and F is the standard dual frame of F when the later is restricted to &;

The following reconstruction formula holds for every c € 12(I):

Zchjaf > i€l = Zc]fjafz zeH (120)

J€l jel

The set b = {f%;,i € I} is an orthonormal set in H (called the associated orthonormal set)

and having the same span € (i.e. it is an orthonormal basis for E);

The orthogonal projection onto the span € is given by:

PE:Z<';fi>fi:Z<'7f:i>fi:Z<'7fhi>fhi (121)

i€l i€l i€l
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1V. The set F is a Riesz basis for H with Riesz basis bounds A, B if and only if it is complete

and (1.10) holds for every finite sequence ¢ (i.e. it is s-Riesz basis with Riesz basis bounds A, B). O

In figure 1.1 we pictured the action of various operators. We shall return in Chapter 2 to the
geometry of frames. There, we shall analyze certain equivalency relations between frames and a

distance between elements within the same class.

& =RanT* T E =RanT
C \ G
T*
H I*(T)

Figure 1.1: Operators and Subspaces associated to Frames and s-Riesz Bases

95)

1.3 Three Examples: Fourier, Weyl-Heisenberg and Wavelet
Sets

In section 1.1 we called coherent set a set of vectors obtained by discretizing a continuous orbit of a
l.c.g. unitary representation. In this section we present three examples that preview the analysis of
the forthcoming chapters.

Fourier Sets

The group is the additive group I' = (R, +) with the usual Lebesgue measure as Haar measure

and the Hilbert space is the Paley-Wiener space of band-limited functions:
H=B2:={f € LR) | suppf C [~0,0]} (1.22)

with the usual scalar product inherited from L?*(R). Then the unitary representation is given by

translations:

U:T—-WH) , U(a)f(z) = f(z —a) (1.23)
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In this thesis we consider the Fourier transform with the following normalization:

feLMR) = f(&) =F(f)(E e ¢ f(z)da (1.24)

7wl

defined on L' and next extended to L?(R) via the Plancherel theorem. The inverse Fourier transform
will be denoted by F~'(f) or f.
It can be easily seen that U given by (1.23) is highly reducible; however, it has cyclic vectors.

For instance g = i[,m(,] is such a cyclic vector. Next let us analyze the admissibility condition. Take

/|<g, a)g > Pda = / da|/ ~ita)5(6) Pde

= 2 / 9(6)|de = 23]} (1.25)

a g € B2. Then:

Thus any function ¢ € B? whose Fourier transform is in L? is an admissible function. In

particular g = 1[ is such a function. Hence the representation (1.23) is a square integrable

(TD']

representation. The domain D of the selfadjoint operator A in theorem 1.2 is given by
D =B:nF YL ~o0,0]) (1.26)

Fix an admissible vector d € D. We discretize the continuous orbit passing through g according to

the set L = {-A,}, ., C R. Thus we obtain the set of vectors:
S={9n=9(-+ ), n€Z} (1.27)
indexed by I = Z. Note that g, (&) = e*»¢j(£). Let us denote by
5= {gn, neL}; (1.28)

then obviously G is a frame, a Riesz basis or a s-Riesz basis for B2 if and only if Gis a frame, a

Riesz basis or a s-Riesz basis for L?[—c,0]. Thus the analysis of § reduces to the analysis of G for

L?[-0,0].
A very popular choice for g is § = \/%1[,07(,]. In this case, for A\, = Zn the set § is an
orthonormal basis for BZ. Since g,,(x) = \/Zsinc(ox — nw) we obtain, for every f € B2:
Z < fogn>gn= Z fn=) - sinc(ox — nm) (1.29)

nezZ nezZ
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which is the classical Shannon sampling theorem.
When G is a frame, a Riesz basis or a s-Riesz basis, it is called a Fourier frame, Fourier Riesz
basis or a Fourier s-Riesz basis. Likewise the sequence (A, )nez is called a frame sequence, Riesz

basis sequence or a s-Riesz basis sequence if G is such, for g = 1|_; .

REMARK 1.11 The frame sequence definition can be extended to the complex plane as well. In
this case we are interested whether for N\, = o, + ip, € C the set {fn(z) = e?** n € Z} is a
frame, a Riesz basis or a s-Riesz basis in L?[—0o,0]. A basic principle due to Duffin and Schaeffer in
[DuSc52] proves that if (0,)nez is a frame sequence and |p,| < M for some M < oo, then (An)nez
is a frame sequence as well. Thus, in general, the complex frame sequence problem reduces to a real

sequence frame problem plus uniform bound of the imaginary part.

REMARK 1.12 Sets of the form {g(- — \,),n € Z} have been also studied in L*(R) instead of the
smaller space B2. In this case, one is interested in studying conditions under which {g(-—\,),n € Z}
is a frame for its span or a s-Riesz basis. It turned out for the case \,, = na, a > 0 that the function

> 1G(6 — 2|2 determines the behaviour of the set {g(- — na),n € Z} (see [BeLi95]).

Weyl-Heisenberg Sets
We set I' to be the Weyl-Heisenberg group:

I=H' = (T' xR x R, %) (1.30)
(21,P1,q1) * (22,D2,q2) = (2122 P1270P2) o) 4 py gy + o)

where T* = {z € C | |z| = 1} is the complex 1-torus, and H = L?(R). Both left and right invariant

measures are given by du(z,p,q) = *dzdpdg. Therefore the group is unimodular. We consider the

Tz

following representation of H! on L?(R):
U(z,p,q)f(z) = ze™* f(z — q) (1.31)

Choose a g € L?(R). Then, using the Plancherel identity again, the 2-norm of the coefficient map

turns into:

/ | < 0.U(2p0)g > Pdu(z p.q) = 2x]g]]!
T
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Thus, from (1.3) we get:
<g,Ag>=2n|gll = A=2r-1 (1.32)

This shows that D = L?(R), i.e. every vector is admissible. Take now an arbitrary function g €
L?(R) and consider a discrete subset of H', L = {(zi, pi, qi),i € I}. Then we call {U(z;, pi,qi)g,i € I}
a Weyl-Heisenberg set (or, simply, a WH set) and g a window. A particular but very important case
is when we choose L to be the lattice L = {(1,2mma,nB);m,n € Z} for some a, > 0. Then
we denote U(1,2rma,nB3)g by Gmn;as or, when there is no danger of confusion, by gm.. Likewise,
we denote the Weyl-Heisenberg set {gmn;ap;m,n € Z} by WH,. 5. Also, in the coherent case, we
denote by Ty..s the analysis operator associated to WHg,o 3.

The following theorem summarizes the well-known results in literature (see [Daub90, HeWa89,

DaLaLa95, Jans95]):

THEOREM 1.13 I. a) If the window g belongs to the Wiener amalgam space W (L, 1') defined
as follows:
W(L=,1") = {f : R = C| |fllype )= Y ess sup |f(x)] <oo}, (1.33)
net z€[n,n+1]
then the set WHy,o g is a WH Bessel sequence for every a, 3 > 0;
b) If WH .o g is a WH Bessel sequence with bound B then:

TS lala-nBF B 23 Jal¢ - 2ema) < B (134

for every x, £ € R.

II. Suppose WH.o 5 is a frame with bounds A, B. Set g = S~ 'g and gmn = S™' gmn, where S
is the frame operator.

a) Gmn(x) = e2™mCG(x —nf3), for every m,n € Z;

b) a-p<1;

¢) If aff =1 the WH,.q.5 is a Riesz basis (for L*(R));

d) The associated tight frame is given by WH #., 5 where g#* =S 1/%g;
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e) For every x,£ € R:
1 27
A<= - <B, A< g(& —2 2<B 1.
_a;w(:c nB)f < B, A< ;w(g mma)[* < (1.35)
II1.

1. If Ty,ap is bounded, so is Ty 1 1;

.1
95>

2. Let f,h € L*(R) such that Ty, 3, Tf;a,, Th, are all bounded. Then:

1
B

T,

1

Rl

mh—‘

L
‘o

Ih\'-‘

(the Wexler-Raz identity ).

1IV. WHg.ap s a frame if and only if WH is a Riesz basis for its span;

1
o

9%

V. Suppose WH . is a frame and W3,

1,10 Riesz basis for its span.

ES
a

1. WH .05 s @ dual of WH a5 if and only if WU—(%g is a pseudodual of WH .

1 115
« B

1
50

2. WH.a,p 1s the standard dual of WIH s if and only if WIH is the standard dual of

1 -1 1
oI B o

WH,,

, L
o

m\w

3. WH %, g is the associated tight frame of WH .o if and only if

WfH_g# is the associated orthonormal set of W .1 1 ;O

ES
a

1 1
B 95

As this theorem suggests, the product - 3 plays a major role in the behavior of the set W .o 5.
We shall call r = O%ﬂ the deficit or redundancy of the set W3,., 3 depending on whether a8 > 1 or
aff < 1. Hence a WH s-Riesz basis has a deficit r = al_,@ < 1 and a WH frame has a redundancy
a,@ Z L
Wavelet Sets

r=

Take for I' the az + b group (or the translations and dilations group) defined by:
ax+b=(R" xRo) (a1,b1)o(az,bs) = (aras,b; + arbs) (1.37)

Set H = L*(R) and consider the unitary representation of ax + b on L*(R) given by:

1 h(a:—b

\/H a

U:az+b— WILAR) , Ula,b)h(z) = ) (1.38)
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Note that the ax 4 b group is not unimodular; the left and right invariant measures are different. The

measure of interest to us is the left invariant measure dzzdb. After some computations, the 2-norm

of the coefficient map (a,b) —< h,U(a,b)h > turns into:

/|<hUab)h>|2d“db—|| ||/ |€| ()[2de (1.39)

Thus, if we take h € Daprp = {h € L2(R)| [ €] 1|h(€)|?dE < oo} then (1.39) is finite. This shows
that U admits an admissible vector. On the other hand, although (1.38) is not an irreducible repre-
sentation (the Hardy space Hy = {f € L2(R)|supp f C [0, 00)} is invariant under the action of all uni-
tary translation and dilation operators) it has cyclic vectors: for instance take h = i[_2ﬂ,_ﬂ]u[7r72ﬂ];
then, for each fixed a, span{U(a, b)h,b € R} is dense in F~1(L?([-2£, - L =lu [ao , 2X])); thus, taking
union over a we get F1(L?(R)) = L*(R). Hence (1.3) is given by: Ah(§) = m h(¢).

Wavelet sets are coherent sets obtained by discretizing a continuous orbit of the axz + b group
according to the discrete subset L = {(af,af'nby); m,n € Z} for some fixed ag > 1,bp > 0. Thus

the wavelet set associated to the wavelet ¥ € D, 1, and parameters ag > 1,09 > 0 is:
Waiaobs = A ¥mnsanty (2) = ag ™ *(ag ™z —nby) , m,n € L} (1.40)

If (1.40) is a frame, a Riesz basis or a s-Riesz basis, it is called a wavelet frame, a wavelet Riesz basis
or a wavelet s-Riesz basis, accordingly.

The following theorem summarizes the relevant known results in literature:

THEOREM 1.14 I. a) If the wavelet U satisfies the following decay condition for some vy >

1+a>1and C >0:

Cle™

) < o

(1.41)

then the set Wy ,qp s a wavelet Bessel sequence for every a > 1, b > 0. Moreover, the upper bound

is estimated by the following:

B<—{ess sup > [(a™¢) |2+22 2“’“ QLbk)]W} (1.42)

l€l€l,a] p ez

where B(s) = esssubjgicp1a) Lmez L (@™E)] - [E(a™E + 5)];
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b) If Wy.ap is a wavelet Bessel sequence with bound B, then for every £ € R:
2
”me O <B (1.43)

II. a) If ¥ satisfies (1.41) then for any a > 1 such that ) |¥ U(a™€)|? > const > 0 there is a
b¢ > 0 such that for every 0 < b < b the set Wy.qp is a wavelet frame. Moreover, the upper bound
is given by (1.42), whereas for the lower bound we have the following estimate:

A2 fess int > létaer 2[6(2?)& 2y (1.4

l€lefL,a] =

b) If Wy.ap is a wavelet frame with bounds A, B, then for every £ € R:
2m 2
A< 72& O <B (1.45)

¢) In general, the standard dual frame of Wy.qp (when this is a frame) is not a wavelet set.

However, the following is true: \177,\1/" = U(am,O)iln.
1.4 General Problems: Stability, Localization, Density

In this section we introduce three problems related to coherent sets. As we have seen before, a
coherent set is defined by two pieces of data: a generator (usually an admissible vector) and a
discrete subset of the l.c.g.

Stability. The stability problem refers to the coherent set behaviour when either the generator
or the l.c.g.’s subset is modified. If the generator is perturbed, we can introduce a new norm to
measure how large the perturbation can be, to preserve the coherent set’s property (either frame,
Riesz basis or s-Riesz basis). If the discrete subset L is deformed we distinguish between structural
perturbation, when only a norm condition characterizes the perturbation (as, for instance,in the
Fourier frame case when we perturb A, — A, + 6 + n, with |§,| < §), or parametric perturbation
when the initial subset £ and the perturbed one L' have the same parametric structure, but with
different values of the parameters (for instance in the wavelet Riesz basis case when we perturb only

the translation parameter b into b + 96).
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Under such perturbation, our task is to determine whether the coherent set keeps its original
property (frame, Riesz basis, s-Riesz basis) and to estimate the new bounds.

Localization. The localization problem refers to the generator of the coherent set. Basically
we study how well localized in time-frequency domain it is. The quantity we are interested in is the
uncertainty product defined as:

7 @ey(P) = ([ @ =aPla)Pan ([ (€~ ERlaoF e (1.46)
where z = [7_z|g(z)*dz, £ = [7_ £]§(€)|*d€ and assuming the generator has been previously
normed, ||g|| = 1. The classical Fourier inequality (called also the Heisenberg uncertainty principle
for its quantum physics interpretation) states that oy (Q)a,(P) > 5.

On the other hand, if WH,, g is a Weyl-Heisenberg Riesz basis, then by the Balian-Low theorem,
04(Q)oy(P) = oo. Thus, between 3 (the lowest nontrivial possible bound) and co we may have a
lot of room for the other coherent set generators. We shall analyze the localization problem for both
the WH and wavelet sets.

Density. The density problem refers to the discrete subset L of the l.c.g. I'. The problem is
to find necessary conditions (in terms of the subset £) such that the coherent set to be a frame, a
Riesz basis or a s-Riesz basis. It is clearly connected with the stability problem since this density
condition should be invariant under structural or parametric perturbations; for instance, it is known
that if WHg.o 5 is a frame then af < 1; thus any parametric stability result should preserve this

condition. It turns out that the density concept is very well suited for the Weyl-Heisenberg sets, but

not for wavelet sets.



Chapter 2

Geometry of Frames

2.1 Equivalency Relations

Suppose H is an infinite dimensional separable Hilbert space. A theorem due to Paley-Wiener
[PaWi34] states the following: let {e;},. be an orthonormal basis of H and let {f;};.y be a family

of vectors in H. If there exists a constant A € [0,1) such that
I cilei = £ IS AN D cies = A lel)'? (2.1)
i=1 i=1 i=1

forallm,cy,ca,... ,cn, then {f;}icn is a Riesz basis in H with Riesz basis bounds (1—))?, (1+X)2. An
extension of this theorem was given by Christensen in [Chris95] to Hilbert frames and by Christensen
and Heil in [ChHe96] to Banach frames.

Duffin and Eachus ([DuSc52]) proposed a converse of the above result by proving that every
Riesz basis, after a proper scaling, is close to an orthonormal basis in the sense of (2.1). We are
going to extend this result to Hilbert frames and to prove some results about quadratic closeness
and distance between two frames.

In this chapter we shall discuss mainly the relations between two frames. Let F = (f;):e1 and

G = (9gi)ie1 be two frames in H. We define the following notions:

e If () is an invertible bounded operator ) : H — H with bounded inverse, and if g; = Qf;,

then we say that F and G are Q-equivalent.

o We say they are unitarily equivalent if they are Q-equivalent for a unitary operator Q.

15
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e If ) is a bounded operator @ : H — H (not necessarily invertible) and g; = @ f;, then we say

F is Q-partial-equivalent with G.

e We say J is partial-isometric-equivalent with G if there exists a partial isometry J : H — H
such that g; = Jf; (then J should satisfy JJ* = 1 since g; € Ran J and § is a complete set in
H).

The last two relations (Q-partial-equivalent and partial- isometric-equivalent) are not equivalence
relations, because they are not symmetric.

We say that a frame G = (g;)ie1 is (quadratically) close to a frame F = (f;);er if there exists a
positive number A > 0 such that:

1S g — F IS A1 e (2.2)
iel i€l

for any ¢ = (¢;)ier € 1*(I) (see [Youn80]). The infimum of such A’s for which (2.2) holds for any
c € [*(I) will be called the closeness bound of the frame G to the frame F and denoted by ¢(G, F).

The closeness relation is not an equivalence relation (it is transitive, but not symmetric in gen-
eral). However, if G is quadratically close to F with a closeness bound less than 1, then F is also
quadratically close to G but the closeness bound is different, in general. Indeed, from (2.2) it follows

that:

A
IS eilos = £ 12 725 1D i |

iel icl

The closeness bound can be related to a relative operator bound used in perturbation theory
(see [Kato76]). More specifically, if T9, T/ denote the analysis operators associated respectively to
the frames G and J, then ¢(§, F) is the (T7)*-bound of (T9)* — (T/)* (in the terminology of Kato).
The next step is to correct the nonsymmetry of the closeness relation. We say that two frames

F = (fi)ier and § = (9gi)ie1 are near if F is close to G and § is close to F. Nearness is now an
equivalence relation. We define the predistance d°(F,G) between F and G, two frames that are near

to each other, as the maximum between the two closeness bounds:

d’(5,9) = max(c(5,9), (9, 9)) (2.3)
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It is easy to prove that d° is positive and symmetric, but does not satisfy the triangle inequality.

This inconvenience can be removed if we define the (quadratic) distance between F and G by:
d(9,9) = log(d*(,9) +1) (2.4)

Then, as we shall see later (Theorem 2.7), this defines a metric on the set of frames which are near
to one another.
Since the nearness relation is an equivalence relation, we can partition the set of all frames on
H, denoted F(H), into disjoint equivalent classes, indexed by an index set A:
FH)= | & (2.5)
aEA
with the following properties:

€aNEg=0, fora# B
VF,G € €4,d(F,G) < 00, and VF € €,,G € &5 with a # B, d(F,S) = co.

Let 7 denote the index projection: 7 : F(H) — A with F — 7n(F) = a if F € ,. We shall prove that
the partition (2.5) corresponds to the nondisjoint partition of [2(I) into closed infinite dimensional
subspaces. Moreover, the two equivalence relations introduced before are identical (i.e. two frames
are near if and only if they are Q-equivalent) as we shall prove later.

We shall be interested in finding the nearest tight frame to a given frame. For a frame G we
denote by ‘3'19 the set of tight frames which are quadratically close to § and by ‘3'29 the set of tight

frames such that G is close to them:

Tg =1{F = (fi)ier | T is a tight frame and ¢(G,F) < +o0} (2.6)

‘.Té ={F = (fi)ic1|T is a tight frame and ¢(F,G) < +oo0} (2.7)

When no confusion can arise, we shall drop the subscript G. Let d* : 74 — R, , d? : 7 — R, denote
the map from each F to the associated closeness bound, i.e. d'(F) = ¢(§, ) and d*(F) = ¢(F,9). If

G is a tight frame itself then § € 7' N J? and mind' = mind? = 0.
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Consider now the intersection between these two sets:
Tg=T"NT? ={F = (fi)ic1 | T is a tight frame and d(F,5) < 400} C Ex(g) (2.8)

In section 2.3 we will be looking for the minima of the functions d', d* and d.

2.2 Geometry of Equivalent Frames

In this section we are mainly concerned with the relations introduced before. We shall prove that
Q-equivalence is the same as nearness (in other words, two frames are Q-equivalent if and only if they

are near). The following lemmas are fundamental for all constructions and results in this chapter:

LEMMA 2.1 Consider 1 = {f}!},c; and Fy = {f?},o; two tight frames in H with frame bounds
1. Denote by Ty and Ts respectively their analysis operators. Then:

1) RanT> C RanT if and only if F1 and Fo are partial isometric equivalent; moreover, if J
is the corresponding partial isometry, then Ker J ~ RanT)/RanTs, more specifically: KerJ =
Ty (Ran Ty N (RanTy)t);

2) RanTy = RanT» if and only if F1 and Fo are unitarily equivalent.

Proof

1. Suppose F; and F; are partial isometric equivalent. Then f? = Jf? and T, = Ty J* for some
partial isometry J. Obviously, RanT> C RanTi. Now, recall that 77 and 75 are isometries from
H onto their ranges (since F; and F» are tight frames with bound 1). Therefore they preserve the

scalar product and linear independency. Thus:
RanTy =Ti(Ran J* @ Ker J) =T1J*(H) @ T1(Ker J) = RanT> ® T\ (Ker J)

and Ty (Ker J) is the orthogonal complement of Ran Ty into Ran T;. On the other hand T} |ran 1y
is the inverse of T} : H — Ran T} and thus Ker J = T} (Ran Ty N (Ran Ty)*) fixing canonically the
isometric isomorphism Ker J ~ RanT;/RanT>.

