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Problem Formulation

The phase retrieval problem

o Hilbert space H=C", H=H/T!, frame F = {f;,--,fn} C C" and
a:H—R" ) a(X) = (‘(X, fk>|)1§k§m‘

B:iH =R B(x) = (I(x f)P)

The frame is said phase retrievable (or that it gives phase retrieval) if
a (or () is injective.

1<k<m'

@ The general phase retrieval problem a.k.a. phaseless reconstruction:
Decide when a given frame is phase retrievable, and, if so, find an
algorithm to recover x from y = a(x) (or from y = (x)) up to a
global phase factor.
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Problem Formulation

Lipschitz Reconstruction

Assume F is phase retrievable.
Our Problems Today:

@ Are the nonliner maps «, 8 bi-Lipschitz with respect to appropriate
metrics?

@ Do they admit left inverses that are globally Lipschitz?

© What are the Lipschitz constants? What is the structure of local
Lipschitz bounds?

@ What is the average performance of any reconstruction scheme
(Cramer-Rao Lower Bounds)?

1-3: Worst Case Performance
4: Average Case Performance
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Metric Space Structures

Topological Structures

Let H = C". The quotient space A= C"/T*, with classes induced by
x ~ y if there is real ¢ with x = e¥y.
Topologically:
Cn = {0} U ((0,00) x CP" 1)
with .
C"=Cn\ {0} = (0,00) x CP"*
a real analytic manifold of real dimension 2n — 1.

Another embedding is into the space of symmetric matrices Sym(C").
Specifically let

SYO(H) = {T = x* € Sym(H) , x € C"}

Then:

kgt H— S0 | %= xx* , is an embedding.
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Metric Space Structures

The matrix norm-induced metric structure

Fix 1 < p < 0o. The matrix-norm induced distance
dp: HxH—=R, dp(%,9) = [[xx" — yy*[l,

with the p-norm of the singular values. In the case p = 2 we obtain

do(x,y) =V IIxI* + Iyl = 21(x, )2

Lemma (BZ15)

(1) (d )1<p<oo are equ1va/ent metrics and the identity map
- (H,d,) — (H,dy), i(x) = x has Lipschitz constant

1

L/ppqn = max(1, 25_7).

Q@ The metric space (H,d ) is isometrically isomorphic to S'° endowed
with the p-norm via kg : H— 8% | x— rg(x) = xx*.
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Metric Space Structures

The natural metric structure

Fix 1 < p < oco. The natural metric
Dp:FHx H—=R, Dp(%,9) =min|x — ey]|,
©
with the usual p-norm on C”. In the case p = 2 we obtain

Da(%,9) = /IxIP + Iy lI? = 2I(x. )|

Lemma (B
O (Do)
i:(H,

Z15)
1<p<oco are equ:valent metrics and the identity map

Dp) — (H, D), i(x) = x has Lipschitz constant

. D 1_1
Lipy 4 n = max(1,ns »).

© The metric space (H D2) is Lipschitz isomorphic to S 1.0 endowed
with the 2-norm via kg - H = S0 | x = kqa(x) =

xx*
T ||

o
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Distinct Structures

Two different structures: topologically equivalent, BUT the metrics are
NOT equivalent:

Lemma (BZ15)

The identity map i : (H, Dp) — (H, dy), i(x) = x is continuous but it is
not Lipschitz continuous. Likewise, the identity map

i:(H,dy) — (H,D,), i(x) = x is continuous but it is not Lipschitz
continuous. Hence the induced topologies on (H, D,) and (H,d,) are the
same, but the corresponding metrics are not Lipschitz equivalent.
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Main Results

Lipschitz inversion: «

Theorem (BZ15)

Assume F is a phase retrievable frame for H. Then:

Q The map a: (H,Dy) — (R™, | - ||,) is bi-Lipschitz. Let \/Aq,/Bo
denote its Lipschitz constants: for every x,y € H:

m

. i 2 . i 2

Ao min [[x — ey, < 37 [I6x, fidl = [{y. fll* < Bomin [x — e¥yll;.
k=1

@ There is a Lipschitz map w : (R™, || - ||,) — (H, Dy) so that: (i)

w(a(x)) = x for every x € H, and (ii) its Lipschitz constant is
; < 44+3v2 _ 824
Lip(w) < 5755° = V&
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Lipschitz inversion: (3

Theorem (BZ15)

