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Abstract

We prove that the HRT (Heil, Ramanathan, and Topiwala) conjec-
ture holds for finite Gabor systems generated by square-integrable func-
tions with certain behavior at infinity. These functions include func-
tions ultimately decaying faster than any exponential function, as well
as square-integrable functions ultimately analytic and whose germs are
in a Hardy field. Two classes of the latter type of functions are the
set of square-integrable logarithmico-exponential functions and the set of
square-integrable Pfaffian functions. We also prove the HRT conjecture
for certain finite Gabor systems generated by positive functions.

1 Introduction

Let L2(R) be the space of square-integrable functions on the real line R, and
denote the L?-norm of f € L*(R) as || f||,- If g is a measurable function on R
and A = {(ax, Br)}i_, is a set of finitely many distinct points in R?, the finite
Gabor system generated by g and A is the set

G(g.A) = {0 g(z — an) iy

In [16, 17], the Heil, Ramanathan, and Topiwala (HRT) conjecture is stated
as follows.

Given g € L*(R) \ {0} and A = {(aw,B%)}i,. Then G(g,A) is a
linearly independent set of functions in L?(R).

We shall say that the HRT conjecture holds for g € L*(R) \ {0} if the
conjecture holds for G(g, A) for every set A of finitely many distinct points in
R2.

Despite the striking simplicity of the statement of the conjecture, it remains
open today. Some partial results, before our paper, include the following.

1. If g € L*(R) \ {0} is compactly supported, or supported on a half-line,
then the HRT conjecture holds for any value N.
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2. If g(z) = p(:v)e_””2, where p is a nonzero polynomial, then the HRT con-
jecture holds for any value V.

3. The HRT conjecture holds for any g € L%(R) \ {0} if N < 3.

4. If the HRT conjecture holds for a g € L*(R)\ {0} and A, then there exists
an € > 0 such that the HRT conjecture holds for any h € L?(R) \ {0}
satisfying ||g — h||2 < € using the same set A.

5. If the HRT conjecture holds for g € L?(R) \ {0} and A, then there exists
an € > 0 such that the HRT conjecture holds for g and any set of N points
within e—FEuclidean distance of A.

6. The HRT conjecture holds for any g € L?(R) \ {0} and any A contained
in some translate of a full-rank lattice in R2. Such a lattice has the form
A(Z?), where A is an invertible matrix.

Results (1)-(5) are published in the first paper [16] about the HRT conjec-
ture. Result (6) is due to Linnell [24]. Other partial results, where A is not
contained in a lattice, are published in [1, 4, 5, 8, 9, 23, 31].

We shall use the behavior of g at infinity to prove that the HRT conjecture
holds for several classes of functions. These include the following classes:

1. The class of square-integrable functions whose germs are analytic and are
in a Hardy field (Section 2), which includes the the class of logarithmico-
exponential functions (see Example 2.3 and [3, 12, 13]) and the class of
Pfaffian functions (see Example 2.5 and [20]);

2. The class of square-integrable functions g such that

lim 79(17 +a)
T—r00 g(x)

exists for every positive real number « (Section 3);

3. The class of functions g decaying faster than any exponential function, i.e.,
lg| is ultimately decreasing and e'®g(z) € L*(R), for every ¢ > 0 (Section
4).

For the second class, we assume that the set of points {(ax, Bx)}i_,, defining
the finite Gabor system, satisfies a difference condition for the second variable,
i.e., at least one of the (B is different from all the others. This class includes
the set of differentiable and square-integrable functions g such that

g (x)

a0 g(x)

exists in CU {—o0}.
Finally, we prove two theorems for finite Gabor systems generated by pos-
itive functions (Section 5). The first theorem states that the HRT conjecture
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holds for finite Gabor systems G (g, {(a, Bk) -, ) if g is ultimately positive and

{B1,...,Bn} is linearly independent over Q. The second theorem states that

the HRT conjecture holds for every four element Gabor system generated by an

ultimately positive function ¢ if both g(x) and g(—z) are ultimately decreasing.
In much of what follows we shall use the following propositions.

Proposition 1.1. Let p1,...,0n € R be distinct, let c1,...,cx € C, and let
E C R have a positive Lebesgue measure. If

N
Vr € F, Z cpe?™PeT — ),
k=1

then c1 = cg = ....... =cn =0, see [10].

The translation of g € L*(R) by « € R is the function T,g(z) = g(x — a);
the modulation of g by 8 € R is the function Mgg(x) = €>*¥%g(z); and the

dilation of g by 7 € R\ {0} is the function D,g(z) = |r|2 g(rt).

Proposition 1.2. If A is a linear transformation of R? onto itself with detA =
1, then there exits a unitary transformation Ua : L*(R) — L*(R) such that

UAMbTa = CA(CL, b)M'UTuUAa
where (u,v) = A(a,b) and ca(a,b) € C has the property that |ca(a,b)| = 1.

The operators Uy are metaplectic transforms, and they form a group of
linear transformations of L?(R) onto itself; we refer to [11, 16, 17] for details.
Translations, modulations, dilations, and the Fourier transform are examples of
metaplectic transforms on L?(R).

Proposition 1.3. Let G(g,A) be a finite Gabor system, and let U : L*(R) —
L?(R) be a metaplectic transform with associated linear transformation A :
R? = R?, i.e., U =Uy. Then, G(g,\) is a linearly independent set of functions
in L2(R) if and only if G(Ug, A(M)) is a linearly independent set of functions
in L*(R).

Notationally, S(R) is the Schwartz space of rapidly decreasing infinitely dif-
ferentiable functions on R, § denotes the Fourier transform of g, and |E| is the
Lebesgue measure of £ C R.

2 Hardy Fields and the HRT Conjecture

Given a property P defined on a set X C R, which includes an interval (a, c0).
We say that P(x) ultimately holds if there is ¢ € (a,00) such that P(x) holds
for all z > xg.

Let F be the set of all functions f : Xy — R such that (af,o0) C Xy C R for
some a¢ € R. We define an equivalence relation ~ on F' by writing f ~ g to mean
f(z) = g(z) for all x greater than some a > max(ay,ay), i.e., f is ultimately
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equal to g. The equivalence class associated with f € F' is denoted by germ(f).
Addition and multiplication of functions are compatible with respect to ~, and
so the set F = {germ(f): f € F} is a commutative ring.

Definition 2.1. A subring H of F is a Hardy field if it is a field and it is closed
under differentiation.

Some known properties of Hardy fields are collected in the following propo-
sition.

Proposition 2.2. Let E be a set of real-valued functions on R such that the
germs of all functions in E are in a Hardy field H.

(a) Every function in E is ultimately strictly monotone or constant and ulti-
mately has a constant sign.

(b) If f and g are in E and have nonzero germs, then the limit at infinity of
f/g or g/f is finite. If the limit at infinity of f/g is finite we say that f is
asymptotically smaller than g and we write germ(f) < germ(g).

(¢) The Hardy field H is well-ordered with respect to the relation <.

It is elementary to see that the germs of rational functions on R form a
Hardy field.

Example 2.3. The space, LE, of logarithmico-exponential functions is the
smallest set of ultimately defined real valued functions containing the identity
function I(z) = z and every constant function C(z) = ¢ € R and closed under
the following operations: f,g € LE implies f +g¢, fg, f/g € LE; if f € LE then
e/ € LE;if f € LFE is ultimately positive then log f € LE; and if f € LE then
Y/ f € LE, for every integer n > 0. For example, exp(y/logz/loglogx) € LE.

