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Epidemiologic Models
°

Models in Epidemiology

So far we analyzed three deterministic models, and their agent-based
simulation implementations:

We focus on three deterministic models:
© SI (Susceptible-Infected) Model
@ SIR (Susceptible-Infected-Removed) Model
© SEIR (Susceptile-Exposed-Infectious-Removed) Model

We discussed the models, their behavior, and how to calibrate them.
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S| Model
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The SI Model

The nonlinear form

The Sl model assumes that transmissions occur only when susceptible
people get in contact with infected individuals. Such a process is modeled
by a rate proportional to the product S/ and not just S:

® = —BSE . S(0)=S%
@4 = BSE . 10)=1l

(SI Model)

where N = 5(0) + /(0) is total population (constant over time) and 5 >0
is the transmission parameter.

In normalized form, with s(t) = % and i(t) = L,\?:

{gé = —Bsi , s(0 :%
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The SI Model

Closed form solution and typical behavior

Total population is constant, S(t) + /(t) = N or s(t) +i(t) =1, and

- NI(0) -
) = oy T v = iopere - B =N-1)

Simulation of the non-linear Sl 1 —

model: Z: =i
B =05, S(0)=2000, /(0)=23 o

Note: The SI model is more suitable Zz ;

for modeling cumulative number of o

infections, not the daily rates. = = 0 = 2
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The SIR Model

Assume a system with three compartments: ‘Susceptible’ (S), ‘Infected’
(1) and ‘Removed’ or ‘Recovered’ (R). At time tg = 0 the system has a
total of N individuals (initial total population). Most of them are
susceptible 5(0), but some are infected, /(0) and possibly some are in the
recovered state, R(0). Our intention is to model the time evoluation of
these populations. The previous S| model is modified into:

a = BSy—al , 1(0)
& = al , R(0)

where « > 0 and 8 > 0 are parameters. Interpretation:

é = E[Infection Time] is the average time of infection. Furthermore, we
model the cumulative deaths Y(t) by Y(t) = vR(t), for some v > 0, the
probability of death conditioned on getting infected.
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The SIR Model

Deterministic simulations

SIR Model
0®00000000

Simulation of the SIR model:

B=2,a=1, S(0)=2000, /(0)=23, R(0)=0

Results were obtained with an Euler scheme with step size h = 0.01.

Note: The infected population /(t) first
increases and then decreases eventually
to 0. The susceptible population de-
creases, but converges to some limiting
value S(c0) > 0. The removed popu-
lation is monotone increasing and con-
verges to some value R(o0) < N. Some
of the susceptible population who do not
get infected are protected by the recov-
ered population surrounding them. This
is known as herd immunity.
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SIR Model
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The SIR Model

Herd immunity

Herd immunity occurs when S(oo) > 0. The contact number (or, the

basic reproduction ratio) Ry = g is related to s(oo) through:

log(s(=0)) — log(s(0))
s(oc0) — 1 '

Ry =

10

For s(0) = % ~ 1 the equation

og(s())  For

simplifies to Ry = S(o0)—1 - 5
Ry < 1, it follows that a significant =
number of susceptible individual do

not get infected.
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SIR Model Calibration

Pre-processing steps

Input data: the time series of cumulative detected infections,

{V(0), -, V(Tma)}, and the time series of cumulative deaths,

{Y(0), -+, Y(Tmax)}

Step 1: tp. First detect the onset of infections, and resent the time origin
to match this onset tg.

Step 2: /(t). The time series of cumulative detected infections
{V(0),---,V(Tr,,.)} should be turned into a rate of infections. The daily
rate may not be relevant to infection transmissions. Instead use a time
window to convert the cumulative count into a rate:

/(t): V(t+to+To)—V(t+to—T0) , t=0,1,2,---, Thax

where 19 > 0 is chosed so that 7y accounts for average infection period.
For Covid-19 it is somewhere between 5 days and 10 days. A possible
vaIue is 7o = 7. Thus /(t) measures the number of infections in a 2-week

enter roun .
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SIR Model
0000800000

Optimization based on Forward Model Simulation

The objective function

The objective function J can be chosen to measure a norm of residuals
| — Isim and Y — Ysimy where Ysim = :}/Rsim

To do so, you need to choose and fix two meta-parameters p and . For
1 < p < oo define

Tmax Tmax
Ja, B,N,y) = D 1) = lsim(E)[P + A D [Y(8) = yRaim() [P
t=0 t=0
For p = 0o define

J N,v) = I(t) — lsim(t)| + A Y(t) — yRsim(t
(0B No7) = | _max JI(e) = lim(8)] + X _max_[¥(£) = 7Rm(t)
The meta-parameter A weights one term of error measure (the rate of
infections mismatch) against the other term (the number of deaths).
Typical choices: p=1,2, 00 and A = 1.
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SIR Model
00000@0000

Algorithm for SIR Model Calibration

Algorithm (Meta-Algorithm for SIR Calibration)

Inputs: Time series {V(0),---,V(T)}, {Y(0),---,Y(T)}. Parameters: Vi

(default, Vimin =5), 1o (default, 7o =7), p € [1,00] (default, p=2), A >0 (
default, A\ = 1), Search set Q.