Conversely, suppose RanT> C RanTi. Then, the two projectors are P, = 111} onto RanTy

and P> = 1575 onto Ran 15 and we have PiT5 = T5. Now, consider J : H — H, J = T;T; which
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acts in the following way:

J@)=> <z fl>f
i€l
We have:

JJ* =Ty Ty = Ty P Ty = T5T, = 1

We want to prove now that f7 = Jf} for all j. We have, for fixed j,
Jf =13 =) (< I fE> =< £ 12 >) 12 = T3c
i€l
where ¢ = {¢;i}ier, ¢ =< f}, f > — < f}, f} >. On the other hand:
0=ff => < [ifi> 1= (65— <fj i >)ff =T7d
i€l i€l
where a’ = {af}ieﬂ, af =0;j— < fjl, f} > and é;; is the Kronecker symbol. Similarly 0 = T3’ with
b = {b]}

(RanTy)* = Ker Ty. Therefore a’ € Ker Ty and then ¢/ = a7 —b € Ker Ty which means Tj¢/ =0

iels b = 6i— < f7,f2>. Thusa/ € Ker Tt and b/ € KerT;. But Ker Ty = (RanT))* C
or f]2 = Jf]-l. Moreover, T, = Ty J* and, as we have proved before, Ker J = T (Ran Ty N(Ran Ty)71).

2. The conclusion comes from point 1: the partial isometry will have a zero kernel (Ker J = {0})
and therefore it is a unitary operator (recall that the range of J should be H).

This ends the proof of the lemma. O

LEMMA 2.2 Consider 3, = {f}},c; and T = {f2?},c; two frames in H. Let us denote their
analysis operators by Ty and Ts, respectively. Then:

1) RanTy C RanTy if and only if F1 and Fy are Q-partial equivalent for some bounded operator
Q; furthermore, Ker Q = Ty (RanTy N (RanTy)?1).

2) RanTy = RanT» if and only if F1 and Fy are Q-equivalent, for some invertible operator Q)

with bounded inverse.

Proof
Let us denote the frame operators by S; = 1714, So = T5T5.
1. Suppose RanT, C RanTi. As before we define (f1)# = S;'/?f1. Then 5,7 is S1/%

7

equivalent with F;. By Lemma 2.1, F,7 is J-partial equivalent with F>%, where J = (Tf)*Tl# is
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a partial isometry and F,% defined by 2= S;/z(fiz)# is 521/2-equivalent with F,. By composing ,
we get that F; is Q-partial equivalent with F5 with @ = 521/2J51_1/2. Furthermore, since S; and S
are invertible, Ker Q = Sll/2KerJ =T} (Ran Ty N (RanTy)*1).

Conversely, if F; is Q-partial equivalent with F5 and @ is the bounded operator relating F; to Fs,
then 75 = T7Q* and obvious RanT>» C RanTi. On the other hand, since 7777 = S; is invertible,

Q = T3T1S7" and then F,# is J-partial equivalent with F># with J = S5 /*QS./%. We have:
JJ* =8, 1PQs 28l PQ s = sy P Ty Py 55t

where P, = T151_1T1* is the orthogonal projection onto RanT;. But RanT, C RanTi, hence
P, T, =T,. Thus: JJ* = .5'2_1/2T2*T2.S'2_1/2 = 1, proving that J is a partial isometry. Now we apply
the conclusion of Lemma 2.1 and obtain that Ker J = (I7)*(Ran T, N (RanTy)L). Substituting
this into Ker @ = Sll/zKer J we obtain the result.

2. The statement is obtained from 1), by observing that Ker ) = {0}; since we also know that
Ran () = H, () is therefore invertible with bounded inverse. O

We now present the connection between the closeness relation and partial equivalence.

LEMMA 2.3 Consider 1 = {f}},c; and F» = {f?},c; two frames in H. Let us denote their
analysis operators by T and Ts, respectively. Then Fy is close to Fa (i.e. ¢(F1,F2) < 00) if and only

if Fo is Q-partial equivalent with F1 for some bounded operator Q@ and therefore Ran Ty C RanTj.
Moreover ¢(F1,F2) =[] Q — 1]

Proof

=

Suppose F1 is close to Fp. Then || Y. oici(ff — f7) IS Al Xiencif? || for X = ¢(F1, F2).
If ¢ = {ci}ier € Ker Ty, then necessarily ¢ € KerTy. Therefore Ker Ty C KerTy or RanT) =
(KerTy)* C (Ker Ty)* = Ran Ty. Now, applying Lemma 2.2 we get that F5 is Q-partial equivalent

C£2.
ieﬂcl i We

with F1. Then f! = Qf?. For any v € H we can find (¢;)ier € [?(I) such that v = Y
then have: Y., ci(fi — f2) = (Q — 1)v, so that

ITs =Tel _ 1@ = 1ol
i Tl "ok ol

= Q-1
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Therefore ¢(F1,F2) =] Q — 1 |.

<=

Suppose F» is Q-partial equivalent with F;. Then, it is easy to check that ¢(F1,F2) =|| Q@ — 1|
and then F; is close to F5. O

As a consequence of this lemma, we obtain the following result:

THEOREM 2.4 Let 1 and F> be two frames. Then they are near if and only if they are Q-
equivalent for some invertible operator Q. Moreover, d°(F1,F>2) = max(|| Q — 1 |,|| 1 — Q=1 |).
&

Applying this theorem to the set T defined in (2.8) we obtain the following corollary:

COROLLARY 2.5 Consider a frame § = (g;)ier in H and consider also the set Tg defined by

(2.8). Then T is parametrized in the following way:
T ={F = (fi)ie1 | i = aUg? where a > 0 and U is unitary}

Proof

Indeed, let a > 0 and U unitary. Then, by computing its frame operator one can easily check
that F = (fi)ier, fi = aUgl# is a tight frame with bound o?.

Conversely, suppose F = (f;)ier € T. Then, from Theorem 2.4 we obtain f; = ng# for some
invertible Q. We compute its frame operator:

ST=N"<fi>fi=Q0_<-gf >9/)Q" =QQ
i€l i€l

Therefore QQ* = A -1 which means that ﬁQ is unitary. Thus Q = VAU for some unitary U. O

The following result makes a connection between the extension of the Paley and Wiener theorem

given by Christensen in [Chris95] and the relations introduced so far:

THEOREM 2.6 Let F = (fi)ic1 be a frame in H and G = (g;)ic1 be a set of vectors in H. Suppose

there exists A € [0,1) such that

1D eilgi = NS A D eifi |

i€l i€l
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for anyn € N and ¢1,¢o,... in C. Then G is a frame in H and:

1) G is Q-equivalent with F;

2) If TV and T9 are the analysis operators associated respectively to F and G, then Ran T/ =
RanT9;

3) ¢(5,F) <A< 1and d(G,T) < .

Proof

The conclusion that G is a frame follows from a stability result proved by Christensen in [Chris95].
As we have checked before, from ¢(G, F) < 1 we get ¢(F,G) < 125 < 00. Therefore F and G are near
and we can apply Theorem 2.4 and complete the proof. O

Theorem 2.4 allows us to partition the set of all frames on H, denoted F(H), into equivalent

classes, as follows:

FH) = €a

acA

where £, C F(H) is a set of frames such that any F,G € €,, F is Q-equivalent with G or, equivalent,
F is near to G. Therefore, for each index a € A, the function d° : €, x €, — R, is well-defined and

finite. We want to prove now that the function:
d: €4 xEq =Ry , d(F,9) =1log(1+d°(F,9))
is a distance on each class &,.

THEOREM 2.7 The function d defined above is a distance on €,. Moreover, for any F € €, and
GeF(H), if d(F,G) < oo then G € &,.

Proof

The second part of the statement is immediate: if d(F, ) is finite so is d°(F, G); hence F is close
to G and therefore they belong to the same class. To prove that d is a distance we need to check only
the triangle inequality. Let F,G,H € &,. Then there exist Q and R invertible bounded operators
on H such that g; = Qf;, h; = Rg; and therefore h; = RQ f;. We have:

d(F,5) =log(1 + max(]| @ — 1 [, Q™" = 11)))
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d(S,30) =log(1 + max(| R~ 1], R~ = 1))
d(F,90) = log(1 + max(|| RQ — 1[I, Q7'R™" = 1))

and:

IRQ-1[=[(R-1D)@-D)+R+Q@-2|| < |[R-1]-Q-1+IR-1+Q@—-1]

MR- +DQ—-1]+1) -1

Hence:
log(| RQ — 1 || +1) < log(|| R—1] +1)+log(| @ =1 +1)

Similarly for || Q7*R~! — 1 || and therefore d(F,H) < d(F,9) + d(§,H). O

The next step is to relate the partition (2.5) with the set of infinite dimensional closed subspaces of
I2(I). We suppose H is infinite dimensional and I is countably infinite. Otherwise the following result
still holds providing we replace “infinite dimensional closed subspaces” by “subspaces of dimension
equal with the dimension of H”.

Let us denote by 8(I?(I)) the set of all infinite dimensional closed subspaces of [?(I). Then Lemma,
2.2 and Theorem 2.4 assert that F(H) is mapped into $(I*(I)) by:

i:F(H) — 8(1*()) , i(€4) = RanT (2.9)

where T is the analysis operator associated to any frame F € €,. The natural question that can
be asked is whether i is surjective, i.e. if for any closed infinite dimensional subspace of [*(I) we
can find a corresponding frame in F(H). The answer is yes as the following theorem proves (see

Christensen in [Chris93], Aldroubi in [Ald94] or Holub in [Hol94] for this type of argument):

THEOREM 2.8 For any infinite dimensional closed subspace E of 12(1) there exists a frame F €
F(H) (and therefore a class E,) such that i(F) = E (in other words, RanT = E with T the analysis

operator associated to F). Therefore i is a bijective mapping from the set of classes €, into S(I*(I)).

Proof
Let E C I(I) be an infinite dimensional closed subspace. Choose an orthonormal basis {d; }ier

in E and a basis {e;};c; in H (recall H is infinite dimensional and separable and I countably
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infinite). Let p; : [*(I) — C be the canonical projections, p;(c) = ¢;, where ¢ = {¢;}.., i € I. Let

jer
P : I*(I) — C be the orthogonal projection onto E. Let us denote by {6;},., the canonical basis in
(), ie. 8 = {8ij};c;- Then it is known (see [Hol94]) that {P§;},, is a tight frame with bound
1in E (and any tight frame indexed by I with bound 1 in E is of this form, i.e. the orthogonal
projection of some orthonormal basis of [?(I)) since:

Z<C,P6i>P6i:PZ<PC,5i>(5i:Pc:c , Yce E

i€l i€l
We define a tight frame with bound 1 in H in the following way:

fi= Z < P(Si,dj >ej = Z < (5i,dj >ej = Zpi(dj)ej
Jel JEI Ji

It is easy to prove that fi’s are well defined, since || fi||> = Yjerl < Péid; > P =] P6|]> < oo.
Let T' be the analysis operator associated to {fi};c; and = € H be arbitrarly. Then:

<z fi >= Zpi(dj) <z, e >=pi(z <z,e; >dj) , Viel

jel jel

Thus: T'(2) = {< @, fi > },c; = D>_je; < ©,€j > d;j and obviously RanT = E. It is simple to check

that T'f; = P6; and therefore {fi}ieﬂ is a tight frame with bound 1. O

2.3 The Closest Tight Frames

We are concerned here with close frames and with the distance functions d*,d* and d|g introduced

earlier; we would like to characterize the minima of these functions. Here is the main result:

THEOREM 2.9 Consider G = (g;)ic1 a frame in H with optimal frame bounds A, B and consider

1 g2 : : — VB-VA
the sets T°, T° and T introduced in (2.6), (2.7) and (2.8). Let us denote by 6 = VBivA and

p = 1(log B —log A). Then the following conclusions hold:

1. The values of the minima of d*, d* and d|qg are given by:
mind' =mind®* =0  mind|y =p

2. These values are achieved by the following scalings of the associated tight frames of G:

g = {fil}ieﬂ ) fil = @g? (210)
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2WAB

2 2 2 _ 7
F=A{ftia 5 i = 72V (2.11)
= {fYier » I = VABg} (2.12)

Hence d*(F1) = d?(F?) = 6 and d(F°) = p
3. Any tight frame that achieves the minimum of one of the three functions d*, d* or d is unitarily

equivalent with the corresponding solution (2.10), (2.11) or (2.12) in the following way:

(@)™ (8) = {K = {ks},o1|ks = Uf}, U unitary and || U — ﬁsm |= 6} (2.13)

d)7'0) = {X={ki};cilki = Uf? U unitary

2v/AB
and ||U—- ————_8"1/2 =9 2.14
I NI =0} (2.14)
d7'(p) = {K={ki}iqlki=Uf’, U unitary

. 1 .
d |U-VABS Y2 || =||U - S22 = 2.15
and || = a5 | =np} (2.15)

where S is the frame operator associated to G. Moreover, any unitary operator that parametrizes

(dY)~1(), (d*)71(0) or d=1(p) as above, has the value 1 in its spectrum.

Proof

If G is a tight frame then ' = 32 = 3% = G and 6 = p = 0 and the problem is solved. Therefore
we may suppose that A < B.

The proof proceeds in three steps. In the first step we check that d*(F!) = d?(F?) = 0 and
d(F°) = p. Then, since § < 1, it follows that the infimum of d* and d? are less than 1. Now, using
Corollary 2.5 and Theorem 2.4 we can reduce our problem to an infimum of an operator norm. In
the third step we will prove two lemmas, one to be applied to d' and d?, and the other to d, and
this will end the proof.

i) Let us check that (2.10), (2.11), (2.12) achieve the desired values for d*, d*> and d, respectively.
For f} = Qg; with Q = YAEYB §=1/2 we have d'(F') = ¢(5,5") = 1 - Q" ||. Now, VA < §'/2 <
V/B and these bounds are optimal. Therefore:

_VB-v4
VB +VA

VB - VA
VB +VA

<1-Q ' <
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which means || 1 — Q7! ||= 0. Similar, for f? = Lg; with L = \/227%5_1/2 we have d?(3?) =
¢(9%,9) =|| L — 1 || and a similar calculus shows that d*(F?) = 6.

For 3° we have f0 = Rg; with R = v/ABS~'/2; an easily calculation shows that:

B A B
— = — -1 = o _ 4= — =
IR-1=ll1- R |=max({/ 3 - 1,1- {/Z) = /T -1

_ ./ B
A(F°) = log(1 + max(| R~ 1| 1= R~ |})) =log {/ = = p

Therefore:

ii) Since we are looking for the infimum of the functions d*, d*> and since § < 1 we may restrict
our attention to the tight frames ¥ € T* (or in T?) such that d'(F) < 1 (respectively d*(F) < 1).
But this implies also that d?(F) < oo (respectively d'(F) < oo). Therefore we may restrict our
attention to tight frames in T7* NJT? = 7.

Corrolary 2.5 tells us that these frames must have the form: F = (f;)ie; and f; = \/5ng# =

\/6US‘1/2gi for some C' > 0 and U unitary. Hence:

1 ‘ 1 ‘
dY(F)=||1- —=8"2U"|=| —=S"? -U 2.16
@) =l Ve =1l N I (2.16)
P(F) =|VCUuSs/? 1| = | VCSY?* -U | (2.17)

1
d°(F) = — S _u|,IvVCs? —U 2.18
(9) max(ll\/a I, ) (2.18)

To minimize d is equivalent to minimize d°; since d° has a simpler expression, we prefer to work
with d° from now on.

Thus, our problem is reduced to find minima of the operator norms (2.16), (2.17), (2.18) subject
to C > 0 and U unitary.

iii) The next step is to solve these norm problems. For d* and d? we apply the following lemma

to be proved later:
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LEMMA 2.10 Consider R a selfadjoint operator on H with a =|| R™*||™" and b =|| R ||. Then,

the solution of the following inf-problem:

= inf | aR—=U || (2.19)
a>0
U unitary
is given by u = g;—; and o = a%rb This infimum is achieved by the identity operator; any other

unitary U that achieves the infimum must have 1 in its spectrum.

If we apply this lemma with R = S'/2, o = % and @ = VA, b = VB, then we get p =

VB-VA = g and o = ﬁ, hence the parametrization (2.13) of the solutions. This proves (2.16).

For (2.17) we apply the lemma with R = S~1/2 o =+/C and a = b= LA. We get 1 = 6 and

1
VB v= 73

_ _2VAB - .
a = ==, hence the parametrization (2.14) of the solutions.

For d we need a similar lemma, but this time for another optimization problem:

LEMMA 2.11 Consider R a bounded invertible selfadjoint operator on H with a =|| R~ ™" and
b= | R |- Then, the solution of the following optimization problem:
. 1 1

n= inf max(|| aR =U ||, || ER -U| (2.20)

a>0
U unitary

s given by p = \/g—l, o= \/% and U in the set:

1 b
U:H— H|U unitary and || —=R -U ||= abR™' - U || = \/j -1 2.21
{ | y | T =1V | -1} (2.21)

Moreover, the set (2.24) contains the identity and therefore is not empty, and the spectrum of any

U contains 1.

The solution for d° is now straightforward: we apply this lemma to (2.18) with R = S*/2, a = %
and a = VA, b = vVB. We get p = mind® = ¥/ % —1land a = ﬁ, hence the parametrization
(2.15) of the solution and the proof of theorem is complete. O

It still remains to prove the two lemmas:

Proof of Lemma 2.10
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We denote by o(X) the spectrum of the operator X. Thus a,b € o(R). Now, by Weyl’s criterion
(see for instance [ReSi80]), there are two sequences of normed vectors in H, (v,)nen and (wp)nen
such that || v, ||=|| wn ||= 1 and lim,, || (R — a)v, ||=0, lim,, || (R —b)w, [|=0

Let 6§ = a — a—+b Suppose § > 0. Let ¢ = §b Then there exists an index N such that for any
n> N, || Rw, —bw, ||[< <. We get || aRw,, ||> ab—e > 1 and:

b—a
el = Uwn |2 ||| aBwn [| = | Uwn [| | =[] aRwn || -1 2 ab—e —1= = +e
Therefore:
b—a b—a
R-U|>— = 2.22
laR-U |2 7o +e > o = (2:22)
Suppose now § < 0. Let ¢ = —%a > 0. Then, there exists an N such that for any n > N,
| Rv, — av,, ||< S We get || aRv, [|< aa +¢ < 1 and:
b—a
IR —U)en 2 [ | aRon | = [ Uvn [[ | = 1= | aBvn [|2 1 —aa —e = 3—— +¢
Therefore:
b—a b—a
R-U|>— = 2.23
laR-U |2 7o +e > o = (2.23)

From (2.22) and (2.23) we observe that the infimum of || «R — U || has the value —“ and may be
achieved only if § =0, i.e. a = a—+b. Thus, the first part of the lemma has been proved.

The set of all unitary U that achieve the infimum is then given by:

b—a
b+a

2
{U:H — H|U unitary and || a—R -U|= } (2.24)

+b

We still have to prove that the set (2.24) contains the identity and 1 is in spectrum of any unitary

operator from this set.

From a < R < b we get _b+_a < %HR— 1 < =2, Therefore || %H]R -1 b;—“ But, as we
have proved, t7o is the minimum that can be achieved. Therefore || ﬁ — 1= 3% b=a — 4 and thus

1is in the set (2.24).
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Now recall the sequence (v, ), and the inequality (2.22) which is realized on (vy,),. For U in the

set (2.24) we have: || (35 R — U)v, || p. But:

. 2
< Up, R*vp > ——— < v, (RU + U*R)v,, > +1

2 2
IR -0l = atb

a+b
From (R — a)v, — 0 we get < v,, R?v, >— a?. Therefore:

. . a+b, 4a®
hTILIl < Un, (RU + U R)Un >= (m

5 +1-0%)=2a

Now:
RU4+U*R=(R—a)U4+U*(R—a)+a(U+U")
and the previous limit gives lim,, < vy, (U + U*)v, >= 2.
Therefore:
| (U = Do * =< vn, (2 = (U +U*))v, >— 0
or lim, || (U — 1)v, ||= 0 which proves 1 € ¢(U). O
Proof of Lemma 2.11

First, let us solve the following scalar problem:

1
g= inf max( max Jazr-—1|, max |— —1|) (2.25)
a>0 a<z<b a<z<b or

Because of monotonicity:

max |az — 1| = max (Jaa — 1|, |ab —1])
a<z<b
1 1 1
max |-~ 1| = max(| - ~ 1], | = ~ 1)
a<z<b aa «

1 1
Therefore f= inf f(a) where f(a)=max(laa—-1|, |ab—-1],|— —1],|—= —1))
a>0 aa ab

It is now simple to check that where the infimum is achieved at least two moduli are equal. This
condition is fulfilled at the following points:

1 a+b
T 2ab

_ 2 ettt e =
a+b’ W= BT LT pi M
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We evaluate f(«) at these points and we get:

flon) = =% flan) == flan) = LB vE=a)

f(a4)=\/§—1; f(as)zb;a; f(aﬁ):b;aa

It is obvious now that: f(ay) < f(a1) = f(as) < f(az) = f(as) < f(as) and therefore i = f(ay) =

\/g — 1 and aoptim = a4 = \/% Observe also that for a« = a4 we have:

1
max |aqz — 1| = max |— —1]
a<z<b a<z<b X4

Let us now return to the norm problem (2.20). We are going to prove now that p = ji = \/g is the

optimum and o = g = \/% As in the previous lemma, consider (v,)n>1 and (w,,),>1 two sequences

of normed vectors in H (|| vy, || =|| wn || = 1) such that lim,, || (R—a)v, || =0, lim,, || (R—b)w, ||=0.

