Stat 700 HW 7 Solutions, F'09

Bickel-Doksum, #2.2.35. Differntiate the log-likelihood with respect to ¢
and multiply through by (1 + (21 —9)2?)(1 + (z2 — 9)?) to get the likelihood
equation

0 = 2(z1—9) (14+(z2—9)2) + 2(z2—9) (1+(z1—-0)%) = 2(z—9) (1 + (21—9)(22—0))
=291+ (@+A-9)(T-A-0)) =2z —9)(1+(z—19)*—A?

(a). First, if |A| = |z1 — x2|/2 < 1, then the second factor in the last
expression is positive, and the only root of the likelihood equation is & = 9.

(b). Second, if |A|> 1, then in addition to the root ¥ = Z the likelihood
equation has the roots ¥ = + VA% — 1.

Bickel-Doksum, #2.3.1. Here we have an exponential family with
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By inspection, the exponential family has open parameter space ¥ = («, ) €
R?, and is identifiable with sufficient statistic 7' of rank 2. So we are only
checking the condition (2.3.2) to verify whether, in terms of the specific observed
values y = (y;, i =1,...,n), the MLE exists or not. The Hint, which is very
easy to prove, is intended to help in that verification.

Assume the hint, and let m =), v;, 2 = >, y; x; be the sufficient statistic
values for the observed data, and note that there is no loss in generality in
assuming all z; > 0. (Otherwise, by adding 1 — z; to all of the terms x;, note
that precisely the same model holds with « replaced by oo — (1 —z1).) We have
in (2.3.2) the necessary and sufficient condition for existence of the MLE that
for all constants ci,co , P(3, Yi(e1 + cozi) > cim + c2z) > 0. When ¢4, co
are both positive, this says that y must not consist only of 1’s, and when both
c1,02 < 0, (2.3.2) says that y must not consist only of 0’s. With y # 0,1 and
c2 > 0 > ¢, the only way for the probability to be positive is for ) . ¥; to be
m or smaller, but for the indices with Y; = 1 to be located at z;’s with larger
values, and this has positive probability only if y does not consist of a block of
0’s followed by a block of 1’s. (With such y, there is no way for there to be a
larger sum of z;’s among a fixed number of indices where y; = 1.) Similarly,
when ¢; > 0 > c3, the only way for the probability to be positive is for y not to
be a block of 1’s followed by a block of 0’s.

Bickel-Doksum, #2.3.7. The exponential family form for the density of each
Y; does not help much here. However, the log-likelihood is explicitly given and
strictly concave:

logLik(Y, o, 8) = na + nfz — Z e Pz y,

=1



Concavity implies that the unique MLE can be found as the solution of the
likelihood equations defined by setting partial derivatives equal to 0. The two
equations are
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These two equations can be written equivalently as:

i(zi—E)Yieﬁ(‘zﬁg) =0, e = n/i Y; ef%
i=1
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The first of these equations has a solution by the intermediate value theorem,
since as  — —oo, the left-hand side converges to — oo, while as [ — oo,
the left-hand side converges to + co. In terms of the solution B of the
first equation, @& is evidently determined as log(n/> ., Y exp(Bz)). Strict
concavity of the log-likelihood implies the solution (&, B) determined in this
way is unique.

Bickel-Doksum, #2.4.4. (a). First,
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which by inspection gives the sufficient statistics
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(b). These sufficient statistics are minimal because complete and rank 2
(i.e., parameters are identifiable in open region).
(c). For ML, solve A = > Li/n and
1 . 1 .
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which implies the existence of MLE always:
io= (Y 1ot + Y (- nyYi/od) /(D Lot + Y (1= L)/ad)

Bickel-Doksum, #2.4.9. In this problem, X = (U,V,W) is a discrete
random variable with values in {1,..., A} x {1,...,B} x {1,...,C}. The cell



probabilities are pgpe = P(X = (a,b,¢)) = P(U = a,V = b,W = ¢). First, if
10g Pabe = flac + Vbe, then
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For the converse, if we assume that pepe/P(W = ¢) factors as in the final
expression into a function P(U = a|W = ¢) depending only on (a,c) and
another function P(V = bW = ¢) dependeing only on (b,c¢), then define
tae = log(P(U = a,W = ¢)), vpe = log(P(V = b|W = ¢)), making paepe =
exp(Llac + Vbe)-

(b) Let Ngpe denote the count >0, I[U; = a, V; = b, W; = ¢|, and
use subscript +’s to denote summation over unwanted indices, e.g., Ngy. =
S Nave = 327, Ii,—a, wi=q- Then we obtain the exponential family form
of the data Xi,...,X,, by expressing the likelihood as H?:l PUVIW, =

n A C B C
exp (Z (,UJUJ/VI +VV1W1)) = exXp (Z Z NaJrc Mac + Z Z Nerc Vbc)
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From this, we can see that the statistics {Ngic, Nype : a =1,...,4, b =
1,...,B, ¢=1,...,C} are sufficient. But to reduce these to a minimal set, we
remove the linear degeneracies by defining the sufficient statistics as