@ Detect the onset of the infection ty as the first time so that V(to) > Vinin,
reset the time origin, and create the time series of infection rates
I(t)=V(t+to+710)— V(t+t—70), 0<t < Thax

@ For each (o, 8, N) € Q repeat:

@ Simulate a SIR model with parameters («, 3, N) and obtain daily time
series (Ssim lsim, Rsim)-

@ Solve § = argmin,||Y — yRsim|| ,-

@ compute the objective function J.

© Determine the minimum and the minimizer of J.

Outputs: Estimated &, B, N, 4 and minimum value of the objective function Jp,.
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SIR Model
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Numerical results (1)
Analysis of DC data for 2020

Vimin = 5, 70 = 7 [days]. 0500
Onset t; = 55 (Mon-

day: March 16, 2020),

T = 110. 2000 -
Notable dates:
Local dips: day=152 1500
(Sunday:  6/21/2020), >
day=159 (Sunday: ~
6/28/2020).

Memorial weekend: Sun-
day May 24, 2020: day 500 -

1000 [

=124 . :
4th of July: Saturday o e ST ‘ ‘ ‘
July 4, 2020: day = 165. 40 80 80 10 120 140 160 180

t[day]
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Numerical results (2)
Analysis of DC data for 2020. p =1

J=J(alpha,beta,21172,0.037135)

Results: 1ot

&=0.12, f=0.21,

Ro = 1.75, .

N = 21172, e e

— N — 02— 02

CityPopulation ~ 3%' 5 0 o1 B

CityPopulation = , . :
705749. =—
¥ =3.7%.

Joptim = 31833. ‘ | |
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Numerical results (3)
Analysis of DC data for 2020. p = 2

J=J(alpha,beta,21172,0.035290)

Results: 1ot
& = 0.12, "

N

3 = 0.216,

Ro = 1.8,

N = 21172, 04 02\, o 7
N =39 3 0 o1 .
CityPopalation = 370
CityPopulation = = e
705749.

4 = 3.5%.

Joptim = 3910. s
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SIR Model
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Numerical results (4)
Analysis of DC data for 2020. p = oo

J=J(alpha,beta,28230,0.027929)

Results:
& — .14 3000 -,
" O ! 2500
5 = 0.238, 200
1500
fo =17,
0 500 Wy
08 S Ut
A 06 \\\\ N e —— 04
N = 28230, Yas—n
N — 10 5 0 o
CityPopulation ~ 44’
CityPopulation = = - e
705749. - i
% = 2.8%. .
Joptim = 787. e e e o e e
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SEIR Model
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The Susceptible-Exposed-Infectious-Removed (SEIR)
Model

The Susceptible-Exposed-Infectious-Removed (SEIR) model is obtained from SIR
by introducing a compartment between Susceptible and Infected of population
that has been exposed to the virus but are not yet contagious:

£ 2 555

& _ SIS | E(0

? _ 5EN—a/, 1(0) (SEIR Model)
o1 R(0)

where § > 0 is the rate of transition from exposed to infected. lts reciprocal 1/§
represents the average incubation period.

If data is selected from the onset of infections, a natural initial condition is:
R(0) = N > 1(0), R(0) = 0. The initial exposed population E(0) may be set to
1(0), or can be fine tuned to fit the data. Assumin E(0) = /(0) is known, the
parameters that need to be calibrated are: «, 3,v,4d, N.
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Simulations

Here are a few numerical results with the Euler's scheme:

200 20
5 3
200 =H 00
o 10 o 1500
@ 100 @ 100
™ ™
. ok ~
s o % o = wm o ® s 0 m w & % %
| |
00 00
5 5
0 : 100 :
; i
- = 1000 =
o
o 120 o 10
5 o 2w
5w o
- ™
© ™
m ™
o . =
P T ) s 0 @ w4 % 6w w

Figure: Top left: « = 0.2, 3 =0.8, 6 = 0.3; Top right: « =0.2, 3=1.0, § =0.3;
Bottom left: « = 1.0, 8 = 1.5, 6 = 1.0; Bottom right: « = 0.08, 8 = 0.176, § = 0.8
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SEIR Model Calibration

Pre-processing steps

Step 1: tp. First detect the onset of infections, and resent the time origin
to match this onset tg.