It is simple to check that lim, || (R™' = )v, [|= 0 and lim, || (R™! = })w, ||= 0 hold too. Now,
consider some a > 0, @ # a4 = \/% Then, as in the scalar problem above, we have:

either max |ax—1|>p or max |i —1>n (2.26)

a<z<b a<z<b

Suppose the first inequality holds. Now, either |aa—1| > @i or |ab—1| > [i. In the former case we use

the sequence (vy,), as follows: Let e = $(Jaa—1|— ) > 0 and let N, be such that || (R—a)v, || < £

for any n > N.. Then:
[ (@R = U)vn |2 [l eBvn || = [| Uvn [ | = |ev || avn + (B = a)vn || 1] =
Zlaa—1|—al|(R—a)va [[>p+e

which implies | R —-U || > i +e¢.
Similarly, in the later case (|ab — 1| > fi) we take ¢ = %(|lab — 1| — i) > 0 and N. such that

| (R—b)w, || < £ for any n > N.. Therefore:

| (@R = U)wy || > ||| eBwn || = || Uwn || | = |a || bwn + (B = b)wn || =1] >

>lab—1—al|| (R—bw, ||>a+¢
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Thus, in both cases we obtain || R — U || > 1. If the second inequality in (2.26) holds, a similar
argument can be used to prove that, for a # a4 we have || LR=! — U || > ji. Therefore the optimum
in (2.20) is achieved for « = \/%Tb and the value of it is p = \/g — 1. It is obvious now that the set
of unitary operators that achieve the optimum is given by (2.21) and also that the identity operator
is in that set. The only problem that still remains to be proved is that all these unitary operators
have 1 in their spectrum.

The previous argument proves the following conclusion: fix §y > 0 small enough and let U be in
the set (2.21). Then, since fi < ||(aR —U)w,|| for all a # \/%Tb we can substitute o = \/% + 6, where
0 < 6§ < 6y, and obtain:

1
i <|| (6R+ —=R - U)w,
p<( N Jwn ||

for n > N5 where Nj is an integer depending on §. Then i <|| (6R + J%R —Dw, |< 6| R +i
for n > N (use (2.21); it follows that | ||(\/%R— U)w, || — | < 26]|R|| can be made arbitrarily small
by choosing n sufficiently large, so that || (\/%TbR— U)w, ||— iz when n — oo. Now, by repeating the
argument given in the proof of lemma 2.10 we obtain lim,, || (U —1)w,, ||= 0 which proves 1 € o(U)

and the lemma is proved. O

REMARK 2.12 We point out that the entire theory can be carried out on the set of Hilbert frames
over different Hilbert spaces, but indexed by the same index set. All the results are similar, the

changes being straightforward.

REMARK 2.13 As a final remark we acknowledge that the two Lemmas 2.1 and 2.2 have also

been independently obtained by D.Han and D.R.Larson in a recent paper ([HaLa97]).



Chapter 3

Stability of Coherent Frames

3.1 General Stability Results

All the stability results for frames known in the literature are based on the perturbation of the
identity principle (which says that if A is a bounded linear operator with ||A|| < 1 then I + A is
invertible and ||(I + A)"!|] < (1 —||A4]|)~! or small variations of it. These various stability results

can be summarized in the following theorem due mainly (in this form) to O.Christensen:

THEOREM 3.1 (Stability Theorem for Hilbert Frames) Suppose H a separable complex
Hilbert space, I a countable index set and F = {fi};,c; a frame in H with bounds A, B. Consider
S = (9i)ie1 a family of vectors in H. If one of the following two conditions is fulfilled Vx € H:
(Type 1) (Y 1<z fi—g:> ) <AQ | < fi > )2 + pll=|| (3.1)
i€l i€l
orV¥n >0, ¢; € C:
(Type 2) || D cilfi—ga)ll <Al Y efill + u( Y lei)? (32)
nely n€ly nely
where (I)n>0 is an increasing sequence of finite subsets of I: Iy C I, C I, C ... C I such that
UnenIn = I, and X\ + ﬁ < 1; then (g;)ier is also a frame in H with bounds A(1 — A — ﬁ)z,
B(1+ A+ ﬁ)? Moreover, if I is a Riesz basis then G is also a Riesz basis. O
This result was first stated by Paley and Wiener in their celebrated paper [PaWi34]. They

considered only the stability of Riesz basis and the type 2 condition. Later on, in a different

32
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context, Kato ([Kato76]) proved a perturbation theorem which basically incorporates the above
theorem. Recently, Christensen and Heil ([Chris95], [ChHe96]) established the link between Kato’s
perturbation theorem and frames in both Hilbert and Banach contexts.

In this chapter we are going to prove three stability results. The first one refers to general coherent
frames and claims that the frame generators set is open in the set of Bessel sequence generators with
respect to some topology. The second result extends a long sequence of results in nonharmonic
analysis. Using a Kadec-type estimate we give a stractural stability bound for Fourier frames (or
more specific, frame sequences). The last theorem extends to general wavelet bases a surprising
result due to Daubechies and Tchamitchian, but proved by them for the Meyer’s orthogonal wavelet
basis only. Basically, this last result shows that the time-frequency density is not a well-defined

quantity for wavelet sets.

3.2 Stability of Coherent Frames

Recall from chapter 1 that a coherent set is characterized by a generator g and a collection of unitary
operators C = {U;},; obtained by discretizing a continuous unitary representation of a l.c.g. Thus

we obtain the following coherent set:
8(C,g):={Ug, U € C}

Let us denote by B¢ the set of Bessel sequence generators and by F€ the set of frame generators
with respect to the collection €. Obviously F¢ c BC.

We introduce now an unbounded operator associated to the collection € by:

TC: H - BUH,EW) , (T%)) = {< 2,Uig > }0 (33
with domain D(T'¢) = B®. For any g € B® we denote [|g|| = ||Teg||B(H712(H)). Is is straightforward
to prove that || - || : B® — Ry is a norm and thus (B®, || - ||) is a normed space.

The main result is the following:

THEOREM 3.2 T° is closed and (B®, || - ||) is a Banach space.
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Proof

a) T is closed: Let (z,,,T%z,), be a Cauchy sequence on the graph of T in H x B(H,1?(I)).
Then z,, € B®, z, — = and T%z,, — T in B(H,I?(I)), for some = € H and T € B(H,1?(I)). Since
T € B(H,1*(I)) we obtain, by applying Riesz lemma, that T'(y) = {< y,2; > },, for some z; € H.
Thus {2}, is a Bessel sequence in H. On the other hand, |TCx, —T| =k, and lim,, .o k, = 0
which turns into:

DI <yUiwn—z> P <kyl® ., VyeH
i€l
It also implies, for all i, | < y,Uizyp, — z; > | < ky|y|| and thus ||U;z, — 2] < k,. Therefore

limy— oo UsZn, = 2 in H. But limy_ oo zn, = z in H and thus U;z = z;. We obtain that Tz =T

and therefore z € B€ and 7€ is closed.

b) Since T'® is closed, it follows that (B®, ||-||) is a Banach space with the norm ||z||, = ||z||+||z||-.
But:
Izl = 1Tl ) = 1T Iy and (T62)*(c) = 3 el
i€l
Thus: )
1T2) | ey = Uil = [al
Therefore ||z|| < ||z||; < 2||z|| which means that || - ||, and || - || are equivalent. O

We have also the following stability result:

THEOREM 3.3 F® is open in (B, || - ||). More specific, for any g € F® if A denotes the lower

bound of the coherent frame 8$(C, g) then the ball of center g and radius /A is included in FC, i.e.
B\/Z(g) C FC€.

Proof
The second statement implies the first one, therefore we shall prove only the inclusion of that
ball. Let y € B 7(g). Then p = ||lg — y|| < VA and:
I <2Ug—Uy > P < p(ll)/? , VzeH
i€l
Now, by the stability theorem of Hilbert frames 3.1, Type 1 (3.1) with A = 0 and p as above, we

obtain that y € F® also. This concludes the proof. O
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3.3 Structural Stability of Fourier Frames

Consider v > 0 and L?[—~, ] with the usual scalar product inherited from L?. Consider a sequence
(An)nez of complex numbers and construct the sequence of functions & = {f,}, ., by fu : [=7,7] —
C, fo(z) = ﬁei’\"’”. Recall that we called (\,)nez a frame sequence if F is a frame for L2[—~,7],
in which case J is called a Fourier frame. Likewise, 3 is then a Fourier frame for B?r'

Our problem is the following: given a frame sequence of real numbers (A, )nez with bounds A, B,
find a positive constant L such that any sequence of real numbers (p,)nez With |p, — A\p| <6 < L
is also a frame sequence. An extension of this problem will take into account the complex case.

In the context of an orthonormal Fourier basis (\,, = n, v = 7) this problem was first considered
by Paley and Wiener. By using their stability result, they obtained a first value for L, L; = #
Later on, Duffin and Eachus in [DuEa42] improved this constant to Ly = 1“72 = 0.22.... Finally,
Kadec in [Kadec64] proved that the optimal value of this constant (called the Paley-Wiener constant)
is Lx = 1 (earlier, Levinson in [Levin40] proved that for § = % one can perturb the orthonormal
Fourier basis to a noncomplete set).

The stability question of Fourier frames was considered by Duffin and Schaeffer in their seminal
paper [DuSc52]. They used a type (3.1) inequality with g = 0 and they obtained Lpgs = % ln[l—l—\/%]
(see proof of Theorem 13, §4.8 in [Youn80]). This value has been used recently by [CvVet95] in a
quantization error analysis of Weyl-Heisenberg frame expansions. For v = 7 and A = B one can

_ In2

obtain Lpg = “== which is less than Kadec’ estimate. A better estimate for L is given in Theorem

3.4:

THEOREM 3.4 Suppose (A\,)necz a frame sequence of real numbers for L*[—v,v] with bounds
A, B. Set:

T 1 1 A
L(y) = i ;arcsm(ﬁ(l - \/;)) (3.4)

Consider the sequence {pn}, ., of complex numbers p,, = p,,+io,, such that sup,, |n—A.| =6 < L(7)

neEZ

and sup,, |o,| = M < co. Then the following two conclusions hold true:

1) The sequence {pn},cq @5 o frame sequence for L?[—v,7];
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2) The real sequence (pn)nez is a frame sequence with bounds:

A
Al — E(l — cosy8 +siné))? , B(2 — cosyd + siny8)? (3.5)

Proof of Theorem 3.4
By Theorem II from [DuSc52] (see also Theorem 14, §4.8 in [Youn80]) we need to prove Theorem
3.4 only for real sequences p,, = p,,. On the other hand, if we scale the sequence we can reduce the
problem to the case v = m. Indeed, if (A, )nez is a frame sequence for L?[—v,~] then {X,, = 2\, }, ,
1 i,

is a frame sequence for L?[—n, 7] with the same bounds (in the former case f,(z) = e, in

the latter f/(z) = —k=e»*). Thus L(y) = ZL(m) and we have to prove:

V2
L(r) = i - %arcsin(%(l - \/g)) (3.6)

Observe that this is consistent also with the frame bounds since y6 = 7¢'.
To prove (3.6), we shall use Kadec’ estimations from his theorem and then the Type 2 form of

the Stability Theorem with A = 0. Let N € N and ¢, € C, n € Iy be arbitrary. Set §,, = pn, — Ap.

We obtain:
U= Y el gmme™® = =) = S| 3 et - (@)
o1 Ve V2r ne
neln nely
By expanding 1— e’ into a Fourier series relative to the orthogonal system {1, cos v, sin(v — 3 )z},
v=1,2,... we obtain:
) sin 6, > (=1)¥26, sin 7,
1—e“® = (1-— + ——F—————cos(vz
( Ton ) ; (V2 — 6,%) (v)
)" 265, On 1
i Z cOS;TnZ) sin((v — 5)33) (3.8)

We plug (3.8) into (3.7), we change the order of summation, we use the triangle inequality and then
we use the bounds || cos(vz)p(z)|| < |l¢|| and | sin((r — £)z)p(z)|| < |l¢|. We obtain:

Uo< | Z 51n7r(5 eitn w||+z I Z 2(5 Slnﬂé e i)\n:c”

nEly v=1 n€ly

26 cos7r6 i a
+ll Z arene™ )

2
TLEIN 6" )
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Now we use that (A,)nez is a frame sequence with upper bound B. Therefore each norm can be

bounded as:
1> ancae®®|| < VB|{anca}| < VBsuplaa|[{ca}ll;
neln "

since we have:

sin é,, sin wé
11— | <1-
7o 5
| 26, sin é, | 26 sin é
(v —6,%) — w(v? —62)
26, cos o, 26 cosmd
| | <

(v = 3)? = 6a%)

=579

2

(the last inequality holds because ¢ < %); it follows that:

U < VB(Re(1—e™) = Im(1 - ™)) (Y |ea]?)!/?

neln

or:

U < VB(1 —cos7r5—|—sin7r5)(2 len|?)t/?

nely

Now we can apply the Stability Theorem (Type 2) with A = 0 and g = v/B(1 — cos w6 + sin76).
The condition of that theorem turns into u < v/A or 1 — cos w8 + sin 76 < 1/% and then, by a little
trigonometry we get:

1 1 1 [A
The frame bounds for (u,)nez come from A(1 — ﬁy and B(1+ #)2. This ends the proof. &

3.4 Parametric Stability of Wavelet Riesz Bases

Consider two positive numbers ag > 1, by > 0 and a function ¥ € L*(R). Recall that a wavelet set
Wigiag.bo 18 defined by Waiao 5o = {¥mmsagbo|(msn) € Z2} where Wpniaosy (@) = ag ™ U (ay ™z —
nby). If the set Wy,q.p, is a frame (respectively, a Riesz basis or a s-Riesz basis) in L?(R) we call it
a wavelet frame ( a wavelet Riesz basis or a wavelet s-Riesz basis).

Our problem concerns the behavior of the set Wy,q» when a = ap and b runs through a neigh-

borhood of by. This problem was first considered by Daubechies and Tchamitchian in 1990 for the
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Meyer orthogonal wavelet basis (see [Daub90]) where ag = 2, by = 1. They proved that for all b in
some nontrivial interval [1 —e,1 + €], the corresponding Fy.2; constituted a Riesz basis; their proof
exploited the very particular structure of the Meyer basis. We are going to extend this stability re-
sult to a more general class of wavelet Riesz basis, using a different argument. The precise statement

is given in Theorem 3.5:

THEOREM 3.5 Suppose that the function ¥ € L?(R) generates a wavelet Riesz basis with bounds
A, B for some ag > 1,bp > 0 (i.e. Wy ,q4p, @5 a Riesz basis with bounds A, B). Furthermore, let \il,
the Fourier transform of ¥, satisfy the following requirement: U s of class @' on R and both ¥ and

' are bounded by:

I U |§|a
|1, W' ()] < CW , VEeR (3.9)

for some C >0 and v > 14+ a > 1. Then there exists an € > 0 such that for any b with |b—by| < ¢,

the set Wy.qp @5 a Riesz basis. O

Proof of Theorem 3.5

To prove this theorem, we shall use the Type 1 criterion of stability together with an upper
bound estimation given in theorem 1.14 in section 1.3.

Consider ¥ and ay > 1, by > 0 and b > 0 as in the hypothesis and denote by U, : L*(R) —
L?(R) the unitary operator (U,f)(z) = %f(%az) We define & = U,¥, or more specifically
o(z) = \/%\Il(%x) One can easily check that Up¥mn.a0p = Pmniagh, therefore Uy maps Fy.q0p
into Fp.qqp, unitarily. Thus Wy.q,s is a Riesz basis (respectively, frame) if and only if We.q5, is a
Riesz basis (frame). Moreover, they have the same bounds. In order to prove that Wy, 4,5 is a Riesz

basis, we show that We.q,p, is a Riesz basis by comparing it with Wy,q,s,- We note that:

\I'mn;aobo - an;aobo — (‘Ij - Q)mn;aobo

Therefore the condition (3.1) with A = 0 is equivalent with the condition that Fg_g,q.5, be a Bessel
set with upper bound less than A, the lower frame bound of the Riesz basis W44, -

Let us denote by B, the constant B given by (1.42) for f(f) = % It is simple to check
€]

that |#(£) — &(£)] < CbW' Therefore an upper bound for the Bessel set Fy_¢;q05, is given by
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CyBa,- On the other hand, using the Ascoli-Arzeld lemma and the hypotheses on W(€) and ¥'(¢€)

we obtain that g,(&) = %@({) converges uniformly to gs,(§) = %\P(f) as b — by. Thus we
may choose Cy to depend continuously on b around by and Cp, = 0. Then, for some neighborhood
of by for which CyB., < A we may set u = 1/CyBa, in (3.1) and we obtain that We,q,s, is @ Riesz

basis. Now the proof is complete. &



Chapter 4

An Uncertainty Principle for
Wavelet Sets

4.1 Introduction

In this chapter we look for lower bounds of various uncertainty quantities. On L?(R) we introduce

the following unbounded selfadjoint operators:

Q1) =2 @), DQ) = {f € P®)| [ 2]f(@)Pds < 0} (11)
Pf@) =i D(P)={f € *(B)| f' € I*(W)) (42)

Now take a f € D(P) N D(Q) with ||f|| =1 and let us denote by:
=<fQf> , £=<f,Pf> (4.3)

the first moments of |f|?, respectively |f|2 Then, by uncertainty quantity we mean one of the

following products:

A(f) = IPfIF- QS (4.4)
As(f) = (P = OFII- I(Q — )| (4.5)
As(f) = IPfII- Q@ = &) fll (4.6)

We point out that Ax(f) is the product of the two variances associated to |f|? and, respectively,

|72. Notice also that Ay(f) > As(f) > Ax(f).

40
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The classical Fourier inequality (or the uncertainty principle) states that for every f € L?(R)
with [|f|| =1, Ay(f) > 1. Thus £ is an absolute lower bound achieved only by (possibly modulated
or translated) gaussian functions.

On the other hand, for Weyl-Heisenberg Riesz bases WH .o 5 (with o = 1) the Balian-Low
theorem states that Ay (g) = oo - see [Batt88] for a nice proof.

Thus, one may naturally ask whether this nonlocalization is due to the Riesz basis property.
The answer is negative and, in fact, it has been proved by J.Bourgain in [Bourg88] that for every
€ > 0 there is an orthonormal basis {h;},,~, of L*(R) such that Ay(h,) < & +¢. Unfortunatelly his
construction does not yield a coherent set. Thus the next question could be whether the coherence
is the obstacle for localization. Again the answer is (at least partially) negative because Y.Meyer
constructed in [Mey86] an orthonormal wavelet basis that is localized in time-frequency domain
(i.e. Ax(¥) < 00) - note that the much older orthonormal wavelet basis given by the Haar wavelet
basis has uncertainty infinite because of its discontinuity. Since then a lot of other wavelet basis
(orthogonal or biorthogonal) have been constructed (see [Daub88]), many of them with good time-
frequency localization.

Given these results, we ask whether the lower bound % is still optimal for wavelet sets. As we
shall see later, the answer is negative and the bound % should be replaced by % This type of result
has been first proved by G.Battle in [Batt97]. He assumed either Wy.qp is an orthonormal set, or
(4.8) holds true. We show below that (4.8) is always satisfied for localized wavelet Bessel sequence
generators, so that Battle’s lower bound % will hold for all wavelet Bessel sequence generators. We

also give a shorter proof of Battle’s result.

4.2 An Uncertainty Inequality for Wavelet Bessel Sequences

Suppose the wavelet set Wy.qp is a Bessel sequence (see chapter 1, section 1.3 for definitions and
properties). Then a necessary condition on the wavelet ¥ is the inequality (1.43). If we divide it by

¢ and integrate from 1 to a we get:

¢ P (gmE)|? bln
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or, equivalently:

0o |{; 2
/0 M’f)' de < b;lr“B (4.7)

LEMMA 4.1 Suppose Wy.qp is a wavelet Bessel sequence and ¥ € D(Q). Then:

/00 Y(z)dz =0 (4.8)

Proof

Suppose we proved that W is in L*(R). Then ¥ is continuous and for (4.7) to hold it is necessary
that ¥(0) = 0. This implies (4.8).

Thus it remains to prove that ¥ € L'(R). We know that Q¥ € L?(R). Then:

[ 1@ < ([ G2 s a2 < o

Thus ¥ € LY(R) and the proof is done. O

Let us introduce two linear spaces and a norm that next will play a very important role :
Vo= {1 €DP)ND@)| [ fa)iz=0) (4.9)
So={p e8| /w(:v)dfv =0} (4.10)

where § is the Schwartz class of rapidly decreasing functions, and:

1l = 1AL+ 1P £+ 1€ £ (4.11)
for which norm the space Vj is closed.
LEMMA 4.2 5 is dense in Vo with respect to the norm || - ||, ;-

Proof
Take a f € Vp and a sequence ¢, € $ such that [|f — ¢ull;,) — 0, as n — oo (this is possible
because 8 is dense in D(p) N D(g) w.r.t. the norm (4.11)). Choose G € § such that [ G(z)dz =1
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and set ¢, = [ ¢, (z)dz. Then:

el = | / (nle) — fla))de| < / (on(2) — f(2)|de
1 )12 D20 (2) — Fl2)2de)t/? "2
< ([ et A U+ el Plonto) - @) a2 =% 0

Hence ¢,, — 0 as n — 0o. Set ©° = ¢,, — ¢,G € Sy. We obtain:

n— oo

lgn, — fllany S len = fllgy) +lealllGlly ) — 0

Thus Sy is dense in Vy. Q.E.D. O

Now we are ready for the main result:

THEOREM 4.3 If Wy ..p is a wavelet Bessel sequence with ||¥|| = 1 then for every c € R:

(@ =)@l - | P¥]| > (4.12)

N W

Proof

If ¥ ¢ D(P)ND(QR) then at least one of the two norms in (4.12) is infinite, the product is infinite
as well and therefore (4.12) is trivially checked.

