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  Abstract:	
  	
  

Here	
  we	
  present	
  major	
  improvements	
  to	
  Metastats	
  so4ware	
  and	
  underlying	
  staHsHcal	
  methods.	
  	
  

1)  A	
  mixed-­‐model	
  zero-­‐inflated	
  Gaussian	
  distribuHon.	
  
2)  A	
  novel	
  normalizaHon	
  method.	
  



ApplicaHon	
  Background	
  



ApplicaHon	
  Background	
  
DetecHon	
  of	
  differenHal	
  abundance!	
  

DefiniHon:	
  	
  A	
  count,	
  c_ij	
  is	
  
the	
  number	
  of	
  reads	
  
annotated	
  as	
  a	
  parHcular	
  	
  
taxa	
  i	
  for	
  the	
  jth	
  sample	
  



Mouse	
  diet	
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  diet	
  



Datasets	
  

•  Gates	
  –	
  matched	
  study	
  	
  
– 1016	
  samples	
  	
  
– 4	
  Countries	
  

•  Gambia	
  
•  Mali	
  
•  Bangladesh	
  
•  Kenya	
  

– Monthly	
  age	
  metadata	
  
– Half	
  controls,	
  half	
  cases	
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Too	
  slow!	
  Can’t	
  handle	
  large	
  datasets	
  
•  More	
  and	
  more	
  data	
  coming	
  daily!	
  
•  Lots	
  of	
  for	
  loops	
  
•  Error	
  

Doesn’t	
  account	
  for	
  depth	
  of	
  coverage	
  
	
  Many	
  “spurious”	
  zeros	
  

	
  
NormalizaHon	
  induces	
  spurious	
  correlaHons	
  

	
  important	
  in	
  Hme	
  series	
  analyses	
  

An	
  intuiHve	
  correcHon	
  involves	
  decreasing	
  the	
  
p-­‐value	
  cutoff	
  proporHonal	
  to	
  the	
  number	
  of	
  
tests	
  performed	
  (a	
  Bonferroni	
  correcHon),	
  
thereby	
  reducing	
  the	
  number	
  of	
  false	
  posiHves.	
  
This	
  approach,	
  however,	
  can	
  be	
  too	
  
conservaHve	
  when	
  a	
  large	
  number	
  of	
  tests	
  are	
  
performed	
  [21].	
  
	
  
An	
  alternaHve	
  approach	
  aims	
  to	
  control	
  the	
  
false	
  discovery	
  rate	
  (FDR),	
  which	
  is	
  defined	
  as	
  
the	
  proporHon	
  of	
  false	
  posiHves	
  within	
  the	
  set	
  
of	
  predicHons	
  [26],	
  in	
  contrast	
  to	
  the	
  false	
  
posiHve	
  rate	
  defined	
  as	
  the	
  proporHon	
  of	
  false	
  
posiHves	
  within	
  the	
  enHre	
  set	
  of	
  tests.	
  In	
  this	
  
context,	
  the	
  significance	
  of	
  a	
  test	
  is	
  measured	
  
by	
  a	
  q-­‐value,	
  an	
  individual	
  measure	
  of	
  the	
  FDR	
  
for	
  each	
  test.	
  
	
  
We	
  compute	
  the	
  q-­‐values	
  using	
  the	
  following	
  
algorithm,	
  based	
  on	
  Storey	
  and	
  Tibshirani	
  [21].	
  
This	
  method	
  assumes	
  that	
  the	
  p-­‐values	
  of	
  truly	
  
null	
  tests	
  are	
  uniformly	
  distributed,	
  
assumpHon	
  that	
  holds	
  for	
  the	
  methods	
  used	
  in	
  
Metastats.	
  Given	
  an	
  ordered	
  list	
  of	
  p-­‐values,	
  p
(1)≤p(2)≤…≤p(m),	
  (where	
  m	
  is	
  the	
  total	
  
number	
  of	
  features),	
  and	
  a	
  range	
  of	
  values	
  λ	
  =	
  
0,	
  0.01,	
  0.02,	
  …,	
  0.90,	
  we	
  compute	
  



Metastats	
  workflow	
  



•  RaHo	
  NormalizaHon:	
  
– What	
  are	
  the	
  issues	
  with	
  it??	
  