Hardy introduced the class LE in 1910 [12, 13]; and he proved the funda-
mental fact that the germs of LE functions form a Hardy field. His motivation
was to interpret the idea of a scale of infinities.

The apparent specificity of the space, LF, is in contrast to its broad appli-
cability. For example, LE and more general Hardy fields play a role in model
theory (logic), e.g., [22], time complexity in theoretical computer science, e.g.,
[6], differential equations, e.g., [15, 25], and, of course, Tauberian Theory, e.g.,
[18, 21].

Theorem 2.4. Let E be a real vector space of real-valued functions on R such
that each f € E has the properties that it is ultimately analytic and germ(f) is
in a Hardy field H = Hg. Assume that E is closed under all real translations.
Let £ be the complex vector space generated by E. The HRT conjecture holds
for G(g,A) for each g € €N L*(R) \ {0} and arbitrary A.

Proof. i. Let g € €N L3(R) \ {0} and suppose that the HRT conjecture does
not hold for G(g,A) for some finite subset A = {(ax, k) ;. In part ii, we
prove that we may assume without loss of generality that g is analytic on R.
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After a convenient relabeling in part ¢4, we use the fact that a Hardy field is
well-ordered with respect to the relation < (Proposition 2.2) in part iv, and this
will yield the desired contradiction.

it. Assume that the HRT conjecture fails for some A. Using Proposition 1.3
and relabeling, we suppose without loss of generality that

M N
Z cpe?™PrTg(r) = Z cre®™ PRt g+ ay)  ae, (2.1)
k=1 k=M+1

where aq,...,an >0, ¢1,...,cy € C\ {0}, B1,...,8n € R, and By, ..., By are
distinct. Then, we compute

N N N
H p(x + oj)p(z)g(z) = Z cpe?m PR H plx+ oj)g(z + ax)
J=M+1 k=M+1 j=M+1
N
= Z e P 2mi BB (1)g (2 + o + o) ace,
kyl=M+1

where

M
p@) = cme®™m and py(x) = 11 p(z + o),
o JE{M+1,.. . N}\{k}

foreach ke {M +1,...,N}.

We already know that g is ultimately analytic, i.e., g is analytic on an interval
(A, 00), for some real number A. Let a € R. Iterating the above procedure, as
many times as needed, we can find an equality similar to (2.1) with a + ay > A,
for each k € {M +1,..., N}. Therefore, the right-hand side of (2.1) is analytic
for all x > a. In other words, we proved the following. For each a € R there
exist P, and G, such that g(z) = G,(z)/P,(x) for almost all x > a, where P,
is a trigonometric polynomial and G, is a linear combination of time-frequency
shifts of g that are analytic on (a,00). Therefore, P, and G, are analytic on
(a,00), and hence, for each xy > a, there is an open interval I containing x
and there is n € Z such that

Ve el, Gal(r) = (x — x0)" Hq(z),

where H, is analytic and never vanishes on /. Since g is square-integrable and
g(z) = Gu(z)/Py(z) for almost all € I, then, G, /P, € L*(I), and so n > 0.
Therefore, G,/P, is analytic on I, and, consequently, G,/P, is analytic on
(a, 00).

If a,b € R, then , Go(x)/Pa(x) = Go(x)/Py(x) for almost all > max(a, b);
and the fact that G,/P, and G,/ P, are analytic on (max(a,b), c0) implies that
Go(2)/Py(x) = Gp(x)/Py(x) for all x > max(a,b). Thus, g(x) = Gu(x)/Pa(x),
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where a is any real number less than x, is a well defined function that is analytic
on R; and for all n € Z, we have g(z) = g(z) for almost all x > n, ie.,
| {z:g(z) # g(z) and = > n} |= 0 for each n € Z, and so

| {z € R:g(x) # g(2)} |=| [ {z : g9(x) # 9(2) and & > n} |= 0,
nez

i.e., g = g almost everywhere. This with the fact that g is analytic on R imply
that (2.1) holds for g everywhere. Therefore, without loss of generality, we
assume for the rest of the proof that g is analytic on R and that (2.1) holds
everywhere.

11i. After relabeling, we may suppose that

N .
> emibigy(z) =0, (2.2)
k=1

where B1,...,8n € R are distinct and, for each £k =1,2,..., N,

Ny
gk (@) = Clem9(T = Aton))s
n=1
where Ck,1)> C(k,2)5 - - - » C(k,Ny) eC \ {0} and Ok, 1) CK,2) 5+ + s Ok, Ny,) c R.
w. By Proposition 1.1 and taking the Fourier transform we note that, for
each k =1,2,..., N, {Ta(k’n)g}ﬁfil is a linearly independent set of functions,

cf. [17, 26]. Thus, gy is not identically equal to zero. Using the fact that gy is
analytic, we obtain that g is not ultimately equal to zero. Therefore, and since
FE is closed under translations, there are fi, hy € E such that gp = fi + ihy for
which germ(fi) # 0 or germ(gx) # 0. In particular if germ(f) is the maximum
of {germ(fi), germ(hy) : k =1,2,..., N} with respect to the relation <, then
germ(f) #0.

Equation (2.2) can be rewritten as

N
ST () + igi(x)) = 0,
k=1

Now let {x,,} C R be a sequence converging to infinity such that

Vk=1,...,N, lim ¥ —[,.

n—00

Then, we compute

N .
lim Z (2miBk () fulw + an) +ign(x +20) N
e k=1 f(i[] + :En)

Using Proposition 2.2, we obtain

. fre(z + ) +ige(T + 20)
lim = 2,
n—oo f(x + xn)
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where 21, 29, ..., 2y € C. Therefore, we have

N

Z ZkLkezﬂiﬁkx = 0
k=1

This contradicts Proposition 1.1, because (1,...,8y € R are distinct, Ly # 0
for each k € {1,2,..., N}, and z; # 0, for at least one k € {1,2,...,N}. O

Example 2.5. (a) The class of LE-functions satisfies the conditions of Theorem
2.4. Thus, the HRT conjecture holds for every g € €N L?(R) \ {0}, where £
is the complex vector space generated by LFE-functions. For example, the HRT
conjecture holds for the function

B e el n log ||
14+ /x| 1+izloglz|

(b) Let E be the class of real-valued analytic functions ¢, defined as follows:
g1 € E if there exist N —1 analytic functions go, . . . , gy such that (g1, g2, ..., gn)
is a solution of a system of first degree differential equations having the form

g(z)

N
dyn
E:;pk(mylw"ay]v)? ’I’L:l,...,N,

where p1,...,pn are polynomials of (N + 1) variables. The elements of E are
called Pfaffian functions; and the germs of such functions form a Hardy field
[20]. Thus, by Theorem 2.4, the HRT conjecture holds for any square-integrable
linear combination (with complex coefficients) of functions in FE.

Remark 2.6. Pfaffian functions were introduced by Khovanskii [20]. They
include many, but not all, elementary functions, as well as some special func-
tions. Khovanskii also proved that the germs of functions built from LE and
trigonometric functions form a Hardy field, provided that the arguments of the
sine and cosine functions are bounded [20], e.g.,

— sin(—2 eVl
f(z) = sm(l m :102)6 Viel
Thus, by Theorem 2.4, the HRT conjecture holds for such functions.

There are other classes of functions satisfying the conditions of Theorem 2.4.
These include D-finite functions defined in [30].