Suppose now ¥ € D(P)ND(Q). By Lemma 4.1 we know [ ¥(z)dz = 0. Thus ¥ € V. Let us take
a sequence (¥y,),>1 in Sy converging to ¥ in |||, ;) norm. It follows that [[¥, || — 1; we can assume,
without loss of generality that ||¥,|| = 1. Then clearly |[(Q — ¢)¥,|| - |PY,| — (Q —¢)¥| - |PT||.
Thus it is enough to prove (4.12) for ¥,,. The following argument is taken from Battle’s paper

([Batt97]). Let us introduce the following unbounded selfadjoint operator:
Z=3(PQ+QP) , D(Z)=1feD(P)NDQIPQf € *(R)) (413)
Since PQQ —QP=—-iweget Z=PQ+ % =QP- % Note also:
PZ=ZP—iP (4.14)
Since ¥, € Sy, it follows that z — ¢ (z) =i [*_ ¥, (t)dt is a map in L*(R) and ¥,, = P¢,. Then:

1(Q ~ Tall = (@ P~ e PYoull = (Z ~ e P+ S)pull = (Z ~ e P~ D)l
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where for the second equality we used (4.14) and the last equality is due to the fact that Z — ¢ P
and %1 are commuting selfadjoint operators. Next:

] l
(@ = )Tl - |PEn]| 2 | < Py (Z =P = )pn > [ = [ < ¥, P(Z =P = S )pn > |

3. 3.
:|<\I'n,(Z—cP—§Z)P<pn>|:|<\I'n,(Z—cP)\I'n>+§Z|Z

N W

because < ¥,,,(Z — ¢P)¥,, > is a real number. Thus (4.12) holds for ¥,, and this proves that it

holds for ¥ as well. Q.E.D. O

From this theorem we draw immediately the following corollary:

COROLLARY 4.4 If Wy..p is a wavelet Bessel sequence with ||| =1 then:
1A 235, A>3

2. If ¥ is a real-valued function then Ay > %

Proof
1. is straightforward;

2. If ¥ is real-valued, then |¥| is even and £ = 0. Thus A,(¥) = A3(¥) and we are done. O

4.3 Uncertainty Inequalities for Higher-Order Vanishing Mo-
ment Wavelets

In [Batt97], G.Battle was interested to find lower bounds for quantities of the form |[|[P™¥|| - ||Q™¥||
when ¥ is a n'* order vanishing moment wavelet. On the other hand, our interest lays in finding
lower bounds for the uncertainty quantities introduced in (4.4)—(4.6), when ¥ is a n'* order vanishing
moment wavelet. Here I shall present a result proving the previous estimates are optimal for higher
order vanishing moment wavelets too.

A n!* order vanishing moment wavelet means a function ¥ € L?(R) such that the following

integrals are well-defined and vanish:

/\Il(a:)darzo , /a:\Il(a:)da: =0, ..., /az"\Il(a:)darzo (4.15)
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Let us introduce the following space:
S, = {p € 8]p is a n'" order vanishing moment wavelet} (4.16)

Note that Sy agrees with the definition (4.10) and S,, C S,—1 C Sp C Vp are linear spaces. Our
problem concerns the infimum of the uncertainty quantities (4.4)—(4.6) for f € S,, ||f]| = 1. The

next lemma tells us an important property regarding S,,:

LEMMA 4.5 For every n >0, S, is dense in Vy with respect to the topology induced by the norm
Il

Proof

The proof follows in two steps. In the first step we shall construct a nice system of vectors in S,,.
In the second step we shall use this system to approximate arbitrary elements in Vy by functions
from S,,.

Consider ¢°, !, ..., ©™ a set of n functions in § which are biorthogonal to 1,z,22,... ,z" in the

following sense:

/ :cjgol(:v)dm:(Sjl , 7=0,1,2,... n (4.17)

— 00

Such functions exist and are easy to construct; for instance if we denote hi(z) = e=* /2. 29 € §, we
can denote by {h',... ,h"} the standard biorthogonal s-Riesz basis of the s-Riesz basis {h',... ,h"}
in L?(R) (the h¥s can be expressed in terms of Hermite polynomials); then we can take ¢!(z) =

e=*"/2hl(z) € 8. Next let us denote:

pl(z) =Ty (ex) (4.18)

a special scaling of ¢'’s. One can check that (4.17) is invariant under this normalization, i.e.
[zipl(x)dz = ;. The Fourier transform of 4,4;’5(5) = 5%5’(%). Note also the following relations

that will be useful later:

1
It = ezl

_1
Qw2 ez Q¢

3
1Pl = (P
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We prove now that S, is dense in Sy. Since Sy is dense in Vj (Lemma 4.2), the conclusion will then
follow.
Choose an arbitrary f € Sp. Fix e > 0. Set a; = [ f(z)dz, j =0,1,... ,n. Note that ag = 0

by the definition of Sy. Let us denote by gs = f — Z;;l ajgog. We have gs € S,, and:
n ) n o . 5 n .
1F = gsllny <D lasl - lodllany < D06 2lagl- 197l gy <62 lagl- 197 o)
=1 =1 =1
Thus, by choosing 6 < &2/(3°7_, |aj| - l¥7 |l 1))? we obtain ||f — gs|| < & and the proof is done. O

From this lemma we get immediately the following result.

THEOREM 4.6 For every e > 0 and n > 0 there is a n'* order vanishing moment wavelet ¥ € S,,

such that A;(¥) < % +¢e,j=1,23.

Proof

We know the Hermite function Hy (z) = () 1/2ze*"/? achieves the lower bound 3. However it
does not belong to S, in general (except for the case n = 0). Yet, since S, is dense in Sy, we can
approximate H; by a sequence ¥, € S, ¥. — Hy, in || - ||(171)—n0rm as € — 0. The convergence in

I| - ||(171)—n0rm implies the convergence of Agx(¥.) to Aj(Hy) =2,j=1,2,3. 0

REMARK 4.7 This result shows that we cannot say more about the uncertainty products based
solely on the number of vanishing moments. To obtain larger lower bounds we need to know more

about the wavelet.



Chapter 5

Approximation of Stochastic
Signals by Weyl-Heisenberg Pairs

5.1 Weyl-Heisenberg Pairs and Signal Models

By a (deterministic) signal we mean a function f belonging to some Banach space X that will be
specified by the context. The Banach space will be either L?(R) if the signal has finite energy,
or a weighted L2 space, for a suitable weight w, if the signal has infinite energy but finite power.
When dealing with stochastic signals, it is assumed that a probability space (2, X, 1) is given and
the stochastic model will represent a (measurable) map from Q into X satisfying some additional
conditions.

In this section we are interested in describing certain ways to approximate a signal, whether
deterministic or stochastic, by coherent Weyl-Heisenberg pairs.

In 1992, P.J. Munch analyzed the dependency of colored noise optimal reduction on the re-
dundancy for a particular class of WH frames (see [Munch92]). Our goal is to analyze how the
approximation error depends on the deficit when using a WH s-Riesz basis.

Consider now two functions g*, g> € L*(R) and two positive numbers o > 0, 3 > 0.

Definition The four-tuple (¢!, g%; a, B) is called a Weyl-Heisenberg pair (or, shortly, a WH pair)
if WH 1,43 and WH 2., g are both WH Bessel sequences.

The pair (g*, g%; a, 8) is called a standard biorthogonal WH pair if WH 1., 5 and WH,z2., 5 are

47
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WH s-Riesz bases and the latter is the standard biorthogonal WH s-Riesz basis of the former.
The pair (¢*, g*; a, 8) is called a standard dual WH pair if WH 1., 5 and WH 2., 5 are both WH
frames and the latter is the standard dual frame of the former.
Suppose (g*, g% a,3) is a WH pair. Then the following frame-like operator is bounded and
well-defined:
Sgt 92508 : LZ(R) - LZ(R) gt g2iap(f) = Z </, ginn > g;znn (5.1)
m,n€E”Z
Similarly the grammian-like operator:
Gt 92,8 12(22) - 12(22) , Gyt g2a6(c) = Z < grln’n’7g72nn > Cmin (5.2)
m',n'€Z
is bounded and well-defined (see [RnShn96]). We shall call Sy 2., 5 the frame operator and
G g1 420, the grammian operator of the pair (g%, g% o, 3).

We restrict our attention to WH pairs satisfying two additional assumptions:

1
Al. The pair has a deﬁcit@ <1 (5.3)

A2. WH 1.4 5 and WH 2., g are WH s-Riesz bases. (5.4)

Under these assumptions, Ran Sy ,2., g and Ran Sy g2., 5" are both proper closed subspaces of
L*(R) and S,1 2.4 5 is thus not invertible for any choice of g*, g* (see [Rief81] and [RaSt95]).

For a signal (or a signal model) f in a Banach space X our goal is to analyze how close its
coherent approximation Sg1 ,2., gf, given by a WH pair (g%, 9% a, B), is to the original signal (i.e.

Ilf =S4t g2,0,8f|lx). To do this we need to introduce certain signal models.

5.1.1 Deterministic Model

Suppose f € L?(R) is an unknown deterministic signal and (¢!, ¢%; , 8) is a WH pair. Then the
approximation error is: E(f) = f — Sy1 42.0.5f € L*(R) and the error measure is ||E(f)||. Since f

is unknown and we did not make any a priori assumption about the signal, we should consider the
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worst-case, namely:

sup  [lE(A)
fEL2(R)
I711=1

Thus a measure of the approximation error given by a WH pair (g*, g%; @, 8) is given by the operator

norm:

J(glag2; Oé,ﬁ) = ”1 - Sg17g2;oc7,6’||B(L2(R)) (55)

where B(L*(R)) stands for the space of bounded operators on L?(R).
In this model, our optimization problem is to find g', ¢* that minimizes (5.5) for a given set of
parameters «, 8 and subject to the assumption A2 made before:
arg min |1 = Sg 2., gl (5.6)

gt,9%
A2 holds

Despite its rather complicated statement, the optimization problem (5.6) has a very simple solution
with a nice geometric interpretation. As we shall prove further, the optimum in (5.6) is 1 if a8 > 1
and 0 if a3 < 1, and is achieved for a large class of optimizers (g*, g°).

To find the optimum in (5.6) notice that for f € Ker Sy s2.o 3, ||fl| = 1 we obtain | f —
Sgt.g2a,8fll = Ifll = 1. Therefore ||1 — S,

st.g2a] > 1 for every WH pair satisfying A1 and A2.

Let us show now that the bound 1 is actually achieved. We claim that J(g!, g%, 3) = 1 for any
standard biorthogonal WH pair. Indeed, suppose (¢!, g%; , 8) is a standard biorthogonal WH pair,
then Sg1 42,4 5 is the orthogonal projection onto the span € of WH 1., g and therefore 1 —Sg1 ;2.4 3

is the orthogonal projection Pe1 onto the orthogonal complement £+ of €. Hence:

J(917925a76) = “1 - Sgl,g2;a,,8|| = ”PSJ-” =1

Conversely, the following fact holds: Suppose (g', g%; a, 3) is a minimizer of (5.6), i.e. a WH pair
satisfying A1 and A2, and J(g', g%, 3) = 1. Let us denote by §* the generator of the standard
biorthogonal WH s-Riesz basis WH;z., 5 of WH,2., 5. Choose an arbitrary f € L?(R). Then f has
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a unique orthogonal decomposition:

F=F"+ DY <FGmn>0mn » I Lgon, Vmim
m,n€E”Z

Then:

(1= Sgr g2 FIF = 15+ < (5 = 9 )mn > grnll* =

m,n

2 ~ p 2 2 2
= FI D < £(8 = 9 mn > Gl 2 N7 = (L = Sgo g200,0)

m,n

Thus, for any minimizer (g, g%; a, 3), the biorthogonal WH pair (32, g; @, 3) has an approximation
error that is pointwise smaller than that of the minimizer (in the strong operator sense). We have

thus proved the following result:

THEOREM 5.1 For any fized «, 3, the optimal value of the optimization problem ming g |1 —
Sot.g2a.8] s given by:

J*(a,g):{é Zg;} (5.7)

For af8 > 1, any biorthogonal WH pair (g, §; a, 3) is a minimizer of (5.6). Conversely, if (¢*, g°; a, B)

is a minimizer of (5.6) then, for every f € L*(R):

13 = Sy i) f > L = S o) 1 (5.8)
where WH2 g2. g is the standard biorthogonal WH s-Riesz basis of WH 2.4 3.

Notice the discontinuity of the optimal value J*(«, ), as a function of a, 3, at the threshold
value aff =1 (see Figure 5.1), where the incomplete set WH .o g may cross from being incomplete
when af > 1 to overcomplete when a8 < 1. For the stochastic models presented below, we shall

obtain a continuous transition from 1 to 0 (see Figure 5.2).
5.1.2 Stochastic Models

We present two stochastic models: one is nonstationary in terms of second-order statistics, the other
is stationary. Since we are working for time-moments defined on the entire real line, the stationary

model will require a special class of functions, as we shall see further.
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J*(a, B)
1 i
0 1 a3
J*(, B) Figure 5.1: Distortion-deficit characteristic for the deterministic model
R(0)
0 1 =5

Figure 5.2: Distortion-deficit characteristic for the stationary stochastic model given by (5.85)
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The Nonstationary Model. Basically we assume the existence of a probability space (£, X, )

and a L?(R)-valued random variable f = (f,,),cq with the following first- and second-order statistics:

Ef(t)=0 , ae.t
Ef(F(s) = R(t, s) (59)

where the expectation E means Ef(t) = Jo fu(t)dp(w) and
Ef(t)f(s) = [, fo(t)fo(s)du(w). Consider also a WH pair (g', g% «, ). Then the measure of

the approximation error is taken as:
: 2
J(gl,gz;a”@) = E”f_ Sgl,g2;a,,3f|| (5'10)

Beside the usual assumptions A1 and A2 made on the WH pair (g*, g?; a, 3) we also ask the following

condition regarding the second-order statistics:
/ R(t,t)dt < oo (5.11)

This condition is necessary and sufficient for J(g', g?; «, 3) to be finite. We also point out that a
stationary model does not obey (5.11) and therefore the analysis needs to be different (see below).

At a more abstract level of formalism, (5.10) and (5.11) can also be understood through the fol-
lowing scheme: Let us denote by L?(Q; L?(R)) the Hilbert space of L%(IR)-valued square integrable
functions on () with respect to the probability measure p. Since € =1—5,1 g2., g is a bounded oper-
ator on L?(IR), it also lifts to a bounded operator on L?(2; L(R)). For an element f € L?(Q; L%(R))

we have:
||f||i2(Q;L2(R)) = / R(t, t)dt < oo
and:

€Lz (s 22y = I (9" 975 . )
(9 02()

Thus for every nonstationary stochastic model obeying (5.11) the approximation error measure is

given by:

J(g" 9% @, 8) = 1€ 172 (012 (m)) (5.12)
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(see Figure 5.3). The optimization problem that is to be solved becomes:

inf  J(g',¢%0a,8) = inf  E[(1- S, 2601 (5.13)
gt,g92 gt,g2
A2 holds 42 holds

for given parameters a, 8 > 1 and a given autocovariance function R(t,s).

L*(Q; L*(R)) L*(Q; L*(R))
Sgl,g[;aﬂ
L*(R) L*(R)
Q Q

Figure 5.3: The lifting scheme in the nonstationary case

The Stationary Stochastic Model. As we have mentioned before, we cannot use L?(R) as
space of functions for a stationary random variable, since (5.11) would not be satisfied. Therefore
we have to choose a different space of functions. First, let us present the “ingredients” of this model,

namely the statistics:

Ef(t) =0

f(s) = R(t — s)

Ef()E(s) (5.14)

We can no longer use L?(R) as the space in which we consider the signals or realizations, because

E(||f||2Lz) = oo. Instead, we shall be interested in working in weighted L>-spaces,

g=ifs [ @) Pu@)de < oo} (5.15)

for some non-negative weight function w. It will be convenient to work also with a “periodized”

version of L2 given by the amalgam space

WL ™) = {F 1B = | [ Flhy, u2,0) 7= S | @i -npPasy (510
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This space has better properties with respect to translation (a bounded operator in Wz(L2,1°))
than L2 (in which translation by a finite amount need not be bounded). A special case is given by
the choice 8 =1, w = 1jp 13; in this case we obtain the standard amalgam space:

n+1

WA 1) = {F B = Ol e oy = sup( [ 1f0) )/ < o0 (5.17)

(see [FouSte85] for a review of properties) In this subsection we shall show that, under certain
conditions, Sy ,2., 5 can be defined as a bounded operator on W(L?,1°°) or Wg(L2,,1°).
Note that the norm || - [lyy(12 jeo) is DOt translation invariant. However one can replace it by a

translation invariant equivalent norm, namely:

y+1
7w e ey = sup( [ 1F(@) ) < 4o (5.18)
Y y

we have:

1 w2 10y < WF 2,200y < V2Nl (2,0 (5.19)

Moreover, instead of intervals of length 1 taken in (5.17), we can choose intervals of arbitrary length,

say, a and obtain an equivalent norm related to || - ||y (12 ). Indeed, if @ <1 we have:

(n+1)a

a .
ol e < suD / F@) )2 < V2 fllygeam )i (5.20)

if @ > 1 then:
1 (n+1)a ) s
T lwaaimy <sun([ @D < VaE 2 g (5.21)
Note that LP C W(L?,1>), for every p > 2 and also that (W (L?,1%))* = W (L?,1°°) where:
- n+1 -
WAL= {f R C | g = X[ 1f@)Pdo)? < oo}
nez "

and * denotes the dual Banach space (see [FouSte85])

We assume the stochastic model is given by an element f of L?(Q; W (L?,1°)) (this is the space of

W (L?,1°°)-valued functions on €2 that are square integrable with respect to the probability measure
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u for a probability space (2, X, 1)) having the first two orders statistics given by (5.14), i.e.

/ fot)dp(w) =0 , aetelR (5.22)
Q
/Q fo T du(w) = Rit—s) , ViseR (5.23)

where f,(t) := (f(w))(t). The assumption f € L2(Q; W (L?,1°°)) yields the following bound on the
autocovariance function. Take t = s in (5.23); since the result R(0) is independent of ¢, we can

integrate it over any interval of length 1 and still obtain R(0). Thus:

n+1 n+1
R(0) = sup /Q / | fu(®)Pdt dp(w) << /Q sup / a2t dpa(w) = 1€ cup (121

Hence:
”R”oo = R(O) < ||f||2LZ(Q;W(L27loo)); (5.24)

the assumption that f € L%(2; W(L?,1°°)) enables us to control the signal spectral power.

Note however that we cannot control the L?(Q; W (L?,1°))-norm of f by any measure of R.
Thus the assumption that the model is given by an element of L(Q; W (L?2,1°°)) seems to be slighty
stronger than just giving a stationary stochastic model on W (L?,[>).

Let us consider a WH pair (¢!, g%; «, 3) satisfying A1 and A2. We know that the frame operator
S

s1.g% a5 18 well-defined and bounded on L?(R). Our goal is to extend it to a bounded and well-
defined operator on W(L?,1°°). The next theorem gives sufficient conditions for this to happen. It
is strongly inspired by a similar result in [Waln94]. However there is an important difference due
to the fact that the set of compactly supported C*° functions is not dense in W (L?,[>). Thus we
have to deal directly with the W (L2, 1°) functions. We shall choose g' and g? to be in the space of
functions W (L, 1), introduced in section 1.3 (1.33) (we recall here its definition:
WL, 1) = {f iR = C | [l = S ess sup [f(2)] < o0} ).
ne z€[n,n+1]
For this space as for W(L?,1>), one can again use a different interval length than 1 and obtain

equivalent norms. The translation invariant equivalent norm is || f|[yy(peo 1) = Subyeo 1y 22, IS -

Ly tny+nt1)llo- Note that W(L>,1') is densly imbedded in L?, for every p > 1.
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THEOREM 5.2 Suppose g',g> € W(L>,1).
a) Let f € W(L*1°°) and o, > 0. Then Yo < [yt > g2, converges in L? ., i.e. for
every compact K, there is a function fx € L?(K) such that
N M
Jim - lim g Y < fiGhn > Gon — Kl = 0
n=—Nm=—M
and the convergence is independent of the order in which we let M and N tend to co.

b) If two compact sets K; and K> have non-empty intersection K = K; N K, then fx, |k =
[ = fr,|k. It follows that we can define a unique function on R, which we denote by Sy1 s2.o 5f,
such that Sp1 g2. 3f|k = fi for all compact K.

¢) The series me < [y Ghn > 9hun converges unconditionally to Sy y2., 5f in the L, topolgy,
i.e. for every ¢ > 0 and compact K there are N.,M. > 0 such that for every finite set S C
Z2\ ([-M:, Mc] x [-Ne, Ne]):

Y < fihn> Gnllpz <€
(m,n)es
and it converges also in the weak-x topology of W (L?,1°), i.e. for every h € W(L?,1') and € > 0
there are M., N. > 0 such that for every N > N., M > M,
| <hf= > > <figmn>gmn>1<c
|m|<M. |n|<N.
THEOREM 5.3 For every «, 3 > 0 there is some constant C = C(g*, g%; a, B) such that for every
f € W(L?,1>), the function defined by Sy g2.0 5f = > mmez < [ gL > g2, isin W(L%, 1) and
1592,02;0,8 lw(r2,10) < Cllfllw 12, 00)- Therefore Sgr g2.q 5 is a well-defined and bounded operator

on W(L?,1°°). Moreover the constant C' can be chosen as C = Ca,gHgl||W(Loo,11)||92||W(Loo’ll).

