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ERROR ESTIMATES FOR THE STAGGERED LAX-FRIEDRICHS
SCHEME ON UNSTRUCTURED GRIDS*

MARC KUTHER'

Abstract. Staggered grid finite volume methods (also called central schemes) were introduced in
one dimension by Nessyahu and Tadmor in 1990 in order to avoid the necessity of having information
on solutions of Riemann problems for the evaluation of numerical fluxes. We consider the general case
in multidimensions and on general staggered grids which have to satisfy only an overlap assumption.
We interpret the staggered Lax—Friedrichs scheme as a three-step method consisting of a prolongation
step onto a finer intersection grid, a finite volume step with an arbitrarily good numerical flux (e.g.,
Godunov flux) on the intersection grid, followed by an averaging step such that the calculation of
numerical fluxes reduces to evaluations of the continuous flux. Using this point of view, we prove an
a posteriori error estimate and an a priori error estimate in the L'-norm in space and time which is
of order h'/4, where h is a mesh-size parameter. Hence, we recover for the staggered Lax—Friedrichs
scheme the same order of convergence as for upwind finite volume methods on a fixed grid.
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1. Introduction. In this paper we prove an a priori and an a posteriori error
estimate for the first order Lax—Friedrichs scheme on general staggered grids for scalar
multidimensional conservation laws.

Staggered finite volume schemes were introduced by Nessyahu and Tadmor in 1990
[19]. The main advantage of these schemes is that no information about solutions to
local Riemann problems is needed. Using staggered grids one can replace the upwind
fluxes with central differences. The price one has to pay is the occurrence of excessive
numerical viscosity since the resulting scheme can be interpreted as a Lax—Friedrichs
scheme. Therefore, a higher order scheme of MUSCL type in one spatial dimension
is proposed in [19]. Numerical experiments in [19] show the good performance of the
algorithm. Later, in [2, 4] the central schemes (of second order) have been generalized
to multidimensional schemes on unstructured grids and in [13, 2] on two-dimensional
tensor product structured grids. In [4] a primal and a dual mesh are used with time
evolution performed alternately on either of both meshes.

Convergence of finite volume schemes on a fixed grid has been proven in (7, 16, 5].
In the case of staggered unstructured grids in multidimensions, there exist only a few
convergence results. In [3] convergence of a second order central scheme on special
two-dimensional grids has been proven for a linear conservation law. Convergence of
the first order Lax—Friedrichs scheme on the same special staggered grids for nonlinear
scalar problems has been proven in [11].

We prove an a priori and a posteriori error estimate on general staggered grids
for the first order Lax—Friedrichs scheme for scalar nonlinear problems in any spatial
dimension; see Theorems 3.3 and 3.5. We allow that at each time step one may have
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a new grid. The only additional condition on the sequence of staggered grids which
we need is an overlap assumption of consecutive grids; see Assumption 3.1.

Our main idea for proving the error estimates is to reinterpret the Lax—Friedrichs
scheme on staggered grids such that the error analysis, which is known in the case of
a fixed grid, can be used and modified; see Definition 2.14.

In order to perform a time evolution we need to construct a relationship between
two grids: the grid at the actual time level and the grid at the next level. A natural
candidate for this job is the intersection grid. Then, the staggered Lax—Friedrichs
scheme can be decomposed into three steps: a prolongation step of the actual values
to values on the intersection grid; a time evolution step on the intersection grid
with an arbitrary numerical flux, e.g., the Godunov flux (which has to be consistent,
conservative, monotone, and Lipschitz; see Assumption 2.5); and an averaging step
from the intersection grid to the grid on the next time level. Our point is that due
to the properties of the numerical flux (conservation and consistency) and, thanks to
the overlap condition on two consecutive grids, the overall scheme (consisting of the
three steps described above) reduces to the staggered Lax—Friedrichs scheme.

The technique for proving error estimates for nonlinear hyperbolic equations is
quite old and goes back to Kruzkov [17] and Kuznetsov [18], where entropy inequalities
are used to establish error estimates. We employ this technique as well, as it is
formulated in [8] and [5]. Our a posteriori error estimate is given in the spirit of
Kroner and Ohlberger [15] which takes into account the domain of dependence of
the error. In that sense, the error estimate is local. In [15] an adaptive strategy is
developed which can be easily generalized to the situation we consider here.

We want to mention that one can return to nonstaggered grids from staggered
grids, retaining the simplicity of the central schemes, by using a projection step; see
[19, 12]. The error analysis of these schemes, as well as the error analysis of higher
order schemes on staggered grids, constitutes the subject of further ongoing research.

The paper is organized as follows. In section 2 we formulate the problem and
introduce the finite volume discretization on a fixed grid and on staggered grids to
show the analogy and difference between these two approaches. In section 3 we state
our a priori and a posteriori error estimates and give our ideas of how to prove these
results. The rest of the paper is devoted to the proofs.

2. Finite volume discretization on staggered grids. In this section we
present our model problem. Then, we define the finite volume scheme on a fixed
mesh and on staggered meshes. Finally, we give a reinterpretation of the scheme on
staggered meshes and link both methods.

2.1. Continuous problem. We consider the following nonlinear scalar hyper-
bolic conservation law with some initial condition:

(2.1) { Owu(x,t) + div F(x,t,u(z,t)) = 0, (x,t)€RYxRT,

U(I7O) = ’UJO(I)7 T E]Rd7

where F: R4 x RT x R - R% d > 1, (z,t,8) — F(z,t, ).
We make the following assumptions about the data.
ASSUMPTION 2.1.
1. ug € L=¥(R%) N BVioe(RY) with U, < ug < Ups almost everywhere.
2. F € CHRIxRY xR;RY), (x,t,5) — F(x,t,5) and OF/0s is locally Lipschitz
continuous.
3. divyF(z,t,s) = Zle 0z, F(z,t,8) =0 for all (z,t,s) € RY x RT x R.
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4. For all compact K C R there exists a constant 0 < Vi < +o0o such that

OF
’ag(x, t, S)
DEFINITION 2.2. We say that u € L>(R?x]0,c[) is an entropy weak solution

to (2.1) if for all k € R and all p € CL(R? x RT;R™)

< Vi for almost all (z,t,s) € R? x R* x K.

/]Rde+ {|u(:r,t) — k|Opo(x,t) + [F(z, t,u(x,t) Tk) — F(x,t,u(%t)J_n)]Vgo(Lt)}dtdm
(2.2) + /Rd |ug(x) — k|p(z,0)dz >0

holds, where aTb := max{a,b} and aLb:= min{a,b}.

Existence and uniqueness of entropy weak solutions to (2.1) have been proven by
Kruzkov in 1970 under somewhat stronger assumptions [17]. A proof for the case of
Assumption 2.1 can be found in [5, Thm. 2].

2.2. Finite volume discretization on a fixed grid. Let 7 = (T})cr, I C N,
be a partition of R? consisting of polygonal cells and any common (d — 1)-dimensional
interface of two cells lies in a hyperplane.

NOTATION 2.3.

e fori e I let N(i) denote the set of all indices j € I of cells having a common
interface of dimension d — 1 with T;.

e Foriecl and j € N(i) let S;; denote the common interface and n;; the unit
outer normal to S;; with respect to Tj.

This notation is illustrated in Figure 2.1 for the two-dimensional case (d = 2).

Si

Fic. 2.1. Illustration of Notation 2.3.

The time axis R* is partitioned into intervals [t",¢" 1] of length k™ := ¢"+1 —¢7.
The idea of finite volume schemes is to integrate the partial differential equation in
(2.1) over a cell T; and to apply Gauss’s formula. The resulting integrals have to be
approximated. For more details we refer to the book of Kréner [14, p. 158].

The first order finite volume scheme is defined as follows.

DEFINITION 2.4 (first order finite volume scheme). Let i € I and n € N. Then

1
(2.3) up = |T|/T uo(z)dz,
n n k™ nin ,n
(2.4) uiJrl = — 7] Z gi; (ui', uf),
" JEN(i)
and

(2.5) up(x,t) ;= ul  for t"<t<t""' and z €T

2
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Here, g; denotes a so-called numerical fluz which is supposed to lie in C°(R?%;R),
wherei € I, j € N(i), n € N.

In order to prove error estimates between wuy, defined in (2.5), and the entropy
solution to (2.1), one needs the following assumptions on the mesh and the numerical
fluzes g’

ASSUMPTION 2.5.