– Spurious	
  correlaHon	
  [1]	
  
– False	
  negaHves	
  [2]	
  
– False	
  posiHves	
  [2]	
  

yAj = cAj/(c1j + ...+ cAj + cBj + ...cMj)

NormalizaHon	
  







CumulaHve	
  scaling	
  normalizaHon	
  



NormalizaHon	
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Bacteria	
   T-­‐Test	
  

AcHno.	
   .723901	
  

Bacilli*	
   8.5228	
  

Bactero.*	
   -­‐5.061	
  

Deltapro.	
   1.6532	
  

Eryspel.*	
   5.1369	
  



ftotal(yij ; θ) = π · f0(yij) + (1− π) · f1(yij)

Model	
  to	
  account	
  for	
  zeros	
  



FIG	
  B:	
  
BLACK	
  =	
  AGE	
  0	
  
RED	
  =	
  AGE	
  1	
  
GREEN	
  =	
  AGE	
  2	
  
	
  
FIG	
  C:	
  
BLACK	
  =	
  	
  
COUNTRY	
  1	
  
RED	
  =	
  
	
  COUNTRY	
  2	
  
GREEN	
  =	
  
COUNTRY	
  4	
  
BLUE	
  =	
  
	
  COUNTRY	
  6	
  
	
  
FIG	
  D:	
  
BLACK	
  =	
  CASE	
  
RED	
  =	
  CONTROL	
  



Approach:	
  Zero-­‐inflated	
  Gaussian	
  

•  Very	
  sparse	
  data	
  –	
  likely	
  technical	
  error	
  

•  In	
  the	
  log	
  space	
  we	
  can	
  control	
  for	
  variance	
  



Approach:	
  Zero-­‐inflated	
  Gaussian	
  

•  Total	
  abundance	
  	
  
follows	
  a	
  log-­‐normal	
  	
  
distribuHon	
  

hyp://www.hmpdacc.org/HMQCP/	
  



Approach:	
  Zero-­‐inflated	
  Gaussian	
  

•  Counts	
  are	
  log	
  transformed	
  as:	
  
•  Mixture	
  of	
  point	
  mass,	
  	
  	
  	
  	
  	
  	
  ,	
  at	
  zero	
  and	
  a	
  
count	
  distribuHon	
  

•  Mixture	
  parameter	
  	
  
•  Values	
  
•  Density	
  is:	
  
	
  

yij = log2(cij + 1)

fcount(y;µ,σ
2)∼N(µ,σ2)

πj

f{0}

θ = {Sj , β0, β1, µi, σ
2
i }

fzig(yij ; θ) = πj(Sj) · f{0}(yij)+
(1− πj(Sj)) · fcount(yij ;µi,σ

2
i )



Zero-­‐inflated	
  Gaussian	
  

•  And	
  a	
  mean	
  specified	
  as:	
  

Or	
  	
  

•  Where	
  	
  	
  	
  	
  	
  	
  is	
  our	
  class	
  label	
  

E(yij |k(j)) = πj · 0 + (1− πj) · (bi0 + bi1 · k(j))

kj

E(yij |k(j)) = πj · 0 + (1− πj) · (bi0 + bi1 · k(j) + ηilog2(s95j))



fcount(y;µ,σ
2)

πj

f{0}



Algorithm:	
  
1.  Preprocess	
  Data	
  
2.	
  	
  Take	
  iniHal	
  guesses	
  for	
  the	
  expected	
  value	
  of	
  the	
  latent	
  
indicator	
  variables.	
  

–  ij	
  posiHons	
  with	
  counts	
  >	
  0,	
  the	
  value	
  is	
  0,	
  else	
  .5	
  
For	
  i	
  in	
  1…..M:	
  

	
  3.	
  ExpectaHon	
  
	
  4.	
  Maximize	
  
	
  5.	
  Calculate	
  negaHve	
  log-­‐likelihoods	
  for	
  each	
  feature	
  

Repeat	
  	
  
7.	
  Generate	
  moderated	
  t-­‐staHsHc	
  using	
  an	
  empirical	
  bayes	
  
method	
  



ValidaHon	
  

•  Procedure	
  
– We	
  simulated	
  data	
  using	
  chosen	
  parameters	
  from	
  
our	
  model.	
  

