Quiz 8, MATH 246, Professor Radu Balan, Tuesday, 9 November 2010

1. [3pts] Use the definition of Laplace transform to compute the Laplace transform

of
1 t>6
f(t)=
® {0 t<6
Solution
—6s
F(s)= '[e S f(t)dt = '[e’tsdt_——llmA%[e tS]l6 ——[IlmA% A—e‘”’]:eT,s>O

2. [7pts] Find the solution of the initial value problem:

y'+y=9(t) o [t/2 0<t<6
{ (0) =0, y'(O)—l g()_{ t>6

,B{sm(at)}— T 3 B{cos(at)}—

Short table: £{t" }—

n+1 ! 2

+a

Solution

Let Y(s) and G(s) denote the Laplace transforms of y(t) and, respectively, g(t).
The Laplace transform of the equation is:

S?Y(s)-1+Y(s) =G(s)
Hence the Laplace transform of the solution is:
1+G(s)
Y(s)=
®) s?+1
Since
t t t t—6
t)y=—u(t)+|3——= u(t-6)=—u(t)-———u(t-6
9(t) 2()[ 2)( )=u) - >u(t-6)
ItfoIIOWS'
e
G(s)=—5-
®) 28> 2s°
And hence:
1-e® 1
Y(s)= +
()= 25%(s? +1) s?+1
Expand in partial fractions:

i el e e
2 s? s2+1) 2\s® s241) 2(s? s?2+1

—6s




Note: El{iz—

! }zt—sin(t) and thus:
s

s?+1
y(t) =%(t —sin(t))—%(t _6—sin(t—6)u(t —6) +sin(t) =

%ﬁ+ﬂM0) 0<t<6

N sin(t) +sin(t — 6)
2

=%(t +sin(t))—%(t _6—sin(t—6))u(t—6) =

3 6t

or:

y(t) = %&+sma» 0<t<6
3+cos(3)sin(t—3) 6t



