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Problem Formulation
Function Space Formulation

Let T : L2(R) — L?(R) be a positive semi-definite trace-class compact
operator written in integral form

TH0 = [ Ky

Assume K € M*(R?) belongs to the modulation space M* (a.k.a. the
Feichtinger algebra, or the Segal algebra for TF ops).

Let (fx)k>0 be a set of eigenvectors, Tf, = ||fk]|§fk. Thus T =3, fify
and 3 [Ifl}3 = #r(T) < .

Fact: It is known [HeilLars04/08] that f, € M for each k.
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Function Space Formulation

Let T : L2(R) — L?(R) be a positive semi-definite trace-class compact
operator written in integral form

TH0 = [ Ky

Assume K € M*(R?) belongs to the modulation space M* (a.k.a. the
Feichtinger algebra, or the Segal algebra for TF ops).

Let (fx)k>0 be a set of eigenvectors, Tf, = ||fk]|§fk. Thus T =3, fify
and 3 [Ifl}3 = #r(T) < .

Fact: It is known [HeilLars04/08] that f, € M! for each k.

Problem 1 [Feichtinger2004]: Does 3" [|fllap < o0 ?
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Problem Formulation

Function Space Formulation

Let T : L2(R) — L?(R) be a positive semi-definite trace-class compact
operator written in integral form

TH0 = [ Ky

Assume K € M*(R?) belongs to the modulation space M* (a.k.a. the
Feichtinger algebra, or the Segal algebra for TF ops).

Let (fx)k>0 be a set of eigenvectors, Tf, = ||fk]|§fk. Thus T =3, fify
and 3y [l = tr(T) < oo.

Fact: It is known [HeilLars04/08] that f, € M! for each k.

Problem 1 [Feichtinger2004]: Does 3" [|fllap < o0 ?

Problem 2 [HeilLars04]: If the answer is negative to Problem 1, is there a
decomposition T = >, gkgi, not necessarily spectral, so that
Sio gkl <007
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Problem Formulation
Interlude: Modulation space M*

The Feichtinger space M1 is defined as follows. Let g : R — R,
g(x) = e=™ be the Gaussian window. Let

fes o Vf(t,w) = / e 2T (x)g(x — t)dx

be the windowed Fourier transform of f with respect to g. Then

ML(R) = {f € LP(R) , [fllyn = /_O:O /_O; IV, F(£, w)|de dw < oo}.

Radu Balan (UMD) L decompositions



Problem Formulation
oeo

Problem Formulation

Interlude: Modulation space M*

The Feichtinger space M1 is defined as follows. Let g : R — R,
g(x) = e=™ be the Gaussian window. Let

fes o Vf(t,w) = / e 2T (x)g(x — t)dx

— 00

be the windowed Fourier transform of f with respect to g. Then

ML(R) = {f € LP(R) , [fllyn = /_O:O /_O; IV, F(£, w)|de dw < oo}.

Fact: [FeichtGrochWaln92] The Wilson ONB is an unconditional basis in

M*. Let (wp)n>0 denote this Wilson basis. Then we can identify M! with
I1(N) space, with equivalent norms:

MY R) = {f =3 cown , [Ifllpn ~ D leal}.

n>0 n>0
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Problem Formulation
Matrix Reformulation

Consider an infinite matrix A = (Am,n)m,n>0 So that

1A = > [Amal < co.

m,n>0

This implies that A acts on /?(N) as a trace-class compact operator.
Assume additionally A= A* > 0.

Let (ex)k>0 denote an orthogonal set of eigenvectors normalized so that
A=Y ,>oexe;. It is easy to check that e, € /*(N), for each k.
Equivalent problems reformulation:
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Matrix Reformulation

Consider an infinite matrix A = (Am,n)m,n>0 So that

1A = > [Amal < co.

m,n>0

This implies that A acts on /?(N) as a trace-class compact operator.
Assume additionally A= A* > 0.
Let (ex)k>0 denote an orthogonal set of eigenvectors normalized so that

A =340 €kej. It is easy to check that e, € /*(N), for each k.
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Problem Formulation

Matrix Reformulation

Consider an infinite matrix A = (Am,n)m,n>0 So that

1A = > [Amal < co.

m,n>0

This implies that A acts on /?(N) as a trace-class compact operator.
Assume additionally A= A* > 0.

Let (ex)k>0 denote an orthogonal set of eigenvectors normalized so that
A=Y ,>oexe;. It is easy to check that e, € /*(N), for each k.
Equivalent problems reformulation:

Problem 1: Does it hold 3,0 [lex]|Z < oo ?

Problem 2: If negative to prablem 1, is there a factorization

A=Y 0 ffy 50 that s [|fillf < 00 ?
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Factorizations
[ 1]

Tensor Products

Consider A € C"™". We seek "optimal” decompositions of A into a sum of
rank-1 operators: A = >, uxv}.

In this talk we assume A to be positive semi-definite: A = A* > 0.
Criterion 1:

JA) = nf  STAIS

m
A:Zk:1 ffd k=1
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[ 1]

Tensor Products

Consider A € C"™". We seek "optimal” decompositions of A into a sum of
rank-1 operators: A = >, uxv}.

In this talk we assume A to be positive semi-definite: A = A* > 0.
Criterion 1:

A= inf S IAI

A= Zk 1fk k k=1
Criterion 2:

Jo(A) = inf Z 1fill3

*Zk L=

where ¢, € {+1,-1}.
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Factorizations
[ 1]

Tensor Products

Consider A € C"™". We seek "optimal” decompositions of A into a sum of
rank-1 operators: A = >, uxv}.