– We	
  spuriously	
  induced	
  zeros	
  in	
  the	
  data.	
  
– We	
  then	
  checked	
  the	
  posterior	
  probabiliHes	
  z_ij	
  
to	
  see	
  where	
  they	
  converged.	
  

•  Success!!	
  	
  
– The	
  spuriously	
  induced	
  zeros’	
  z_ijs	
  converged	
  to	
  1.	
  	
  
– The	
  non-­‐zero’s	
  z_ijs	
  remained	
  0.	
  

We	
  simulated	
  OTU	
  level	
  datasets	
  with	
  1000	
  
features.	
  A	
  sample’s	
  total	
  count	
  came	
  from	
  a	
  
log-­‐	
  normal	
  distribuHon	
  with	
  μ	
  =	
  7.5	
  and	
  a	
  
standard	
  deviaHon	
  of	
  .3.	
  These	
  values	
  
represent	
  similar	
  total	
  counts	
  observed	
  in	
  our	
  
data.	
  The	
  first	
  50	
  features	
  were	
  chosen	
  to	
  be	
  
”significant”.	
  In	
  one	
  of	
  the	
  populaHons,	
  for	
  the	
  
first	
  25	
  significant	
  features,	
  we	
  changed	
  the	
  
proporHon	
  of	
  the	
  total	
  counts	
  for	
  those	
  
features	
  by	
  adding	
  1e-­‐3	
  ·∙δ	
  percentage	
  of	
  the	
  
parHcular	
  sample’s	
  total	
  counts.	
  The	
  remaining	
  
25	
  we	
  subtracted	
  1e-­‐3	
  ·∙δ	
  percentage	
  of	
  the	
  
sample’s	
  total	
  counts.	
  Random	
  noise	
  η	
  ∈	
  
(−1,1)	
  was	
  then	
  added.	
  Following	
  that,	
  
depending	
  on	
  the	
  sparsity	
  level	
  -­‐	
  a	
  linear	
  fit	
  is	
  
made	
  between	
  the	
  total	
  counts	
  of	
  a	
  parHcular	
  
sample	
  and	
  the	
  proporHon	
  of	
  zeros	
  in	
  real	
  
data.	
  Then,	
  sparsity	
  Hmes	
  the	
  fiyed	
  value	
  is	
  
the	
  new	
  threshold	
  for	
  a	
  count	
  to	
  be	
  zero.	
  1000	
  
uniform	
  values	
  from	
  zero	
  to	
  one	
  are	
  computed	
  
for	
  each	
  sample.	
  If	
  the	
  value	
  is	
  less	
  than	
  the	
  
threshold	
  for	
  that	
  sample	
  then	
  a	
  count	
  is	
  
spuriously	
  forced	
  to	
  zero.	
  Following	
  that	
  
procedure,	
  5%	
  of	
  the	
  data	
  is	
  randomly	
  given	
  an	
  
addiHonal	
  13%	
  of	
  the	
  mean	
  of	
  the	
  total	
  counts	
  
to	
  introduce	
  extremely	
  abundant	
  samples.	
  

zij = Pr(∆ij = 1|θ̂, yij) = E(∆ij |θ̂, yij)