Assume F is a phase retrievable frame for H. Then:
Q Themap §:(H,dy) — (R™,| - ||,) is bi-Lipschitz. Let V/ao, vV bo
denote its Lipschitz constants: for every x,y € H:

m
2
aolloc” = yy* 11§ < D0 (10, A2 = [y )| < bollroc = yy* |3
k=1
© There is a Lipschitz map ¢ : (R™, | - |,) — (H, d1) so that: (i)
Y(B(x)) = x for every x € H, and (ii) its Lipschitz constant is
; 4+3v2 _ 824
Lip(y) < *55% = V- |
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Main Results

Statistical models

@ A general noisy measurement process is given by:
e =[x, ) + kP v, 1< k<m,

where (pux)k, (Vi )k are two noise processes.

Radu Balan (UMD) Bounds in Phase Retrieval
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Main Results

Statistical models

@ A general noisy measurement process is given by:
e =[x, ) + kP v, 1< k<m,

where (pux)k, (Vi )k are two noise processes.
e AWGN Model: i =0, p =2 and v, ~ N(0,0?) i.i.d.

Vi =P +vk , 1<k<m.
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Main Results

Statistical models

@ A general noisy measurement process is given by:
e =[x, ) + kP v, 1< k<m,

where (pux)k, (Vi )k are two noise processes.
e AWGN Model: i =0, p =2 and v, ~ N(0,0?) i.i.d.

Vi =P +vk , 1<k<m.

e NOH—AWGN MOdel: Mk ~ CN(O,[)2), IId and Vi = O,
Ve =|[{(x, fi) + P, 1< k<m.
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Statistical models

@ A general noisy measurement process is given by:
e =[x, ) + kP v, 1< k<m,

where (pux)k, (Vi )k are two noise processes.
e AWGN Model: i =0, p =2 and v, ~ N(0,0?) i.i.d.

Vi =P +vk , 1<k<m.

@ Non-AWGN Model: p ~ CN(0, p?), i.i.d. and v = 0,
ye =0 fi) +l? o 1< k<m.
Want:
1) Fisher Information Matrix I =E[(Vx log p(y;x))(Vx log p(y; x))*].

2) Cramer-Rao Lower Bounds for unbiased estimators.

Radu Balan (UMD) Bounds in Phase Retrieval
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Fisher Information Matrix

4 4 &
GN,rea
[AWGN real () — = k}ﬂ: |(x, i) |2 F ] = — /;(fkfkT)xxT(fkfkT) [Bal12].
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Main Results

Fisher Information Matrix

4 4 &
GN,rea
[AWGN real () — = k}ﬂ: |(x, i) |2 F ] = — kzjl(fkfkT)xxT(fkfkT) [Bal12].

4 m
TAWGNcplx () — — Z d 87Dy [Ball3, BCMN13|.
k=1
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Main Results

Fisher Information Matrix

m m

4 4
-2 kZl |(x, fi) P f = 32 ;(fkfkT)XXT(fkfkT) [Ball2].

]IAWGN,reaI(X)

4 m
TAWGNcplx () — — Z d 87Dy [Ball3, BCMN13|.
k=1

TNenAWGN cp () — 14 i (Gl ((Cbkpi, §>> B 1) ey

I AR .
- ZZGZ( r >(¢k§,§>¢k§§ ) [Balls].

where

Gi(a) = S /OOO KD oSt . Gya) = a(Gi(a) 1),

Radu Balan (UMD) Bounds in Phase Retrieval
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Main Results
AWGN vs. non-AWGN: Comparisons and Identifiability

Let B be the frame upper bound.

Lemma

2 B||x||? 2
(;4 (Gl( Hp);H )_ 1) ]IAWGN,cplx(X) < ]InonAWGN,cPIX(X) < %HAWGN,cpIX(X)

p
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Main Results
AWGN vs. non-AWGN: Comparisons and Identifiability

Let B be the frame upper bound.

Lemma

2 B 2 5
14 (Gl( H);H ) . 1) ]IAWGN,cplx(X) < ]InonAWGN,cplx(X) < %HAWGN,cpIX(X)
P P P

v

Theorem

The following are equivalent:
@ The frame F is phase retrievable;
@ For every 0 # x € C", rank(I"oMAWCN.cPix(x)) = 2n — 1;
© For every 0 # x € C", rank(IAWEN-cPX(x)) = 2n — 1;

V.

