R. Balan Homework #5 Solutions MATH 464
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1. Use the Fourier transform of g(z) = e~1*l, G(s) = IH% and the affine change of coordinate
y=2x+5,

5mis

) 1 ; e
_ —2misz ,—|2z+5| _ - —2mis(y—5)/2 ,—|y| _
F(s)—/e e da:—2/e Y e ydy_1+7r282
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2. Use the dilation rule y = \/gx for the Fourier transform ~(y) = e 5 T(s) = e ™

F(S) _ /e—Qﬂisze—?):czdx — \/?e—ﬂ252/3

S

3. Notice f(z) is the inverse Fourier transform of e~ *. Hence

F(s)y=e"°

4. Complete the square and use the Fourier transform of g(z) = ﬁ is G(s) = me~ "Il

, ) .
_ —2misx _ —4nis—m|s|
F(s) /e [CEDEES] ldx 2me
5. Use the following sequence
fie) =1 = Rl =me ()
T 1 d o s

fo(z) = i zfi(z) — Fy(s) = fﬁ£F1(s) = fgszgn(s)e Is] (2)

2(x—2 . . —4mis—T|s
o) = 2SI o2 o B = —imsignls)e 3)

where sign(s) =1 for s > 0 and sign(s) = —1 for s < 0. At s =0,

F(0) /Oof()d 2/oo T2 o [ ay—0
= x)dr = —————dz =2 lim —7—dy =

oo oo (=22 41 R—o0 _Ry2+1y
(the last integral is zero because y/(y2+1) is an odd function). Thus we get F(s) = —imsign(s)e 4™l
where sign(0) = 0.
Note. As an alternative to computing F(0) explicitely, one may invoque the Dirichlet theorem of
pointwise convergence and regularize F' at 0 by F(0) = 0.5(F(0—) + F(0+)).

1I.
6. We look for a function f : R — C that satisfies the given equation. Since we have the freedom

to impose any condition we want, we make a choice f(—xz) = f(x) (that is, we look for an even
function). Then its Fourier transform is:

F(S) /OO 6727rismf(x)dm — Am(€2ﬂismf(x) 4 eQﬂisxf(_x))dx

— 00

/00(6727”330 + 2T f (1)) da = 2 /00 cos(2mxs) f(x)dx
0 0

Note also:
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We want to have F'(s) = 2e~* for s > 0. Then, because of the symmetry F'(—s) = F(s), we obtain
F(s)= 2e~ 15l The function f is now obtained through the synthesis equation (the inverse Fourier
transform):

f((E) _ / eZﬂzst(s)ds _ 2/ 627”516—\8|d8 _ —

Note that indeed f(—z) = f(x) as we assumed.

7. We are asked to find a function F' : R — C that satisfies the given equation. We choose f to be
odd (anti-symmetric), that is f(—z) = —f(z). Then:

F(s) = /Oo e £ (1) da =

/ (7278 f () + 2™ f(—x))dw = —2@'/ f(z)sin(2nsx)dx
0 0
Note, by direct computation, that:
F(—s)= Qi/ f(@)sin(2wsx)dx = —F(s)
0

Thus the Fourier transform F' must satisfy:

2%, O<z<l1
F(s) = 2, -l<zxz<0
0o |x] > 1

(and the regularization at -1,0,1). The function f is obtained by computing the inverse Fourier

transform: - )
f(zx) = / 2T (5)ds = QM

o T

Note f(—z) = —f(x) as assumed.

8. Solution 1: Use Parseval identity to transform the left hand side into:
/f(t)f(l’ —t)dt = /F(S)F(S)e%mds = F((F(5))*)(x)

Hence the left hand side is the Fourier transform of (F(s))? at x. Apply inverse Fourier transform
to obtain:

(F(S))2 _ / e—ﬂ'£262ﬂ'is1d$ — e—ﬂ'52

Thus F(s) = e~ /2 from where you obtain F(s) = v/2e~27%"
Solution 2: The integral is a convolution product of f with itself. Thus we seek an f so that:
—77132
frxf=g, gl@)=e
Applying Fourier transform on both sides, we obtain:
F(s)* = e

Hence 5
F(s)=e™ /2

and the function f is obtain by inverse Fourier transform:
fe'e) ) )
f(z) = / X R (5)ds = /272
—0o0

II1.
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9.

10.

Applying Fourier transform on both sides we get:
—(27is)?F(s) + F(s) = G(s)

Hence G(s) )
S
F(s) = =G
(s) 1+ 4m2s2 (s) 1+ 4n2s2
Recalling the Fourier transform of a convolution is a product of the two Fourier transforms, we
obtain:

f(@) = (g h)(x)

where h is the function whose Fourier transform is m. Recall from previous homework that

the Fourier transform of h(z) = e~1*! is exactly H(s) = 2/(1 + 4ns%). Hence

f@) = plore @) =5 [ gl

When g = II(x) we obtain:

Explicitely, f is given by

%fl/z e (=) dy =Ce®* if x<-0.5

~1/2
flx) = %fi/z e~ @ dy + %f;/z e”(m0dy =1—1e70%(e® +e7%) if —1/2<a<1/2
%fi{% e @=Wdy =Ce* if x>05
where C = (%5 — e70%). Note: f(z) >0, f(0) = (;]'5 e Udu=1-e% f(—z)= f(x) (because

F(—s) = F(s)), and f achieves its maximum at z = 0. f’(0) = 0. For large =, f(x) < e~ (@05
hence f decays exponentially fast. A sketch is inserted below.
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