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Abstract

The Office of the Secretary of Defense/Acquisition and Technology (OSD/A&T),
has a need for an optimization tool to use in their Distributed Command and
Control System for nuclear assets. Several factors combine to imply that an
Interior Point Method (IPM) for optimization would be applicable as it can easily
address conic problems and it maintains iterate feasibility once a feasible point
has been attained. The research presented herein addresses the stability of the
Interior Point Method. In addition to using the standard techniques of
factorization and iterative solution, the normal equations for the IPM will be
preconditioned using an inverse obtained from the constraint matrix (specifically
the inverse of 4 A7) to reduce the condition number for ill-conditioned problems.
The proposed preconditioner was tested on several benchmark datasets in the
NETLIB as a surrogate for the (classified) OSD/A&T dataset.  Although the
proposed preconditioner improved the stability on some of the test problems, it
did not compare favorably with either the factorization or iterative solution
techniques in either an average or majority sense. Thus, the added expense is not
recommended as a general approach to improving performance of the IPM.
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Introduction

The Office of the Secretary of Defense/Acquisition and Technology (OSD/A&T), has a need for
an optimization tool to use in their Distributed Command and Control System for nuclear assets.
Although the problem is presently couched in a linear format, there is a potential for the
constraint set to become more complex in the future, transitioning the optimization problem from
a linear optimization to a second order conic optimization. Furthermore, the criticality of the
application mandates that the optimization system be robust with respect to variations in the
values used therein. Finally, changes in the system state should generally be in a subset of the
full dimension of the problem, thereby suggesting that subsequent solutions will usually be
similar. These factors combine to imply that an Interior Point Method for optimization would be
applicable as it can easily address conic problems and it maintains iterate feasibility once a
feasible point has been attained. The research proposed herein is intended to address the stability
of the Interior Point Method in situations where the problem is ill-conditioned.

Background

A general linear optimization problem can be expressed as:

minc! x

X

subject to :
Ax=b
x>0
The dual to this problem is:

max b’ y
y

subject to :
ATy +z=c
220

where the original problem being has changed from one using x (the “primal” variable) to one
using y (the “dual” variable) and z (the “slack” variable), and the optimization is changed from
minimization to maximization. We define the “duality gap” as p=x'z. If p=0, both problems
yield the same solution. Numerically, this pair of problems can be reduced to solving a linear
system of equations:

Z 0 X| Ax He— Xz
A 0 0| Ay|=| b-A4Ax
0 A" 1| Az c-A"y—z

where X refers todiag(x)and eis avector of ones(1's)
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This system of equations is usually reduced to a system for the dual variable (y) of the form:
AD?A"Ay=b
where D* = X' Z, whichis a positive definite diagonal matrix
Thus, as p =20, a family of solutions, (x,),z), can be generated that approaches the constraint set
from within the feasible region. (Although not germane to this research, details on the

development of the “dual” problem and the reduced system of equations are presented in
Addendum A for the interested reader.)

Motivation

In solving the reduced system of equations, the condition number of the matrix AD’A” increasing
as one approaches the constraint set. Consider the following canonical problem:
min (-X1 - 2X2)
subject to the constraints:

-2X1 + X2 + X3 =2
-x; +2x, + X4 =17
x; + 2X2 + X5 = 3

X135 X235 X35 X435 X5 >0
which in matrix form is:

-2 1100 2
¢"=[-1 =2 0 0 0] 4=|-1 2 0 1 0| b=|7
1 2001 3

and the closed form solution is:

0<x, <1% x = 3-2,
0

X5 = x, = 8-5x,
x, =10 - 4x,
The dual form of this problem is:
max 2y +7y,+3y3)

y
subject to the constraints :

2y =yt y; + y=-1

Vit2y+2y3 + 2p=—2

N1 + 3= 0
Ap) T Y=

For which one can show the solution to be:
y=[0 0 1] ana z=[0 0 0 o 1]
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The optimal value (maximum) produced by this dual problem is “-3”, the exact same optimum
(minimum) value produced by the original (or primal) problem. Note that xz = 0 at the
combined optima. The product x”7 is referred to as the “duality gap” and is denoted as p.