Liouville proved “elementary integrability” criteria allowing one to assert
that certain integrals, most famously [e~* dz, cannot be expressed “in ele-
mentary terms”; of course, “elementary” has to be defined in a precise way, see
[7, 27, 28]. We mention this since, if we replace E in Theorem 2.4 by a space
generated by E and the primitives of all functions in E, we can still conclude
that the linear independence conclusion holds for finite linear combinations of
square integrable functions belonging to the new space.
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The proofs of the following theorems are similar to the proof of Theorem
2.4.

Theorem 2.7. Let f € L?(R) \ {0} have the properties that f is analytic on
R and germ(f) is in a Hardy field H that is closed under all real translations.
Assume h € L?(R) satisfies the condition,

The HRT conjecture holds for G(f + h,A), where A is arbitrary.

Proof. If the HRT conjecture does not hold for G(f + h, A), for some finite set
A C R?, we may suppose that

N
> T (i) + hi(2) =0 ae,
k=1

where 31, ..., BN are distinct real numbers and, for each k =1,2,... N,
Nk Nk
Jr(x) = Z Clom) f(T — pny) and  hg(x) = Z Cle,myh (T — (i n)),
n=1 n=1
where C(k,1)1 C(k,2)1 -+ > C(k,Ny,) € C \ {0} and Q1) Q(K,2)5 - -+ » QUK,Ny,) € R.

Using an argument similar to the steps in the proof of Theorem 2.4, we
can prove that fi is not ultimately equal to zero, for each k € {1,2,...,N}.
Then fi = ug + ivg, where germ(uy), germ(vy) € H and germ(ug) # 0 or
germ(vy) # 0, for each k € {1,2,...,N}. In particular, if germ(u) is the

maximum of {germ(ug), germ(vg) : k =1,2,..., N} with respect to the relation
=, then germ(u) # 0. Therefore, we obtain a contradiction as in the last steps
in the proof of Theorem 2.4. O

Corollary 2.8. Let f € L*>(R) \ {0} be a rational function, let h € S(R), and
take (a,b) € R?\ {(0,0)} and t > 0. The HRT conjecture holds for G(h(z) +
ae~ ! 4 bf(x), A), where A is arbitrary.

Proof. The case where g = h + ae~**| can be obtained by taking the Fourier
transform of g. The other cases are immediate consequences of Theorem 2.7. [

Theorem 2.9. Let g € L?(R)\{0} have the property that g is analytic on R\ E,
where E # 0 and card(E) < oo. The HRT conjecture holds for G(g,A), where
A is arbitrary.

Corollary 2.10. Let € > 0 and let h € L*(R) be analytic on R. The HRT
conjecture holds for G(e~1*I" 4 h(x), A), where A is arbitrary.
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3 The HRT Conjecture for the Ratio-Limit Case

Definition 3.1. A measurable function g on R has the ratio-limit l,(a) €
CU{too} at a e Rif

lim 4219
a0 g(z)

= lg(a).
Some elementary properties of ratio-limits are collected in the following
proposition.

Proposition 3.2. Let g be a measurable function on R having the finite ratio-
limit l4(e) at o € R.

(a) The functions Tyg, Mag, and D,g have a ratio-limit at «, and, in fact,
lTag(O‘) = lg(a), lMﬁg(O‘) = e%walg(a)v and ZDTg(a) = ZQ(TO‘)'
(b) Let h be a measurable function on R and assume that h ~ g. Then, h has
the ratio-limit I, (c) at o, and lp(a) = l4().

(c) Let f be a measurable function on R and assume that f has the finite ratio-
limit ly(c) at . Then, the function fg has the ratio-limit l;4(a) at o, and

Lrg(@) = Lp(a)ly().
(d) Assume that g has the finite ratio-limit l;(8) at 8 € R. Then, g has the
ratio-limit lg(o + B) at a+ B, and l4(a + B) = lg(a)ly(B).

Proof. Each of the proofs is elementary. To illustrate we shall prove part (d).
Assume that g has the finite ratio-limit /,(«) at o € R and the finite ratio-limit
1,(8) at B8 € R. Therefore, we have

b S@FatB) L gleta+tB) g+t p)
S () % g@t ) @)

Thus, ¢ has the ratio-limit I,(a + 8) at a+ 8, and I;(a + B) = l4(a)lg(8). O

= lg(a)lg(ﬁ)-

Proposition 3.3. Let g € L*(R). Suppose that g has the ratio-limit ly(c) at
each o > 0. Then, there exists 0 < a < 1 such that

Va >0, |lz(a)=a®.

Proof. Let l(e) = |lg(«)| and (1) = a. Suppose that {(a)) > 1 for some a > 0.
Then, there exists A > 0 such that

Ve > A, | gz +a) [>g(z)].

Consequently, we have

Cloa+o)Par > [ lg@Pde= [ lg@lPde+ [ lga + o) Pde
/ / /. /

A A
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yielding the contradiction,

Ata
0> / lg(z)dz.
A

Therefore, 0 < I(a) <1 for all & > 0, and so, in particular, 0 < a < 1.

Using Proposition 3.2, we can prove that I(r) = a” for all rational numbers
r > 0. Further, note that if « > 8 > 0, then l(a) = I(8)l(a — 8) < (). Thus,
the function ! is decreasing on (0, c0).

If @ > 0, then there exist two sequences, {s,} and {r,}, of positive rational
numbers converging to « and satisfying the inequalities, s, < a < ry, for each
n. Thus, since [ is decreasing, we have

Yn>1, a™ <l(a) <a®.

(e

Letting n tend to infinity, we obtain I(a) = a®, and the proof is complete by
once again invoking Proposition 3.2. O

Remark 3.4. Regularly varying functions are real-valued functions ¢, defined

n (0,00), having the property that lim,_,. @(Ax)/@(z) exists for each A > 0.
They were introduced and used by J. Karamata to prove his Tauberian theorem
[18], cf. the notion of slowly oscillating functions which also play a basic role in
Tauberian theory, [2], Sections 2.3.4 and 2.3.5. If a real-valued function g has
the ratio-limit [,(a) at each « € R, it is said to be additively regularly varying,
i.e., the function ¢(z) = g(logx) is regularly varying,.

Lemma 3.5. Let g be a complex valued function on R for which the logarithmic
derivative exists on [a,b]. Then, we have

b b
90) _ op / 9@, \
9(a) o 9(@)
Proof. Since the logarithmic derivative g exists on [a, b], the function g is con-
tinuous and g(z) # 0 for all « € [a, b]. Therefore, g([a,b]) is a compact subset of
C\ {0}, and so we can choose § € R for which the open set U = C\ {te? : t > 0}

contains ¢([a, b]). If we denote by Ly (z) the branch of the complex logarithm
defined on U, then we compute

()= [ L5
) ([ )

Proposition 3.6. Let g be a complex valued function for which the logarithmic
derivative ultimately exists.

and so

O
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(a) If the logarithmic derivative of g has a finite limit | at infinity, then g has
the ratio-limit l,(a) = €' at each o > 0.

(b) If the limit of the logarithmic derivative of g is —oo, then ly(e) =0, for all
a > 0.