Proof of Theorem 5.2
a) Consider g, g% € W(L*>,I') and o, 3 > 0, f € W(L?,1°°). We have:

(1+1)8
ewnl < 3 / F@)] - lg' (@ — nB)\de

ez /18

L (+1)8 2 12
S 10" 1yl VA /w (@) Pde)

leZ

IA
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Using now (5.20) or (5.21) and similar inequalities for W (L>, ') we get:

|emn| < Cllglllw(Loo,u) ) ||f||W(L2,l°°)

Next we prove the convergence as M, N — oo (in either order) on intervals of the form [fo Notl]

Since every compact is covered by a finite union of such intervals, the conclusion of part a) will
then follow immediately. Let us analyze the series ., < f, gt > g2, for fixed n € Z on
I =[% Notl] We obtain, using the Parseval identity:

“ < f, ginn > g%nn . ]_I“i2 I — | e27rimaaxcmng2($ _ n5)|2d:c
(I) I

meZ

IN

sup |g*(z — nB)[? Z|Cmn|2

zel

And again by Parseval identity:

2 lemnl”
m

a

S e ottt - nif

m

2 1 fa+ Do+ - )P

(07
l

Now by the triangle inequality and Cauchy-Schwarz we obtain:

l
Z |cmn 1/2 Z 1f(- a - nﬂ)“Lz(O,é) <

T Z + P nﬁ)“[,oo ”f( )“L2 (0,1) < C~’||f||w([,27zoo)||91||W(Loo711)
l

Therefore:
132 < Fr0hn > Gt Uil < Cswp 1% = nB) - 1 hyigm 1 lwvsnamy (5:29)
meL
and:
I Z Z < f+Gmn > Gmn - 1I||L2(1) < C2||92||W(Loo,11)||91||W(Loo,11)||f||W(L2,loo) (5.26)
n€ZmeZ

where Cy is a constant depending on « and (3 only. (5.25) proves that for every n € Z there

is a function h, € L*(I) such that 12 < < F 0k > g2n — hnll p2(ry MZ%0 0, de. by =
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> < FrGh > gZn- Moreover, Y Ihallp2(r) < oo, therefore there is a f; € L?(I) such that
Yinj<n hn "= fr in L*(I). Choose an ¢ > 0. Then there is a N > 0 such that for every
N>NY D inj<n ftn = frllpary < 5. Also, since g € W(L>,1"), there is a N > 0 such that
S s n@ 197C = 18)ll 1y < eBCNFllyw sz 19" Iy (ge,1)) "+ Choose N. = maz(N, N2,

On the other hand, for each |n| < N there is a M, ,, such that:

3
|| Z < f:gvlnn > gfrm - h’ﬂ“Lz(I) S m ) for every M Z M€7n
jm|<M

Choose now M, = mazp=_n.,... n.Mc . We get, for every N > N, and M > M.:

)

1Y Y < fighn> o — Filli2n)

In|<N [m|<M

< YD T < i 2= B2y

Ne<[n|<N  |ml<M

+ Y <G> G = Bl DS B — Frll o

[n|<Ne |m|<M In|<N.

The last two terms are bounded by Z. The first one is also bounded by £ as follows:

S NP =nB) D T < fghn > e <

Ne<|n|<N Im|<M
< Z 19%(- = 1B) oo (1 Z 2T < f gon > N2y <
N.<In|<N |ml<M
< Y =1 ey QN < fogian > 12 <
N.<[n|<N m
- £
< Z lg*(- = nﬁ)“LOO(I)C”fHW(L?JOO)”gl||W(L°°7ll) < 3
N:<|n|

Hence || 32 < v 2 jmi<m < f Ghon > Gun — fillp2(ry <€, for every M > M., N > N, which proves
the convergence of the series, regardless of the order of summation.

b) Follows immediately from the construction.

& N0+1]‘
(a3

c¢) For the unconditionallity it is sufficient to consider compacts of the form I = [Z2,

Choose an arbitrary ¢ > 0. Take N, such that Zln\>Na lg?(- — nB) pes 1y
< 5(2é||f||W(L2,l°o)||91||W(L°o,ll))71 and for every |n| < N. find M., such that (30,,5p | <
frgh. > HY? < e(2(2N. + Dlg*|l..)"t. Then set M. = max|,(<n, M: n.
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Let S = U,S,, where S, = {(m,n) € S}, be the partition of S into subsets of points with the

same index n. Then:

“ Z < f7 ginn > g12’nn||L2 < Z ||g - ’I’Lﬁ ||L°°(I ( Z | < f7 ginn > |2)1/2+

(m,n)es |n|>N. (m,n)€S,
+ Y P =D D 1< Fogmn > 1V (527)
In|<N. (m,n)€ESy

and by a similar computation as before:
( Z | < f7 grlnn 1/2 Z | < .f7 gmn )1/2 S CNY||f||W(L2,l°°)||vgl||W(L°°,l1)
(m,n)ESn
Therefore the first term in (5.27) is bounded by 5. The second term is bounded as follows, for a
fixed |n| < N.:

< fighn > < <SG > )2 < S
2 1< > Plliey < C 2 1< fogmn > P < gmyem—

(m;n)€Sy |m|> M.

Therefore the second term in (5.27) is bounded again by 5 and thus the left-hand side of (5.27) is
bounded by €. This proves that the series that defines S;1 42, gf converges unconditionally in L .

For the weak-* convergence, take an arbitrary h € W(L?,1'). Choose an ¢ > 0. Using a similar
computation as for (5.26) we get:

Z Z < [y Gon > 912nn||W(L2,loo) < 03“91||W(L°°7ll)||g2||W(L°°7ll)||f||W(L2,l°°)
|m|<M |n|<N

for any M, N > 0 and C3 depending on «, 3 only (and thus independent of M, N, f, g* or ¢?).

Let Ny > 0 be large enough such that

Z /(n+1)/a o) Py l? < €
Wiz I/ 20 fllw 12,0 (/2 + & + Csllg lyzoe, ) 192w e 1)

Now choose N, M. such that for every N > N., M > M.,

9
1F= D D < Fr9mn > Gounll om0 mor) < T (5.28)
o No. =

|m|[<M |n|<N
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This is possible since the series converges for every compact K in L2(K) to f and W (L% 1') C

W(L?,1?) = L?(R). Then, using Cauchy-Schwarz:

| <hf= > > <[Gm>Gn>1< Y /

(n+1)/a
/ |h(@)] - | f(x)

[m|<M |n|<N n|>No ="
(N0+1)/a
=S < gk > Pl + / Ih()] - 1£()
Im|<M |n|<N ~No/a
S < figha > (@)l
|m|<M [n|<N

The first term is bounded by 5 because of (5.20,5.21), the second term is bounded again by § because
of (5.28). Thus we get the conclusion and the proof is done. O
Proof of Theorem 5.3

The conclusion follows immediately from (5.26). O

REMARK 5.4 If g, g € W(L>,I'), then g' and g? are WH Bessel sequence generators. For
general WH Bessel sequence generators, the frame operator Sg1 2., g need not be bounded and

well-defined on W (L?,1°), however, as the following example shows:

EXAMPLE 5.5 Consider the following partition of the unit interval [0, 1]:

1 13 37 2n —1 2t 1
L ==~ L=[-,-
1 [274] ) 2 [478] ) on ’ on+1 ]7

Thus Up>ol, = [0,1] and I; N I, = 0, for [ # s. Consider now the set:

1 37 11 23

S=u, L)=[0,=1U[=,=]U[—, —
soln+ 1) = 0,51 UL, TU IS, 2]
where n + I, = [n + 2;:1,n + %] Let the window g' be the characteristic function of 3, i.e.

g' = 1g, and choose g% = 1jp,13- For @ = 8 =1 one can easily check that WH 1., 3 and WH 2., 5
are both orthonormal bases for L?(R), therefore they are WH Bessel sequences and both hypotheses
Al and A2 are fulfilled. Therefore Sj1 ,2., s is a well-defined and bounded operator (in fact unitary)
on L*(R).

Consider now the function f € W(L?,1>) defined by: f =3 -, 2(n+1)/21, ;1 and, additionally,

the function f = Y ., 2"*1/21; . Note that I fllw(z2, ) = 1; moreover, for p < 2 f,f e Lp;
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however, f, f & L?. The coefficients of f with respect to WH1., 5 are:

1
Cmn =< [, g71nn >= 67&70/ e_QMlmzf(x)dx
0

Therefore:

S Y cnnly) = (3 e / e=27m F(2) dir) 1o 1 (y)

m[<M |n|<N jml<M

By Plancherel’s theorem, we have therefore:

1
1Y Y em ooy = X | [ e i) dap

[m|<M [n|<N Im[<p 70

M 2112
— 1l z270,0) = 00

Thus S,1 42.4,5f can be defined in distributional sense (note (¢rn)mez € I Ynand p' = (1— %)_1)

but will not be in W (L?,1>) (in fact it is not even in L7 ).

REMARK 5.6 The previous example shows that one can have WH Bessel sequences even if
g', 9> € W(L®>,l"). In fact, one can even find g*, g*> ¢ W(L>,1") for which Sy ,2., 5 is a bounded
operator on W (L?, 1), as shown in the example below. The condition g',¢*> € W(L*,I') in

Theorem 5.2 is therefore not necessary.

EXAMPLE 5.7 Consider the same partitions as before. Set:
g => S

S
where 0 < a < %, and g% = Ijp,1j- Note that gt € W(L*>,I?), but gt & W(L*,I?) for any
p<(a+ %)_1; in particular g* ¢ W (L>,['). We start now analyzing Sy 2., 5 for @ = 3 = 1. Let
us consider an arbitrary f € W (L?,1°°) and denote by ¢, =< f, gk, > the coefficients of f with
respect to the system W31, g (they are finite and bounded by || f{|yy (12 =))- On the other hand:

(St 6210,8F) - 1v N4l Topn gy = D lemnl
mez

But ¢mn =< f, gL, >= fol e~ 2mime 5 f(z + 1+ n)g' (x + 1)]dz. Therefore:

1
Z|cmn|2:/ IS fa+1+ N)gl(o + DPda
m 0 1
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Note: |3, f(x + 1+ N)gt(ew + D> = 350 |f (@ + 1+ N)I* grpjre 1, (2), thus:
Sleml =¥ i [ e+ 14 MPde < Y o M
- S+ S+ 1T
so that:
1591 9208 F llwz2000) < Call fllw(z2i)

which proves that Sy ,2., 5 is bounded on W (L?,1>).

REMARK 5.8 We point out that the series that locally defines the operator Sj 4., g is not
strongly convergent in the W (L?,1°°)-norm (if it were, we could have written a much shorter proof).
Indeed, for example take g* = g% = 1j9,1) the characteristic function of [0,1], « = 8 =1and f = 1g
the constant function 1 on the entire real line. Note that || f[ly (2 ) = 1. Then, for each N >0,
D <N 2om < FiGmn > Gin = 1—n N1 Therefore ||f =37 cn 32, < fr9mn > Gmnllw(p2,) =
1 for all N.

Summing first over n and then over m still does not lead to strong convergence of the series. For
example take the same WH pair as before and h(z) = Y, o, €™ 11, 1,441(), i.e. on each interval
[m, m + 1], the signal consists of a “pure” harmonic pulse e**™¢, Note that IPllw (2 10y = 1. Then,
for each M > 0, 32, 1<p 22, < By Ghn > 92 = h-L_prar41]- Therefore || — Dojml<m 2on <
h, gk, > gfnnHW(Lsz) = 1 and the series does not converge strongly in W (L?,[>)-sense. However,

as we proved in part c¢), it converges in the sense of tempered distributions.

Although the converse of Theorem 5.3 is not true, the following result offers a necessary condition

to have a bounded WH pair on W (L?,1°).

DEFINITION 5.9 A function f : R — C has persistency length a if there is a 6 > 0 and a

compact set K congruent to [0,a] mod a, such that for every x € K, |f(z)] > 6.

THEOREM 5.10 Let (g%, g%; «, 3) be the given data. Suppose the following:

2 .
loc?

1. For every f € W(L?,1°), the series Y., < f,gk.. > g2, converges unconditionally in L

2. The frame operators are bounded operators on W (L?,1>°);
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3. g2 has persistency length é
Then gt € W(L*>,1?).
From this theorem we get immediately the following corollary:

COROLLARY 5.11 Suppose that for every f € W(L? 1) the series Y., < f,gmn > mn
converges unconditionally in L? ., that the frame operator associated to (g,g;«,3) is bounded on

W(L?,1°) and that g has persistency length ~. Then g € W(L>,1?). O
The proof of Theorem 5.10 is based on the following lemma which is interesting in itself:

LEMMA 5.12 Let ¢ € W(L%I1>®) and a,3 > 0 be such that the analysis operator
T @ f = {< fi9mn > }uneze B8 well-defined and bounded between W(L?,1>°) and
12°°(Z2) = {¢ = (Cmn)mmez | |||z = 5up, 32, |emn|? < 00}, Then g € W(L>,1%).

Proof of Lemma 5.12

We know there exists a constant C' > 0 such that for every f € W(L2,1°), > | < f, Gmn > |* <
Cllf iy (p2 )~ Take f =e~"e"99. Obviously f € W(L?,1%) and || flly (2 o) = 1. For m =n =0,
< frgmn >= [ f(x)g(x)dz = [7_|g(z)|dx < C. Therefore g € L'(R).

Next we show that g € L°>°(R). Suppose the contrary, that for every D > 0 there is a mea-
surable subset J of an interval of the form [Z¢ Netl] guch that |J| > 0 and |g(z)| > D for

every v € J. Take f = e~17991;. Note that ||flly g2 o) < [Ifllp2@) = 1 and for n = 0,

(N 1\/—_ -
< f:gmn >= \/|7f ot / )|1J( ) —27Tlmazd$' Then:

. 1 . .
2 - 2 _ 2 2
ST I< figmn > P = ||¢m Lyll7 80 woty) = a|J|/J|g(x>| dz > D

mez
which contradicts > | < f, gmn > |* < Cllfllw(pz,i0)- Therefore g € L*(R).
Using the Parseval identity we obtain (as in the proof of theorem 5.2):
S 1< fn> P =2 [F15 084 Dygto s Dypa
— aly o o
For n = 0 we need to check that fl/a I fle+ Dglz+ L)2de < Cllfllw(rz2, - To avoid messy

computation (as in the proof of the theorem 5.2, point b) we may take & = 1. For each n € Z denote
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by J, the measurable subset of [n,n + 1] defined by J,, = {z € [n,n + 1] | |g(z)| > %“g||L°°[n7n+1]}'
If |J.| < e, define J,, . = J,; if |J.| > €, then take a subset J,, . of J,, with |J, .| =¢. Note that,
by the definition of J,, |J, | > 0 for all n. Let N, be an integer such that for every |n| < N,

|Jn,c| > 5. Obviously lim. .o N. = oo. Take f = EIn\SNE 1y, €99 Then ||f||?,V(L2’loo) < ¢ and

| Y ies fle+Dgla+ 1) > 2w, l9(z + n)|*1;, .(z 4+ n) which implies:

1
[ — E -
[ IS e+ g D> § X ol
[

[n|<N.

Using now the boundedness of the analysis operator T', we obtain that

Z ||g||i°°[n,n+1] S 8C
|n\§N€

Since lim. o N. = oo we get >, ., ||g||i°°[n,n+l] < 8C which means g € W(L*>,[?). Q.E.D. O
Now we are prepared to prove the theorem 5.10.
Proof of Theorem 5.10
We know that f — van < fygt.,, > g2, is bounded on W(L?,I>) and the series converges

unconditionally in L? .. We claim that f +— >, < f, g%, > g2, is uniformly bounded on W (L?,1°)

loc*

for every n. To see this we prove first that for every compact K there is a constant C'(K) such that

for every n, | Y, < £y > Gnlliziey < CEN lly g2

2

Toer for M — oo0.

Indeed, for every fixed f, the sequence Z%:_M < f,gt. > g2 convergesin L

Thus it is bounded. On the other hand the partial sums of operators Sy, := Z%:_M < gk >

g2,,. are bounded operators, therefore by the uniform boundedness principle they are also uniformly
bounded, i.e. for every M, [N . < - gL, > gf,mHB(W(Lz,loo),L%() < C, for some C > 0.

Next, for every ¢ > 0 and for every f € W(L?,1>) with 1 Fllw 12,00y = 1 there is a My such that

|| Z"n’l|>M0 < f7 grlnn > grznn”LZ(K) < E. Hence

m |m|<Mo

|m‘>M0
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Since ¢ was arbitrary, we get that f — S,(f) == >, < f,9h. > 9% is a bounded operator
in B(W(L?1°°), L*(K)). Next we apply again the uniform boundedness principle to the sequence
of operators S,,. Each is bounded from W(L?2,I*°) to L?*(K) as we have seen. For every fixed
f € W(L?,1>) the series Y S, (f) converges on L?(K) therefore each term is bounded by the same
constant. Thus we obtain a constant C'(K) such that [|Sn || g (12 100y, 125y < C(K) for every n.

Now we return to the operator f — > < f, g5, > g2, on W(L?,1°). Notice that

||5n||B(W(L2,zoo),L2(K+ﬂ)) = ||Sn+1||B(W(L27l°°)7L2(K)) < O(K)

Thus if we take K = [0, 8] we get immediately that || >, < f, g%, > g?,m||W(L27lw) < Clfllwrz,e)
for every n.

Let K and § > 0 be the compact set, respectively the positive constant from the definition of
persistency for g2; remember that K is congruent to [0, é] modulo % Then, for every n:

1D < fr0hn > Gmnll 2 (xs 4msy = 197 )Y < Fr G > 0D e

m

> 6D | < frghn > HM?

and thus: (3., | < f,gk, > )2 < %||f“W(L2,l°°)7 for every f € W(L?,1°°) and n € Z.

Now we apply the previous lemma and obtain the conclusion. Q.E.D. O

So far we extended the frame operator from L?(R) to W(L?,[*). Next we show that, under
certain conditions, W(L?,1>°) is equivalent to the space Wy(L?,1>°) introduced earlier. this will
then imply that Sj1 2., g is defined as a bounded operator on Wp(L2,1°°) as well. The connection

between the two norms in W(L?,1°°) and Wjz(L?%,1°) is given by the following result:

LEMMA 5.13 Suppose the weight w : R — Ry satisfies the following condition
(C) we W(L>,l") and w has persistency length 3 (5.29)

Then the norm. || - |ly (12 o0y s equivalent to || - “WB(L2 1) and thus the two Banach spaces are

identical: W (L?,1%°) = Ws(L2,1>).
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Proof

The only thing we have to prove is that there are constants Do > D; > 0 such that for every f,
2 2 2
Dillfllwy 2 a0y < Ifllw(rzmey < D2llf w22 i)
As pointed out before in (5.20) and (5.21), we may choose any translation step in dealing with
the norm || - [y 12 4= - For convenience we choose 3. Then ||f||3V(Lz’loo) = sup,, foﬁ |f(z + np)|>dz.

On the one hand, for f € W(L?,1>) we obtain:

0 B
| @i+ npPde =Y [ wie koI5 + (k4 m)s)Pde <
k 0

(n+1)8

B
<Y s wle+ k) 15 G+ 0P < g e 00 /ﬁ ()P
k ze|0, 0 n n,

Therefore there is a D; > 0 such that Dl”ﬂﬁvﬁ(w 1) < ||f||3V(L2’loo). Hence W(L?,1>) C
Ws(L3,,1%).
For the other inequality let 6 > 0 and K be the constant and the compact set from the definition

of persistency length of w. Then w(z) > §, for every « € K. For every f € Ws(L2,1>) we have:

00 B
/ w(@)|f(x +nB)Pde > 6/K|f(:c+nﬂ)|2dx:6/0 (2 + (n + 1)) 2dz

where [, is the integer associated to z € [0, 5] such that z + {8 € K; I, is bounded by || < Ns

since K is compact. We partition [0,3] = Uj;j<n,S; where S; = {y € [0,8]|l, = j}. Let u =

sup,, frggﬂ)ﬁ |f(z)|?dz and ny be an integer such that foﬁ |f(z + noB)|?dz > %u. Then there is a

l7] < N5 such that fSJ_ |f(z +noB)|*dx > For ny = ng — j we get:

= 2(21\17;4-1)'
(n+1)8

I
T / , @Pa

/00 w(x)|f(z + n.B)2dr > (5/5. |f(z + noB)|*dx >

— 00

Thus there is a D> > 0 such that Ds|[f[3y, 12 ) = fI5y(12,)- Therefore Ws(L2,1%) C

W(L?,1°°) and the norms are equivalent. Q.E.D. O

REMARK 5.14 A consequence of this theorem is that if wy, w2 both satisfy (C) then Wg(L2 ,1>)

wi?

and Wg(L2,,1°°) are equivalent.

This lemma together with Theorem 5.3 shows that if g*, g> € W(L°,[') and the weight w satisfies
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condition (C) then S,1 2., 5 is bounded on Ws(L2,1°°). The lifting from L*(R) to W (L?,1>) or
Wp(L2,1°°) is shown in figure 5.4.