Radu Balan (UMD) Bounds in Phase Retrieval
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Main Results
The Cramer-Rao Lower Bound
Fix z0 € C", ||z0]| = 1, let (o = [real(zo) imag(zo)] " and set

Q= {€ € R, (£,G0)) > 0, (€, JCo)) = 0}.

Let M, =1 — J(o(5J* with J the symplectic form matrix.
Theorem (Ball3,Bal16)

Assume a measurement model yi = |(x, fx) + pk|P + vk with
¢ = [real(x) imag(x)]™ € Q. Then the covariance of any unbiased
estimator w : R™ — R?" js bounded below by

Covlw(y): €] > (MuL(EM,)T = L7 (I0))TL

where L = | — @JC&TJT. If the reference vector happens to satisfy

(o= ﬁ then
Cov|w(y); €] > (H(f))T-

Radu Balan (UMD) Bounds in Phase Retrieval
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Main Results

The Cramer-Rao Lower Bound - The Oracle-Based Estimator

A different case is the oracle-based estimator:

o i sesty .
XxEt - RM _s Cn ’ Xest(y) — emp(x,x )Xest

fest
¥
@
X Oracle

Radu Balan (UMD) Bounds in Phase Retrieval
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The Cramer-Rao Lower Bound - The Oracle-Based Estimator (2)

Theorem

Consider the oracle based estimator. w and assume it is unbiased. Then for any £ # 0
the covariance matrix is bounded below as follows

Covls(y)i €] = (1 — AYIE) (I — A) (3.1)
where
~ ((w, JE)Y? .
A = Bl @yt (@ iepne
(,6)(w, JE)
(@) + ({0, JOP)

(w, )2 ;T
i ((<w,£>)2+(<w,J§>)2)3/2J‘*’W I (3.2)

+ 75 (Jww” +wwJ7)

The matrix A satisfies:

A=AT> L
4]

Radu Balan (UMD) Bounds in Phase Retrieval
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Main Results
Prior Works

Prior literature:

@ 2012: B.: Cramer-Rao lower bound in the real case;
Eldar&Mendelson : map « in the real case

la(x) = aly)ll = Clix = yllllx + |-

@ 2013: Bandeira,Cahill,Mixon,Nelson: improved the estimate of C.
B.: 8 bi-Lipschitz in real and complex case.

e 2014: B.&Yang: Find the exact Lipschitz constant for « in the real
case - the constants Ay, By; B.&Z.:constructed a Lipschitz left
inverse for 5.

@ 2015: B.&Z.: Proved « is bi-Lipschitz in the complex case;
constructed a Lipschitz left inverse. B.: lower Lipschitz constant Ag
connected to CRLB of a non-AWGN model.

Radu Balan (UMD) Bounds in Phase Retrieval
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Main Results

Key relationship between deterministic and stochastic bounds

The central object: R(£) = .71 ®&ET b,
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Main Results

Key relationship between deterministic and stochastic bounds

The central object: R(£) = .71 ®&ET b,
The lower Lipschitz bound for 5 map is:

ap = min Aop—1(R .
0= g, Ao (REE)
The Fisher information matrix for the AWGN model:

4
]IAWGN,cpIX(X) _ ?R(é-)
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Main Results

Key relationship between deterministic and stochastic bounds

The central object: R(£) = .71 ®&ET b,
The lower Lipschitz bound for 5 map is:

ag = min Aop_1(R .
0= g, Ao (REE)
The Fisher information matrix for the AWGN model:
i 4
]IAWGN,cpI (X) _ ?R(f)
Best inversion scheme 1 that is lossless in the absence of noise achieves:
68
(), ¥(d))* < lle = dl3.

An efficient estimator (i.e. unbiased that achieves CRLB) w® achieves:

2n—1)0? 2n-1
E |||w® — X 2;x <( = .
1) = xlaix] < 2 = 32 i

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs

Overview

Deterministic bounds: The proofs involve several steps (details in [BZ15]).

@ Part 1: Injectivity — bi-Lipschitz: Upper bounds are not too hard;
lower bounds: relatively easy for 5 (the "square” map), but relatively
hard for a.

@ Part 2: Left inverse construction is done in three steps:

@ The left inverse is first extended to R™ into Sym(H) using Kirszbraun's
theorem:;

@ Then we show that S¥O(H) is a Lipschitz retract in Sym(H);

© The proof is concluded by composing the two maps.