Proof. (a) Let o > 0. Assume that the logarithmic derivative of g has a limit
[ € C at infinity. Therefore, if € > 0, then there exists A > 0 for which

A
ves A, |28 o f
g(x) a
and so N )
T [0 t
/ EACNIP
m g(t)

Therefore, we have

zt+a ./
g'(t)
YV > A, / dt — la |< e.
o e

Consequently, we compute

lim
e—oo [, g(t)

and hence, using Lemma 3.5, we obtain

lim glz+a) =¢le
a=oo  g(z)

Using a similar argument, we can prove part (b). O

Example 3.7. a. Rational functions f have the ratio-limits I;(a) = 1 at each
aeR.

b. Measurable functions f on R that are analytic at co have the ratio-limits
lf(a) =1 at each a € R.

c. For all € > 0, the function g(z) = e~ 1®
a > 0. In this case, we can compute that

‘ €

has the ratio-limit [, (c) for all

1, if 0<e<,
lyla) =4 e, if e=1,
0, if e>1.

d. Trigonometric functions do not have ratio-limits at each o € R, e.g., the
function h(r) = sin(27x) does not have a ratio limit at /2.

Let A = {(ag, Bk)}a_, C R? be a set of distinct points. We say that A
satisfies the difference condition for the second wvariable if there exists kg €
{1,..., N} such that By # Bk,, whenever k # kq. The difference condition for
the first variable is similarly defined.
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Lemma 3.8. Let P be a property that holds for almost every x € R. For every
sequence {un}nen C R, there exists E C R such that | R\ E |= 0 and P holds
for  + uy, for each (n,z) € N x E.

Proof. If E = (,cni® @ P(z + uy) holds }, then P holds for  + u, for each
(n,z) € Nx E. We know that | {z : P(z + u,) fails } |= 0, for each n € N, and
0 | Upeniz : P(x + uy) fails } [=0, e, |R\ E |=0. O

Theorem 3.9. Let g € L*(R) have the ratio-limit l,() at every a > 0, and let
A = {(ag, Bi)}_, CR2. The HRT conjecture holds for G(g,A) in the following

cases:
(a) 1,(1) = 0 and A is any finite subset of R?; and
(b) 14(1) # 0 and A satisfies the difference condition for the second variable.

Proof. Note that since g has a ratio-limit, then g is ultimately nonzero. Suppose
that the HRT conjecture fails. We shall obtain a contradiction for each of the
two cases.

(a) If 1,(1) = 0, then, by Proposition 3.3, l4(a) = 0 for all & > 0. Using
Proposition 1.3, without loss of generality we suppose that

M N
Z cke%wkzg(x) = Z ckezﬂﬁ’“mg(a: +ai) ae.,
k=1 E=M+1

where ¢1,...,ca € C\ {0}, cprq1,-.-yen €Cap >0forallk=M+1,..., N,
B1,...,08n €R, and F1,..., By € R are distinct.

Let {x, }nen be a positive sequence converging to infinity, with the property
that the sequence {e2™"#x®n )\ converges to a limit Ly, for each k € {1,..., N}.
Then, |L| = 1, and, in particular, Ly # 0 for each k € {1,..., N}. By Lemma
3.8, there is E C R such that | R\ E |= 0 and, for all (n,z) € Nx E,

M N
Z cke%iﬁk(“m")g(x + xn) _ Z cke%’iﬁk(erzn)g(x +x, + Oék)-
k=1 k=M+1

Let « € E be fixed. Since g is ultimately nonzero, then, there is ng > 0 such
that g(z + x,,) # 0 for each n > ng, and so we can write

M N
Z Ck62ﬂ'i5k(m+zn) — Z Cke27riﬁk (z+xn) g(I +Tn + Olk) )
k=1 k=M+1 9(x + )

Hence, letting n tend to infinity in the last equality, we obtain

M

> erLye®™ P = 0. (3.1)
k=1
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Since | R\ E |= 0, then equality (3.1) holds almost everywhere, and so Propo-
sition 1.1 and the fact that Li # 0 lead to a contradiction.

(b) If |i4(1)] = a # 0, then, by Proposition 3.3, |l;(a)| = a®, and, in partic-
ular, [4(a) # 0 for each a € R. Using Proposition 1.3 and the fact that the set
A satisfies the difference condition for the second variable, we suppose that

N
g(x) = Z cre®™ PRty + o) ace.,
k=1
where ¢1,...,cy € C, aq,...,any € R, and Sy,...,8x € R\ {0}. Let {x,} be
a positive sequence converging to infinity, with the property that the sequence
{e2™iBken ) converges to a limit Ly for each k € {1,..., N}. Proceeding as in
case (a), we obtain

=2

—1
Cklg(ak)LkG%riﬁkz =1 a.ce.

ol
Il
—

Proposition 1.1 and the facts that lj(ag) # 0, Lr # 0, B # 0 for each k €
{1,...,N}, and ¢ # 0 for at least one k € {1,..., N} lead to a contradiction.
O

Corollary 3.10. Let g € L*(R) \ {0} and let A C R? have the property that
card(A) < 5. If g and g have ratio limits at every o € R, then the HRT
conjecture holds for G(g, A).

Proof. Suppose that g and g have ratio limits at every o € R.

If card(A) < 3, then the result is a consequence of known results, see Section
1.

Let card(A) = 4. By using the Fourier transform and the previous case, the
only case which cannot follow by Theorem 3.9 is when

A = {(a1, 51), (a1, B2), (@2, B1), (a2, B2) }-

Hence, A lies in a lattice and the HRT conjecture holds for G(g, A) by known
results, see Section 1. R

Let card(A) = 5. Either G(g,A) or G(g,A) satisfies the second difference
condition, where A = {(8, —a) : (o, 8) € A}, and so we can apply Theorem 3.9
after using the previous cases. O

Corollary 3.11. Let E be a real vector space of real-valued functions having
their germs in a Hardy field H. Let A be a set of finitely many distinct points
in R? satisfying the difference condition for the second variable. The HRT con-
jecture holds for G(g,A) if g ~ h, where h is a finite linear combination (with
complex coefficients) of functions in E.

Proof. Tt suffices to notice that every finite linear combination of functions in
FE is either half-line supported or has a ratio-limit at each positive number. [

Unlike Theorem 2.4, g does not need to be ultimately analytic and H is not
required to be closed under translations in the case of Corollary 3.11.
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4 The HRT Conjecture for Functions with Ex-
ponential Decay

Lemma 4.1. Let a > 0, let M > 2, and let B1,...,8. € R. For each n €
{1,..., M}, we define

2mi(b bty ...+b
Vm=0,...,n—1, Bp(m) = E e2mi(bey bty by, o
M—-n+1<t1<...<tp_m<M

Then, for each n € {1,.... M — 1}, we have

Vm=1,...,n—1, Buyi(m)= >R (m)+ B,(m — 1),
Bny1(0) = 2™ =n*B,(0), and Bpy1(n) = Bp(n — 1) 4 *T0M-ne,

Theorem 4.2. Let g be a measurable function on R such that e'®g(x) € L'(R)\
{0} for allt > 0. Let A = {(ou, Bi) i, C R%

(a) If, for some ko € {1, ....... , N}, we have ay, > ay, for each k € {1, ....... SN
{ko}, then the HRT conjecture holds for G(g, ).

(b) If |g| is ultimately decreasing, then the HRT conjecture holds for G(g,A),
where A is arbitrary.