L*(; Ws(L3,,1%)) S L*(; Ws(L3,,1%))

I _ e | I
L2(92; W (L2, 1)) T L2(9; W (L2, 1))
Sgl,gz;a,,@
L*(R) L*(R)
Q 0

Figure 5.4: The Lifting Scheme in the Stationary Case

The picture is now the following. We would like to work with f € L2, because f € L?(R) is not
possible for stationary signals. However, extending Sg1 2., g to L? is tricky because L? is not well-
adapted to the study of translations. Therefore, we introduce Wz(L2,1°°) instead. We can impose
the slightly stronger restriction f € Wy(L2,1°); on this smaller space Sy ;2.4 g is well defined. We

still measure our approximation error in L2 :
J(g' g% 0, ) = E|If = Sy g0 s, (5.30)
This is finite and bounded:
T(a'5008) < [ duw)sup IT3(1 = Sy e LN

2
<(1+ ”Syl,92:%5||B(W3(L?U7lw)))“fHLZ(Q;Wg(L?”,l"O))

because Sg1 2., 5 commutes with the translates T f = f(-—nf3). Note that ||Sg17gz;aﬁ||B(Wﬁ(Lavloo)) =

Cap,wllg lw (o 11)/19% [l (£ 1) Which turns the previous relation into:

J((g", 9%, 8)) < (1 + Ca,ﬁ,w“gl”W(LooJl)“92”W(LooJl))||f||2LZ(Q;Wﬁ(L12”,loo)) (5.31)

All the above are summarized by the following theorem:



CHAPTER 5. APPROXIMATION OF STOCHASTIC SIGNALS 68

THEOREM 5.15 Suppose g',g> € W(L>,I'), and suppose that w : R — Ry is a nonnegative-
valued function in w € W(L>®, ') with persistency length 3. Then, for every stochastic model
f e L2(Q;W(L2,1>)), the approzimation error given by a WH pair ((g%, g%; «, 3)) is bounded above
as in (5.31). O

REMARK 5.16 One may wonder, after all, whether there is a realization of a stationary stochastic
model on W (L?,1>°). The answer is positive as the following example shows. In this example we

assume a mild condition on the autocovariance function, namely R € L*(R).

EXAMPLE 5.17 Suppose R € L*(R) where R(u) = E[f(t)f(t — w)]. Then the Fourier transform
of R is positive, R>0. Define the following probability space:

. —L __R(lwhdw , g=+1
R(q|w|)dw — 2\/217TR(0)A (| |)

Q=R x{-1,1}pu(w,q) = m

Consider now the stationary stochastic model:
£:0— W(L1®), fo.(x) = R(0)elrFiz0m()
Then, some direct computations show that:

B() =Y [ du(or0)foue) =0

BT = 3 [ duler ) o (0T = R )

5.2 The Optimization Problems

In this section we analyze certain optimization problems. Earlier we introduced different stochastic

models. Both nonstationary and stationary models have first and second order statistics given by:

E[f(t)f(s)] = R(t,s) (5.32)
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The criterion that we want to minimize has the following form:

(o' 9% 0, 8) = BIf = 3 < £.00, > ghnll (5.33)
where X is either L?(R) (for finite energy, nonstationary signals) or L2 (R) (for bounded power,
stationary signals). We therefore have to minimize (5.33) subject to the assumptions Al and A2
made about the windows g' and g?. We can look for the infimum of (5.33) under different additional
assumptions. The following statements represent four problems that we formulate and solve in this
section:

Problem 1 (suboptimal 1)

We fix a, 3 and g* and search for g that minimizes (5.33) subject to the assumption A2, i.e.

: 1 2, 1 s
92, jgfholds J(g g 70576) ’ a;ﬁ andg glven (534)

Problem 2 (suboptimal 2)

We fix a, 3 and g2 and look for g' that minimizes (5.34) subject to the assumption A2, i.e.

: 1 2, 2
o, jgfholds J(g g 70576) ’ a;ﬁ andg glven (535)

Problem 3 (optimal)
We fix only «, 3 and we look for g!, g% subject to A2 that minimize (5.33), i.e.
inf J(g", g% a,8) , a,B are fixed (5.36)
gt,g?
A2 holds
Problem 4 (optimal-tight)

We fix a, 3 and we look for g! = g% = g subject to A2, that minimizes (5.33), i.e.

g’Aén}folds J(g,9;a,8) , a,f are fixed (5.37)

Notice that the criterion is quadratic in g', g2. Thus the first two optimization problems should
not be (and in fact are not) difficult to solve. However, once they are solved, the (suboptimal)
criterion becomes highly nonlinear in the remaining function g or g?. Despite of this nonlinear

form, we shall be able to solve the optimal problems and to parametrize all the solutions.



CHAPTER 5. APPROXIMATION OF STOCHASTIC SIGNALS 70

Since our method is based on the Zak transform, we make one additional assumption, namely

we ask that the sampling ration ﬁ be a rational number. Thus Al is replaced by:
Al a-B= Psy , with p,q € N, integers (5.38)
q

The computation proceeds in two steps. In the first step we do not need the Zak transform and
consequently neither A1’. The second step will make use of the Zak transform.

We point out that, beside the constraint A2 we may require some other qualitative constraints
like the time-frequency localization of the windows g' and/or g°.

For the nonstationary model f € L?(2; L?(R)) we obtain:

J(g',9%a,8) = E

| st = Y < £.gh > o)

m,n

> <G> G @)| =i — T - T5 + Ty (5.39)

m,n

-E /_ O; dof(2)E(7) = /_ O; R(z, z)de

==8Y [ [ deayta)sh, @ )0 =

where:

=B / | dedyt @) e =gy - np)erime) =

1 >0 —m
=2 Z/_w dx R(z + %,x)g% —nB)g'(z + g —nf)

T, = Ezz// / da dy dz £(y) g8, ()82 (2) 50 (@)L (2)E () =

mnm TL

_a222/ dwa+_w+_’)m 2z —nB)g%(z —n'B)g (g;+_l_n/g)

m,nm’ n'
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Note that in the computation of T5, T3, T, we used the Parseval formula and next we took the
expectation (thus we avoided the use of the Poisson summation formula).

Similarly, for the stationary model £ € L*(; W (L?,1°)) we obtain:

J(g', 9% a,8) = / dz w(z)|f(z Z<f,gmn>gmn( )

= Ts—Ts—Tr +Ts (5.40)

where:

=2V RE) [ drug @ - us)g e+ T~ 0p)

L= Y RO [ drugte+ T -

m,nm',n'
!

. —_ m
¢*(0 ~ nB)g¥ (0~ WhgH(a + o~ w'B)
In the next few pages, we shall manipulate these expressions J(g', g%, 3) to write them in a
different form. To do this we use the Zak transform. As we mentioned before, we assume o8 = % >1
with p and g relatively prime. The Zak transforms of the two windows ¢!, g? are denoted by G',
respectively G2 and are defined as follows:
— \/Bze2ﬂiktgl(ﬂ(s + k)) , G2(t,8) — \/Bze2ﬂiktg2(ﬂ(s + k))
kEZ kEZ

The inversion formulae in time and frequency domain are:

Y e vy [P [ s P s
s@1= 5 [Lae b . o=\ L [ oK g (5.41)

For more information on Zak transform we refer the reader to [Jans82, Jans88]. We recall the two

quasi-periodicity relations of a Zak transform G(t, s):

G(t+1,s) = G(t,s) G(t,s +1) = e 2™G(t, s) (5.42)
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We also denote by I'' (¢, s) the p x ¢ matrix whose (j, k) entry is G*(t + %,s+j%), j=0,...,p—1,
k=0,...,q—1,ic.

G'(t,s) Gl(t+%,s) Gl(t-l-q%'l,s)
1 1 1 1 _
Gt s+ (p—1E) GHt+is+(p-1E) - G+ s+(p—1)E)

(5.43)

Similarly, the (j, k) entry of the p x ¢ matrix I'%(t, s) is given by G?(t + %, s+ j%).

Next we plug the Zak transforms G', G? into the expressions of the terms T, ..., Tx.
5.2.1 The Nonstationary Model - Computations with Zak Transform

For the nonstationary model we obtain:

)

= ) 1 1 m 2 z 1 z m

Performing summation over n, via Parseval identity, we get ¢t = t» = ¢ and only one integral (in

»

t) from 0 to 1 (we denote this, symbolically by “6(¢; — t2) in a weak sense ”; note again that we
do not use the Poisson summation formula, which would yield the same result but under stronger

conditions). We make a change of variable x = 8(s + k), 0 < s <1, k € Z and we get:

1 1 1
T, = E;Zk:/o ds/o dtR(ﬂ(s+k+m%),,@(s+k))G2(t,s+k)G1(t,s+k+m%)

With m = mip+r, 0 <7 < p we obtain:

1 1 1 p—1 ' .
Ty = 5/ ds/ dt > ZR(ﬂ(s+k+m1q+r%),,@(s+k))e2“tm1‘1G2(t,s)G1(t,s+r2%)
0 0

mi,k r=0

Let

Prvra(tys) = 3 7™ S" R(B(s + k +mg + 7'12%), B(s+k+ rzl%)) (5.44)
m k
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and denote by M the p x p matrix whose (71,72) entry is p,, .+, (t,s), 0 < 11,72 < p — 1. Note the

following properties of the functions p,, ., (%, s):

q
p?'1+p77‘2+p(t7 s) = Pri,ry (t,s) , Pri,ry (t,s + 5) = pT1+177‘2+1(t7 s)

1
Pri,re (t + 57 S) = pﬁﬂ‘z(t: S) y Pri,rs (t7 5+ 1) = pﬁﬂ‘z(t: S)

—2miqt

Pri+p,ra (t: 5) =€ Pri,ra (t: 5) ) pT17T2+P(t: 5) = BZMqtpThTz (t: 5) (5'45)

Pris(t,8) = prage (t,8) = M'=M

i.e. for fixed (t,s) M(t,s) is self-adjoint as a matrix (we shall also use M* for M‘(t, s)).

Then, the previous expression of 75 turns into:

1t oo o0
T3 = E/ dS/ dt GQ(tas)ZGl(tas+T%)p7':0(t78)
0 0 r=0

Notice now that the integrand is 1-periodic in s. Then:

1 p—1l ki1 1 p*liq
T3 = — Z/ dS/ dt G2(t,S)ZG1(t,S +T—)pr7o(t,s) —
k=0 "k 0 p

P
«
p = % r=0

1 1 1 p—1
- ck/(ﬁ}jCﬁms+k%G%u&+@+kﬂmH%AuQ
ap Jo 0 kor=0 p p

Remark now that we can replace r+k by r, running from 0 to p—1 again, because G*(t, s + l%)plvk(t, s)

is p-periodic in [. Then:

ot = NN
Ty = — ds/ dt G*(t,s + k=)GL(t,s +7=)pri(t, s
=g ) X G kDG ()

Similarly we obtain that the integrand is Z-periodic in s. Therefore it is ~-periodic in s (5 is the

greatest common divisior between 1 and I in %Z). Then using that p’s are %—periodic in ¢:

N i S g I q
T, — _/ ds/ @SS G+ 2, s+ RDGUE+ 5,5+ 1Dl )
@ Jo 0 q p a4 P

(=0 k,r=0

ZélwﬁlwﬂﬂH%@P%@Mmm (5.46)
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For T, we obtain:

T, = aﬁQZZ/ d:c/ dtl/ dtz/ dtg/ dty R a:+—a:+—)

m’nm TL

el g_ 2‘__ 2 =z ot el -
G(tl’ﬁ+mp )G(tz’ﬂ n)G(tg,ﬂ n)G(t4,ﬁ+mp n')

Performing the summation over n and n' we get §(¢1 — t2)6(t3 — t4) in weak sense. Next for

x=p0(s+k),m=mp+r,m :mllp+1"2 we get:

p 1
T, = aﬁ Z /ds/ dtl/ dty R(ﬂ(s+k+m1q+r1%),ﬂ(s+k+m11q+r2;1—)))

mi, m1’ vk r1,r2= =0

GL(t1, 5 + 11 D)G2 (b1, 8)G2(ln, )G (b, 5 + 7o L)e2mimaats g=2mimiata
p p

Notice that after we perform the summation over k in R(-,), the sum will depend on m; —m/) only.
Thus we get p, o (t1,5) Zm’l exp(2mim, (qty — qt4)). Replacing t; = 7 + %, ty =72+ %2 and using
the Parseval relation again we get:

YRR S VL BN A I
T, = p / ds/ dt Z Z Prora(t S)Gl(t+— s+ri— )GZ( ,8)
aB?q Jy 0 q

l1,lo0=071,72=0

P+ 2 9@+ 2, s+ mY)
q q p

Using 1-periodicity in s of the integrand we obtain:

1 1 1/q a1 p—1 I
T4 = —_— / ds / Z Z Pr4ry,r+re (t, S)Gl (t + g, s + (T' + 7‘1) )
0 0

2
(0%
Bap l1,l2=071,r2,r=0

hSHES]

. l . - I
G2t + 2L s +r)G2(t+ 2, s+ r)GLt + 2, s+ (r+12) L)
q p q p q

hSRES

Next we notice that the integrand is %—periodic in s and r + r1, 7 + ro can be replaced by 7,

respectively ro again. Hence the integrand is %—periodic in s and we end up with:

1 1/p /¢ ezt pZl I q
Ty = — / ds/ dt Z Z G2(t +—s+r )G1(+—s+r1—)
a?fBq Jo 0 p

l1,lo0=07r1,r2,7=0

1/p 1/q
Pro,ra(t, 5)GH (t + B + )G (t + LI / ds/ dt Tr{[>I""MI' T8 U7)
q’ p q’ P Oép
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For T we get immediately that:

1 1/q 1 00 1
ds/ dtp,.(t,s :—/ R(z,z)dz = —1T;
/0 0 p7( ) ﬂq —oo ( ) 5q !

Thus:
1/p 1/q
T, = ﬁq/ ds/ dt Tr{M} (5.48)
0 0
Putting together (5.46), (5.47) and (5.48) we obtain:
) 1/p 1/q 1 0 s 1 -
J(g', 9% a,B) = ,Bq/ ds/ dt Tr{(I — z—oI‘ZI‘l YM(I — 2_0F1F2 )} (5.49)
0 0
where I't = T'}(t,s), I'2 =T2(t,s), M = M(t,s) and [ is the p x p identity matrix.
5.2.2 The Stationary Model - Computations with Zak Transform

For the stationary model we can rewrite J(g', g%; o, 3) in a similar way. We obtain (see 5.40):

1 1 1
T é Z R(%)/ ds/ dt1/ dt2w(ﬁ(5+k))G2(t1,5+k—n)G1(t2,5+k+m% —n)
0 0 0

m,n,k

1 [t 1 p-l , '
o [ s [ @S S R S w(B s+ k)G, G 5+ )

r=0 m’' k

Let us denote:

mp-+ry — T2

e (5.50)

Pri,rs(t) = Z 2Tt R

and
W(s) = Zw(ﬂ(s +k)) (5.51)

k

We point out that (5.50) is consistent with (5.44). Since p does not depend on s we have p,, y1,r,4+1(t) =

Pri,ro(t). Notice again the integrand is 1-periodic in s and p is %—periodic in ¢. Then:

1 1 1/q p—1 g¢g—1 q I q
T, = — ds/ dt W(s+r=)G*t+ -, s +7r—
! ap Jo 0 Z Z ( 110) ( q 110)

r,r1=0 [=0

[
Gt + Pl (r+ T1)%)Pr+rm (#)
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Again the integrand is I-periodic in s (and also %—periodic) and we can replace r + 7 by r1. In the

end we get:
1 ri/r 1/q .
T; = —/ ds/ dt Tr{W (s)T*(t,s)I"*"(¢,s)M(t)} (5.52)
@ Jo 0

where W = W(s) is a p x p diagonal matrix whose (r,7) entry is W (s + r%), r=0,...,p—1,ie
W(s)
Wi(s+1)
W(s) = _ (5.53)
W(s+(@-11)
and M(t) is the p x p matrix whose (r1,72) entry is p,., ,,(t). For Ty we get:

) o a 1 1 1 1
n= Y S B s+ [ [ [ [

m,nm' n' k

G'(t1,s+k —n—l—mg)G2(t2,s—|—k —n)G2(t3,8 + k —n')G'(ty,s + k —n' +m'2)
p p

Repeating the scheme as before we get:
1 1/p 1/q . -
Ts = W/ ds/ dt Tr{WI?T!"MI''I"?"} (5.54)
a’Bq Jo 0

Since fol/p ds fol/q dt Tr{WM} = 5R(0) [ w(z)dz we get:

1/p 1/q
Ts = ﬂq/ ds/ dt Tr{WM}
0 0

Therefore, the criterion (5.40) becomes:

) 1/p 1/q 1 o 1 .
J(g", g% a, B; R,w) = ﬁq/ ds/ dt Tr{W(I — ]—)FZI‘I YM(I — ]—)FlI‘Z )} (5.55)
0 0

Notice that for (¢, s) € [0, %] x [0, %] the entries of the matrices I'' and I'? are independent. Moreover,

if we denote by L?([0, %] x [0, %]; CP*1) the Hilbert space of the px ¢ matrix - valued functions defined

on the rectangle [0, %] x [0, 119] endowed with the scalar product
1/p 1/q . 1 1
<11 >:/ ds/ dt Tr{T'1?"} |, vrt r? 6L2([0,E] X [0,5];@’“)
0 0

then g € L*(R) — ' € L*(]0, %] x [0, %];(Cpxq) is a unitary map.
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5.2.3 Miscelaneous Results

We have now recast J(g, g%; «, 3) into the forms (5.49) and (5.55) and we can use these to analyze
the optimization problems (5.34)-(5.37). But first we need to make a couple of comments about the
matrices W and M as well about the assumption A2.

The condition (C) (see Lemma 5.13) implies there are two positive constants 0 < 4; < By < 00

such that:
Ay < W(s) < By (5.56)

for every s € [0, 1%] About the matrix M we can only claim it is nonnegative for every (t,s).

However, if we want to get an uniform bound as in (5.56) we need to require some extra conditions.

LEMMA 5.18 For the nonstationary case, for every (t,s), M(t,s) > 0 (as a matriz). If in the

stationary case R is continuous and in W (L>I') then for every (t,s), M(t,s) > 0 as well.

Proof
Take z1,...,2,-1 € C arbitrarily complex numbers. We have to prove that:
p—1
<z,Mz>= Z Zpy ZroProre 2> 0
r1,72=0

In the nonstationary case a straightforward computation shows that:
qg—1 p—1
<2 Mz>= > E[Y 2 Y T mIE((s + 1+ mg + r%))|2] >0 (5.57)
=0 =0 m

In the stationary case, we use the Fourier transform of R and the Poisson summation formula (see

[Gro96]) to obtain:

V2o L e 12 A
<2Mz>= =) 1Y ae ™ RO mzm oz 20 (5.58)
m r=0

Thus (5.57) and (5.58) prove the assertion. O
Concerning the uniform boundedness, the following result gives sufficient conditions for M to be

bounded:
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THEOREM 5.19

1. Consider the nonstationary stochastic model (5.9). Assume R € W(L>(0),1'(Z?)) where:

W(L™(8),1(2%)

= {F B = C | |Flly ooy i) = D €58 JSup_ |F'(z +m,y +n)| < oo}
STLYS

m,nEZ
Then:

a) For every a, 3 > 0 with « - € Q there is a constant By(«, ) independent of R such that:
M(t,s) < Ba(o, B)|Rlly (poo (o) z2)) » V65

b) Assume the function © — R(z,x) has persistency length 3. Then there is a cg > 0 such

that for every 0 < a < ay with af € Q there is a constant As(«, 3) such that:

M(t75) ZAQ(aaﬂ) ’ \V/t,S

2. Consider the stationary stochastic model (5.14). Assume R € W(L>,1'). Then:

a) For every a, 8 > 0 with a8 € Q there is a constant B2(«, 3) independent of R such that:

M(t78) SBQ(aa/6)||R||W(L°O7ll) ) Vt,S

b) There is a ag > 0 such that for every 0 < a < a and § > 0 with af € Q there is a constant
As(a, B) such that:
M(t,S) Z AZ(aaﬁ) ) Vt,S

Proof
In order to obtain the upper bound we need to prove the uniform boundedness of p,, ., (¢, s).

For the nonstationary model:

q q
1P (8, 8)] <D IR(B(s + k +mg + 7"11—0);/3(3 +k+ 7'2]—)))| < Ba(a, B)|Rllyy (oo ()12 (22))

m,k
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with the constant Ba(a, 3) obtained from adapting the norm on W (L>(0),1*(Z?)) to the translation

step .