1. The mesh T has to satisfy the following assumption: There exists a > 0
(regularity of the mesh) such that for alli € I

d
ah;

IN

T3,
|0T;|

IN

1 4
.
where h; := diam(T;). Set

h := maxh;.
iel
2. The numerical fluzes gj; € C°(R%;R) with i € I, j € N(i), n € N, have to
satisfy the following properties:
(a) (monotony) g;% is nondecreasing with respect to its first argument and
nondecreasing with respect to its second argument.
(b) (conservation)

gii(v,w) = —g7(w,v)  for allv,w € R.

(c) g1y 18 locally Lipschitz continuous; i.e., for every compact interval I C R
there exists a constant Ly > 0 depending only on I and F' such that for
all uy,us,v1,v9 € 1

|97 (ur,v1) = g7 (2, va)| < Lg|Sij| [lur — ua| + o1 — val |.

(d) (consistency)

tn,+1

1
gis(s,8) = I?”/ /s F(v,t,s) - ndydt  for all s € R.
tm ij

Examples for such numerical fluxes can be found, for instance, in [14, 5]. The
following result has been proven in [5, Thm. 4].

THEOREM 2.6. Let Assumptions 2.1 and 2.5 hold. Assume that the following
CFL-condition is met:

(1—¢)a2h

2.6 k"

IA

with € €10, 1].

Let u be the unique entropy weak solution to (2.1) and wuy, its first order finite volume
approzimation which is defined in Definition 2.4. If uy € BViee(R?), the following
error estimate holds: For any compact set E C R? x RT, there exists a constant
K > 0 depending only on E, F, ug, Ly, o, and £ such that

(2.7) / lu(z, t) — up(x, t)|dzdt < Kh'/4,
E
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2.3. Finite volume discretization on unstructured staggered grids. Stag-
gered grid finite volume methods have been introduced by Nessyahu and Tadmor [19]
for the one-dimensional case. Later, this method was generalized to two-dimensional
Cartesian grids in [13, 2] and to special two-dimensional unstructured grids in [4].

The idea of staggered grid finite volume schemes is to change consecutive grids in
such a way that the time evolution corresponds to an integration over the complete
Riemann fan. To be more precise, in order to define a new value at time level ¢"+!
one has to evaluate fluxes across edges of the grid at time level ¢ and, by using the
staggered grid, values of the previous time level are uniquely given on these edges (in
contrast to the case of a single grid where one has to use the values on the left and
the right of the edge; see Definition 2.4). Hence, no Riemann solvers are needed. The
main drawback of using staggered grids is the large amount of numerical dissipation
which is compensated by the use of higher order methods. However, as a first step
we consider in this paper only the first order case.

We present in this section the extension of the (first order) staggered Lax—
Friedrichs scheme on unstructured grids in two spatial dimensions as it was introduced
in [4] for the special case F(z,t,s) = f(s).

Let 7, be a triangular partition of R? which is conforming (has no hanging nodes)
and regular; see Assumption 2.5.1. We use the following notation.

NOTATION 2.7.

1. The set of vertices of triangles in Tp, is (a;)icr, with I, C N. The set of
indices of vertices which are direct neighbors to a; is denoted by N,(i). Note
that the line segment a;a; is an edge of a triangle in T,

2. Forie€ I, and j € N,(i) the midpoint of the line segment a;a; is denoted by
M;;. The center of gravity of the triangle which is to the left of the (oriented)
line a;a; is denoted by ij and the one to the right by G;j (see Figure 2.2).

From 7;, two additional grids are built as follows.

For the first grid, finite volume cells are the barycentric cells C;, obtained by
joining the midpoints M;; of the sides originating at node a; to the centroids Gi of
the triangles of 7, which meet at a; (see Figure 2.2). For the second grid, the finite
volume cells are the quadrilaterals L;; obtained by joining two vertices a;, a; to the
centroids G;-;-, Gi_j of the two triangles of 7;, of which a;a; is a side. This construction
is illustrated in Figure 2.2.

Fic. 2.2. Construction of special staggered meshes from a triangular mesh. Left: grid consisting
of barycentric cells; right: grid consisting of quadrilaterals.

Since we need the fluxes across edges in a finite volume scheme we have to in-
troduce further notation for the (scaled) normals of the barycentric cells, which are
denoted by niij, and normals for quadrilaterals, denoted by u}j, ey ufj. All normals
have the length of the corresponding edge. This notation is illustrated in Figure 2.3.
Furthermore, we need the following abbreviation.
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Fic. 2.3. Normals on barycentric cells (773;) and quadrilaterals (,uzlj, A ,u?j).

NOTATION 2.8. Define for i € I, and j € N,(i)
(2.8) Oij = 3 + 1)

REMARK 2.9. Note that 0;; = —(ul; + pi;) = 035 +n3;.

Now, we are in position to state the finite volume algorithm on these staggered
grids (recall that the special case F(z,t,s) = f(s) was considered in [4]). The time
axis is partitioned into equidistant intervals of length At.

DEFINITION 2.10. For i € I, initial values are given on the barycentric mesh:

1
(2.9) ud = e /c uo(z)dz.

Let n € N be an even positive integer and let (ul');c1, be values given on the mesh
consisting of barycentric cells.

First step. For i € I, and j € N,(i) define values on the mesh consisting of
quadrilaterals by

At

1
(2.10) ultt =~ (ul + uf) — ——
| Lij|

ij 9 (f(UZ‘) - f(u;l))&]

Second step. For i € I, define values on the mesh consisting of barycentric
cells by

n+2 |LZJ| n+1 At n+1l\p. .
(2.11) u; = Zz) [2|C¢|uij —@ (Uij )0i;

JENL (i

The discrete approximation up is defined by

wrif (a,) € Cox [,

(2.12) un(@,t) = { ulHif (2,1) € Lyg x [t 2],

In a paper by Haasdonk, Kroner, and Rohde [11, Thm. 4.1] the following conver-
gence result has been proven.

THEOREM 2.11. Let F(z,t,s) = f(s) € (C'(R))?, up € L*(R?) N L>=(R?) with
M :=||up|loo- Let (Tp, )ken be a family of shape regular triangulations satisfying

ah? <|T| < bh*  for all T € Ty,
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uniformly in k with 0 < a < b; the sequence of mesh sizes is supposed to tend to zero,

e., hi — 0 for k — oo. Let B, v be constants with the relation 0 < v < 8 < a/4.
Let (Atg)ren be a sequence of time steps such that for all k € N the following CFL-
condition holds:

(2.13) y< B e |ps) <8,

hi s€[—M,M],i=1,2

Then the sequence of approzimations (up, )k, which is defined in Definition 2.10 (with
h = hi, and At = Al) converges strongly in LY. (R?* x RT) for all 1 < p < oo towards
the unique entropy weak solution of (2.1).

REMARK 2.12. We prove below an a priori error estimate in a more general
framework. See Theorem 3.5, which covers the case treated in this theorem.

loc

2.4. General staggered grid finite volume schemes in multidimensions.
We generalize the staggered grid finite volume method introduced in section 2.3 (see
[1] for a generalization on tetrahedral grids) to general unstructured grids in arbitrary
space dimensions. Of course, the grids have to satisfy certain conditions which will be
specified later. The key idea is to reinterpret the finite volume scheme on staggered
grids which is defined in Definition 2.10. As a special case, we recover the staggered
grid schemes introduced by Arminjon et al. in [2, 4] for two dimensions and in [1] for
three dimensions.

To present this general framework we need more notation.

Here, we consider again an arbitrary partition of the time axis

0=t"<tl< . <t" <"t <. EVi=gT g

Let (7;")nen be a sequence of finite volume grids of R%. Here n corresponds to the
time level. That is, for every time step we may have a different grid. We use the
following notation, which is a bit involved since the grids vary from time step to
time step.
NOTATION 2.13.
o T," = (I1)ier, I™ C N, consists of polyhedrons of finite diameter. Set
h" = diam (T7*) and h,, := max;c h7.
. Deﬁne the intersection grid of’]'”ﬁ’]'”le by T, L — () i, where
there exist unique indices k € I and l € I"+1 with T, mt =17 I’WTM'1 # (.
o Fori € I™"F! let NnTL(i) denote the set of all nezghbomng mdzces j €

ot yith S5 = T AT £ 0 and ST being a (d - 1)-

dimensional set. We allow hanglng nodes so that SZ-’”H may consist of a
finite number of line segments for d = 2 and bounded planes for d = 3 (in
general, of a bounded set contained in a (d—1)-dimensional hyperplane) since
the finite volumes are polyhedrons, i.e.,

L(i,5)
n,n+1 __ n,n+1
sprtt= ) st

a5l
=1

n n+1

We denote by v the outer normal to S™" ™' of length | S]], Set

a5l a5l

L(i,5)

n n+1 n,n+1
Z Vit -
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o (Link between T,"™' and T,"".) Forie I"* set
JrEG) = {j e It Tt Tty
Forie I and j € J¥" V(i) set

yn+l
nn+l ‘T’J”n |
- = o
Y |77

o We need a link from T," to T,""" as well. Foric I" set

Kn,n—&-l(i) = {] c I7L,n+1|1—ujn,n+1 c Tin}"

We illustrate this notation with several figures. Figure 2.4 shows the construction
of ’Z;:H'l in the case that 7, consists of barycentric cells and ’Th"'H of quadrilaterals,
as was the case in Definition 2.10. Figure 2.5 shows the definition of the index set
Juntl(g) if i € " is given. Finally, Figure 2.6 shows the index set K™"T1(i) if

1€ I™ is given.