Proof. (a) Suppose that the HRT conjecture fails for G(g, {(au, Be)_y). If
ar > aq for each k € {1,....... , N}, we use Proposition 1.3 to assume, without
loss of generality, that (ag, 5p) = (0,0), and so we can write

N
g(z) = Z cre®™ Pt g(r 4 ap)  ae.,
k=1

where c1,...,cy € C, B1,...,6n € R, and ag, ..., any > 0. Therefore,

N
vt > 0, /g(x)etzdx < Z g |e o /g(a:)etxda:,
k=1

and so
N
vi>0, 1< Z lcx et
k=1

Letting t tend to oo in the last inequality leads to the desired contradiction.
(b) i. If the HRT conjecture fails for G(g, A), for some finite subset A C R?,
we use Proposition 1.3 to assume, without loss of generality, that

N

M
Z ame®™ T g(x) = G(x) a.e., where G(z)= chez’”ﬁ”g(a: + ag),
m=1 k=1
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A1y .eey Q7L Cly ooy N € C\{0}, 1, ..., bps are distinet real numbers, By, ..., By € R,
and ay, ...,ay > 0. Since (a) deals with the case M = 1, we assume that M > 2.
Since |g| is ultimately decreasing, then either g is supported on a half-line
(in which case the HRT conjecture is satisfied, see Section 1) or g is ultimately
nonzero. Thus, without loss of generality, we suppose that g is ultimately
nonzero; and for the sake of simplicity, we assume that g never vanishes.
7. Let a > 0. Then, we have

M
Z o2mibm (z4a) glx+a) = Gl+a) ae

m=

Therefore, we compute

M M
g(.’L‘—i—Oé)e%TibMa Z ame%ribmmg(x) —g(x) Z ame%ribm(m-i-a)g(x_i_a)
m=1 m=1

= glz +a)G(x)e?™ MY _ g(2)G(z + ) ae.,

and so
M-1
a (627ribMO¢ _ ezﬂibma)ezﬂibmmg(x + a)
m
m=1
— MG(;v)e%ibMa —Gx+a) ae
g9(z)

After iterating the above process three times, we obtain

M-3
H 27mblo¢ _ e27mbmo¢)e27mbmwg($ + na)
m=1 I=M-2

_ gz + 3Q>G( Ye2milbar+har—1+bar—2)e _ g(z + 3a)

g(x) 9(z + )
eQ?TZ(bM+bM71)O¢ +e27'r1(bM+bM,2)a +627Ti(bM—l+bM—2)a]

Gz + o

3 . . .
+ g((E + Oé) G(.’II + 2a)[62ﬂsza + 6271'1be10( 4 6271'1be20¢:|
g(z + 20)
- G(r+3a) ae.

Now, we invoke Lemma 4.1 to prove by induction on n that the equality

M—n M ) ) )
Z am H (62ﬂzbla _ eQﬂ'meQ)SQﬂ'mezg(x + na) (41)
m=1 I=M—n+1

- Tf(_l)mgn(m)m

g(x + ma) G(z +ma) + (-1)"G(z + na) ae.

m=0

holds for each n € {1,..., M — 1}.



Linear Independence of Finite Gabor Systems Determined... 16

Writing equality (4.1) for  + « yields the equality

M—n M
Z - H (e2m'blo¢ _ e27ribma)627ribm(m+a)g(x + (TL + 1)04) (42)
m=1 I=M—-n+1

= i (‘UmBn(m)%G(I +(m4+1Da)+ (-1)"G(z+ (n+ 1))
m=0

gl + (n+1a)

(@ + ma) G(z + ma)

= Y (=)™ 'Bu(m—1)
+ (-D"G(x+ (n+1)a) ae.

Meanwhile, multiplying the two sides of equality (4.1) by e?™#M-ng(z + (n +
1)a)/g(z + na) yields the equality

M—n M
Z - H (627ribloz _ e27ribma)e27ribM,naeQ7ribmmg(x + (n + 1)04)
m=1 =M —n+1
n—1
) 1
= 3 et C1ymp, () SO DD gy
= g(x + ma)

+(_1)n62ﬂibz\/17u0¢wc¥(x —+ na) a.e.
g(z + na)

Therefore, subtracting equality (4.2) from the last equality, we obtain

M—-n—1 M

Z am H (eQTrzbla _ e?frzbma)e%rzbmmg(x + (n + 1)0()
m=1 l=M-—n

gz+ (n+1)a)

o@ o

— 627Tib1y1,7laBn (0)

_1\m eQTribM,na m m — g(I + (n + 1)0&)
+> (=)™ By (m) + Bn(m — 1)] o rma)

m=1

G(z + ma)

gz + (n+1a)

3@ 1 1) G(z + na)

+(=1)" [Bn(n — 1) + e2mibr-ne]
—(-1D)"G(z+ (n+ 1a) ae.,

and so, using Lemma 4.1, we conclude that
M—n—1 M
Z am H (627rzbla _ e27rzbma)e27mbmacg(x + (n + 1)0&)
=M—

m=1 l n

= Zn: (—1)’”Bn+1(m)%eu +ma)+ (=1)""'Gz+ (n+1)a) ae;

m=0

and this completes the induction proof.
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iii. Writing (4.1) for M — 1 yields the equality

M
a1 H (627Tibma _ eQﬂ'ibla)e%riblzg(x + (M _ 1)(1)
m=2

M-1

= mg(x—i—(M—l)a) T +ma) a.e
_ZB( ) g(z + ma) Gz + ) ae,

m=0

where, for 0 <m < M —2, B(m) = (=1)™Bj—1(m) and B(M —1) = (=1)M-1,

Let ¢ > 0. Since | g | is ultimately decreasing, there is A € R for which
lg(x + (M — 1)a)/g(z + ma)] < 1, for 0 < m < M — 1 and for all x > A.
Therefore,

M [e%S)
an JL @ = e [ glas 01 = et
m=2 A

M—1 o
<y |B(m)|/ Gz + ma)|et=da.
m=0 A

By the definition of G, we compute

M [e'S)
an L@ mieg) [ gt (01 = a)ieds
m=2 A

M—1 N %)
< [B(m) | > | ck|/ lg(z + ar + ma)|et®da,
k A

m=0 =1

and so

M [e'S)
an [L @7 = mveg) [ gt (01 = et
m=2 A

M-—1 N 0o
<Y IBm) Y |Ck|/ 19(x + (M — 1)a)]etlE—enx+(M—1-m)a) .
k A

m=0 =1

Choosing « such that 0 < (M — 1)a < inf{ay,...,an}, we can write

M 0o
o TL@mme = ey | [ 7 g+ (0 = 1)a) | s (43)
m=2 A
M—1 N 0o
<> IBM) Y e e_t(a’“_(M_l_m)a)/ | g(z + (M = 1)a) | e da.
m=0 k=1 A

Then, using the fact that | g | is ultimately positive, we can simplify (4.3) and
obtain

N

M M—-1
| a H (627ribma _ eQm’bla) |§ Z | B(m) | Z | Cr | e—t(ak—(M—l—m)a).
m=2 m=0 k=1
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Letting t tend oo in the last inequality yields the contradiction

inf{aq,...,an}

YO0
<« M1

M
7 | a H (627ribma _ 827rib1a) |§ 0.
m=2

O

Remark 4.3. (a) Let A € R. Theorem 4.1 remains true if we replace its first
assumption with the assumption that g is a measurable function on R such that
eg(x) € L' ([A, 0)) for all £ > 0.

(b) Let p > 1. Theorem 4.1 remains true if we replace its first assumption
with the assumption that g is a measurable function on R such that e®g € LP(R)
for all ¢ > 0.