The set of plots below (Figures 1 and 2) depict the condition number for AD’A” and D? as the
parameter u decreases on successive iterations. Comparing the two plots, it is clear that the
condition number for AD’A” does not continue to grow as the condition number for D? does.
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Figure 2 Condition Number History for AD*A" Figure 1 Condition Number History for D2

Next, multiply the first term in the constraint matrix (4) by 107 to increase the condition number
of AA” from 11 to ~3.88 * 10". The condition number plot for this ill-conditioned system is
shown in Figure 3 and it exhibits the same behavior as the well conditioned system. This
indicates that the 4 and A” terms act to ameliorate the tendency of D’ to become ill-conditioned
as iterations approach the constraint set.

2AT ”
Since A and A" appear to act to ameliorate ADA" Condition Number
the tendency of D’ to become ill-conditioned ’|015
in forming AD’A”, it is proposed that pre-
multiplying the reduced set of equations by
447" will improve the numerical behavior -
of the IPM as iterations approach the 14
constraint set by reducing the condition ]
number. The choice of (44”)” instead of
(AA") for preconditioning is motivated by
the following relationship in the case where
the constraint matrix (4) is square (and 10" ‘ ‘
invertible): 1 6 11 16

Iteration Number

Figure 3 (Ill-)Condition Number History for AD*A”
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5/20/2008 Page 4 of 14



Final Report on:
Improving Performance of the Interior Point Method by Preconditioning
-- Application to Distributed Command and Control --

In this case, (447)74AD’A" s T.\-1 T -
equivalent to (A")'D’A", which is a gAA ) ADZA Condition Number
similarity transform on D’, suggesting 10 : :
that (447)'AD’A" may be well _
behaved. Applying this &
preconditioning (by (44”)") to the E
ill-conditioned test problem shown 3
above produces the condition number ~
plot shown in Figure 4 as the iterations .9
increase and the solution approaches -o 10 . 4
the constraint set. The (44") IADZAT ]
condition number ranges between O
approximately eight and two hundred, 0
which is significantly smaller than the 10 1 é 1‘1 16
non-conditioned value for AD’A"
(which is greater than 3*10"%). Based
on this positive result, it was deeme
to be worthwhile to pursue the use of (44”)” as a preconditioning matrix for the linear system of
equations that must be solved in generating the IPM iterates.

107

N

tio

Iteration Number
Figure 4 (I1I-)Condition Number History for (AAT)'IADZAT

The final issue in using the proposed preconditioned IPM is in the method used for generating
the solution of the linear system. The most prevalent approach is to factor the AD’4" matrix by
Cholesky factorization and then solve the simpler sets of equations (by backward/forward
substitution). Factorization has the benefit of halving the power of the condition number (for
example, from 10'* to 107). In cases where the power becomes very large, this can be
insufficient, hence, the search for an alternate approach. Nonetheless, the benefits of this
approach are not to be ignored as a possible adjunct to the (new) approach being investigated.
An alternate approach to directly solving the system of equations is to solve them iteratively by
the conjugate gradient method. The conjugate gradient method frequently makes use of a
preconditioner, which makes it compatible with the concept of using preconditioning in the IPM.
Since the IPM solves a succession of similar problems, each solution should be in the
neighborhood of the previous one; thus, a starting point for the preconditioned conjugate gradient
(PCG) method is readily available. The rationale for the factorization and iterative solution
techniques are detailed in the following paragraphs.

Benefit of Factorization

The general problem we are solving is of the form:

AD?*A" Ay = 0 (where O stands for something that is not important at the moment)
where D* ~ diag(x/z)

Re-writing this by splitting D in half (D*=D"D) produces:
AD?*A" Ay =ADD"A" Ay =0
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Next, construct the QR factorization of DTA” so that:
D'A™=QR

where Q is an n by n and orthonormal matrix and R is an n by m upper triangular matrix

Substituting for ADD"AT gives:
. R
[ROJQ" Q 0 Ay

where the rectangular matrix R is represented by its square non-zero upper part (“R”) and
its zero lower part “0”.