ValidaHon	
  

We	
  simulated	
  OTU	
  level	
  datasets	
  with	
  1000	
  
features.	
  A	
  sample’s	
  total	
  count	
  came	
  from	
  a	
  
log-­‐	
  normal	
  distribuHon	
  with	
  μ	
  =	
  7.5	
  and	
  a	
  
standard	
  deviaHon	
  of	
  .3.	
  These	
  values	
  
represent	
  similar	
  total	
  counts	
  observed	
  in	
  our	
  
data.	
  The	
  first	
  50	
  features	
  were	
  chosen	
  to	
  be	
  
”significant”.	
  In	
  one	
  of	
  the	
  populaHons,	
  for	
  the	
  
first	
  25	
  significant	
  features,	
  we	
  changed	
  the	
  
proporHon	
  of	
  the	
  total	
  counts	
  for	
  those	
  
features	
  by	
  adding	
  1e-­‐3	
  ·∙δ	
  percentage	
  of	
  the	
  
parHcular	
  sample’s	
  total	
  counts.	
  The	
  remaining	
  
25	
  we	
  subtracted	
  1e-­‐3	
  ·∙δ	
  percentage	
  of	
  the	
  
sample’s	
  total	
  counts.	
  Random	
  noise	
  η	
  ∈	
  
(−1,1)	
  was	
  then	
  added.	
  Following	
  that,	
  
depending	
  on	
  the	
  sparsity	
  level	
  -­‐	
  a	
  linear	
  fit	
  is	
  
made	
  between	
  the	
  total	
  counts	
  of	
  a	
  parHcular	
  
sample	
  and	
  the	
  proporHon	
  of	
  zeros	
  in	
  real	
  
data.	
  Then,	
  sparsity	
  Hmes	
  the	
  fiyed	
  value	
  is	
  
the	
  new	
  threshold	
  for	
  a	
  count	
  to	
  be	
  zero.	
  1000	
  
uniform	
  values	
  from	
  zero	
  to	
  one	
  are	
  computed	
  
for	
  each	
  sample.	
  If	
  the	
  value	
  is	
  less	
  than	
  the	
  
threshold	
  for	
  that	
  sample	
  then	
  a	
  count	
  is	
  
spuriously	
  forced	
  to	
  zero.	
  Following	
  that	
  
procedure,	
  5%	
  of	
  the	
  data	
  is	
  randomly	
  given	
  an	
  
addiHonal	
  13%	
  of	
  the	
  mean	
  of	
  the	
  total	
  counts	
  
to	
  introduce	
  extremely	
  abundant	
  samples.	
  



TesHng	
  

•  Goal	
  –	
  Simulate	
  real	
  datasets	
  
– Same	
  as	
  validaHon,	
  but	
  we	
  add	
  random	
  noise	
  
from	
  U{-­‐1,1},	
  change	
  sparsity	
  levels,	
  and	
  an	
  
addiHonal	
  5%	
  of	
  the	
  data	
  was	
  randomly	
  extra	
  
counts.	
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TesHng	
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Comparison	
  with	
  Metastats	
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M vs M (Zig not using age)

Zig fold−change
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E(y|k(j) = 0) = β0

E(y|k(j) = 1) = β0 + β1

log2(
µ1

µ0
) = log2(

2β0+β1

2β0
) = log2(2

β1) = β1

Comparison	
  of	
  log2	
  fold-­‐change	
  esHmates	
  between	
  original	
  Metastats	
  and	
  
the	
  zero-­‐inflated	
  model.	
  Fold-­‐change	
  esHmates	
  are	
  consistent	
  between	
  
the	
  two	
  methods.	
  However,	
  the	
  original	
  Metastats	
  method	
  esHmated	
  large	
  fold-­‐
changes	
  for	
  OTUs	
  with	
  small	
  overall	
  abundance	
  that	
  were	
  driven	
  by	
  a	
  small	
  number	
  
of	
  non-­‐zero	
  counts.	
  The	
  zero-­‐inflated	
  model	
  is	
  able	
  to	
  control	
  esHmates	
  
for	
  these	
  OTUs,	
  thereby	
  reducing	
  false	
  discoveries.	
  