(¢) Theorem 4.1 stays true if we replace its first assumption with the as-
sumption that g is a measurable function on R such that lim, . e!*g(z) = 0,
for all ¢ > 0. This result was recently obtained independently in [5] by using
different techniques.

(d) Statement (b) of Theorem 4.1 remains true if we replace the assumption
that g is ultimately decreasing with the weaker assumption that for each a > 0,
lg(x 4+ a)/g(z)| is ultimately bounded. This is the case if |g| ultimately has a
bounded logarithmic derivative.

5 The HRT Conjecture for Positive Functions

For this section we require the following result, see [2] Section 3.2.12, [14]
Chapter XXIII, [19] Chapter VL9, [29].

Theorem 5.1 (Kronecker’s Approximation Theorem). Let {f1,...,6n8} C R
be a linearly independent set over Q, and let 01,...,0n € R. If U,e > 0, then
there exist p1,...,pn € Z and u > U such that

szlv"'aNa |ﬂku_pk_9k|<€7

and, therefore,
Vk=1,...,N, [e2™Fru _ 2m0k| < 4me,

Theorem 5.2. Let g € L*(R) and assume that g is ultimately positive. Let A =
{(cok, Br) Yy € R? have the property that {Bo, ..., N} is linearly independent
over Q. The HRT conjecture holds for G(g,A).

Proof. Tt {By, ..., B} is linearly independent over Q, then {31 — Bo, ..., B8 — Bo}
is also linearly independent over Q. Using Proposition 1.3, we assume that
(g, Bo) = (0,0), and so {f1, ..., On} is linearly independent over Q. Assuming
that G(g, A) is linearly dependent in L?(R), we shall obtain a contradiction.
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i. The linear dependence of G(g, A) implies, without loss of generality, that
there are ¢1,...,en € C\ {0} such that

N

g(x) = chEQﬂiﬁ’“zg(I—ak) a.e. (5.1)
k=1

it. By Kronecker’s theorem (Theorem 5.1) and the linear independence
of {f1,...,8n} C R over Q, there exists a sequence {u,} C R such that
lim,, 00 Uy, = 00, and

Vk=1,...,N, lim e2™frun = 270 (5.2)

n—oo

where each _
Op = o +1/4 and cp = |cple 270k,
i.e., we have chosen 6 in our application of Theorem 5.1 to be defined by the

formula, €27 = |cx|i/ck. Therefore, from (5.2), we compute

VE=1,...,N, lim ¢e*™ Pt = |c.]i.
n—0o0

By Lemma 3.8, there is a set X C R, |R\ X| =0, such that

N
V(n,z) e Nx X, glx+u,) = Z k2™ PEEE g (2 o, — ay). (5.3)
k=1
i11. For the sake of simplicity, we assume that 0 € X. Since g is ultimately
positive and u,, — oo we can assume that

Ynand Vk=0,...,N, g(u,—ax)>0.
Because of the positivity, we use (5.3) with = 0 to write

S (1 — )
1= Z (|ck|i + (cke%w’““" — |c;€|z)) gn k (5.4)
b1 g(un)

N
S i)
(

) Z g(un — o)
2B Un . n k
Cr€ — |Ck|?) ———————

1 9(un)

e2miBrtn _ Mz‘ g(un — ag)
Ck 9(un)

)

N (u _a) N
22|ck|gg”(T)’“—;|ck|

since |ed — |c|i| = |c||d — |¢|i/c| for ¢ € C\ {0} and d € C.
Let € = 1/2 in Theorem 5.1. Then, we have that

3U > 0 such that Vu, >U and Vk=1,..., N,

e2miBrun _ Mz‘ < 1
CL 2
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Consequently, (5.4) allows us to assert that

N
g(un—ozk)
Yu, >U, 2> ek ———;
; g(un)

5e2)

is bounded for each k = 1,..., N. Therefore, there is a subsequence {v, } of {u,}
for which {g(v, — ax)/g(v,)} converges to some ry € R for each k =1,...,N.
Consequently, by invoking Theorem 5.1 again, and replacing u, by vy, the
equality in (5.4) leads to

and, hence, the sequence

N
1= Z |C;€|T‘ki,
k=1

the desired contradiction. O

Lemma 5.3. Let g € L*(R) have the properties that g(z) and g(—z) are ulti-
mately positive and ultimately decreasing. Define

Ajr(z,y) = gl@+y+aj)gl@—y+ar) —g@—y+a;)g@+y+a),
where z,y, aj, o € R. Assume that o; < oy and let v € R.
(a) If y is large enough, then A, (x,y) > 0.

(b) If Aji(z,y) = 0 and y is large enough, then g(z +y+ o) = g(x +y + ax)
and g(x —y + a;) = g(x —y + ax).

Lemma 5.4. Let (f1, 82, 03) € R\ {0}, let ¢1,¢2,¢5 € C\{0}, and let E,F C R
have the properties that |E|,|F| > 0. If

Ve € E, Cl€27riﬁlz + 0262ﬂi52m + 0362771'531 =
and

Vo e F, C_leQTri(Bl—Bg)w + C_QeQTri(Bg—Bg)w _ le—2ﬂ'i,@3m c R,
C3 C3 C3

then one of the following statements is satisfied.
(a) B3 =0 and $1 = B2 # 0; and, in this case, we have cs € R and ¢1 + c2 = 0.
(b) B3 =0 and By = —B1 # 0; and, in this case, we have cs € R and co = 7.

Lemma 5.5. Let g € L*(R) , let (1, 82,83) € R\ {0}, and let 0 < a < ap <
ag. If there is a € R for which we have g positive on [a — a1, a + 2as — as| and
constant on [a,a+ as), then the HRT conjecture holds for G(g, {(—au, Bk)}i_o),
where (oo, fo) = (0,0).
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Proof. i. Suppose that G(g, {(—ax, 8k)}3_,) is a linearly dependent set of func-
tions. Recall (Section 1) that the HRT conjecture holds for any three point set.
We use this fact two times, combined with the assumption of linear dependence
and a straightforward calculation to show that there are ¢, ca, c3 € C\ {0} such
that

3

g(z) = Z e PR g(z + o) ace. (5.5)
k=1

Therefore, the fact that g is constant on [a,a + as] implies that
Ve e B, g(z) = [ce¥ % 4y P22 | 3e2™F5%]g(q)

and

Vo e F, g(a:) _ [_262771'(61763)90 _ 0_2627”'(#327#33)1 + i672ﬂiﬁ3z]g(a)7
C3 C3 C3

where E = [a — a1, a] and F = [a + a3, a + 2a3 — az]. Hence, the fact that g is

positive on [a — a1, a + 2a3 — a3 implies that

= E, CleZTriﬁlm + 62627riﬂ2m + 63627riﬂ31 cR
and

Vo € F, c_leQTri(Bl—Bg)w + C_QeQTri(Bg—Bg)w _ ie—2ﬂ'i,@3m cR.
C3 C3 C3

Consequently, Lemma 5.4 lists all the possible cases relating 3, 82, and (3. In
part 7, we shall see that each one of these cases leads to a contradiction.