Using this notation the finite volume scheme reads on these staggered grids as

follows.

DEFINITION 2.14. Define an approximation uy to the solution of (2.1) by the

following scheme.

FIG. 2.5. The index set J»™1(4).
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n,n+1

FIG. 2.6. The index set K™™T1(3).

Forie I0 set
1
(2.14) ud = 9] /TO uo(x)dx.
¢ i

Let n € N and u?,
algorithm.
(i) Prolongation to 7™ *!.
For i € It there exists by construction a uniquely defined index j € I™
such that i € K™"*1(j). Set

i € I™ be given. Define u?"'l, i € I"L, by the following

(2.15) o =

(ii) Time evolution on 7",
For i € I set
k™ n+1
(2.16) U?H =)= [y—— Z gy (Wi o),
|71’L | le_/\/'n,n+1(i)

where gZ’"H is some monotone, consistent, conservative Lipschitz flux which
may vary from time step to time step (see Assumption 2.5.2). k™ is the time
step which has to meet a CFL-condition, to be given below.

(iii) Averaging to 7,"*'.
Foric I"H! set

(2.17) uptt = N gttt

7 ] J
jegnmnti(s)
Set

(2.18) up(z,t) =ul'  for tet", " and x €T}

Note that one would implement the overall algorithm and not the single steps.
Due to the conservation of the numerical fluxes g;; the fluxes across interior edges of
Ti"+1 = UjeJn,nH(i)T;L’"H cancel. Hence, fluxes across outer edges of Ti"+1 remain. If
one assumes that each part of an edge (or face) of elements in 7, is contained in the
interior of an element in 7,", then these fluxes across outer edges reduce to evaluations
of the function F' (see (2.1)) which is due to the consistency of the numerical fluxes.

To be more precise, we introduce more notation.

NoTATION 2.15 (link between 7;* and 7,"*'). Let i € I"*! be given. Denote

by f("’”“(i) those indices j € I™ which correspond to elements having a nonempty
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intersection with T denote by K5+ (i) those indices j € I™ which correspond
to elements intersecting the boundary of Ti”H; denote by DZ-’"H the scaled outer
normal associated with those indices (compare the construction of the normal in No-

tation 2.13); and denote the unit outer normal by

~n,n+1
Frantl _ Vij
/L'/ - - 1 .
J l/n,n+

(]

The set K3 (i) of indices is illustrated in Figure 2.7.

_l_n _l_n+1
h h
i | s |7
I s
Jz | la | s
n,n+l
" un.n+l
V.-
ij7
%"‘_n_,n+1
ijg

FIG. 2.7. Fori € I™* the set of indices Kjy" "' (i) C I" equals j1,.. ., js.

Using this notation, we can define an overall algorithm which one would use in
implementations.

DEFINITION 2.16. Define an approzimation up to the solution of (2.1) by the
following scheme.

For i€ I° set

1
(2.19) uf :

= dz.
T Jpo uol)d

For given values u}', i € I", define values u?“, ie "t by

k'n,

(2.20) uptt = "ty - ] > FRT ),
JER™mH1(d) ! JERL ™)
with
S T
Voot
and (see also Assumption 2.5)
nt1

1 t
n,n+1 . ~
Bt l)= g /t /s F(y,t,5) - fujdoydt.
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Set

(2.21) up(z,t) =ul  for tet" " and x €T}

?

PROPOSITION 2.17. Assume that the numerical fluzes in (2.16) satisfy Assump-
tion 2.5 and that the sequence of staggered grids satisfies the condition that for all
neN, allie€ ", and all j € K™"T1(3),

(2.22) oT N OT}"  has dimension at most d — 2

holds. Then, the algorithms defined in Definitions 2.14 and 2.16 generate the same
numerical approximation.

Proof. We simply have to use the properties of the numerical fluxes (see Assump-
tion 2.5) and the overlap assumption (2.22). The proof follows by induction over
n € N. For n = 0 the assertion follows by construction. Let n > 0 be given and let
i€ It then
up ! (2.17) Z r%’”“v}”l,

jETnnt1(3)
= nn+l n k" nn+l, n n
(2-16) Z L7 ) W Z Z 951 (vf' v,
K3

je,]7l""+1(i) jE‘]n’n+1(i) lG/\/’"‘“*l(j)

n
T ~n,n+1_n k nn+l;, n n
(2.15) E Tij Uy — |Tﬂ+1| E § 9;1 (Uj ;1)
i

jef(n,n-u(i) jeJnJH»l(i) leNn,nJrl(j)

n
= ~n,n+1l n k n,n+l. n
Ass. 2.5, (2.22) E Tl Uy = |T”+1| E F;; (Uj )
JeRmmti(s) & JERL™(i)

where we have used in the last step that fluxes across interior edges of 7" AR I
T+ vanish due to the conservation of the numerical fluxes and that fluxes across
outer edges reduce to F-evaluations thanks to the overlap condition (2.22) and the
consistency of the numerical fluxes. This concludes the proof. O

REMARK 2.18.

1. This result shows that the staggered Laz—Friedrichs scheme in Definition 2.16
can be viewed as an upwind finite volume scheme with an arbitrary good numerical
fluz (e.g., with Godunov flux) on a finer grid (the intersection grid Th"’"ﬂ) followed
by a projection step.

2. In the error analysis we will use both points of view of the staggered Laz—
Friedrichs scheme. The latter one in Definition 2.16 is used to establish an estimate
for the entropy dissipation (see Proposition 4.2) while the algorithm in its decomposed
form (see Definition 2.14) is used to prove a continuous entropy estimate for the
approximate solution. In this proof (see Theorem 5.2 below) we can use parts of the
argumentation of the corresponding result for the single-grid case (i.e., T,* = T, for
each time step n € N).

One main demand on numerical methods for conservation laws is that these meth-
ods be mass conservative. This property is satisfied by the method in Definition 2.14
as well.

PROPOSITION 2.19 (conservation). Let uy, be given in Definition 2.14. Then the
total mass is conserved, i.e.,

(2.23) /uh(x,t)dm:/ uo(z)dz  for all t>0.
R R4
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Proof. By definition we have

_ 0,0 _
/]Rd up(z,0)dx = Z |7 |u; = /Rd ug(z)dx.

€10

The assertion follows now by induction if we prove

STttt =T ul

ieIntt ieln

This is a simple consequence of the definition of uj and is also due to the conservation
of the numerical fluxes.

Z T uftt = Z Z |Tj"’"'~_1|v;’+1 (see (2.17))

ieIn+1 ieImtt jelmntl(q)

_ n,n+1; n+1
= > I

jern.mti

1 .
= E |Tj”’”Jr | v} (conservation of the fluxes)
jeIn,n+1

Y X ey
iEI" jEK"‘n+l

:Z Z |Tf’"+1\u? (see (2.15))

ieln jeKn,n+1

=Y [T}, O

iel™

In the rest of this section we show that the staggered grid finite volume scheme
defined in [4, 11], which we have stated in Definition 2.10, can be rewritten in the
form introduced in Definition 2.16. In order to do so, we simply have to identify the
corresponding index sets. However, since our notation is a bit involved, we give some
insight into the proof of Proposition 2.17 by showing that (2.10) and (2.11) can be
rewritten in the form given in Definition 2.14. The main technical difficulty is the
identification of index sets. Therefore, we illustrate a more instructive “proof” with
the following figures.

We show that the first step of the algorithm in Definition 2.10 (see (2.10)) can
be rewritten in the framework of Definition 2.14; i.e., assume that n € N is even and
that values (u});er are given on barycentric cells; see Figure 2.2. We have to show
that the three steps in Definition 2.14 lead to values (uzﬂ)iemem(i) given by

it _ 1 At

Ui 5(“? +uy) — 1o
ij

(f(u) = f(u}))0s.