Gates	
  results	
  
Taxa 
nomatch 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Prevotellaceae;Prevotella;Prevotella sp. DJF_B116 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides fragilis 
Firmicutes;Clostridia;Clostridiales;Clostridiaceae;Clostridium;Clostridium difficile 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides fragilis 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides sp. CJ78 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides fragilis;Bacteroides fragilis YCH46 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides fragilis 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides fragilis 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides fragilis 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides fragilis 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides fragilis 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides fragilis 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides fragilis;Bacteroides fragilis YCH46 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Bacteroidaceae;Bacteroides;Bacteroides fragilis 
Bacteroidetes/Chlorobi group;Bacteroidetes;Bacteroidia;Bacteroidales;Prevotellaceae;Prevotella;Prevotella sp. BI-42 
Proteobacteria;Gammaproteobacteria;Enterobacteriales;Enterobacteriaceae;Escherichia;Escherichia coli 
Firmicutes;Bacilli;Lactobacillales;Carnobacteriaceae;Granulicatella;environmental samples;Granulicatella sp. oral clone ASCG05 
Proteobacteria;Gammaproteobacteria;Enterobacteriales;Enterobacteriaceae;Escherichia;Escherichia coli 
Proteobacteria;Gammaproteobacteria;Enterobacteriales;Enterobacteriaceae;Escherichia;Escherichia coli 
Proteobacteria;delta/epsilon subdivisions;Epsilonproteobacteria;Campylobacterales;Campylobacteraceae;Campylobacter;Campylobacter 
jejuni;Campylobacter jejuni subsp. jejuni 
Proteobacteria;Gammaproteobacteria;Enterobacteriales;Enterobacteriaceae;Escherichia;Escherichia coli 
Firmicutes;Bacilli;Lactobacillales;Streptococcaceae;Streptococcus;environmental samples;Streptococcus sp. oral clone ASCC04 
Firmicutes;Bacilli;Lactobacillales;Streptococcaceae;Streptococcus;Streptococcus sp. C101 
Proteobacteria;Gammaproteobacteria;Enterobacteriales;Enterobacteriaceae;Escherichia;Escherichia coli 
Firmicutes;Bacilli;Lactobacillales;Carnobacteriaceae;Granulicatella;Granulicatella adiacens 
Firmicutes;Bacilli;Lactobacillales;Streptococcaceae;Streptococcus;environmental samples;Streptococcus sp. oral clone ASCE09 
Firmicutes;Bacilli;Lactobacillales;Streptococcaceae;Streptococcus;Streptococcus mitis 
Proteobacteria;Gammaproteobacteria;Enterobacteriales;Enterobacteriaceae;Escherichia;Escherichia coli 
Proteobacteria;Gammaproteobacteria;Enterobacteriales;Enterobacteriaceae;Escherichia;Escherichia coli 
Proteobacteria;Gammaproteobacteria;Pasteurellales;Pasteurellaceae;Haemophilus;Haemophilus haemolyticus 
Proteobacteria;Gammaproteobacteria;Enterobacteriales;Enterobacteriaceae;Shigella;Shigella sonnei 
nomatch 
Firmicutes;Bacilli;Lactobacillales;Lactobacillaceae;Lactobacillus;Lactobacillus fermentum 
Firmicutes;Bacilli;Lactobacillales;Streptococcaceae;Streptococcus;Streptococcus pasteurianus 
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Conclusion	
  

•  Developed	
  a	
  ton	
  of	
  useful	
  tools	
  for	
  biologists	
  to	
  analyze	
  
their	
  data	
  in	
  an	
  R	
  framework!	
  

•  Time	
  to	
  go	
  and	
  analyze	
  some	
  cool	
  things	
  with	
  these	
  beyer	
  
fold	
  change	
  esHmates!	
  

•  Future	
  direcHons	
  could	
  possibly	
  include:	
  
–  Develop	
  a	
  method	
  to	
  calculate	
  p-­‐values	
  in	
  a	
  bootstrapped	
  fashion	
  

that	
  is	
  computaHonally	
  feasible.	
  



Project	
  Schedule	
  

•  November	
  30:	
  
–  Preprocessing	
  data	
  
–  Finish	
  normalizaHon	
  
codes	
  

•  December	
  15:	
  
–  ConHnue	
  reading	
  
–  Finish	
  Zig	
  model	
  
– Midyear	
  report	
  

•  January	
  15:	
  
–  ConHnue	
  reading	
  
–  ValidaHon	
  of	
  methods	
  

•  February	
  15:	
  
–  Finish	
  a	
  comparison	
  of	
  
normalizaHon	
  methods	
  

–  Package,	
  comment,	
  etc.	
  