For the stationary case, we obtain:

mp-+ry — T2 m
|pri,ms ()] < Z |R(#| < Z |R(E)| < Ba()|| Ry oo gy

m
For part b) we write:
Poo T Pop-t

M = MO + Z 627rimqt

m#0 m . m
a Pp=1,0 Pp—1,p—1

In the nonstationary case, the diagonal elements of M? are:
_ q q
= ZR(ﬂ(s+k+r5),ﬂ(s+k+r5)) >6>0

for § > 0 from the definition of of persistency length of # — R(x,z). Notice that:

m
> 1o |

Z Z|R(5(S +k+mq+r1%),ﬁ(s +k+r2%))|

m#0 m#0 k
< Bs E E ess sup |R(x+k+mpq,y+k)|=
m£0 k 0<e,y<1

But 8¢ = £ > ;-. Thus the difference between the two arguments is at least ;- and

@o

U < B Z ess sup |R(z+m,y+k)|
<z,y<1
m,k

Im—k|>
ap
If we choose ap small enough, we can make U smaller than —p Then M is a diagonally dominant
matrix and the lower bound follows immediately.
In the stationary case we prove that M is a diagonally dominant matrix for a small enough, in
the following way. Firstly,
M,, = prr(t) — Z eZﬂ'zmqtR( Z |R
m m#0

and for ry # ry:

proms(t) < S0 IR < 57 R(E

m m#0
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Thus for a chosen such that for every a < ag, >, [R(%)| < %R(O) we obtain the statement.
Q.E.D. O

In the optimization problems (5.34)—(5.37) we look for optimizers that satisfy the assumption
A2, namely the sets {g. .;m,n € Z} and {g2,,;m,n € Z} to be s-Riesz bases. In terms of the
matrices I'' and I'? this condition turns into an algebraic easily verifiable relation as the following

proposition shows:

PROPOSITION 5.20 The set {gmn;m,n € Z} with gmn(x) = ™™ g(x —nf), af = % >11is

a s-Riesz basis if and only if there are constants 0 < A < B < oo such that:

A<lirr<s (5.59)
p

for every (t,s) € |0, %] x [0, 119] The matriz T is defined similarily to (5.43). The optimal s-Riesz

basis bounds are the largest A and smallest B that satisfy (5.59), i.e.:

1 1
Aoptimar = Inf =Xnin(D(t, )" T(¢,5)) , Boptimal = SUP —Amaa (L'(E, )*I(t, 5)) (5.60)

t,s p t,s P
where Amin(M) denotes the smallest eigenvalue of the matriz M, and Az (M) the largest one.

The standard biorthogonal s-Riesz basis generator g is given by:
I =pr(r*r)—t (5.61)

Proof

Let f € L*(R). Then using a similar computation as before gives:
N Y ! 2
<[, Sggianf >=D < frgmn > = 1—9/ ds/ dt||T* ||
m,n 0 0

where:

b bt — (L) F(LH%) F(t,5+(p—1)%)]t

and F(t,s) is the Zak transform of f. Since f € L*(R) = & € L*([0,1] x [0, ;];C?) is a unitary

operator, (5.59) and (5.60) follow immediately.
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On the other hand, making similar computations as for the terms T3, Ty we get:

~ 2 2 ~
||f_2<fagmn>gmn“ = “,f” —Z<f,gmn > gmn;f>

m,n m,n

_Z<fagmn >< gmn;f>+2 Z <f;gmn >< gmnagm’n’ >< gm’n’;f>

m,n m,nm',n’

and next:

2 _ e ' 1 * 2
If =SogosflF=p | ds | dil(I =~ TT)]

Now it is easy to see that Sy j.a,s is an orthogonal projection in L*(R) if and only if %fT* is an

orthogonal projection in C?. And this happens if and only if T is given by (5.61). Q.E.D. O
5.2.4 Optimization Algorithm

Now we are ready to analyze the optimization problems (5.34)—(5.37). The relations (5.49) and
(5.55) give a decomposition of the criterion in terms of finite dimensional matrices, and in both

cases we have to minimize a trace. In the nonstationary model, this is:

]. * ]. *
Tr{(I — =T’ )M(I — =T'1?")} (5.62)
p p
whereas in the stationary case it has the following form:
[ Lipex
Tr{W(I — EF O )M(I - EF r<H} (5.63)

Notice that if we denote by X; = \/Lﬁw—lﬂrl, X, = \/L;,Wl/z’r2 and ¥ = W'/2MW'/2 then (5.63)

turns into:
J(X1,Xe) = Tr{(I - X, XH)E(I — X1X3)} (5.64)

In the nonstationary case we set X; = %Fl, X, = 2T and £ = M and (5.62) becomes also

Sl

(5.64).
The optimization problems stated at the beginning of thi section turn into the following four
problems:

Problem 1’ (suboptimal 1°)
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Given X; with A; < X{X; < By for every (¢, s), find the infimum of (5.64) over X» subject to
0 < Ay < X5Xo < By < oo for every (t,s) with As, B> independent of (¢, s).

Problem 2’ (suboptimal 2’)

Given X» with A, < X3 X, < By for every (¢, s), find the infimum of (5.64) over X; subject to
0< A < X7X; <B; <o for every (t,s) with Ay, By independent of (¢, s).

Problem 3’ (optimal’)

Given X, find the infimum of (5.64) over X; and X, subject to 0 < A; < XX, < By < o0,
0< Ay < X5X5 < By < oo for every (t,s) with Ay, Ay, By, By independent of (¢, s).

Problem 4’ (optimal’-tight)

Given X, solve the Problem 3’ under the additional constraint X; = X5.

Notice that Problem 4’ is not exactly equivalent to the Problem 4 stated before, however the
difference will involve a simple rescaling as we shall see in a moment.

The following lemma solves these problems:

LEMMA 5.21 Consider the optimization problem:
Jr=inf Tr{(I - Xo X1)X(I - X;XJ)} (5.65)
a) For fized X; and given ¥ > 0, the optimizer Xo is uniquely given by:
X =2X,(X;2X,) 7! (5.66)
and the optimum value of (5.65) is given by:
J* = Tr{Y - SX;(X;2X;) " X%} (5.67)

If0<A<Y<B<xand0< A < X{X; <B; < then

AA;
(BB, )

BB
S (X;pt)*XOpt < 1

> < 44,2 (5.68)

b) For fized X and given X, the optimizer X, is uniquely given by:

X7 = X (X5 Xp) ™ (5.69)
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and the optimum of (5.65) is then:
7 =Tr{Y - Xo(X5X0) 7 X2}
If0 < Ay < X3Xy < By < o0, then:
1 1
< Xopt *Xopt <
B2 — ( 1 ) 1 — A2
¢) For a given X, the optimizers X1, Xo of (5.65) are given by:
X° = F-L
Xy = F-L*!

where F' is the p X q matriz whose columns are the first q eigenvectors of X, i.e.

F=[fl---Ify , Efj=0f; and 01 202> ...20,>...0p

and L is an arbitrary invertible ¢ X ¢ matriz. The optimum of (5.65) is then:

If we choose L such that |L|| < b and |[L7Y|| < a then:
1 o0\* YO 2 1 0\* YO 2
ES(Xl)leb ) b—QS(Xz)Xzfa

d) If ¥ is given, then the optimizers X = X1 = X of (5.65) are:

X=F.U

83

(5.70)

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)

(5.76)

(5.77)

where F' is as in (5.74) and U is an arbitrary unitary matriz. The optimal value is given again by

(5.75) and X; X, = X3 X5 = I, (the g X q identity matriz).

Proof

a) It is easy to check that for Xo = X;pt + Z we get:

J(X1, XS+ Z) = (X0, XP) + Tr{ZX{SX1 2%} > (X1, X357)
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Thus the minimum j is obtained for Z = 0, hence (5.66). Remark that if ¥ > 0 and X;X; > 0,
then the minimizer is unique. (5.67) and (5.68) are obtained by straightforward computations.

b) As before, for X; = Xfpt + Z we obtain:
FXPP 4+ Z,Xo) = §(XP Xo) + Tr{Xe Z*SZX5} > §(XTP, Xs)

The conclusions are obtained similarily.

c) We have to look for the minimum of (5.67) over X; or, equivalently, the minimum of (5.70)
over X,. The first way is more algebraically difficult; the second way, however, takes us more easily
to the result.

First we note that P, = X(X3X5)~! X} is the orthogonal projection onto Ran X,. Hence, what
we look for is a rank ¢ = dim Ran X» orthogonal projection P> that maximizes the Tr{P,X}. Let

fi,-.., fp be a set of orthonormal eigenvectors of ¥ whose eigenvalues are o1 > ... > 0,. Then:

P P P
Tr{P.X} = Z < fi, X f; >= ZO’j < fi,Pofi >= ijaj
7j=1

j=1 Jj=1
where 0 < p; <1 and Z§:1 p; = q. Then the largest value is achieved for p; = --- =p, = 1 and
Dg+1 = -+~ = pp = 0, which means P; is the projection onto span{fi,..., fy}. This gives (5.73) and

(5.74). (5.72) is obtained from (5.69). The other part of the conclusion is straightforward.

d) The conclusion is immediately drawn from the part ¢). Q.E.D. O

REMARK 5.22 In the stationary case, if W(s) # 1 then X; = X5 gives I'* = WI'2. In terms of

Zak transform this means G*(t,s) = W (s) - G2(t, s) and in the time-domain this implies:
g'(x) = ¢(@)W(3) (5.78)
In a physical implementation, (5.78) is equivalent with a prescaling of the signal by W (%).

This lemma completely solves the first two suboptimal problems. For the optimal problems (5.36)
and (5.37) we have to choose invertible L and unitary U for every (¢,s). Despite this apparently
simple requirement, the (practical) optimal problem is far from a “good” solution. What we mean
by a “good” solution is a pair of well-localized windows in time-frequency domain. As a bad example

of what may happen, consider the following example:
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EXAMPLE 5.23 Consider the weight w = 1 5 (which gives W(s) = I, for every s) and the

autocovariance function R(€) given by:

. o 158.1s(s2 4 60s + 3002)
—|H@&)]? ., H(s) = .
R() = [HGEE , H(s) (s + 205 + 1002)(s2 + 200s + 10002) (5.79)

If we choose L(t,s) = I;x, for every (t,s) € [0, %) x [0, 1%) then for the optimal g' = g% = ¢°P* we

get the solutions shown in Figures 5.5, 5.6 and 5.7 for three sampling ratios: % = 2,5,7. We notice

how poorly localized in time-frequency domain they are.

The boundary conditions are the main obstruction in choosing freely the invertible L. Indeed,
the Zak transform obeys the conditions (5.42). However, in terms of the matrix I', the boundary
conditions have a very messy form. The relation ¢ — t—f—% is simple, however when we try to connect
T'at s+ 1% to the matrix at s we get a very messy albeit linear relation, that cannot be written as a
matrix product.

Unfortunately, the optimal solution cannot be well-localized in time-frequency domain. A Balian-
Low type phenomenon happens with the optimal solution. We shall prove next an amalgam nonlo-

calization theorem, similar to the one that holds for WH Riesz basis generators (see [BHW95]).

THEOREM 5.24 Suppose a,3 > 0, aff = % € Q and the stochastic model is given such that the
matices M(t,s) (in the nonstationary case) or W(s) and M(t) (in the stationary case) are bounded,
invertible, with bounded inverse, for a.e. (t,s). Then, if (g*,g*) denotes an optimizer of (5.36), none

of the functions g*, g, g%, §* belongs to W(Co, 1) (i.e. g*,3', 9% > € L2(R) \ W(Cy, 1)) where:
W(Co,1') := {f | f continuous and f € W(L>=,I')} (5.80)

Proof

Note first that M(¢, s), respectively W(s) and M(¢), are 1-periodic in ¢ and 1-periodic in s, by
construction. Thus X(t + 1, s) = X(¢, s), X(¢,s + 1) = X(¢t, s) which implies the same periodicity for
the eigenvectors, so that F(t+1,s) = F(t,s), F(t,s+1) = F(t,s). Next, since G*(t+1, s) = G*(t, s)

and G'(t,s + 1) = e 2" G (¢, s) we obtain for '}(t, s):

I'(t+1,s)=T(ts) , T't,s+1)=Tt,s)-D(t)
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Time domain

—2 —1 o 1 2

Frequency domain

—0.05

—200

o

200

Figure 5.5: The optimal solution for p =2, ¢ =1 and L(t,s) =1

Frequency domain

Time domain

—2 —1 o 1 2

0.15

0.05

—0.05

=

—0.15

—500

o

500

Figure 5.6: The optimal solution for p =5, ¢ =1 and L(t,s) =1

Time domain

-2 —1 (o] a 2

Frequency domain

0.15

0.05

—0.05 -

H

500

1000

Figure 5.7: The optimal solution for p =9, ¢ =1 and L(t,s) =1
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where D(t) is a ¢ x ¢ diagonal matrix whose (r,r)-entry is given by 6_27”.(t+T;1), r=12...q.
In the nonstationary case I''(¢,s) = \/pF(t,s) - L(t,s), whereas in the stationary case I''(t,s) =

VDW2(s) - F(t,s) - L(t, s). In either case we obtain for L(t, s) the following relations:

L(t+1,s) = L(t,s) , L(t,s+1)=L(ts)  D(t) (5.81)
If we denote f(t,s) = det L(t, s), (5.81) implies the following:

fit+1,8) = f(t,s) , f(t,s+1)= f(t,s) e 2™ (5.82)

Let us return now to g'. Because [''*I't = pL*F*FL (by construction) and F*F = I, we see that
det(T**I't) = p?det(L*L). It then follows from Proposition 5.20 that there are constants a,b > 0
such that 0 < a < |f(t,s)] < b < oo, for a.e. (t,s). Suppose now g' € W(Cp,!!). Then G'(t,s) is
continuous at every (¢,s). This can happen only if all entries in L(¢, s) are continuous. Thus f(¢,s)
should be continuous which, together with 0 < a < f(¢,s) < b < oo implies there is a continuous

real-valued function ¢(t, s) such that f(t,s) = |f(t, s)| - e¥?(&:*). If this is so, then (5.82) implies:
e(t+1,8) =p(t,s)+ 20N , (t,s+1)=(t,s) —2nqt + 20 M (5.83)

for some fixed integers M, N € Z. Evaluating ¢ on the four corners of the unit square in the

(t,s)-plane we obtain:

0= (‘P(O: 0) - 90(07 ]-)) + (90(07 ]-) - 90(]-7 1)) + (90(]., 1) - 90(]-70)) + (90(]., 0) - 90(07 1))

= -2mM — 27N = 2nq+ 27 M + 27N = —27q

Contradiction! The contradiction comes from the assumption g* € W (Cy,!!). Similarly we prove
the statement for the other three functions §', g%, §%. O

This theorem proves that we cannot expect to find well-localized optimal solutions. Instead we
might look for suboptimal windows that decay fast in time-frequency domain. In section 5.4 we
present examples that achieve a distortion within 3% larger than the optimal value.

We end this section by establishing an asymptotic formula for the optimal J* given by:

1/p 1/q p
J* :,Bq/ ds/ dt > oj(t,s) (5.84)
0 0

j=g+1
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Assume the stationary case with w = 1y 5;. This implies W(s) = I, for every s. Furthermore,

we assume the support of R is included in [—1,1]. Then we get p,, ., (t) = R(0)d,,,,. Thus

M(t) = R(0)I,x,, for every t. Plugging into (5.84), we obtain:

1/p 1/q
J* = g / ds / RO = q) = BRO)1 - ) (5.85)

This corresponds to the graph in Figure 5.2. Note the continuous transition from SR(0)

=E foﬂ |f(x)|?dz to 0, unlike the deterministic case in Figure 5.1.

5.3 Distortion and Rate

In this section we start analyzing the one-channel compression problem using windowed Fourier

transform. The block diagram is drawn in Figure 5.8.

Analog Quat Digital Channel/ Digital Analog
Encoder uantizer Encoder Memory Decoder Decoder
f Cimn dmn bmn . b’mn d/mn T frecon
- (< 'agmn >)mn QA D . <> Zm.n dmng'mn "

Figure 5.8: The one-channel compression block diagram

The analog encoder is a bank of filters that compute the coeflicients ¢, =< f, gmn > of the
signal f, with respect to the vectors g,,,. Next the coefficients are passed through the quantizer Qa.
We quantize separately the real and imaginary part of the coefficients. The quantizer is assumed
to have a uniform interlevel distance A. Thus | = Qa(z) means z € [(I — 2)A, (I + 3)A), so that
l=1%+ %J Hence d,,.,, the quantization output, carries the interlevel label to which the real or
imaginary part of ¢,,, belongs: d,.., = Qa(cmn). The digital encoder is an entropic encoder, based
on the variance of ¢n; it converts the meaningful labels into sequences of bits by = D(dmn),
for (m,n) € 8, where 8 is the set of meaningful coefficients (we shall return later to how 8 is to
be determined). Next comes the channel (in a transmission problem) or the memory block (in a

pure compression problem). In any case we assume this block to be ideal, i.e. b’mn = bmn. The
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!

The last block is the analog

mn)'

digital decoder simply inverts the digital decoder: d’mn = Db
decoder which reconstructs the original signal f based on the information it has gotten, namely the
coefficients (labels) d’mn. For reconstruction we use a Weyl-Heisenberg synthesis operator with the
window g#. Thus fre=o" =7 d,..g#. and putting all these relations together we get:

Freon= 3 Qal< figmn >)gt (5.86)

(m,n)€s

Our goal is to analyze the reconstruction error || f — f"““°"|| , and to estimate the memory capacity
(the number of bits used) or the channel rate, based on a certain stochastic model.

First we have to choose which coefficients are going to be encoded. As we mentioned before, the
digital encoder will convert into a binary sequence only those coefficients whose variances are larger
than a threshold. Note that the variances can be computed a priori once we know the statistics
of the signal. Therefore the entire scheme can be designed based on this statistics. It is shown
(see [Dav72]) that the most economic way of encoding a discrete sequence of quantized zero-mean
random variables (z;); is to allocate to each variable z; a number of bits R; in the following way: if

E[|z:]?] < % then R; = 0, otherwise it is given by:

2 A2 2R;
Eflzil"] = 452 (5.87)

Thus the total number of bits used by the entropic encoder would be:

1 12 5
Niotal = 2 Z logz(FEHxJ ] (5.88)
B[z |2]>A%/12
Next we analyze this scheme for the two stochastic models presented before (nonstationary and

stationary). We assume from now on that we deal with real-valued signals and the window g¢ is

normalized to 1 in L*-sense, i.e. 91l p2r) = 1-
5.3.1 The Nonstationary Model: The Memory Capacity

In this model the signal has finite energy, f € L?>(R). The variance of the coefficient c,,,, is given

by:

02 = Bflemnl?] = / / R(z,y)e > ™ gz —nB)e™mVg(y — nf)dzdy  (5.89)
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Since we deal with real-valued signals (as we already have), the variances of the real and respectively

imaginary part of ¢,,, are given by:

b =El|Relenn)) = § [ [ Rlap)e gl =nh) + &g (o~ n9))

(e 2 meyg(y —nB) + > MY g(y — nf))dx dy (5.90)

Vo =Bl )] = | / / R, y)(e "™ gz —mB) — e M g(z — nB))

(e72mmVg(y —nf) — 2T Vg(y — nf))dx dy (5.91)
Notice that p2,, +v2,, = 02,,,. We have the following result:

LEMMA 5.25 Suppose g € L*(R) and ffooo R(z,x)dz < oco. Then for every ¢ > 0 there are
M., N. > 0 such that for every (m,n) € Z*\ (|[—M., M.] x [-N., N.]) we have 02,, < ¢.

Proof

Fix € > 0. Since |R(z — y)| < /R(z,z)\/R(y,y) we obtain
72 < [(Blz,2)/ gl - nf)ds

The translation operator Ty, f — f(- —t) = Tyf, on L?(R) is weakly convergent to zero when

t — oo. Therefore there is a N. such that for every |n| > N. and m € Z, 02, < e. On the

mn

other hand, for every fixed n, a Riemann-Lebesgue lemma argument proves the existence of a
M, such that o2,, < ¢, for every |m| > M, .. Choose M, = max|,|<n, Mn,.. Then for every

(’I’I’L,’I’L) ¢ [_M€7ME] X [_NE;NE], o2 <e. Q.E.D. O

mn

This lemma proves that only a finite number of coefficients will be encoded. Notice also that
E[|Re(cmn)?] < Ellemnl?], E[lIm(cmnl?] < E[|cmn|?]. Then the total number of bits used by the
entropic encoder is (asymptotically) given by:

1 12 1 12
Memory = 5 > lOgQ(FIJ’?nn) t3 > 10g2(§”r2nn) (5.92)

m,n m,n
Pin > A%/12 Vin > A%/12
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5.3.2 The Stationary Case: The Rate

In the stationary model, signals are assumed to be in W(L?,1°°). An easy computation shows that
for R € L*(R), g € L*/?(R) and real-valued signals, the variances of the coefficient ¢,,,,, Re ¢y and

Im ¢y, respectively, are:

Trin = Ellcma|’] = V27 /_ dER(€)9(€ — 2nma))* < V2| Rl 1 13]]7.4 (5.93)

12, = E[|Re(cmn)|?] = dER(E)]e2™mmB (¢ — 2rmar)

“T

" e_2mm”°‘ﬁm|2 (5.94)
= Bllmienn )P =Y20 [ aeh()erm e — 2mma)

— e 2mimnalg( ¢ orma)? (5.95)

The scheme works in the following way: in a 8 time interval, say [N G, (N +1)3), the transmitter has
to send the meaningful coefficients ¢,,, y (Or ¢m,v—q for some fixed delay d > 0). The meaningful
A2 2 5 A2

Ty Or v, 2~ (when each real and imaginary part is

coefficients are those given by p? > mn 2 13

quantized separately). Using again the weakly convergence to zero of the translation operator T;
when ¢ — o0, there exists a M > 0 such that for every |m| > M, 02,, < £ A . Thus we have to send

only a finite number of quantized values. This yields the following rate:

1 12 1 12,
Rate = % Z IOgZ(AQ ll’mn) + 53 Qﬁ Z IOgZ(men) (596)
m,n
« 2
M 2 5 Vin 2 13

Later we shall return to this formula to establish the asymptotic behaviour when A — 0.