We use the same grids as in Figure 2.4.
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Prolongation (see (2.15)). Values (ul');cr» are trivially prolongated onto the

K2

intersection grid ’];Ln’"H:

n

T

Time evolution on Thn’n'H. For the time evolution on ’Th”’"H we need the
index set I™"*!. We assume an enumeration which is depicted in the following figure:

n,n+1

T 3%?

Identifying (v});cn.n+1 with the corresponding values (ul');cr» we get (using the
definition of the normals in Figure 2.3 and noting that F(z,t,s) = f(s)), with i € I,
and j € N, (i),

At
n+l _  n n 4 1 n n ,n
Uz = Uy — m(f(% )iy + 1i5) + g3a (i’ uj ))a
At
n+l _ n n 3 2 n n n
Uy u; — m (f(“j )iy + pig) + gis(uf, ug ))

Averaging to Th"+1. In the situation we consider here, (2.17) reads

w1 _ L NG| o Ly NGl At
K \Lig| \Ligl 7 L]

P iy + ) + P (1l + )]

[ ) + gl g )

Using the conservation of the numerical flux (see Assumption 2.5), the definition of
0i; (see (2.8) and Remark 2.9), and that by construction

[Liy N Ci| _ [Li; NGy _ 1

| L] | Lij] 2’

we end up with (2.11), which is what we wanted to show.
The proof that the second step (2.12) in Definition 2.10 fits into the framework
of Definition 2.14 is similar and is left to the reader.

3. Main results and ideas of proofs. In this section we state an a posteriori
and an a priori error estimate between the entropy weak solution of (2.1) and the
numerical approximation defined in Definition 2.14 in the L!-norm in space and time.
Then we explain the guideline of the proofs of these results.

First, we need additional assumptions on the CFL-number and on the overlap
between two consecutive finite volume grids.
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ASSUMPTION 3.1.

1. Regularity of the meshes. Assume that (7" )nen and (’];Ln’"ﬂ)neN satisfy
Assumption 2.5.1 uniformly in n; i.e., the mesh regularity parameter o does
not depend on h,, or hy ny1 for alln € N.

2. CFL-condition. For n € N the time step k™ is chosen such that for all i €

In,n+1
1
(3.1) K"Viy,. Ua] < 5(1 —Oath Y e e)o,1],
where Viy,. v, 5 defined in Assumption 2.1. In particular, we have

n |8Tin7n+1| 1
k V[U,,,“UM]W < 5(1 —£).

3. Inverse CFL-condition. There exists a constantn > 0 independent of (A, n+1)nen
and (k™)nen such that for alln € N and all i € I, the following estimate
holds:

k"Viy

m,Un]

4. Overlap condition. There exists a constant Coy > 0 such that for all n € N,
i€ It j e K™HL(i), the following estimate holds:

|7‘tjn ) Tin+1|
<1.

3.3 C(ov S T nt1l =
o ra

Furthermore, suppose that for all n € N, for all i € I"*Y, and for all j €
kn’”"_l(i%
(3.4) oT N OT}"  has dimension at most d — 2.

Note that the overlap condition states that the mesh sizes of ’Th"’”Jrl and Th"H
should be comparable and that by (3.4)

Ty T
- @ 1
T S
K3

First, we state the a posteriori error estimate in space and time which is the
analogue to the single grid result given in Kréner and Ohlberger [15, Thm. 2.11].
NOTATION 3.2. Let w = Viy,, v, and R,T > 0 be given. Set

1
Iy := {n€N|0§t" gmin{R—i—,T} },
w

No := max{n| n € I},
D = Dpyi(x0) == {(z,t) € R x RT| |2 — 20| + wt < R+ 1},

and forn € Iy,

It =i e 1" T < {t"} € Dpya(20)}
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The oriented set of edges in T,"" " is defined as
EMml={(G,0)] j € I Le N™HH(G), and o] > o'}

The set of edges contained in D is denoted by Eg’nﬂ,
Furthermore, we need the oriented set of edges Sj; = (T} N1T}*) in T, which is

Jat
defined as
£ = {(j.0) j € I", LE N'(j), andu} > uj'}.

The set of edges contained in D is denoted by £F. Finally, we need portions of edges
in E™ which are contained in T]""', where i € I"*1. Fori € I"*! set

Enm (i) = {(1,1) € EMS () = S N TP £ 0).

Note that I}5"" contains those elements which are contained in Dgy1(z¢) at time
t™ since those elements are used to evolve in time from ¢ to ¢"*+1.

THEOREM 3.3 (a posteriori error estimate). Assume that Assumptions 2.1 and
2.5 and the CFL-condition (3.1) hold. Let K CC R xRT, w = Vjy, 1], and choose
T,R >0 and z¢g € R? such that T € )0, R/w| and

K C U Bwat(xo) X {t}
0<t<T

Then we have

(3.5) / = < T / o — un (-, 0)] + aQ + \/5cQ |,
K |t—xz0|<R+1

where

1
=2 — 42
a w—l—T—I-,

bi=4 4242
1
ci= oy [2 (204 7 ) + Vo o8-+ 2579 + Jualloy (24990, 0+ 1
+ 2Viy,, Up) Max{Unm, Unt } [[ Br+1(0)| — | Br(0)[] T,
and
1
Q=g > W Y AR g - uf
n=0 i€Ig+1 GlER ™ mT1(4)
No—1
+ Z k" Z |Tin+1| U?Jrl _ Z 7;;;,n+1u?
n=0 iEIg+1 jER"="+l(i)
No
n n n an,n+1/. n n
+ 6V, Un) Zk Z (R4 E7) Z B )| |uf —ug
n=0 derpt () EEm 1)

No
n|Qn,n : n,mn n 2
+CrrTw Yy, >, KISETH [ diam (ST 4+ k)7
n=0 eyt

where Cp g1, 15 defined in (5.12). See also Lemma 6.7.
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REMARK 3.4.
1. Note that the domain of dependence of the error is taken into account since
the set K is embedded into the characteristic cone Dgi1(xo).
2. If F(x,t,s) = f(s), then one can choose Cp g 1.4, = 0 (see (5.12) in the proof
of Theorem 5.2 below).
From the a posteriori error estimate one gets the following a priori error estimate.
THEOREM 3.5 (a priori error estimate). Let Assumptions 2.1, 2.5, and 3.1 hold.
Let u be the unique entropy solution to (2.1) and let uy, be given by Definition 2.14.
Then for all compact K CC R? x Rt there exists a constant C, > 0, which depends
only on K, F, ug, and the geometrical constants given above such that

(3.6) / lup (z,t) — u(z, t)|dzdt < C.hY/4,
K

where

h:= sup max{hy,hnnt1}
0<n< N

The proof of this result relies on a technique introduced by Kruzkov [17] which
has been used by Kuznetsov [18] to prove an error estimate for first order finite volume
schemes in one space dimension. The key idea is to use the concept of entropy (see
Definition 2.2) and the so-called technique of doubling the variables. This can be done
on an abstract level and is contained in Approximation Lemma 3.6 below.

Then all the conditions in this approximation lemma have to be verified. The
main difficulty is to prove a continuous entropy inequality for the discrete solution.

For a simple introduction concerning error estimation for hyperbolic problems we
refer to Cockburn [6].

We will employ the following approximation lemma [5, Lem. 10] in which error
terms are expressed with the help of some positive Radon measures. For Q = R? or
Q =R? x R* we denote by M () the set of positive Radon measures, i.e., the set of
positive continuous linear forms on CJ(Q2). For u € M(Q) we set

(1. 9) =/diu, g € Cy(9).

APPROXIMATION LEMMA 3.6. Assume (2.1) and ug € BVie.(R?). Let @ €
L>(R¥x R*). Assume that there exist measures p € M(R? x R*) and g € M(R9)
such that for all k € R and all ¢ € C°(R? x RT,R™)

/ {|ﬂ(x,t) — k|¢u(z,t) + [F(z,t,@(z,t) Tr) — F(z,t, 4z, t) LK)
R xR+
xV¢(x,t)}dxdt +/ lug(z) — K|e(z,0)da
Rd
R4 xR+ Rd

Let u be the unique entropy solution to (2.1); i.e., for all k € R and all ¢ € C§°(R? x
RT,R*") the following estimate holds:

/R . {|u(:c,t) — k| (. t) + [F(x, b, ulz, t) Tk) — F(x,t,u(x,t)m)]w(x,t)}dtdx

(3.8) + /Rd |uo(x) — klp(z,0)dx > 0.
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Then, for all compact sets E C R x R, there exist positive CE,Fuy >0, R, and T
which depend only on E, F', and ug such that the following error estimate holds:

] Jie.t) = u(e. 0]dadt < .y (10l Br(0) + 1(Br(0) x 0.7)
(3.9) + [1(Br(0) x [0,7)]'/?).