The stochastic bounds: Direct computations and a bit of luck! [Ball5]

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs
Part 1a: Bi-Lipschitzianity of «

a:H=R™ . alx) = (1(x, i) )1<kem
The homogeneity of « shows that
la(x) — a(y)l
L(ix,y) = ——F7——
5 = D)

is homogeneous of degree 0: L(tx,ty) = L(x,y), for every t > 0.
This reduces the problem to the unit ball: 1 = ||x|| > ||y
The upper bound was computed in [BCMN13]:

p 120 —aIP

(upper frame bound).
XF#y D2(Xa )/)2

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs
Part 1a: Bi-Lipschitzianity of a - cont'd

A compactness argument shows the lower bound is positive if and only if
the local lower bound is positive:

2
inf fim inf 10 ZaWlla
lzl=1r=0 «yef Da(x,y)
Dy (x,z)<r

D2(y72)<r

This bound is computed explicitely and shown positive: Computations
involve the realification framework and other delicate nonlinear expansions.

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs
Part 1b: Bi-Lipschitzianity of g

Key Remark (B.Bodmann,Casazza,Edidin - 2007): The nonlinear map £ is
the restriction of the linear map

A Sym(H) = R™ . A(T) = ((Th, f))1<k<m

Specifically: 5(x) = A(x*) = (|(x, fi)[*)1<k<m.

[18(x) = BWII = [[AGx™) = ALy ™) = [[AG™ = yy )
* * XX*_yy*
= | = yy*l[|A (Hxx*—*) |
yy*|
A(T)| >0 by = A(T
a = Teslrphr;” ATl , bo Teslr’p%”l:l\\ @l

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs

Part 2a: Extension of the inverse for «

We know « : (A, Dy) — (R™, ]| - ||,) is bi-Lipschitz:

AoD1(x,y)? < [la(x) — a(y)||> < BoDa(x, y)?
Let M = o(H) Cc R™.

M = a(C™)

Radu Balan (UMD)

Bounds in Phase Retrieval
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Proofs

Part 2a: Extension of the inverse for «

First identify H with S1O(H).

M = a(C™)

Sym(H)

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs

Part 2a: Extension of the inverse for «

Then construct the local left inverse wy : M — H with Lip(w1) = ﬁ.

| M = a(C)

Sym(H)

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs

Part 2a: Extension of the inverse for «

Use Kirszbraun's theorem to extend isometrically wo : R™ — Sym(H).

| —_— M = a(CY)

Sym(H)

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs

Part 2a: Extension of the inverse for «

Construct a Lipschitz "projection” 7 : Sym(H) — SYO(H).

Kg

= M = a(C")

Sym(H)

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs

Part 2a: Extension of the inverse for «

Compose the two maps to get w : R™ — SY0 w = 710 ws.

Ko

Bl # M = a(C")

Sym(H)

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs

Part 2b: Extension of the inverse for g

We know 8 : (H,di) — (R™,]| - |,) is bi-Lipschitz:

a0di(x,y)? < ||B(x) — B(y)II> < bodi(x, y)>.
Let M = B(H) c R™.

M = B(C")

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs

Part 2b: Extension of the inverse for g

First identify H with S1O(H).

M =B

Sym(H)

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs
Part 2b: Extension of the inverse for g
Then construct the local left inverse 1; : M — H with Lip(1;) = \/—1;0

Kp

wl ...,,..., - ,
L /

Sym(H)

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs

Part 2b: Extension of the inverse for g

Use Kirszbraun's theorem to extend isometrically ¢ : R™ — Sym(H).

Kp

M = p(C")

Sym(H)

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs

Part 2b: Extension of the inverse for g

Construct a Lipschitz "projection” 7 : Sym(H) — SYO(H).

Kp

- ) [ M=y

Sym(H)

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs

Part 2b: Extension of the inverse for g

Compose the two maps to get ¢ : R™ — SY0 o) = 7 0 9hs.

g

Y- M = B(C")

Sym(H)

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs
Part 2: SY°(H) as Lipschitz retract in Sym(H)

Lemma

Consider the spectral decomposition of the self-adjoint operator A in
Sym(H), A=¢_, Am(k)Px- Then the map

7 Sym(H) — SYO(H) |, 7(A) = (A1 — \2)Ps

satisfies the following two properties:

Q for 1 < p < oo, it is Lipschitz continuous from (Sym(H), || - || ,) to
(S™O(H), || - II,) with Lipschitz constant less than or equal to
34245,

@ 7(A) = A for all A€ SYO(H).

v

Proof uses Weyl's inequality and spectral formula on a complex integration
contour by Zwald & Blanchard (2006).