In this talk we assume A to be positive semi-definite: A = A* > 0.
Criterion 1:

A= inf S IAI

A= Zk 1fk k k=1
Criterion 2:

Jo(A) = inf Z 1fill3

*Zk L=

where ¢, € {+1,-1}.
Criterion 3:

(A= s Zka” 18kl

k1’<gkk 1
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What we know

IA(A min f,
A(A) = N Zkll e kZ_:H kll1llgxll1

Jo(A)= _min Z I1fill3

A= Zk L=

J(A)=  _min Z I3

A= Zklfkkk 1
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What we know

IA(A min f,
A(A) = s kZ_:H kll1llgxll1

Jo(A)= _min Z I1fill3

A= Zk L=
J(A)=  _min Zkalll
A= Zk lfkk k=1

1. Jn, Jo, J are positive, homogeneous, and convex on Sym™(C").
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A= Zk L=
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Factorizations
oe

What we know

IA(A min f,
A(A) = s kZ_:H kll1llgxll1

Jo(A) = min Z I1fill3

A= Zk L=

J(A)=  _min Z I3

A= Zklfkkk 1

1. Jn, Jo, J are positive, homogeneous, and convex on Sym™(C").
2. Jp, Jo extend to norms on Sym(C").
3. The following hold true:

ijlAil =t Al = Ia(A) <
[Al[, = JA(A) < Jo(A) < J( ) < nllAll, , YAe Sym*(C").

Jo(A) < 2||All, , VA€ Sym(C").
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Central Example

Consider the identity matrix /, and two possible decompositions:

n n—1
*
In = E 5/(5/( = E emke:’k
k=1 k=0

where {Jy } is the canonical ONB, and {ey x }« is the Fourier ONB:
ek = 1 [ 1 e-2mik/n ... g=2mik(n-1)/n |T

NG
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Central Example

Consider the identity matrix /, and two possible decompositions:
n n—1
In = Z 5k5/t = Z e,,7ke;7k
k=1 k=0
where {Jy } is the canonical ONB, and {ey x }« is the Fourier ONB:

T

NG

enk = [1 e—2mik/n .. g=2mik(n—1)/n

Note:

Z Héka =n=||ls||, = J(In) = "good decomposition”
k=1

n—1
Z Hen,kHi = n? = nJ(l,) — "bad decomposition”
k=0
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The CounterExample
Block Diagonal Form

We construct an example that answers negatively problem 1, but positively
problem 2.

Theform: T=T1 T ®--- T, -

T }
1>
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The CounterExample

Each block T, is diagonalized by the Fourier ONB, and has positive simple
eigenvalues:
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The CounterExample

Each block T, is diagonalized by the Fourier ONB, and has positive simple
eigenvalues:

Thus:
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Problem 1

Negative Answer

The eigendecomposition of T is

n—1 1 P
T:Zankak ) fnk—? 1+ﬁen,k
n>1 k=0
Then
n—1 ) n—1 1 k 1
PIDIIIHED DD DIETCESIED IS
n>1 k=0 n>1 k=0 =1

Hence the answer to problem 1 is negative: There is an operator
S:f— Sf(x) = [ K(x,y)f(y)dy with K € M}(R?) and S = S* >0, so
that its spectral decomposition S = 7,4 (-, fi)fx satisfies

S fllin = oo
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Problem 2

Positive Answer

We show now that same operator T we constructed earlier admits a

decomposition T = )", gmgn, so that >, HgmH? < o0.
Notice:

1 n—1 k 1 n—1 1 n—1
Tn = ﬁ I;) (1 + np) enden’k = ﬁ I;)(skék + m I;)ken,ken’k

Thus the induced decomposition

n—1 n—1
Th = Z 81,0 k81.nk T Z 82,n.k85.n k
k=0 k=0
satisfies
n—1
1 1 nn—=1) 1 1
2 2 _ - N =T i _
l;l!gl,n,k\\l tlleznklli= 5+ =5 S5t

Radu Balan (UMD) L* decompositions



The (Counter)Example
0000000

Problem 2

Positive Answer - cont’d

Thus:
n—1
* *
T=E g1.nk&lnk+ 82nkE5nk
n>1 k=0
satisfies

n—1
1 1
2 2
Z Z Hgl,n,kHI + Hg27,,7k\|1 < g ﬁ + ﬁ < 00
n>1 k=0 n>1
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Problem 2

Positive Answer - cont’d

Thus:
n—1
* *
T=E g1.nk&lnk+ 82nkE5nk
n>1 k=0
satisfies

n—1
2
SN gkl + g2k

1 1
|i3272+7 < 00
n n
n>1 k=0 n>1

p

Hence the answer to the second problem is affirmative: There is an
operator S = S* >0, f — Sf(x) = [ K(x,y)f(y)dy with K € M(RR?)
that admits a decomposition S = 37,1 (-, 8k)8« that satisfies

Yok Hgk||%/,1 < 00, but whose spectral decomposition does not satisfy the
same localization condition.
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Open Problem

A remaining open problem:ls there a universal constant Co > 1 so that for
any n > 1 and every positive semidefinite A € C"*",

JAY = min &< G D Al ?
A=Y fify ij=1
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Open Problem

A remaining open problem:ls there a universal constant Cy > 1 so that for
any n > 1 and every positive semidefinite A € C"*",

n
. 2
JA) = min Ifill; < G D Al ?
A=) fify ij=1
Why we care?
If the answer is positive, it follows that, given a trace-class positive

semidefinite operator T : f — Tf(x) = [ K(x,y)f(y)dy the following two
statements are equivalent:

O K e MY(R?).
@ There are functions gx € M*(R) so that
T= Z <‘7gk>gk

k>0

and 3 >0 Hng%ﬂl < 0.
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