In order to apply this lemma we have to prove an L*°-bound for the discrete
solution (see Proposition 4.1 below) and we have to prove inequality (3.7) for the ap-
proximate solution (see Theorem 5.2) which follows from a discrete entropy inequality.
Then, we have to control the behavior of the measures which are involved. To do this,
we need some regularity estimates of the discrete solution, namely, BV-regularity es-
timates. Omne can prove a strong BV-regularity result for the solution of (2.1) (see
Theorem 3 in [5]):

llull By, (e xr+y < C(F,up).

In the case of F(z,t,s) = f(s) this can be sharpened as follows (see [10, Thm. 2.3.1]):
For allt >0

[u(., ) |lBv®re) < |uolByma)-

Unfortunately, so far it is not possible to prove such a strong BV-estimate for the
discrete approximation on arbitrary unstructured grids. However, it is sufficient to
prove a weak BV-estimate which is paid for by a loss in the convergence order (see
Proposition 4.4 below).

The proofs of these results are given in the rest of the paper and then the proofs of
Theorems 3.3 and 3.5 consist of putting together these results and applying Lemma 6.1
below which is a refined version of Approximation Lemma 3.6.

4. Stability results. We prove a maximum principle and an estimate of the
entropy production from which weak BV-estimates of the approximate solution can
be deduced.

PROPOSITION 4.1 (maximum principle). Let ug € L*°(R?) with Uy, < u(z) <
Upr almost everywhere. Let wy, be defined in Definition 2.14 and suppose that
Assumption 2.5 holds. Then

(4.1) Up <ul <Uy VneN, Viel",
and
(4.2) lunll Lo Rax(o,r) < lluollpoe®aey VT > 0.

Proof. This is a proof by induction over n € N. Note that due to the convex
combination in (2.17) we have

min vﬂ“gu?“g max o7Th
jegnnti(g) J jegmnti(g) J

For the v-values on ’];Ln’"ﬂ a maximum principle is well known under condition (3.1);
see [5, Lem. 1]. Taking into account that the first step of the algorithm (2.15) is just
a trivial prolongation, where the function is not changed, concludes the proof. 1]
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The next result is a key result for proving the a priori error estimate. This result
is a straightforward generalization of [11, Prop. 4.4 and Lem. 4.8]. For the sake of
completeness we include its proof here.

Unfortunately, we cannot work with the Kruzkov entropies but have to deal with
quadratic entropies. Let U(z) = 2% and ® denotes the associated entropy flux, i.e.,

0, ®(x,t,.) = U'()9sF(x,t,.) ae.

We set for i € I"t! and j € I?g’"“(i)

tn+1

(4.3) @%’"H : / » D(v,t, ) ””+1d7dt
tn S” "

PROPOSITION 4.2 (entropy production estimate). Assume that Assumptions 2.1,
2.5, and 3.1 hold where & in (3.1) has to fulfill the restriction § € |0,Coy[. Then for
i € It the following estimate holds:

n ~n,n k™ mn,mn n
U(“iJrl) - Z T +1U( ]) Z ®;; +1(“j)

n+1
jef(n,wrl(i) |T | Kn n+l( )

(4.4) +& ) > Uy —up) 0.

jef(n,n+1(i) l€R71,rL+1(i)

Proof. Let n € N and i € I™"! be given. Enumerate the values uy, j €
K™"+1(4), by size. To be more precise, set m := |[K™"*1(7)| and define a bijection
a:{l,...,m} — K™»"t1(i) with u; := u? ) and

ia(l

U S ug <o < Uy

Analogously, set r; := 7. ?Z)H and for a(l) € K3 (i) we set Fi(s) = F;Z;rl(s) and

b, = (I’?a’gf)”l( ). To simplify notation set

5 = 1 a(l) e f(g’"ﬂ(i),
0 else.

Using this notation we can rewrite (2.20) as follows:

m kn
(4.5) u?“ = Z {rlul = Fl(ul)él] =:q(ut,. .., Up).
=1 | [ |
Set
m L
Pty ytm) :=U(q(t1, .. tm Z|:T1U t) |Tn+1| Dy(t;) 6l:| -‘rf ZU l—t

=1 J,l=1

We have to prove that

p(ut, ..y um) < 0.
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Clearly, p is differentiable. Define values Py, ..., P, € R™ as follows:

P1 = (uh...,ul),

P2 = (ul,u2,...,u2),
mel = (u17~ .. 7um717u’ﬂ7/71)7
Py o= (u1,. .., up).

We prove that

(i) p(P1) = 0;
(ii) for k =2,...,m and for all x € I(P;_1, P;;) we have

VP(x)(P, — Pr—1) <0,

where I(Px_1, P;) denotes the straight line between the points Py_1 and Pk.
Assertion (i) follows directly. For proving (ii) let I € {1,...,m} be given. Using
0s®(x,t,.) =U'()0:F(x,t,.) a.e. and U’'(s) = 2s we calculate

alp(th e 7t’m)

= k™ k
= 22 { {Tz - Wﬂ/(tl)@] [7"1 - WF[(UM)@] - 52} (t, — 1),
k=1 % i

1

where we used that

m n

q(tl, . ,tm) —t; = Z |:T‘k(tk — tl) — LFé(ﬁkl)ék(tk — tl):|

+1
k=1 ‘Tzn |

and 7y, is a value between t;, and ¢;. Using the CFL-condition (3.1) and £ € |0, Coy|
one gets that {...}; > 0. Finally, with the definition of the values P} it is now easy
to verify (ii), which concludes the proof. o

REMARK 4.3. Using this entropy production estimate we are in position to prove
weak BV-estimates. These estimates are different from the corresponding results on
a fized grid in the following respect. First, these results are weak BV-estimates since
half an order of convergence is lost from optimality [20]. The estimates are stronger
than those on fized grids (cf., e.g., [5, Lem. 2]) since those have the following form
(with notation obviously changed for the case of a fixed grid):

No
SR YT Culul up)|ul —up| < RV,

n=0 (J:)€€p
where

Cii(u,v) = gji(u, u) — 2g5(u,v) — gjl(U,U).

u—v

To make our point, in our BV-estimate we have a factor 1 instead of Cj; in front of
the differences of values (ul');ern. This factor 1 is essentially needed since it appears
naturally in the continuous entropy estimate for the approzimate solution (see Theo-
rem 5.2 below) which is due to the averaging step (2.17) in the numerical scheme in



1288 MARC KUTHER

Definition 2.14. It is possible to generalize the result of Chainais-Hillairet [5, Lem. 2]
to the situation we consider here but it is not possible to estimate the factors Cj
uniformly from below.

PROPOSITION 4.4 (weak local space BV-estimate). Assume that the conditions
of Proposition 4.2 hold. Then there ezists a constant C' > 0 depending only on the
characteristic cone D, data F,ug, the geometry parameter «, and the CFL-condition
parameter & such that

N
(4.6) Zk" St >0 up —up| < Ch'2,
n=0

ielytt FAEKMnH1(3)
where
(4.7 h= max _h,.
n=0,...,Np

Proof. First, we note that for i € I"*! by Assumption 3.1

IO

jekn,n+1(i)

|TJTL e Tz’n+1| 1

|T]ﬂ N Tin+1| - minjef{"m"*'l(i) |Tj",n+1|

1
COV )

|Tn+1| S

i
Using Cauchy’s inequality we see that

N,
Zok” N2 B N (A

n=0 i€Ig+1 JleKnn+1(4)

No
SOy K Y Tt > -
n=0

ielptt GlEKmm+1(3)

1/2

1/2

N
<o |k Y

n=0  jerpt?

No
XADORT AT Y e -
n=0

ielytt jle Knnt1(4)

1/2

1/2

1Drsa(o) N | R n - I
(4.8) < o Zk Z T3 Z uf —up'|

n=0 ielg+1 j7lekn,n+1(i)

In order to estimate the last factor we multiply (4.4) by Ti"+1 and sum over i € [ g“
and get

[ O | e e ereeaest ey S NN W 6 (7))
ielpt je R (4)
+& T Y =
ielpt? jle Knnti(4)
< Huh(-7tn)HL2(DR+1ﬂ(BR+1 x{t"+1}))
< lun (™) L2(D s n(Brir x (7)) -
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Let us consider the term containing the numerical entropy fluxes fIJZ-Lj’"H. Obviously,
these fluxes are conservative in the sense of Assumption 2.5, and hence the sum over
all edges (4,7) with i € IBH and j € K’g’nﬂ(i) reduces to the sum over all edges lying
on the boundary of the characteristic cone Dgy1 N (Bry1 X {t"*1}). The number
of such edges is bounded by C(a)h?~!l. Furthermore, since we have the maximum
principle (see Proposition 4.1) we know that there exists a constant C' > 0 depending

only on D, F,ugy, U such that
|25 (s)| < CISE"TY Vs € [Un, Unt).