•  March	
  15:	
  

–  Analyze	
  various	
  datasets	
  
•  May	
  15:	
  

–  Deliver	
  all	
  
–  Final	
  report	
  



Deliverables	
  

•  Code	
  for	
  cumulaHve	
  sum	
  normalizaHon	
  
•  Code	
  for	
  cumulaHve	
  scaling	
  normalizaHon	
  
•  Code	
  for	
  the	
  ExpectaHon	
  MaximizaHon	
  algorithm	
  
•  Code	
  for	
  calling	
  the	
  E-­‐M	
  algorithm	
  
•  Code	
  to	
  load	
  data	
  
•  Code	
  for	
  simulaHon	
  study	
  
•  Final	
  presentaHon	
  
•  Final	
  report	
  
•  Mouse	
  diet	
  data	
  	
  

–  Script	
  to	
  format	
  mouse	
  data	
  and	
  calculate	
  p-­‐values/FDR	
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Expecta)on-­‐MaximizaHon	
  
E-­‐step:	
  
EsHmates	
  responsibiliHes,	
  
	
  
	
  
	
  
	
  
as:	
  

ẑij =
π̂j · I{0}(yij)

π̂j · I{0}(yij) + (1− π̂j) · fcount(yij ; θ̂ij)

zij = Pr(∆ij = 1|θ̂, yij) = E(∆ij |θ̂, yij)



ExpectaHon-­‐Maximiza)on	
  

M-­‐step:	
  
EsHmate	
  parameters	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
given	
  current	
  esHmates	
  	
  of	
  	
  	
  	
  	
  	
  	
  .	
  
	
  
Current	
  mixture	
  parameters	
  are	
  esHmated	
  as:	
  
	
  
	
  
	
  
	
  
Parameters	
  for	
  the	
  count	
  distribuHon	
  are	
  esHmated	
  using	
  
weighted	
  least	
  squares	
  where	
  the	
  weights	
  are	
  	
  	
  	
  	
  	
  	
  	
  .	
  

ẑij =
π̂j · I{0}(yij)

π̂j · I{0}(yij) + (1− π̂j) · fcount(yij ; θ̂ij)

ẑij =
π̂j · I{0}(yij)

π̂j · I{0}(yij) + (1− π̂j) · fcount(yij ; θ̂ij)

π̂j =
M�

i=1

1

M
ẑij

θ̂ij = {β̂0, β̂1, b̂0i, b̂1i}



Mixture	
  parameters	
  

	
  
Zero-­‐valued	
  features	
  depend	
  on	
  a	
  sample’s	
  total	
  number	
  of	
  counts,	
  
They	
  follow	
  a	
  binomial	
  distribuHon.	
  
	
  
	
  
We	
  model	
  the	
  linear	
  effect	
  with	
  our	
  mixture	
  parameter	
  
	
  
via	
  linear	
  regression	
  with	
  a	
  transformaHon	
  funcHon:	
  
	
  

log
πj

1− πj
= β0 + β1 · log(Sj)

πj

Sj



Log-­‐likelihood	
  
We	
  can	
  get	
  the	
  maximum-­‐likelihood	
  esHmates	
  using	
  the	
  
ExpectaHon-­‐MaximizaHon	
  algorithm,	
  where	
  we	
  treat	
  mixture	
  
membership	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  =	
  1	
  if	
  y_ij	
  comes	
  from	
  the	
  zero	
  point	
  mass	
  as	
  a	
  
latent	
  indicator	
  variable.	
  	
  
	
  
Denote	
  the	
  full	
  set	
  of	
  esHmates	
  as	
  	
  

∆ij

θij = {β0, β1, b0i, b1i}

l(θij ; yij , Sj) = (1−∆ij) log fcount(y;µi,σ
2
i ) +∆ij log πj(Sj)

+(1−∆ij) log(1− πj(Sj))



•  We	
  use	
  the	
  Empirical	
  Bayes	
  method	
  to	
  
construct	
  a	
  moderated	
  t-­‐staHsHc	
  and	
  use	
  a	
  
parametric	
  t-­‐distribuHon.	
  

Algorithm	
  conHnued	
  

tobi =
b1i

(σ2
i /Σ(1− zij)).5