Step 2: /(t). The time series of cumulative detected infections
{V(0),---,V(Tr,.,.)} should be turned into a rate of infections. The daily
rate may not be relevant to infection transmissions. Instead use a time
window to convert the cumulative count into a rate:

(t)=V(t+to+70)—V(t+to—70) , t=0,1,2--+ Thax

where 79 > 0 is chosed so that 7y accounts for average infection period.
For Covid-19 it is somewhere between 5 days and 10 days. A possible

value is 7o = 7. Thus /(t) measures the number of infections in a 2-week
period centered around t.
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Optimization based on Forward Model Simulation
The Meta Loop

A natural choice for initial conditions is given by: 5(0) = N and R(0) = 0, where
we assumed E(0) + /(0) < N. Another choise is £(0) = /(0) since we do not
know the undetected number of infections at tiem 0 (perhaps E(0) > /(0) is
closer to the truth):

e = —psk . S0)=N

£ _ 53 %E | E)

Jé — GE—al , I0)

d—’f = al , RO=0, Y=19R

At this point, the parameters that need to be estimated are: {«, 3,9, v, N}.

The Forward Model based calibration works like this:

1. Construct a search set Q of the “free” parameters (a, 3,6, N)

2. For each (a, 8,6, N) € Q: (i) run a SIR simulator using the Euler scheme that
produces (Ssim, Esims lsims Rsim)- (ii) Fit 4 to match the observed time series Y.
(iii) Compute the value of the objective function J(«, 8,9, N,%)

3. Select (&,3,3, i, 4) that minimize J.
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Optimization based on Forward Model Simulation

The objective function

The objective function J can be chosen to measure a norm of residuals
| — Isim and Y — Ysimy where Ysim = :}/Rsim

To do so, you need to choose and fix two meta-parameters p and . For
1 < p < oo define

Tmax Tmax
S, 3,6, N y) = > [I(t) = Lim(t)IP + X D [Y(t) — YRaim(t)|?
t=0 t=0

For p = oo define

J 5, N,~v) = I(t) — lsim(t)] + A Y(t) — yRsim(t
(0036 N.7) = | max [I(8) = Lan(®)] + A _max [Y(£) = 1Run()
The meta-parameter A weights one term of error measure (the rate of
infections mismatch) against the other term (the number of deaths).
Typical choices: p=1,2, 00 and A = 1.
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The Calibration Algorithm for SEIR Models

Algorithm (Meta-Algorithm for SEIR Calibration)

Inputs: Time series {V(0),---,V(T)}, {Y(0),---,Y(T)}. Parameters: Vi

(default, Vimin =5), 1o (default, 7o =7), p € [1,00] (default, p=2), A >0 (
default, A\ = 1), Search set Q.

@ Detect the onset of the infection ty as the first time so that V(to) > Vinin
reset the time origin, and create the time series of infection rates
I(t)=V(t+to+710)— V(t+t—70), 0<t < Thax

@ For each (o, 8,6, N) € Q repeat:

@ Simulate a SEIR model with parameters («, 3,0, N) and obtain daily
time series (Ssim, Esim, lIsims Rsim)-

@ Solve 4 = argmin,||Y — yRsim|| ,-

© Compute the objective function J = J(«, 8,0, N, 7).

© Determine the minimum and the minimizer of J.

Outputs: Estimated &, B, S, N, 4 and minimum value of the objective function
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Numerical results (1)
Analysis of DC data for 2020

Vimin = 5, 70 = 7 [days]. 0500
Onset t; = 55 (Mon-

day: March 16, 2020),

T = 110. 2000 -
Notable dates:
Local dips: day=152 1500
(Sunday:  6/21/2020), >
day=159 (Sunday: ~
6/28/2020).

Memorial weekend: Sun-
day May 24, 2020: day 500 -

1000 [

=124 . :
4th of July: Saturday o e ST ‘ ‘ ‘
July 4, 2020: day = 165. 40 80 80 10 120 140 160 180

t[day]
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Numerical results (2)
Analysis of DC data for 2020. p =1

Results:
& =10.08, § =0.8,

0.176,

> >

o = 2.2,

~

N = 12351,
N
CityPopulation

1.75%, == . -

CityPopulation =
705749.

,,}\/ _ 5.3%. % ) % 4,:‘[&"]'_,4 W 10 180 L a— % 4,1,”“‘"],_‘, Mo 160 180

Joptim = 23125.
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Numerical results (3)
Analysis of DC data for 2020. p = 2

Results:
& =10.08, § =0.8,

esflpha et 800000,12351.005367) eipha R0-2200000,:12351,0.053367) 32300.000000.:123510.053%67)

0.176,

05 >

o = 2.2,

~

N = 12351,
N
CityPopulation

1. 75 % , B S . S g

CityPopulation =
705749.

/}\/ _ 5.3%. % ) % 4,:‘[&"]'_,4 W 10 180 L % 4,1,”“‘"],_‘, Mo 160 180

Joptim = 3095.
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Numerical results (4)
Analysis of DC data for 2020. p = oo

Results:
& =0.08, § = 0.8, FOPE— P— FT—

0.176,

05 >

0 = 2.2,

N = 14115,
R _
CityPopulation 2%, ) == ]
CityPopulation = -
705749.
’3/ == 48% Y w w w m w e w 5" u o w

./optim - 685
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