Using this we can continue our estimate and get
n+1 2 n+1 n n|2
lun (") 2 (Dryan(Breax gy + € D 1T D0 |~
ielptt GLEKnH1(4)

< Jun (o ") L2 (Drsrn(Brya x {tm})) + CK™.

Summing over n € {0,..., Ng} we end up with
No 1
2 2 T D il < glvolliaaio + O
n=0ierptt JAEK™mH1(d)

Using this and applying the CFL-condition (3.1) in inequality (4.8) concludes the
proof. O

Finally, we are in position to prove a weak time BV-estimate.

PropoOSITION 4.5. Let the assumptions of Proposition 4.4 hold. Then there
exists a constant C > 0 depending only on the characteristic cone D, data F,uq, the
geometry parameter «, and the CFL-condition parameter £ such that

No*l
(4.9) SRS Tttt = >0 e < ont?
n=0

ielptt jERMmAL(3)

Proof. The assertion of this proposition follows from Proposition 4.4. Note that
by definition of the index sets J™"*1(i) and K™"*1(i) (Notations 2.13 and 2.15) we
have

o ~n,n+1_n
Z Tijvj = Z Tig U5

jeJmrt(i) JER™nF1(3)

Using the definition of u}'*! (see (2.17)) and the Lipschitz continuity of the numerical

fluxes (Assumption 2.5) we get

n+1 § : ~nn+l n

je[{n,n-u(i)
n,n+1l| n+l n
< D et =g
jeJ’!L,’!L+1(i)

L
§ : ;n+1 § ;n+1 ;n+1
< T?jn |Tn’n+1| ‘g?ln (U?avln) - ]nln (U?7U?)|
jeEJnF1(3) J leN™nt1(5)
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n
n,n+1 k n,n+1 n__,n
Z Tij |Tn,n+1|Lg Z IS v — v
JjeJmnTL(d) J leN™mF1(4)

3= Y by

j,leJ?L,’!L+1(i)

1
S0-9 3l

JlEK-n+1(3)

IN

IN

where we have used (3.3) and the CFL-condition (3.1). 0
REMARK 4.6. Note that we have estimated in the previous proof the Lipschitz
constant of the numerical fluzes by

L, < V[Um’UM] :

Since in practice no numerical flux is needed and since we use these numerical flures

just as a tool for our analysis, we have freedom to choose the numerical flux. The
. . . . 1 .

aforementioned inequality holds, for example, if ¢";" " is chosen as Godunov’s fluz;

gl
see, e.g., [5, section 2.1].

5. Continuous entropy estimate for the approximate solution. In this
section we prove a continuous entropy estimate for the approximate solution. There-
fore, we need a discrete entropy inequality for the approximate solution. For the
concept of entropy solutions and discrete entropy inequalities we refer to [14, 21, 9].

LEMMA 5.1 (discrete entropy inequalities). Let uyp be given in Definition 2.14
and assume that Assumptions 2.1 and 2.5 and the CFL-condition (3.1) hold. For
j, 1 € I+ define a numerical entropy flur G;Ll’"H by

(5.1) Gﬁ”“(u,v, K) = g?l’"ﬂ(u'l'/{,v'l'n) — g?l’”ﬂ(uj_/s,vj_/i),
where

aTb:= max{a,b} and alb:=min{a,b}

and g?l’"ﬂ is the numerical fluz in (2.16).
Then the following discrete entropy inequalities hold for all n € N:
|T7l+1‘ |U;l+1 - K“ - |’U;l - KJ'
J kn
5.2 + G’}x"‘H Vot k) <0 Yje In,n-‘rl7
gl J l
le_/\/n,n,+1(j)
1 mn n n,n+1 n
7 |17 =l = Y TP o) — 4l
jegnmti(s)
(5.3) + > o G r o R) <0 Vie I

j€J7L,7L+1(i) leNvL,1L+1(j)

Proof. Assertion (5.2) follows from the monotony of the second step in Defini-
tion 2.14, which is due to the monotony of the numerical fluxes g?l’"ﬂ (see Assump-
tion 2.5). The details can be found in [5, Lem. 3]. Assertion (5.3) follows from (5.2)

using that u” ! is a convex combination of (U;L+1)jeJn,n+1(i); see (2.17). 0

7
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For © = R% or R% x R we denote by M(Q) the set of positive Radon measures

on . The following theorem is an adaptation of [9, Thm. 6.1] to our case of varying
grids.

THEOREM 5.2. Assume that Assumptions 2.1 and 2.5 and the CFL-condition
(3.1) hold. Let up be given by Definition 2.14. Then there exist measures p, €
MR xRY) and py € M(R?) such that for all k € R and all ¢ € CC(RY x RY; RT)
the following estimate holds:

[ Guntant) = onte,0) + [FatouneT) = F(o, (o 2) )]
R+ JRE
xVe(z,t))dzdt +/ |uo(x) — k|p(x,0)dz
Rd
6:4) 2= [ (lorla )] + V60 din(et) ~ [ 6(a,0)duofo)
R xR+ R
The measures are defined as follows. Let ¢ € CJ(R?). Then
65 o) = [ @)= [ ln.0) = @) i, 0)ds

The measure pyp s given by pp = pn1 + pre + Br3 + ha, where the four parts are
defined as (with ¢ € CJ(R? x RT))

(ana, ) ZZ > luf -

nENzEInJrlj le Knnti(s)

hn+1
56 / -~ / - / W(@ +0(y — 2), ") dbdyda,
o= o T
neNje[n+1 jef(’“"*l(i)
'n.+1
(5.7) / /+ / Wz, t+ (™ — 1))do dz dt,
T’n 1

(pns, W) =2 k" Y Y DD R G DR C ]

neN i€Int1 je Jnntl(4) [eNmn+1(H)

hn+l gntt
(5.8) x |T”+1||T”"+1|/ /;PM /T +/ Wz + 0(y — z), t)dfdzdydt,

:U’h4v =2 Z E™ Z { |gn TL+1 ) g;lanrl( ?7 )‘ <M;Lln+17 1/’)

neN  (jlegnntl
1 1/ n n 1
(5.9) g o) = g o] (g ) )

+4CF,¢,u0 Z Z <)‘;'ll7n+17 ’(/}>7

nEN (j,l)egnml

where
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gt gt

ity MR
:u’]l ’ T (kn)2|T;L,n+1‘ |Sﬂ,n+1| Tn ;n41 Sn ;n+1

(5.10) V(e +0(y—x),t+06(s— t))d@d’y Ydzdsdt,

tn+1 tn+1

ety . (diam (S ") R / / /
Jl ’ ’ k.n|S" n+1 n n Sn 41 Sn n+1

(5.11) Y(E+0(y = &), t+ 0(s — t))dOdedydzdt.

Proof. Let ¢ € Cg°(R? x R*; R*) be given. Set

T = —/ lun(z,t) — k| (z, t)dadt —/ |uo(x) — k[¢(z,0)dx
R+ JRA R

Too := — /R+ /]Rd [F(z,t,up(2,t) TK) — F(z,t,up(z, t) LK) Vé(z, t)dzdt.

Let us consider the first term T79. Using the definition of uy, in (2.18) we get

Tio=—Y_ Y |uf— /<;|/ 2, ") — ¢z, t")] dz — /R lug(x) — k|¢(z,0)dz

neNiern
S [ e e St [ i)
neN Liernt1 T icln
—&—Z\u —Ii|/ (bxtodx—/ luo(x) — k|p(x,0)dx
i€I0
=: Ty + Tho.

Using the triangle inequality we simply have that

T12f2|u 711\/ gb:z:Odzf/ |uo(z) — klp(x,0)dx

i€I0
< /R Jun,0) — uo(@)]o(z, 0)dz
= <IU/0a (b(’ 0)>

Now, let us consider the term T71. We note that using the first step of Definition
2.14 (see (2.15)) we have that

Z |ult — I$|/ oz, t" ) dx = Z lult — K| Z /ﬂ ﬂ+1 (z,t" ) dx

ieln icln jEK™ n+1( )
= > |-kl o(x, t" ) dx
jernn+t T

Z Z \v]" — K| - ¢(x,t"+1)dx.

ieIntl jegrnti(q)

Using this and inserting an additional term which is due to the definition of u"+1 in

(2.17) we get
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T11:Z{ Z |u?+1_,@|/ 1¢(xtn+1 dx_ZW _K|/ ¢xt”+1 }

T+
i

neN (jernt+1 ieln
Ty
N B S S | I
neN [4ern+t1 JETnmHL(5) ‘E | T;”rl

n,n+1
DN

W' K| oz, t")dx

n+1
Ti

DD

neN |jeIn+l jejn, n+1

Z Z |vf _"f|/nn+1 (z,t" ) dx

jeln+1 jeJm n+1(,L

=: T3 + Tha.

