R. Balan Homework #4 Solutions MATH 464

1. First we need to estimate an upper bound on |F'[k]|, say |F[k]| < ck. The log-log plot suggests an
upper bound (blue line) described by

log(cx) = ap — alog(k)

where ag and « are estimated from the graph. At k = 1 log(k) = 0 and we get ag = log(c1) =
log(10). Hence e® = 10. We estimate the slope of the blue line using for instance the points
(k=1,c; = 10) and (k = 10,c10 = 107 = 0.1). In the log-log scale we get:

log(10) = ag , log(10™*) = ap — alog(10)
Substituting ag in the second equation we get:

—log(10) = log(10) — alog(10)

or
Thus we get
e’ 10
|Flk]] < ¢, < explag — alog(k)) = — = —
ke k2
Next we apply the summation formula we derived in class:
Y ‘ — 10 _20
[f@) = D0 FRS™ < Y7 FRI<2 Y 5<%
=N [k|>N k=N+1

Thus to obtain a level of accuracy of 1% we need to have

20
— <001l—>N2>2
N_OO% > 2000

That is, 2000 rank partial Fourier sum, or for any N larger than 2000.
2. We derive an error for the bound |F[k]| < 9-10~I¥l,

N

TINT - 9 10 —N— —
|f(z) E F[k]e?™n| < § |Fk]| <2 E Tor = 18510 N=l—g9.107%
k=—N |k|>N k=N+1

Thus, for an error of 0.002 we need 2-10~" < 0.002 or 10~ < 1073. Hence N = 3 (or any integer
larger than 3) would achieve the desired level of accuracy.

3.
fl = 1[1,2] ’Fl(CU) — e*SWin
W
4.
—alw 2a
folz) = e~9lol | Fp(w) = S
5.
f (33) = ; — IF’ (.'17)| F (W) o ze_Qﬂ'txhu\
’ _042+x2_a 2 a=2mo 3 _a
Then replace o by a:
: T _ora|lw
f(z):x2+a2 — Fg(w):ge o]
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6.
a(w) = sin(2me) (@) = o= (7 fu(a) — e i (@)
! _ 3piw Sin(mw)
Fy(w) = %[Fl(w ) -Fw+1)]=¢"? @2 1)
7.

fs(x) = e“*'cos(%rax) = 5(62”“’“ + 6_27T1a"L)f2({IJ)|a:1

1 ! !
Fow) =3B -a)+ Rt o) = om0

Then replace a by a:

1 1
1+ 472 (w — a)? 1 + 472 (w + a)?

f(z) = e leos(2maz) —  Fsw)

cos(2mz) 1

fG(-T) _ e\ET) 7(627riw +e—27riac)f3(x)

2 + a? 2

1
Fo(w) = 5 (Fsw = 1) + Fy(w + 1) = o [e72male1l y gmamalurst