7. Assume that f3 = 0 and 81 = B2 # 0. In this case, we have c3 € R and
¢1 + ¢z = 0. Thus, (5.5) is

9(z) = c1®™P 7 [g(z + 1) — g(x + a2)] + eag(x + as),

and so {7 : g(z + ay) # g(x + az)} C {x : c2e?>™1® € R}. Meanwhile, the fact
that g € L?(R) implies that |{x : g(z) # g(x + a1)}| # 0. Therefore, we obtain
the contradiction |{x : ce?™P2% € R}| # 0.
Similarly, we obtain the desired contradiction for the case where $3 = 0 and
P2 =—P1 #0.
o

Theorem 5.6. Let g € L*(R) have the properties that g(x) and g(—x) are

ultimately positive and ultimately decreasing, and let A = {(ax, Bi) iy C R2.
The HRT conjecture holds for G(g, A).

Proof. i. Suppose that G(g,A) is a linearly dependent set of functions, where
A = {(—ax, Br)}3_y € R% Using Proposition 1.3, we assume, without loss



Linear Independence of Finite Gabor Systems Determined... 22

of generality, that (ao,Bo) = (0,0) and 0 < a3 < a3 < ag. Since The HRT
conjecture holds for any three point set, there are ¢1,c2,c3 € C\ {0} such that

3
= Z cre®™ PRty + ap)  ae. (5.6)
k=1

it. Since g(z) and g(—=x) are positive and decreasing on (a,o0) for some
a > 0, then [{z : |z| > @ and g is discontinuous at z}| = 0 and the left hand
limit g(z~) exists at each x for which |x| > a. Therefore, if h(z) = g(z~) for
|z] > a and h(x) = g(z) elsewhere, then h = g a.e., and so we obtain

3
h(z) = Z cre®™PRTh(z 4 o) ae.
k=1

Since h is left hand continuous on {x : |z| > a}, the last equality holds for all x
for which |z| > a.

113. For each of the remaining steps of our proof, it will suffice to assume
that (5.6) holds for |z| as large as we wish. Hence, for the sake of simplicity
and without loss of generality, we assume that g is positive on R, decreasing on
(0, 00), increasing on (—o0,0), and that (5.6) holds everywhere. In particular,
for each n € N, we have

g n + ak 27rzﬁkn (57)
k=1
and
3
g( —n+ ak —2mifkn
-7 7 e . 5.8
g(—n —|— as) ; —n+ az) ck (5:8)

Using the hypothesis that g is decreasing on (0, 00) and increasing on (—oo,0),
we have that the sequences,

g(n + ay)
g(n)

are bounded for each k € {1,2,3}.

With this backdrop, we now use Theorem 5.1 to construct a sequence
{tn}nso € N, resp., {vn}ns0 € —N, for which the sequence {e?7Frun} g
resp., {e2™Pxn}, o converges to €270 resp., e2™%  for each k € {1,2,3}.
The degree of freedom with which the limits €27 and €27 are chosen, for
each k € {1,2,3}, will depend on the properties of the set {81, B2, 53}. Next, we
extract from the sequence {g(un, + ax)/g(tn)}n>0, resp., {g(v, + ax—1)/g(vn +
a3)}n>0, & subsequence that converges to some I, > 0, resp., l},_; > 0, for each
k € {1,2,3}. The limits Iy, resp., I}, will depend on the choice of 6y, resp.,
0., for each k € {1,2,3}. The properties of g imply that 0 < I3 <ly <y and

g(—n+ og—1)
g(—=n+as)

{ bnso  and | Fn>0,
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0 <l <l <l <1. Further, i > 0, resp., l5 > 0, or (5.7), resp., (5.8), leads
to a contradiction. Using all of this we obtain the desired contradiction for each
of the possible cases relating 1, 82, and 3. These cases are dealt with in parts
WV

Let dy,ds,ds € R have the property that cx = |cx|e?™** for each k € {1,2,3}.

iv. If {B1, B2, B3} is linearly independent over Q, the independence of G(g, A)
is a consequence of Theorem 5.2.

v. Assume that {81, B2} is linearly independent over Q and 83 = 7181 + 120,
where 1,79 € Q.

Let (0, 05) € R%. Using Theorem 5.1, we can choose {v, } such that

lim e2m#Pkvn — 2mi(0—dk)  for cach k € {1,2}.

n—00

Thus, the limit of (5.8) gives
16 _ lll |61 |e27ri9; + l/2|c2|627ri0§ + |CB|e27ri[r1(9;7d1)+r2(0§7d2)+d3], (59)

where [(),1] and [} are nonnegative real numbers that depend on the choice of
(01,05) and I}, > 0.
For (61,65) = (0,0), (5.9) is

ly = Bler| + Blea] + ey e radas)

and so e?mil—ridimrzdatds] — ¢ ¢ {1 1}, Therefore, for an arbitrary (6],6%),
(5.9) can be rewritten as

I = 1|20 4 1o e + ¢|cg|emilrnfitr202)], (5.10)
For (6},65) = (1/2,0), (5.10) is
Iy = —ljlei|+ llea| + €|esle™™,

and so r; € Z. Similarly, we can prove that ro € Z by taking (6}, 65) = (0,1/2).
For (01,05) = (0,1/4), (5.10) is

Iy = Uler| + lesli + elesli™. (5.11)

Since I5 > 0, then r must be an odd number and, in particular, ro # 0.
For (01,05) = (0,1/r2), (5.10) is

I, = iler] + lhlea|e®™/ ™ + €|cs).

Since 15 > 0, then ro = 1, and so € = —1 by using (5.11). Therefore, for an
arbitrary (0},6%), (5.10) can be rewritten as

16 _ lll |61 |e27ri9'1 + ll2|c2|e2ﬂ'i0; _ |Cg|e2m’[r101+9§)]
For (01, 60%) = (1/4,1/4), the last equality is

16 = l/1|Cl|Z—|—l/2|CQ|Z— |03|’L'T1’L'.
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Since I5 > 0, then r; = 4p for some integer p.
Let (61,602) € R?. Using Theorem 5.1 again, we can choose {u, } such that

lim 2™ ifrtn — @2mi0k=d)  for each k € {1,2}.
n—oo

Thus, the limit of (5.7) gives
1 = Diler|e® 0 4 y|co|e? 02 — [5]cg|e?mildptr+oz] (5.12)

where [1,ls and [3 are nonnegative real numbers that depend on the choice of
(91,92) and ll > 0.
For (61,62) = (1/4,0), (5.12) is
1 = ll|Cl|i+12|02|—13|Cg|.

The fact that I; # 0 and the last equality provide the desired contradiction.
vi. Assume that {81, 83} is linearly independent over Q and 2 = rf;, where
re Q.

Let (0,05) € R?. Using Theorem 5.1 once again and proceeding as in part
iii, we can choose {v,} for which the limit of (5.8) gives

16 _ li |Cl |e27ri9’1 + l/2|62|627ri[r(017d1)+d2] + |63|627Ti0é' (513)
For (6], 04) = (0,0), (5.13) is
Iy = Llea| + lleg|e™mrdirda] 4 ey,

Since I, # 0, we have e2™l-7h+d2l — ¢ ¢ {1 1}, and so, for an arbitrary
(01,6%), (5.13) becomes

l(/) _ lll |C1 |e27ri9’1 + el/2|62|627rir9’1 + |03|62’”95.
For (01,0%) = (0,1/4), the last equality is
Iy = U+ elblea| + lesli,

and this leads to the contradiction, c3 = 0.

vii. Assume that 81 = 0 and {82, S5} is linearly independent over Q.