For the term T74 we use a symmetrization trick.

T14:Z Z Z Ly

L ‘ 2, 1" ) dg
| "HI
neN |ieln+t jejnnt+i(q)

=3 > W=kl gt de

i€l jegnn+i(4) T;L,n,+1
= Z Z Z Z j?wn_l'_l | : | I ¢(x’tn+1)dx
neN |ieln+1 jegnnti(i) leJmnt1(4) ‘ | T
Tn,n-l—l
i€l jeJrn+l(5) [€ Jnnt1( |T | T;hn+1
| 7L,n+1|
J

oz, t" ) dx

) 3D DY {w—n

neNGeIn+1 jleJmn+l(i)

Tn,n+1
_ M ¢($,tn+l)dx‘|

|T1,n+1| T.n’n+1
J

| nn+1| |T"’n+1|
+1 ! +1
‘Tn+1| Tt ¢($,tn )dx - W rntl ¢(x’tn )dx‘| }
1 % i

=5 31D SRS SN

nEN ieIn+t jleJnn+i(4)
n,n+1
7

= " = K|

|T1ln,n+1|

—— T tn+1 dp— =21
7] S #8009 g fr

EE DI DI D

neNeIm+l j e Rn.nt1(s)

G(z, " dx

h’n+1

1
T / . / . /0 V(@ +0(y — ), )| dbdyda
poy Jreory
= (un1,|V9l),
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where we have used

2 poeil= D ol

GileJmmti(i) j,le("’"+1(i)

It remains to consider the terms Ti3 and T5g. In order to do this we insert the
discrete entropy inequality (5.3). Define

| n,n+1

Tt
. n+l _ 37 _
R M R » / /T ol e,

neNjen+1 jeJmnti(i)

L= K >0 > 3 (Gl - G )

neN ieIn+1 jeJn.n+i(i) leNnn+1(5)

1ot
X ’ |Tl"7+1| - ¢(x, t)dx dt.
Since ¢ > 0 we have by Lemma 5.1
T+ 71> <0.

We now compare T13 with 77 and T5y with T5. This part is almost identical to the
proof of Theorem 1 in [5]. Let us start with the first pair. We have

T13—T1=Z Z uptt — k| — Z

neNje[n+1 jeJrnti(i)

tn+1
l / / z, " dx dt — / / oz, t)dx dt]
kn Tn+1 Tn+1

+1
T

|Tj"7"+1| n
AR

tn+1

SOY e Y
neNjeIn+1 JER™n+1(4) i
71+1
/ /T+/ |ps (2, t + O™ T —1))|dO dz dt
= (1th2, | Pe)-

It remains to compare Toy and To. We first simplify T5y using the definition of
up, (see (2.18) and (2.15)) and that div,F = 0 (see Assumption 2.1).

Too = / / tyup(x, ) TK) — F(:v,t,uh(z,t)J_n)]VqS(x,t)dxdt
R+ JRd

Yy ¥ / [

neNiel™ je Kmntl(q)
[F(z,t,up(z,t) TK) — F(z,t,up(z,t) LK) Vo(z, t)dzdt

SO ID SISl A

neNieln ]GK” n«l»l(Z IEN" n+1
[F(’y,t,v;?T/i) — F(y,t,0} Lk)] ””qu('y,t)dvdt
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tn+1

- Z Z / /S" . 77 ta UZTLTK) - F(’ya t7 ’Uan-’%)]

neN (j,l)egnmnti
— [F('y, t,v; Tk) — F(7,t, v;lj_n)] }n}ll’”“gb('y, t)dydt.

Due to the consistency of the numerical fluxes (see Assumption 2.5) we insert some
terms such that

Toy = Toop + T201,

where

L n n,n+1 n,n+1l, n n
Top 1= — E k E (G (v, vf) = G (o o)
neN (j7l)€£n,n+1
g1

.
- B, £)drdt,
kn |S‘;7'l7n+1| n Sn ,n+1 )
t’rL+l

T201 = Z Z / A’” ot { < ’Yat,UlnTKJ) — F(’y,t Uy J_/{)] n ,n+1

neN (4,l)egnntl

+ G?z’nﬂ(v ') — G}’i"“(ﬂ?mfﬂ

1 n+l, n n n +1
—WG?/L (v, vy W)) - ([F('Yatvvj Tk) = F(v,t,0; J—"f)] "

1 n,n n ,n
|Sn Tan.n+1| | Gjl’ +1(vj y Uy H)) }d)(’% t)d’}’dt

First, we estimate the consistency error T5g; of the numerical flux. Due to the
definition of G?["H (see (5.1)) we have

gl gt

Too1 = Z . Z k"‘Sn n+1|/ / /'n,'n,+1 /Sn n+1

neEN (4,1)egnnti

{

'n n 1 n,n n n
(F(’y,t U] T/s) R |Sn n+1|9ﬂ H( ' TR, v T/{))

1
(F(’th Uy J*K’) TL n |Sn n+1|g;Ll n+1(vlnLK:7’Uan~“{)>

1

nn 1 nn+l/ n n

_ <F( t, v} Tn) + |S""+1|gﬂ + (v} Tk, vj TH))
n n+l 1 n+l, n n

- <F<’}/,t Uj J*K’) ” - |Sn n+1|gjnl * <Uj LH?vj J‘K:)

X [¢(77 t) - ¢(§’ S)] dfd'ydxdt

Note that the term involving ¢(&, s) equals zero due to the consistency of the
numerical fluxes; see Assumption 2.5. Since F' € C! (see Assumption 2.1) there exists
a constant Cp. 4 4, such that for all (v, s,v) € (supp(¢) N (R x [, t"F1])) x [Upn, Uns]

F‘(’%S?U)n'7 +1 g +1(’U,’U> S C\(}7'7¢57U0((11a‘nl(S‘7 +1)+k )

(5'12) gl |Sn ’IL+1| ]l Jjl
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Sn,n+1)2 % [tn, tn+1 [2

Moreover, we have for (v,§,t,s) € (S},

|6(7,t) — 6(&, )| < (diam (S} "+1)+k”)/0 (IVel + e )(§ +0(y =€), t+0(s —t))do.

Hence, we can estimate

Toor| <4Crsu Y, D, NF"TLIVEL+ (o).

neN (5,l)egnntl

Now, let us consider T5.

_ n n,n+1 nn+l, n n
T, = g k E E g [Gjl (07, v k) — G (v, o) ol
neN  jeIn+l jeJnntl(i) leNn+1(j)
n+1 n+1
t t 1

1 1 1
XN | T o, t)dedt — — - v )z dt
[k/t 7] Sy 200 2z /t 7] S #1500 ]

n n,n+l;, n n n,n+l;, n . n
S 3 D SIS D e ER TR
neN  jelntl jejmntl(i) leN™ntl(j)
gl
1

; /
X — — o(x,t)dx dt
kn n u—}’ Jr1| TJ."'"’+1

n,n+1

Note that due to the monotony of the numerical fluxes ;i (see Assumption 2.5)

and due to the definition of G "1 (see (5.1)) we have for all k € R

n,n+1 n ,n n,n+1
|G +( k) — G +(vj,vj,.%)|
n,n+1 n,n+1
(5.13) < 20g5" W] op) = g () o)
Using this we get for T;

=D K> > Y. G e R) = G v )]

neN jelntl jEJ" n+1(i) leNn,n+1(j)

¢ntl ¢t
x,t)dx dt — oz, t)dxde
kn T"+1| / /Tw kn |T" kn T / /T et ]

Y Y Y S et - )

neN ieIn+1l je gnntl(i) [ENm+1(5)

hn+1 gntl
Vo(x+0(y—x dfdzdydt
kn |Tn+1||Tnn+1|/ /T”'H /T” n+1/ | ¢ ) )l Yy

= (3, V).

Now, we write the term T as a sum over edges.