After multiplying this out and dropping the zero parts, we get:
R'Q'QR Ay =0

Since Q"Q =1 from the orthonormal nature of Q, we have
R'RAy =0

This equation can be solved for Ay simply using forward and backwards substitution. By this
approach, the Cholesky Decomposition (R'R) of AD?A" is obtained without using AD?’A" but
“only half of it” (DTA") for much better stability.

Benefits of Iterative Solution

The Interior Point Method solves a series of problems that are successively closer
approximations to the constrained problem being solved. Since the purpose of each solution is to
provide an initial value to use in the next iteration of the IPM, the earlier solutions need not be
exactly determined. Thus, approximate solutions to the linear system of equations in the IPM
iterations can be used to improve computational efficiency. The conjugate gradient method is
one very powerful iterative solution technique that is particularly suited to preconditioning.
Thus, it will be examined for its impact on stability by linking the CG solution tolerance to the
duality gap of the IPM. Specifically, the CG solver tolerance and the IPM duality gap were each
halved for successive steps. This permitted the IPM to require only one iteration in each step to
achieve the desired duality gap, once it had exited the initialization stage.

Performance Metrics

In order to compare the performance of these three algorithmic components on the stability of
the IPM, a set of performance metrics are required. Since stability is the primary focus of this
research, it will be assessed in two ways. First, the condition number of the matrix being solved
for the dual increment (Ay) at the solution will be used to used as a measure of the numerical
difficulty involved in solving the linear system of equations. Then the “smoothness” of the three
solution variables (x, y, and z) will be examined to determine the extent to which the solution
undergoes rapid oscillations or switches between alternate solution sets. This will be measured

5/20/2008 Page 6 of 14



Final Report on:
Improving Performance of the Interior Point Method by Preconditioning
-- Application to Distributed Command and Control --

by the infinity-norm of the successive increments of these variables. This will collect the sum of
each of the absolute values of the changes between iterations. Although stability is the primary
concern, information on the number of iterations required to achieve a specified solution
tolerance and the execution time required will be collected to assure that a stable but extremely
inefficient algorithm is not selected. Relative to the execution time metric, it should be
remembered that the conjugate gradient algorithm was designed to enhance visibility of its
intermediate operations and is not as efficient as commercially available CG routines. Likewise,
the initialization routine was specifically designed to produce valid, but inaccurate starting points
so that the algorithms would be forced to work harder.

Development Process

The development environment for this project revolved around Matlab, so that C++ would be
available for areas where it could confer significant speed improvements. The use of Matlab also
permitted concurrent Verification and Validation (V&V) by use of built-in Matlab solution
routines to generate solutions by alternate means at each stage of the process. This also allowed
for risk mitigation by providing an alternate path to produce intermediate computational results
within the overall architecture of the Preconditioned IPM (PIPM) system. Thus, the goal of
evaluating the efficacy of this scheme was virtually assured, independent of software
development issues. Combining the benefits of the development environment with a staged
development permitted several assessment points throughout the generation of the desired PIPM
system.

The main components developed in support of this investigation are:
e An IPM module
e A module to develop the factorization
0 The QR factorization of DA” was used to generate the Cholesky factorization of
AD’A”.
e A module for the (preconditioned) Conjugate Gradient solution

0 A module was developed instead of using a commercially available routine to
permit better access to intermediate computations.

e An initial value generation module

0 This module was structured to generate valid initial values that were not optimal
so that the solution algorithms would not have trivial problems

e A module to load data and set up the problem
¢ A module to compute or collect statistics:

1. Execution time

2. Number of iterations required

3. Final Condition Number
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4. Solution variability throughout the iteration process.
¢ And a main routine to manage execution of the eight combinations of algorithms
Basic IPM (no preconditioning, no factorization, no conjugate solver)
Basic IPM plus preconditioning
Basic IPM plus factorization
Basic IPM plus preconditioning and factorization
CG solver IPM (no preconditioning, no factorization)
CG solver IPM plus preconditioning
CG solver IPM plus factorization

A o

CG solver IPM plus preconditioning and factorization

Testing/V&V Plan

In addition to concurrent testing using the canonical problem shown and the “AFIRO” linear
programming problem obtained from Dr. D. P. O’Leary during AMSC 607 (Advanced
Numerical Optimization), the “AFIRO” problem and additional problems from the NETLIB LP
Test Problems library of a comparable size to the OSD/A&T problem (30-80 variables) will be
used to evaluate the software system (The NETLIB library 1is available at:
http://www-fp.mes.anl.gov/otc/GUIDE/TestProblems/LPtest/index.html).

Test Data Description

Obtaining the OSD A&T data, even in a sanitized form, was not possible within the time-frame
of this project due to delays in the parent OSD A&T project resulting from the delay in Congress
passing a DoD appropriations bill. Thus, as a risk Mitigation Strategy, several NETLIB LP test
problems of appropriate dimension were identified to use as testing surrogates. These problems
are shown in Table 1.

Table 1 Description of Selected NETLIB Linear
Optimization Test Problems

Name Rows | Cols | Non-zeros | Optimal Value
AFIRO 28 32 88 -4.65E+02
SC504 51 48 131 -6.46E+01
SC50B 51 48 119 -7.00E+01
ADLITTLE | 57 97 465 2.25E+05
BLEND 75 83 521 -3.08E+01
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As a representative example of the nature of these problems, the sparsity pattern of the AFIRO
problem is shown in Figure 5 (depicting 102 non-zeros, 27 constraint equations and 51
parameters).
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Figure 5 Sparsity Pattern for AFIRO Problem Constraint Matrix

Results

The data obtained from executing the eight algorithmic combinations on the test problems is
shown in Addendum B. These results were examined in two different manners:

1. To determine “on average” what algorithmic components improved solution performance,

2. To determine what algorithmic components improved solution performance “most often”.
The first comparison might emphasize larger, more complex problems over small, quickly solved
problems. Thus, the two examinations as a pair should reveal both the likelihood of an

algorithmic component improving performance and the degree to which it tends to improve
performance.

To examine what algorithmic components improved solution performance “on average”, a
generalized linear model for each of the four performance metrics was generated. The
parameters of these models is shown in the table below:

5/20/2008

if Precond

Variable intercept
Iterations 101.2
Execution_time 0.0
Log(Condition) 17.1 -4.0
Log(x_variability) 2.8 -0.1
Log(y_variability) 9.7 -8.9
Log(z_variability) 9.7 -8.5

Legend

Significant

Not
Improvement significant
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A GLM fits a multi-dimensional “line” through the data; for example:
Iterations = 101.2 + 44.7*(if CG) + 24.8 *(if Precond) - 4.7*(if QR)

Thus, using the conjugate gradient solver (if CG) increases the number of iterations by
approximately 44.7, using preconditioning increases the number of iterations by approximately
24.8, and using the QR factorization decreases the number of iterations by approximately 4.7.

These results indicate that using the QR factorization is beneficial for all metrics but execution
time, the CG iterative solution to the linear system of equations improves the stability metrics,
and the preconditioning did not improve any metrics. The increase in execution time when using
the QR factorization is a result of the time necessary to compute the factorization. For the
problems examined, this amounted to only one second on average. Generating approximate
solutions to intermediate problems by the conjugate gradient algorithm slowed the solution
process (in terms of time and iterations) but improved the stability metrics by decreasing the
changes between successive values of the solution variables (x,y,z).