Let (02,03), (05,05) € R?. By Theorem 5.1, we can choose {u,} and {v,}
such that

lim e27riﬂkun _ eZTri(Gk—dk) and lim eQﬂ'inUn _ 6277i(9;c_dk)

n—oo n—00

for each k € {2,3}. Thus, equalities (5.7) and (5.8) become
1 = lllcl|€2mdl + lg|02|€2m92 + l3|03|62ﬂ-i03, (514)

where [1,l> and [3 are nonnegative real numbers that depend on the choice of
(91,92), ll > 0, and

Iy = Ij|e|e*™ i 4 l/2|02|627”9; + |cs|e?™%s, (5.15)



Linear Independence of Finite Gabor Systems Determined... 25

where [{), 1} and I} are nonnegative real numbers that depend on the choice of
(01,05) , and I > 0.
For (62,03) = (0,0), (5.14) is

1 = ll|cl|€2md1+lg|02|+13|03|.

Since I; > 0, we have e2™¥ = 41, and so, for an arbitrary (65,6%), (5.15)
becomes

lh = li|er] + lhleale®™ %2 + [czle? .
For (6%, 60%) = (0,1/4), the last equality is
ly = Ehlea| + Blea| + lesli,

and this leads to the contradiction, c3 = 0.

vige. Assume that (51, B2, 83) = (r18,123,733), where 8 € R and 71 12,75 €
Q. We use Proposition 1.3 to assume, without loss of generality, that 81, 82, 83 €
7.

viti.a. If B4 = P2 = B3 = 0 or a3 = as = az = 0, then the set A =
{(cu, Br) }3_, is a subset of a lattice and the linear independence of G(A, g) is a
consequence of known results, see Section 1.

vige.b. For the remaining subcases, we assume that (01, f2, 83) # (0,0,0)
and ag > 0. Therefore,

IneN, [{z:Ap(z,n) >0} #0. (5.16)

Indeed, if (5.16) does not hold, then there are a,b € R for which we have
b—as <a<band Agz(a,n) = Aps(b,n) = 0. Therefore, taking n large enough
and using Lemma 5.3, we obtain that

Vz € [a,a+az], glx+n)=gla+n)
and
Vo e [b,b+az], glx+n)=gb+n).
Hence, (5.6) leads to the contradiction
Vo € [a,b], g(a+n)=[c1?™P 4 cpe? P2 1 36203 g(q 4 ),

since, by Proposition 1.1, |[{z : 1 = ¢1€2™1% 4 cye2m2% 4 cze2mifsr}| = (.
We shall also invoke Lemma 5.3 and Lemma 5.5; and use the following
equalities:

3
V(z,n) e RxN, glztn)= Z e |e? i Bratde) g £ n 4 ay).  (5.17)
k=1
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Therefore, using the notation of Lemma 5.3, for each (z,n) € R x N, we compute
the following:

Aps(z,n) = |ey|e?™Praztd) A 4(z, n) (5.18)
+ |02|e27"i(,@2$+d2)A23($7n);
Aga(z,n) = |eg|e?m Bretd) AL () (5.19)
|03|62ﬂ-i(531+d3)A23 (CL‘, n);
and
Ap1(z,n) = —|02|62”i(62””+d2)A12(:E,n) (5.20)

cs |62”(ﬁ3z+d3)A13(3§, n).

viti.c. Assume that 51 # 0.
vidi.c.1. If ag = ag, then (5.18) is

Aps(x,n) = |cl|62”i(5lz+d1)A13(3:, n).

Therefore, we obtain the contradiction that |{z : e?7(F12+d1) € R}| £ 0, since,
by (5.16), there is n > 0 for which we have [{z : Ags(z,n)}| # 0, and, by
Proposition 1.1, [{z : e2™(A1e+d1) ¢ R}| = 0.

vigi.c.2. If a1 = s < ag, then (5.19) is

Ap2(z,n) = —|63|62m(631+d3)A23($,n),
and so, using a similar argument to the steps in case wviii.c.1., 83 # 0 leads

to a contradiction. Therefore, we can assert that 83 = 0, and so we also have
27’I’id3 J—
e =—1.

Meanwhile, (5.18) is
A03 (LL', n) = [01627”‘,81:5 + Cg€2m621]A23 (,T, TL),

and so |{z : c1€2™T 4 cpe2m27 > 0} #£ 0, since, by (5.16), there is n > 0 for
which |{z : Ags(z,n) > 0}| # 0. Therefore, using Proposition 1.1, we obtain
that co = 27 and B2 = —B;. Thus, in this case, for © = (1/2—d;)/B1 and n = 0,
(5.17) leads to the contradiction,

9(x) = —lerlg(e + ) = |erlg(w + a2) — |eslg(w + ).
viti.c.3. If 0 = ag < ag < ag, then (5.18) is
[em2miPaetdz) e, | 2T =ETH M)A g (2, ) = |ea| Aas (),
and so, using (5.16), we obtain that

|{$ . e*Qﬂ"L‘(ﬁzm%»dz) _ |Cl|62ﬂi((ﬁ17ﬁ2)z+dlfd2) c R}| # 0.

Therefore, using Proposition 1.1 and the fact that 8; # 0, we obtain that
B1 = 2B and ¢; = —e*™2_ Similarly, using (5.19), we obtain that 3; = 20s.
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Therefore, we have 82 = f3, and so, using(5.20) and (5.16), we obtain that
e?mids — _¢2midz - Consequently, for x = —da /B2, (5.17) yields the equality

2g9(x —n) = |e2|g(x —n + az) — |eslg(x —n + az),

and so, for n large enough, |ca|/|c3| > g(x—n+ag)/g(z—n+az) > 1. Meanwhile,
for x = (1/2 — d3) /B2, (5.17) yields the equality

29(x +n) = —|ea|g(x +n + ag) + [eslg(z +n + a3)],

and so, for n large enough, |cz|/|cs| < g(z +n+ a3)/g(x +n + az) < 1. Thus,
we obtain the contradiction, 1 < |ca|/|es| < 1.
vidi.c.4. Assume that 0 < oy < ag < 3. In this case, we assert that

Va € E, Ags(a,n) >0 for each n large enough, (5.21)

where E = {z : 2m(F12+d1) s not a positive number}. Indeed, if a € E and
Asz(a,n) = 0 for some n large enough, then, by (5.18), Ags(a,n) = 0, and so,
by Lemma 5.3, g is constant on [a 4+ n,a + n + as]. Therefore, by Lemma 5.5,
the HRT conjecture holds for G(g, {(—ax, Br}i_o)-

Now, for z = (£1/2 —dy)/B1), (5.18) is

A03(£L', n) = —|01|A13($, TL) + |02|€2m(ﬁ2(i1/2idl)/5l)+d2)A23(,T, TL);

and since, by (5.21), we have Ags(z,n) > 0 for n large enough, then we obtain
that e2midz = 2mif2(d1—1/2)/B1 — ¢2mib2(di+1/2)/B1  Therefore, e2™F2/P1 = 1,

and so B2 = pf, for some integer p. Thus, for x = (1/4 — dy)/P1, (5.18) is
Aog(l',n) = |01|A13(£L',7’L)i + |CQ|A23(£L‘,7’L)(—i)p. (522)

By (5.21), once again, we have Ags(z,n) > 0 for n large enough, and so we also
have Agg(z,n), A1z(z,n) > 0 for the same n. Therefore, in this case, (5.22)
leads to a contradiction.
vii.d. Using similar arguments, we obtain a desired contradiction for each
of the remaining cases of the set {51, 82, 83}
O
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