Ty = Z k" Z Z Z [G;inﬂ(v U K) — G;-l[nﬂ(vj 07 k)]

neN jelnt+l jEJ" n+1(i) lENn,n+1(j)

11+1
k”|T""+1|/ /T” - (z,t)dx dt
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n,n+1 n,n+1 n,n+1 n,n+1
DL {Gjl (v, 01" )" = GG (V] 0 )

neN (j7l)€gn,7z+1

n.n+1l;, n n n,n+1 n.n+1l;, n n n,n+1
+Gjl (o', v1") ¢y *sz (Ujavl) I ]a

where

tn+1

1

n,n+1

ot z,t)dz dt
g BT S /T ot

for j € [l
Now, we can compare Toog with Ty.

Togo — Ty = Z k™ Z {[G?lmﬂ(v}lv“f) - G;Lz’n+1(v?,v?)][¢?l’n+l - ¢?’n+1]
neN  (jl)eEnn+1
, ,n+1 ) n+1
— (G o) — G5 o)l - e
where we have used the abbreviation

n+1
¢ 1

1
Py = 7/ — / o(y, t)drydt.
gt R N o (rt)

Using the mean value theorem we get

n+1 n41 n41
R S A,
4l J — n\2|mn,n+1 n,n+1 1 a1
G i e B R A
V(@ +0(y — a),t + 0(s — 1))

+ (x4 0(y — x),t + 0(s — t))|dfdydadsdt
= (" Vel + [e))-
Using this and (5.13) we get that

Too — Ty < (pha, [VO| + |04]),

which concludes the proof. 0

6. Proof of the a posteriori error estimate. It is well known that the
Kruzkov technique for proving error estimates leads to a posteriori error estimates;
cf. [6]. The main idea for proving Theorem 3.3 consists of estimating the constant in
Approximation Lemma 3.6, to take care of the domain of dependence of the error,
and to estimate the measures appropriately. In case of a fixed grid, this has been
done in [15] where an adaptive strategy is introduced as well.

A more refined version of Approximation Lemma 3.6 contains test functions.
These test functions are chosen specifically and can be interpreted as a solution of a
linearized dual problem to (2.1). This is the content of the next lemma.

LEMMA 6.1 (see [15, Lem. 2.10]). Let the assumptions in Approxzimation Lem-
ma 3.6 hold. Let w,R,T € RY be given and let p € C}(R*;[0,1]) be such that
o <0 and

p=1 onl0,R],
p=0 on[R+1,00[
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Set

Y(x,t) = %pﬂx — x| +wt) on RYx[0,T],
Y(x,t) ;=0 on R x [T, 00],

where xo € R? is given.
Then we have

/Rd /R+ {|ﬂ(a:,t) — u(z, t) |y (z, 1)
+ [P, tile, ) Tu(e,6) = Fo,tale,t) Lu(z, 1) Vi (e, ) btda

(6.1) > —po({1(.,0) # 0}) — 2vVbe[u({v # 012 — au({y) # 0}),
with

1
=2 — 42
a w+T+,

bi:=4+ 292
1
C .= ||u||BV |:2 (2w + T> + Vv[Um7UM](8 + 2d+5)

+ Jluollsv 24V,

ms

val T 1+ 2Viy,, vy max{Un,, Unt }H[|Br+1(0)| — | Br(0)[] T

REMARK 6.2. Note that due to Theorem 3 in [5] we have under Assumption 2.1
[ullpv = llull Bv(Dg 11 (o)) < C(E w0, B, T).

In the special case where F(x,t,s) = f(s), one has the estimate [10, Thm. 2.3.1]

|u(., )l By @e) < lluoll v (way Yt > 0.

In the next few lemmas we estimate the measures which are defined in Theorem
5.2. Putting all these results together then gives the assertion of our a posteriori error
estimate in Theorem 3.3.

LEMMA 6.3. Let up1 be defined in (5.6). Then

i relea) <135 WY A )

n=04erpt! FAEKMmH1(3)

Proof. Let Xpg,,(z,) denote the characteristic function of the set Dry1(wo). By
definition of pp; we have

pn1 (DR (o)) Z > > lup -

n= OZGI"Jrl 7, lEK" n+1(i)

hn+1 -
Tn+1|/n TnJrl/\77 Tn+1/ XDR+1 (zo) (l‘+9< —Z‘) t )dedyd$

For n < Np and i € Ig“ we have that 7" N Ti"H,TJTL N Tin‘*'1 C Ti"'H for j,1 €
K™ 1(i). Therefore, we estimate xpy,,(z + 6(y — x),t"*!) < 1 which gives the
assertion. O
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LEMMA 6.4. Let upa be defined in (5.7). Then

Nol

+1 +1 ~n,n+1
tn2(Dri1(x0)) E k™ E | T g ™ — E F

Ig+1 jER7L,'rL+1(i)

The proof is obvious and therefore omitted.
LEMMA 6.5. Let pp3 be defined in (5.8). Then

No
tn3(Dry1(2o)) < 2Viy,, vy Z k" Z it Z \SZ’nJrl(i)\ uf —up'|.

n=0  jerptt (G,l)eEnnt1(s)
Proof. Note that analogously to the proof of Lemma 6.3 we have

hn+1 tn +1 +1
7 ?’L
e N A By L R,

If indices j,I € £%"*! correspond to an edge which lies on 8Ti"+1, then by
construction (see (2.15))

and hence the flux difference vanishes. Therefore, only flux differences across interior
edges of elements Tim'1 remain which are estimated using the Lipschitz property of
the numerical fluxes; see Assumption 2.5 and Remark 4.6. Hence, we have

pn3(Dr1(20)) < 2Viu,,,un) Z KUY R > ST of — op,

ielpytt (4,))€EO L (d)

where
gO,n,n—Q—l(ﬂ = {(]71) c (c/'n,n—&-l‘ T;L’n+1 C Tin+1 and Tln,n+1 C Tin+1}

denotes the set of edges in 7,"""' which lie in the interior of T/""'. Using the
identification of indices due to the prolongation step (see (2.15)) and Notation 3.2 we
get the assertion. 0
Using similar arguments as before one can prove the following two lemmas.
LEMMA 6.6. Let " and )\;Ll’"'H be defined in (5.10) and (5.11), respectively.
Then
i (DR (o)) < AP+ BT
N Dy (o)) < A™SE™H [diam (S5 + k")
LEMMA 6.7. Let ppy be defined in (5.9). Then

Nh4(DR+1(fC0))
N() N
<AV, o DK D0 (IR ST S ) ful —
n=0  jerptt (g,1)e€nmt1(d)

No
+Crrrue Y, >, KMSH"HY [diam(S5 ) + k)%,

n=0(Gneenm

where Cp p 1w, 15 defined in (5.12).
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7. Proof of the a priori error estimate. The proof of the a priori error
estimate in Theorem 3.5 follows from the a posteriori error estimate in Theorem 3.3
by estimating the term ). In order to show this we manipulate the various parts
in such a way that we can apply the BV-regularity results given in section 4; see
Propositions 4.4 and 4.5.

Proof. We have to estimate @ = Q1 + Q2 + Q3 + Q4, where

1 Xo
1 1 ~n,n+1-n,n+1
Q1 = 3 E E RITH T E Y R G T T

n:0i61g+1 j,l€l~(“v"+1(i)
N(]*l
_ n n+1 n+1 ~n,n+1 n
Q2 = E k E , T jug ™ = § : Tij Uj |,
n=0 ielg+1 jef(n,n+1(i)

No
Qs = Vi, oy Sk 30 (W 4k SIS g —

n=0 iE[WL«I»l (j’l)egn,n+l(i)

Q1= Cr.r1u Z ST kST [ diam (S + k7).
0 Gneey Tt

Now, we need geometrical estimates to apply the stability estimates of section 4.

Using the mesh regularity (Assumptions 3.1 and 2.5) and the overlap condition
(Assumption 3.1) we get

Wit < (Copa) MR i € I g € T (i),

n.n n.n 1 n.n — . n,n
5" < OTPTT < ST VG € £

Using these estimates together with the CFL-condition and the inverse CFL-condition
(see Assumption 3.1) we get the following estimates:

Q1 < (Cova)™/1 [ZQZUM]ZM St Yl -,

iern+t JlEK™mH1 (i)
1 1 !
< 6Viv,, 00 3 |(Cov) ™V 4 S(1 = €)a®
Qs < 6V{u,.,um 2 {( o) Tt 5 (1= a ViU, U]
SIS ST VRN
ierytt JLER™ (i)
Qu < Crnag |14 50— 97 rlD (o) 1
1 <CrRrrT, oV TS | g PR
“o 2 ‘/[Um,UM] a? ’

Further estimating ()1 and (3 by Proposition 4.4 and (2 by Proposition 4.5 and
applying Theorem 3.3 concludes the proof. ]

Note that the constant C, in Theorem 3.5 can be specified explicitly.
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