Radu Balan (UMD) Bounds in Phase Retrieval
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Assume simple top eigenvalues (otherwise the bound is immediate):
m(A) = (A1 — X2)P1, 7(B) = (1 — p2) Q1. Then:

[m(A) —x(B)ll, < (A—A)IPr—Qull,+ A1 — paf + | A2 — p2]
< (M= 2)[PL— Qi +2|A- B,
X 1P1— @Qull, < % /IH(RA — Re)(7()ll o1/ (1) |dt
o S Ra(z) = (A—zl)", Rg(z) = (B — zI)~*
! (Ra = Re)(2) = Zjl(fl)"(RA(z)(B — A))"Ra(2).
I(Ra — Re)(v(t)l, < ;HRA £)% A~ Bl
” IRa(v(1))II5]IA = BIl, 1A - Bll,

T 1= [Ra(y () lJA— B, = dist2(+(t), Spec(A))

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs
Part 1: Bi-Lipschitzianity of a-cont'd

The analysis requires a deeper understanding of local behavior.
© The global lower and upper Lipschitz bounds:

poe inf 10 a0 o e ()l

x,yeH D2(X7y)2 ’ x,yeH D2(X7y)2

@ The type I local lower and upper Lipschitz bounds at z € A:

At np 10000 L et — a3

r=0 «yel Da(x,y)? r=0 el Ds(x,y)?
Dy(x,z)<r Dy(x,z)<r
Dg(y,z)<r Dg(y,z)<r

© The type Il local lower and upper Lipschitz bounds at z € A:

ar s e —a@lE moy lo(x) — a(2)l13
S B Ay 7 o s S XCRO
D> (x,z)<r Dy(x,z)<r

Radu Balan (UMD) Bounds in Phase Retrieval
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Proofs
Part 1: Bi-Lipschitzianity of a -cont'd

We need to analyze the real structure of H.
Let @1, om, ¢ € R, &1, -+ dpy € Sym(R?"), J € R2™%2" defined by:

0 —I B
’J_[In 0 ‘|)C_

Key relations: (z, fk) = (C; k) + (¢, Jpi), (2, )| = V(®kC, C)-

Consider the following objects:

real(fy)
imag(fy)

real(z)

O = orph +orel I o = imag(z)

R :R2 — Sym(R>") , R(£) = i TPy, L R
k=1

pEeT Oy, £ € R

1
SR — Sym(R*") , S(¢) =
ym( ) ( ) k:g;;éo <¢k§7§>

Radu Balan (UMD) Bounds in Phase Retrieval



Proofs
00000000000000000000e0

Proofs

Lipschitz bounds for «

Theorem (BZ15)

Assume F is phase retrievable for H = C" and A, B are its optimal frame
bounds. Then:

Q Forevery 0 # z € C", A(z) = Aan—1(S(C)) (the next to the smallest
eigenvalue);

@ Ay = A(0) > 0;

Q Forevery z € C", A(z) = Xan_1 <S(C) + 2 ki(z,f)=0 Cbk) (the next to
the smallest eigenvalue);

Q A(0) = A, the optimal lower frame bound;

@ Forevery z € C", B(z) = B(z) = \; (S(C) + 2 ki(z,f)=0 CDk) (the
largest eigenvalue);

@ By = B(0) = B(0) = B, the optimal upper frame bound:
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Proofs
Lipschitz bounds for g

Theorem (cont'd)

Q@ Forevery0+# z e C", a(z) = 3(z) = Aan_1(R(C))/|Iz||? (the next to
the smallest eigenvalue);

Q Forevery 04 z € C", b(z) = b(z) = M (R(C))/||z||? (the largest
eigenvalue);

Q ap = min¢j=1 \2n-1(R()) is also the largest constant to that
R(€) > ao(ll€]*/ — Je€TIT);

@ b(0) = b(0) = by = max|¢|=1 A1(R(§)) is also the 4th power of the
frame analysis operator norm T : (C", | - [|,) = (R™, || - ||,):
bo = || Tl B2y = Max|x,=1 Sy |, fi)|*;

® 3(0) is given by 3(0) = miny Sy |{z. Al

v

Radu Balan (UMD) Bounds in Phase Retrieval
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