To examine which algorithmic components improved solution performance the “most often”, the
algorithms (i.e., particular combination of components) were ranked from best (#1) to worst (#8)
and those rankings were averaged over the five problems. The results of these rankings are
shown in the table below for each of the eight algorithms:

Iteration | Execution | Condition |x Variation |y Variation |z Variation
Rank Time Rank Rank Rank Rank Rank

Algorithm

Basic
Preconditionning
QR
Pre and QR
CG
PCG
CGand QR
PCG and QR

~N|OO[A[WIN|IPL|O

Legend

Combining results over the different algorithms by algorithmic component produces the results
shown below:

Iteration | Execution | Condition |x Variation |y Variation |z Variation

A Rank [Time Rank| Rank Rank Rank Rank

Preconditionning

QR
CG
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Either way of examining the ranking data reveals the fact that preconditioning may have helped
occasionally, but it is not generally beneficial to either solution speed or stability. On the other
hand, using the conjugate gradient solver was always beneficial to solution stability (at some
added cost), and the QR factorization generally improved solution stability (overall condition
number and x variable stability) at some added cost.

The improvement to stability afforded by using the CG method to iteratively solve the linear
systems of equations is something of a surprise. Apparently, the iteratively obtained
intermediate estimates produce a smoother path to the final solution and provide a more stable
algorithm. The use of factorization was expected to improve solution stability and it did for the
major two areas — Condition Number and x (primary variable) variability.

Summary

The recommended algorithm is to use the QR factorization with the CG solver. This permits one
to gradually lower the CG tolerance for solution of the system of linear equations while the IPM
optimization algorithm decreases the duality gap. For general usage, one would want to improve
the initial value generator and use one of the standard techniques for initializing IPM problems in
place of the intentionally “bad” initialization used herein. In re-optimizing the Distributed
Command and Control network, the past solution should provide a better initial point, since
changes should generally be on a minor nature. Finally, it must be noted that the proposed
preconditionner did not uniformly improve performance. It showed promise on some problems,
so it is worth re-examining it for use once data specific to the intended problem becomes
available.
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Addendum A
(Primal) Problem:
Min ¢'x  subject to Ax=b with x>0
Dual Problem

Max b"y subject to A'y<c
(Alternately, subject to A"y+z=c with z>0)
The penalty function augmented version of the problem is:
Min B(x; u) = c'x - uY In xi
For which the optimality Conditions are:
c-uX-le-A"y=0

Ax-b=10
Collecting all these conditions, we have:
Ax-b=10
ATy—I-Z:C
z>0)
x>0

c-uX-le-A"y =0 DXz = pe
This produces the system of equations:
Xz - ue =0
Ax-b =10
Ay+z-c=0
We can solve this system using Newton’s method, where the solution is incremented by:
J(x)Ax = -gradient(x)
where the Jacobian is:

Z 0 X
The Jacobianis:J=(A4 0 0
0 AT 1

Therefore, the Newton step is:
Z 0 X|Ax pe - Xz
A 0 O0]Ay|=| b-Ax
0 A" I|Az| |c-Aly-2z
If we multiply the first equation by X' we get:
Ax + (X-12)Az=uX-le—Z => Ax +wdz=r
Similarly, the next two lines produce:
AdAx =0
A" Ay + 4z =0
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Addendum B

The data obtained from applying the eight algorithms to the five NETLIB LP test problems is
shown below.

Constraint Matrix Algorithm ? & 5 N €5 Variability
Problem o2 = g’{; % g
Name | Number Number | Number Eg Bﬁ@ 8 2
of Rows of of Non- | CG | Precond | QR 22 o a S X y z
Columns | zeros