Returning to the analysis of the general scheme 5.8, we have to analyze the distortion given by

this compression scheme. The distortion measures the reconstruction error as:

Distortion = E||f — frecon“%(
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Let 8 = {(m,n)|u2,, > % , 8o = {(m,n)|v3,, > %} Then the reconstructed signal has the

mn

following form:

frecon — Z Re < f) Jmn >))gmn +1 Z QA(Im(< f, Imn >))gfr&m

,n)ES (m,n)ES2
Then:
V Distortion < (E|f - Zcmngﬁn||§)l/2

+ (E| Z Re(< f, gmn >)g#zn +1 Z Im(< f, gmn >)g#zn||§()1/2
(m7n)€81 (m7n)€82

+ (Ell Y (Re(< fgmn >) — Qa(Re(< £y gmn >)))gihn (5.97)
(m,n)E81

+ i Y (Im(< frgmn >) — Qalm(< f,gmn >)))gtnll3)"?

(m,n)E82

VI+ I+,

where J represents the stochastic approzimation error due to the incompleteness of the set {gmn; m,n €
Z} in L*(R); J. is the truncation error and represents those coefficients that are excluded from en-
coding; J, is the quantization error and is due to the uncertainty introduced by the quantizer. Our
problem is to bound and control each term. The stochastic error has been studied in the previous

section. We analyze now the other two terms.

5.3.3 The Nonstationary Model: General Relations

We start with the quantization error. Suppose g# is a s-Riesz basis generator with Riesz basis
bounds A#, B#. Then:

T, < B¥( Y E[|Re(< f,gmn >) — Qa(Re(< figmn >))I]
(m,n)€E8,

+ Y E[Im(< £, gmn >) — QaIm(< £, gmn >))|’]
(m,n)E82

For an arbitrary distribution of < f, gmn >, the difference |Re(< f, gmn >) — Qa(Re(< f, gmn >
)| < 5 which implies E[|Re(< f, gmn >) — Qa(Re(< f, gmn >))?] < %2. The same relation holds

true for the imaginary part too. However, if we assume the signal f is gaussian, the upper bound
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becomes % instead of A . The same thing is obtained if we assume the < f, g, > is uniformly

distributed on each quantization interlevel. Anyway in general we obtain:
AZ
Jq < B#T(#Sl + #32) (5.98)

More information on the autocovariance function is required to progress further from this point.
For the truncation error, we use the same estimate with the help of the upper bound of the
s-Riesz basis generated by g#. Then:
L<BHC Y BRe(enn)P)+ YD BllIm(cn)P] (599)

(m7n)€81 (m7n)€82

Suppose we have a symmetric distribution of the real and imaginary part of the coefficients. Then

we can replace (5.99) by:

A2
J. < 2B%# = : 27> 2 _
> Ellewdl’] , 8= {(m.n):Ellenal’] > 75} (5.100)
(m,n)€8
Suppose 8§ = [-M, M] x [N, N] for some M, N > 0. Then, using (5.89) we obtain:

# 00
%Z/_wd:vR(:c,x+% Z g(:c—nﬂ)g(x-l—%—nﬁ)

In|>N
+—//dxdy R(x,y) Z ?rimaly—e) Z g(x —nB)g(y —nB)  (5.101)
[m|>M In|<N

This is all we can say for this case. Future work will study the upper bounds (5.98) and (5.101)

under some additional assumptions. An aparently interesting assumption is to assume the following

factorization of the autocovariance function: R(t,s) = u(t — s)v(2) for some u and v € L*(R).
5.3.4 The Stationary Model: Asymptotic Analysis

For the stationary model, we establish first an upper bound similar to the s-Riesz basis bound, The

following lemma gives this bound:

LEMMA 5.26 Suppose g,w € W(L>®,1'). Then T, : 1> — L, defined by Ty (c) = 3, ,,cz Cmngmn
is well defined and bounded by:

—Zuz Blat+ 2 )Pl

aﬁ“wHW(Lw,ll)||9||W(L°o,ll)||9||oo (5.102)

IN

2
1T 1 oo 12

IN
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Proof

Take (Cinn)m,nez € [2°°. Recall ||c||l22,0o = sup, >, l|¢mn|?. Then:

el = [ @) S e (o — )P
< 3 [l S et Plgte — n) e
1/«
< zn:/o dx(z 2)|g(w + = —nB)? |Zcmne2“m‘”
k .
< DU+ ZloC+ 5 = n E%Dcmnﬁ,

m

from which we obtain (5.102). Q.E.D. O
Let us denote B2 =Y ||, w(- + £)|g#(-+ & — nﬁ)P“Lw(O,é)- Then for the quantization
error we get a result similar to (5.98):
A2
Jy < B2 sup(#81, + #52,) (5.103)
where 81, = {(m,n) € 81}, 82, = {(m,n) € 83}. Assuming symmetry between the distribution of

real and imaginary parts of the coefficients c,,, we get:
J, <2B* = (#8) (5.104)

where 8§ = {m|E[|c;nn|?] > A?/12}. We give now a rough evaluation of the cardinality of 8§ based
n (5.93) and the following assumptions: R(€) is concentrated in a band of size 2bg (2 because R
is even in frequency domain - recall we assumed real-valued signals) and the support of § is much

narrower than 2br. Then the number of coefficients is roughly constant and it is given by:

2
#S ~ 2 = b
2T Ta
Thus:
LSRN NN (5.105)
17 ona '

which says that J, decays to 0 as A? when A — 0.
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For the truncation error, using the previous lemma again we obtain a first estimate similar to
(5.99) where instead of B#we have to use B>:
J. <B>*(sup Y E[Re(cmn)l’] +sup Y E[lIm(cmn)l’])
LTI " mgSan,
Next, assuming again a symmetry in the distribution of the real and imaginary part we obtain:

Jo <2B>®sup Y Ellemn|’] =2B> > o2,
" megs megs

with 8 = {m|o2,,, > %} Assuming 8§ = [-M, M| we obtain:
J. <2V2rB>>* Y / (€ — 2mma)|?dé (5.106)
|m|>M
The assumptions made before to obtain (5.105) would now give J. = 0. Thus if we assume that
both the autocovariance function and the window are band-limited, we get rid of the truncation
error provided we take into account all the (finite) non-zero coefficients.

Another (more realistic) model of R and g is to assume that both decay in frequency domain as:

Ci Cs

IROI< gy » O < Ty

(5.107)

with a,b > 1. The assumption on R is particularily useful when we assume that our signal is the
output of a linear system excited by white noise. Then R(£) = |H(i€)|?> where H(s) is the linear
system transfer function. We shall give an asymptotic estimation of the rate and the truncation and
quantization errors.

We start by estimating the variance o2,,,

o2, = Var / R(E + mma)| - [§(€ — mma)|de

d§
= ¢ /_oo (14 € + mmal)2(1 + |§ — 7mal])?
C! 0 df C’ oo df
= (wma)?® /m I+ €+ mmal)? | (xma)e /0 (14 ]€ — mmal)?®
C ° g C ° g C
< G | Gl G | T S (5.108)

(rma L+[ghe  (mma L+ [¢))* = m”
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where 7 = min(a, 2b) and an estimate of C' is:

1

C = 20,CoV27( (2b— 1)(7ra)”)

L +
(a — 1)(7a)?®

2 < A% Using (5.107) we obtain for Mx the

Next we estimate Ma such that for |m| > Ma, o

following estimate:

(120)M

Ma="pop—

(5.109)

Therefore we have to encode at most 2Ma + 1 coefficients. This gives the following estimate for the
quantization error J, (see (5.104):
2,00 A? - A2(lfl)

Jy 2B (2Ma +1) = G, - (5.110)

with an estimate of C, given by C, = (12C)/" B*>.
For the truncation error we use the following estimate (see (5.106)):
. - oo d "
J. <2/27rB**> Z A% ~ Cn/ e _ C

T ro r—1
‘leMA m Ma X MA

Using now (5.109) we obtain:
J. < C.A*0=7) (5.111)

with an estimate of C. given by C. = 2Cv27rB%>/(r — 1). We notice that J. and J, are both of
the same order in A. Moreover, for a > 1 and b > % they both decay to zero as A — 0. Thus by
choosing a sufficiently small A we can make J. + J; < J. The moral of this computation was to
show that asymptotically (i.e. for A — 0), the dominant term in the distortion (5.97) is given by
the stochastic approximation error J. We end this section by finding an asymptotic approximation
of the rate, under the same assumptions as before. We use (5.96) and again we replace fin,, and

Vmn by Omn and we get:

1 12 2 12C
Rate S B E logz(Pafnn) = B E (logz F — Tlogz m)
m|<Ma 1<m<Ma



CHAPTER 5. APPROXIMATION OF STOCHASTIC SIGNALS 97

Note that Ma has been chosen so that log, 1;—9 = rlogy, Ma. Then, when we approximate the sum

by an integral we get:

2

Ma
2
Rate < Er/ (logy, Ma — log, x)dx ~ !
1

G1n2

Ma

Thus:

(120)72r

—-2/r
g A (5.112)

Rate <

We notice that on each coefficient we spent an average of lfl—”z bits. We also notice that the upper
bound of the rate goes to oo when A — 0, a very natural conclusion since we are going to send more

and more coefficients.

5.4 Case Study

Here are the numerical results for the suboptimal problem. We used a stationary 4-pole Markov

process given by (see also (5.79))

. . 158.15(s% + 60s + 300%)
R = H 2 H =
(&) = HGO » H(8) = 75505 + 1007 (7 5 2005 1 10007)

with the characteristic function of [0, 3] as weight. Here 8 = 0.1, as in the example 5.23. In figure
5.9 we represent the autocovariance function.

We took the gaussian:
g'(z) = e~1000+% (5.113)

as the first window. Its plot is given in figure 5.10.
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Figure 5.9: The autocovariance function of the stationary process
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We used Lemma 5.21, (5.66), to find the optimal g? that minimizes the distortion (5.55). The

following table summarizes the numerical results. Note the maximal distortion (obtained for a8 = oo

or g2 =0)is Jmae = R(0) = 134.4:

p/q Agl . ].02 Bgl . ].02 J Jopt (J - Jopt)/Jopt
6/5 0.5149 8.333 22.71 | 21.57 5.2%
5/4 0.6509 8 26.98 | 26.09 3.4%
4/3 0.9002 7.5 33.22 | 32.46 2.3%
3/2 1.444 6.669 43.68 | 42.76 2.15%
5/3 1.983 6.01 92.35 | 51.2 2.2%
2/1 2.827 5.136 66.27 | 64.92 2.07%
3/1 3.815 4.109 92.51 | 83.95 10.1%
4/1 3.907 4.02 98.74 | 97.49 1.2%
5/1 3.91 4.017 107.3 | 104.5 2.6%
6/1 3.91 4.017 117.5 | 106.2 10.6%
7/1 3.91 4.017 119.4 | 108.8 9.74%
8/1 3.91 4.017 107.2 | 106.2 0.94%
9/1 3.91 4.017 121 | 111.5 8.5%
10/1 3.91 4.017 127.9 | 113.5 12.68%

Table 5.1: Numerical results for the suboptimal problem with gaussian window

Next we represent the solutions of the suboptimal problem when g' is the gaussian (5.113).
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First window — time domain
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Figure 5.11: The gaussian g' given by (5.113) (top) and the suboptimal g? found in time domain
for various choices of p and ¢: Middle left: p = 2,¢q = 1; Middle right: p = 3,¢ = 1; Bottom left:
p=6,q = 1; Bottom right: p=9,¢=1.
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Figure 5.12: (continued) Top left: p = 10,¢ = 1; Top right: p = 3,¢ = 2; Middle left: p =4,q = 3;
Middle right: p = 5,¢ = 3; Bottom left: p = 5,q = 4; Bottom right: p =6,q=75
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Figure 5.13: The gaussian g' given by (5.113) (top) and the suboptimal g* found in frequency
domain for various choices of p and ¢: Middle left: p = 2,q = 1; Middle right: p = 3,¢ = 1; Bottom
left: p=6,¢ = 1; Bottom right: p=9,¢ = 1.
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Figure 5.14: (continued) Top left: p = 10,¢ = 1; Top right: p = 3,¢ = 2; Middle left: p =4,q = 3;
Middle right: p = 5,¢ = 3; Bottom left: p = 5,q = 4; Bottom right: p =6,¢=75
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In the next figure we compare the distortion for optimal and sub-optimal cases. In the suboptimal
case we used the gaussian window defined in (5.113) for g', and we found the optimal g for this

fixed fL.
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Figure 5.15: The Optimal and Suboptimal Distortions versus aiﬂ
We note that significant differences (higher than 3%) between the optimal and suboptimal dis-

. . . . 1 _ 541111 1
tortions, appear only for half of the deficit ratios we examined, namely for == = ¢,%,5,5, 7,9 15

Next we shall show a design procedure to find better suboptimal solutions. We set it as our task to

find well-localized solutions in time-frequency domain that achieve a distortion that is less than 3%

above the optimal value.
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Stepl. In the first step we find a couple of optimal solutions to give a “hint” where the optimal
solution should lay in the time-frequency domain. To do this we use the Projection Algorithm based
on the following choice for L(¢,s) in (5.72) and (5.73):

L= L prw1/2pmice (5.114)
VP
where I'™%¢ is the matrix (5.43) associated to a well-localized function g"‘®. The optimal window
g' obtained in this way, represents the projection of the “nice” function g™*® into the eigenspace
spaned by the first ¢ eigenvectors of X, (see 5.74).
We start with two chices for the function g™*“*. Both of these are “bump” functions, plotted in

Figures 5.16 and 5.17 and defined by:

1 1 2| < §
bumpy ) = — ’ 4
R 1 PR
1 . lel< g
gz () =< 1 +cos(7r(|;7| — %)) ) % <lzf < %
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Figure 5.16: The bump ¢**™P* window in time and frequency domain
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Figure 5.17: The bump ¢**™?2 window in time and frequency domain

106



CHAPTER 5. APPROXIMATION OF STOCHASTIC SIGNALS 107

Next we perform the projection onto the eigenspace spanned by the first ¢ eigenvectors of X.
This results in a function g*. For both choices of g™, the spaces spanned by the {gl :m,n € Z}
are the same, but the g' themselves need not be, and in fact are not. Figures 5.18, 5.19 show the
plots of ¢! starting from either g®“P1 or g®“™P2 as well as the plots of the corresponding optimal

g?; their Fourier transforms can be found in Figures 5.20, 5.21.
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Figure 5.18: The optimal windows for p = 3, ¢ = 1 in time domain with the bump g®*™?1
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Figure 5.19: The optimal windows for p = 3, ¢ = 1 in time domain with the bump gb¥™mP
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Figure 5.21: The optimal windows for p = 3, ¢ = 1 in frequency domain with the bump g®*"»2
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Step 2. These are obviously not very good chices for g', g2, even if they are “optimal” from the
point of view of our criterion. It is not even clear that they give rise to s-Riesz bases. Let us look a
little closer at their behaviour. For instance, if we concentrate on the “big wiggles” in g' obtained
from ¢g®“P2 | then we see that they correspond to rather sharp frequency cut-offs, as shown in Figure

5.22

i i i i i i i
60 70 80 90 100 110 120 130 140

Figure 5.22: Zoomin-out the optimal §' for p =3 and ¢ = 1

The frequency band is about [65...125].

In this step we shall try to construct other (non-optimal) g' that approximate this behaviour,
and find the corresponding g?. As Figure 5.22 shows, the optimal §' is concentrated mostly on
the band [-125... — 65] U [65...125]. Let us now design a well-localized window that satisfies
this localization constraint. However, an analytic computation with Zak transform shows that this
interval is too small for g' to give rise to a s-Riesz basis with a well-localized biorthogonal (note
2ra = 188.5 and 2”7‘”‘ > 60 = 125 — 65). To fix this problem, we allow ourselves to construct 2
symmetric lobes inside the “forbidden” band [—65...65]. Rather than constructing strict cut-offs,
we choose a (more convenient) gaussian form for the lobes within [-125, —65] U [65,125] as well as

for the “inside lobes”. Exploring numerically the parameter space for these gaussians, we found that
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the following choice gives the best ratio of the Riesz basis bounds:

11222 3222

g'(z) = cos(80z)e™ = +0.1 cos(%:z:)e_T (5.115)

For this window, the suboptimal solution g* of the problem 1 (5.34) is obtained using again (5.66).
These two functions are plotted in Figure 5.23 and 5.24.

First window Second window

1.5

—0.5 o 0.5 o 0.5 a

Figure 5.23: The suboptimal solutions ¢g' and g? in time domain
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Figure 5.24: The suboptimal solutions ¢g' and g? in frequency domain

The distortion achieved by this pair is J; = 84.64 which is with 0.82% larger than the optimal
value of 83.95. However, this solution is still not very good: g2 has too many oscilations and spikes.

We correct this in the next step.
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Step 3. Finally, we replace the g2 that fits optimally with the ¢g' designed in Step 2, with a
“nicer” window in such a way not to significanly increase the distortion. We do this by filtering
out the high-frequency components. We choose the cut-off frequency as fiqa. = 125 similar to the
allowed band in the second step. The function g2 obtained in this way is graphed in Figure 5.25.
Using (5.55) we can compute the distortion when we use the functions g' of Figure 5.23 (5.24) and
g? of Figure 5.25. We obtain for the distortion the value .J, = 84.642 which is only 0.82% larger
than the optimal value. The Riesz basis bounds for this window are As = 0.794 and B> = 4.895
whereas the Riesz basis bounds for g! (5.115) are A; = 0.0227 and B; = 0.1399.

Time domain Frequency domain
0.25
0.2 1
0.15 4
O.1 1
0.05 1
. . . o
o 0.5 1 1.5 (o] 50 100 150

Figure 5.25: The window g2 after filtering out the high frequency components

This case study shows that we can design reasonable windows g and g2 that will perform almost
optimally from the rate-distortion point of view, even when our first gaussian guess gives results
that are relatively far from optimal.

Our study of the distortion that results from using incomplete WH sets originated from a multiple
description compression problem. In this framework, we consider the decomposition of a signal into
a (possibly redundant) WH system, that is however split into two subsystems, each of which is an
incomplete WH set. The coefficients corresponding to both these subsets are then sent over separate
channels. At the other end, the receiver reconstructs from the two sets of coefficients if both channels

function, or from only one set, if one channel is disfunctional. In this type of situation, it is important
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to choose the WH set such that the distortion is as small as possible if only one channel is used.
The problem of finding such an appropriate g' is exactly what we have addressed in this chapter.
It is intresting to note that for such a multiple description framework, it is advantageous to use a
redundant frame for the original WH system. This is therefore a situation in which redundancy is
useful even when one tries to optimize the rate/distortion, a fact that seems counterintuitive. We

shall address this question in detail elsewhere.



Chapter 6

Conclusions

In this thesis I presented some aspects of the coherent sets theory in Hilbert space and some ap-
plications in signal processing. The general theory focused on three important types of coherent
sets: Fourier sets, Weyl-Heisenberg sets and wavelet sets. A Hilbert coherent set is based on a
square-integrable unitary representation of a locally compact group. Once we are given such a
representation, one chooses a generator (an admissible vector of the Hilbert space) and a discrete
subset of the locally compact group. Then the coherent set (associated to the given generator and
the discrete subset) is given by discretizing the continuous orbit passing through the generator, with
respect to the discrete subset.

Fourier sets are associated with the sampling theory. In this case the Hilbert space is the Paley-
Wiener space of band-limited functions. Signal oversampling represents an overcomplete Fourier set
in the space of band-limited signals, which means a frame. The irregular sampling is equivalent
to nonharmonic Fourier series. Thus the analysis of Fourier sets is intimately connected with the
theory of nonharmonic Fourier series and irregular sampling.

Weyl-Heisenberg sets are obtained from a function (called window) by translations and modula-
tions given by a discrete subset of the time-frequency plane. The continuous transform is known in
practice as the windowed Fourier transform.

Wavelet sets are obtained starting again from a function (called wavelet) and then translating

and dilating it with parameters taken from a discrete subset of the time-scale plane.

113
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My analysis concentrates around three problems: stability, localization and density.

In chapter 2 I present a geometric theory of frames, emphasizing certain equivalence relations.
Within an equivalence class, a distance between equivalent frames is introduced. This geometric
study is also used in the next chapter.

In the next chapter I analyze two stability results; one is an extension of Kadec’i—stability
theorem for nonharmonic Fourier series from Riesz bases to frames. The other result generalizes an
observation by Daubechies and Tchamitchian. They showed for Meyer’s orthogonal wavelet that
the Riesz basis property is preserved under small perturbations of the translation parameter. I have
extended this stability property to more general wavelets. This result also shows the time-scale (or
time-frequency) density of the discrete set has no connection with the behavior of the wavelet set
(as opposed to the Weyl-Heisenberg case when the density plays a fundamental role).

In chapter 4 I study the localization of the wavelet generator. An uncertainty inequality is
proved where the lower bound of % (as in the case of the classical Heisenberg uncertainty principle)
is replaced by % This bound comes from the zeroth order vanishing moment property of the wavelet.

In the last chapter I present an application of the Weyl-Heisenberg Riesz bases for their span in
a signal processing problem. The problem is to find the best approximation of a stochastic signal by
Weyl-Heisenberg expansions. This approximation represents the equivalent of the Karhunen-Loeve
expansions in the Weyl-Heisenberg coherent set framework. I further analyze different sources of
error (distortion) when using a Weyl-Heisenberg set in an encoding-decoding scheme. For sufficiently
small quantization interlevel, the total distortion is mainly given by the stochastic approximation

computed before. Some numerical simulations accompany this study.
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