{N++C, c:l,...,C—l}, {Na+c; CL:1,...,A—1, c:l,...,C}
{Nipe,b=1,....B—1,c=1,...,C}

These sufficient statistics have no further linear degeneracies, since they have
positive probabilities of taking on any nonnegative integer-value combinations
such that within the first of the three curly-brackets the sum is < n, and
within the second and third the respective sums over a and b are < Ni,..
The corresponding parameters are reduced by defining as at the end of part (a):

Yo = logP(W =c¢), paje = logP(U =a|lW =c¢), vpe = logP(V =bW = ¢)
resulting in the constraints (for all fixed ¢ in the second and third equalities)
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(¢) The maximization could be directly by using Lagrange multipliers, but
using the parameters defined in (b) above, with the constraints vy = pq. =
Vie = 0, the log-likelihood becomes

Z NaJrc '-Yc + ,UJa| + Z Nerc Vpe
b,c



= Z N++c "Yc/A —+ Z NaJrc [La|c + Z N+bc Vbe

b,c

Maximizing this subject to the constraints (*) is possible if and only if Ny, =
0, yielding the equations

N++C/A+ Ae¥e =0 V¢ = A= —TL/A, "A)/C = 1Og(N++C/TL)

Na+c + pce“a‘c =0 Vv a,c = Pc = —N++C, ,[)Ja|c = 1Og(Na+C/N++C)
N+bc + Tceybc =0 Vv b, Cc = Te = —N++C, I;bc = 1Og(N+bC/N++C)
Putting these estimates in for the parameters ., fiq|c, Vbe immediately leads

to the desired equivalent form pape = Nate Nive/(n Niie).

Bickel-Doksum, #2.4.11. (a) Here S; and A; are jointly distributed with
A; ~ Binom(1,)) , and given A; ,S; ~ N(u2-a,, 05_4,)

(The subscript 2 — A; is 1 for A; = 1landis 2 for A; = 0. Thus the
marginal density of S; is, as desired,

P(A) fs1a(s[1) + (1=P(A = 1)) f51a(s[0) = Ao, (s—p1) + (1=A) @o, (s —p12)

As defined in this problem, the observed data are X5 = (S;, ¢ = 1,...,n),
the missing data are Y5 = (S;, ¢ = 1,...,n), and the unknown parameters
are U = ()‘a M1, B2, 01, 02)'

(b) The joint complete (including missing) data log-likelihood is a constant plus

1 & (Si_,ul)2
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To find the E- and M- steps, starting from an initial guess 11, we must find

)\1 wdl 1(S’L - lu’l 1)
Si = P, 1 Al =1 Sl = - ’
P(S5:) ol 15 A oy (Si = p1,1) + (1= A1) oy, (Si — p2,1)

Then the E-step, conditional expectation under ¥y of the complete log-likelihood
(1), gives as a function of ¥ :

Z (pl(Sl-) [—2 log\ + logaf + %]

=1 1

N =

+ (1= p1(S)) [—210g(1—)\) + log o3 + MD



and the M-step is to maximize this (at next iterative guess ¥ = 93), which is
easily seen to yield:

LN~ ey o Xeapa(S)S 3 (L= pi(S) S

Ay = - ; pi(Si) , M2 = R fi2,2 ST 0= m(8)

52 _ iy pa(Si) (S — fun 2)? 52 _ Yoy (1= p1(Si)) (Si — f12 2)?
b2 >y p1(Si) ’ 22 Yoy (L=pi(S:))

Bickel-Doksum, #3.4.11 (a). The probability mass function for each Y; is
1
p(k,a, 8) = o elatfzi)k exp(—e®TP%i) | k=0,1,...

This is of exponetial-family form for each ¢, and the joint probability mass
function for Y = (Y1,...,Y,) is

exp(@d yi + B wiz — Y expla+pz)) [] ( 1
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The sufficient statistic for the natural parameter (o, ) is > v (1,2)".

(b) I(w, ) is obtained by taking the negative Hessian log-likelihood, which
no longer involves the data:

I(a,8) = zn: ea+ﬁzi( 1 )@2
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(¢) The limiting information per observation with z; = log(i/(n + 1)) is

Y B 1 ®2 o [t 1\*
hinﬁge (n+1) (10g(i/(n+1))) - /0 xﬁ(logm) dz

and since, by the substitution x =exp(—z), for j =0, 1, 2

/xﬁ (log 2} dx = (—1) /Oo S e g — (21 (1) (14 8) 7
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we obtain

o 1 1 -1/(B+1)
e led =155 ( —1/(B+1) 2/(B+1)? )

The limit on n times the lower bounds of variances of the estimators are the
diagonal elements of the inverse of the last-displaued matrix, which is

_ 2 B+1)
a.var = (5—1—1)( B+1) (B+1)? )