0 0 0 68 | 0.063 | 2.95E+13 |1879.02| 314907 | 59.9621

0 1 0 68 | 0.031 | 8.07E+15 |1879.03] 314908 | 59.9622

0 0 1 68 | 0.063 | 544E+06 |1879.02| 314907 | 59.9621

afiro ”7 51 100 O 1 1 68 | 0.094 | L48E+09 |1879.02] 314908 | 59.9622

1 0 0 | 176 | 2.015 | 552E+13 |582.691| 2.86404 | 7.10002

1 1 0 | 353 | 7.032 | 6.87E+15 |1347.91| 3.44679 | 152213

1 0 1T | 195 | 2.906 | 7.57E+06 |643.202| 2.86404 | 7.10002

1 1 1 | 247 | 4703 | 1.37E+09 |1422.29] 2.83281 | 152213

0 0 0 68 | 0.047 | 1.35E+17 |2598.88]9.30E+10| 9.30E+10

0 1 0 68 011 | 2.19E+19 |2596.71|8.48E+10| 8.48E+10

0 0 1 68 | 004 | 9.200E+15 |1730.15] 1.61E+09| 1.61E+09

0 1 1 69 | 0.296 | 4.08E+18 |2596.31|3.17E+09| 3.17E+09

scS0a | 50 8 160 = 0 0 | 141 | 7688 | 4.08E+11 |1348.04|0.808765 | 0.788882

1 1 0 | 204 | 14.781 | 1.33E+14 |938.131|0.913363 | 0.76503

1 0 1 | 138 | 9672 | 638800 |1160.59]0.778781| 0.788882

1 1 1 | 192 | 17.625 | 2.07E+08 |697.088] 0.537586 | 0.76503

0 0 0 55 | 0.063 | 3.20E+18 |2995.78|2.20E+11] 2.20E+11

0 1 0 55 | 0.094 | 1.15E+20 |2440.37|2.18E+11| 2.18E+11

0 0 1 57 | 0.172 | 7.01E+15 |2991.44|4.80E+09| 4.80E+09

0 1 1 56 | 0.34 | 9.89E+18 |2992.34| 1.0BE+10| 1.08E+10

Sc50b 50 8 148 0 0 | 175 | 5.875 | 3.19E+11 |1376.56 | 0.760351 | 0.755577

1 1 0 | 211 | 12.968 | 1.904E+14 |1404.46| 1.08116 | 0.774718

1 0 1 | 154 | 7.172 | 565487 |1595.91| 1.15143 | 0.755577

1 1 1 | 223 | 17.391 | 3.40E+08 |1268.57| 1.3201 | 0.774718

0 0 0 | 290 | 0.906 | 1.86E+20 |309.867 |6.86E+10| 6.86E+10

0 1 0 | 273 | 1141 | 569E+29 | 8.8064 | 2.61E+62| 2.61E+62

0 0 1 | 293 | 2.656 | 3.18E+17 |308.691|4.91E+09| 4.91E+09

. 0 1 1 | 290 | 3578 | 3.03E+22 |311.051| 1.59E+09| 1.59E+09

adiitle | 56 138 a4 = 0 0 13 | 0.031 | LB1E+21 |474.402| 81.0673 | 349517

1 1 0 12 | 0031 | 2.80E+26 | 4618 | 21.8697 | 243421

1 0 1 13 | 0.078 | 5.66E+10 |474.402| 81.0673 | 3495.17

1 1 1 12 | 0.094 | 1.33E+16 | 4618 | 21.8697 | 2434.21

0 0 0 79 | 0391 | 1.51E+11 |84.6874] 65.7568 | 57.5682

0 1 0 78 | 0.359 | 2.55E+17 | 86.256 | 76.3801 | 75.4527

0 0 1 77 | 0641 | 388027 |83.5595] 95.9339 | 86.292

0 1 1 78 | 0.006 | 658E+11 |84.4043| 87.3398 | 80.3376

blend 4 114 522 0 0 | 148 | 25.609 | 3.41E+11 |99.6998| 3.85271 | 4.73879

1 1 0 | 185 | 41422 | 525E+15 |114.087| 516216 | 9.28736

1 0 1 | 149 | 38984 | 590107 |78.7679] 3.80265 | 4.85423

1 1 1 | 179 | 55.828 | 5.35E+11 |106.136] 5.46254 | 8.84833

* Execution Time is only an approximate measure because some modules were not optimized in favor of maintaining a parallel
structure to ensure relative timing was computed in a consistent manner.
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