Continuum Mech. Thermodyn. (2000) 12: 289-301C) Springer-Verlag 2000

Characteristic waves and dissipation in the 13-moment-case
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Extended thermodynamics derives dissipative, hyperbolic field equations for monatomic gases.
One example is the system of the 13-field-case, which is a dissipative extension of the Euler
equations. In this paper the system is investigated by solving a Riemann problem. Additionally
some model equations are introduced so as to discuss the main properties in a transparent
manner. There arises an interesting interplay of the characteristic waves and the dissipation in
the system.

For the 13-field-case it turns out that not every Riemann problem has a solution, because of
the loss of hyperbolicity of the system.

1 Introduction

The equations in this paper may be derived in the context of extended thermodynamics for momatomic
ideal gases [1]. In extended thermodynamics the ordinary set of variables, density, momentum and energy
is extended by the stress tensor, the heat flux and so-called higher moments, which do not have an intuitive
physical meaning. The main idea is, that in the case of processes with strong gradients and rapid changes
many variables are necessary for an appropriate theoretical description ([1], [2]).

The constitutive theory of extended thermodynamics yields dissipative, symmetric hyperbolic field equa-
tions for a special choice of variables. The system may be written in the form

au ot (u) _

St o =P, M

where the homogeneous part is hyperbolic and the producBdn$ are algebraic. The first components of
P (u) vanish identically, indicating the conservation of mass, momentum and energy. Systems like (1) are
also called conservation laws with relaxation (see [3]).

The simplest choice of variables takes into account density, momentum and energy and leads to the Euler
equations of gas dynamics. If this set of variables is extended by the stress tensor and the heat flux we obtain
Grad's 13-moment-system, which is dissipative contrary to the Euler equations. Larger sets of variables will
not be used in this paper.

In this paper the emphasis is not on the physical but on the mathematical properties of the 13-field-case,
namely the interaction of the characteristic waves and the dissipation in the system. The Riemann problem,
that is an initial value problem of the type

u=const x<0
U =const x>0

u(x,t:O):{ , 2)
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will be solved numerically. These initial conditions induce a typical set of waves depending on the character-
istic structure of the system. The waves of the 13-field-case will be discussed in comparison with the waves
of the Euler-case.

2 Field equations

The derivation of the field equations is presented and discussed in [1]. Here only the result and some properties
are displayed.

2.1 Euler case

The Euler equations are written here in the variables densityelocity vj and pressur@. We restrict the
attention to the one-dimensional case. Thus there are three equations which reag) (

@4.% 0’
ot ox
Opv 0
ot Tax 0rR) =0, ®)
0 0
pn (pvz + 3p) + X (pvs+ 5pv) = 0.

These represent the non-dissipative balance equations for mass, momentum and energy. All quantities should
be viewed as dimensionless. For scaling density and pressure | used a referengg, gigtend for the

velocity Newton’s speed of soung/po/po. The scales of time and space obgyto = /Po/ po.
The system (3) is hyperbolic with the three characteristic velocities

5 5
MEvE 2B N=u, Ag=u— /2R, @
3p 3p
which imply three characteristic waves. These waves are well investigated ([4], [5], [6]) and represent the
rarefaction wave, the contact discontinuity and the shock which are observed in shock-tube-experiments.

2.2 13-field-case

The set of variables of the Euler equations together with the pressure deyjgténegative deviatoric stress)
and the heat flug; includes 13 fields. In one dimension we abreviate: p;11, andq = q; and the governing
system reduces to the five equations

9, 9pv _
ot ox
Opv 0
a—pt+&(pfuz+p+g):0’
g (pv2+3p) +2 (pv3+5pv+2<w+2q) =0
ot Ox ’
9 g,01J2+0 +2 gp113+ilpv+zm)+§q :765[)0',
ot \ 3 ox \ 3 3 3 15 5

ﬁ (pv3 + 5pv + 200 + 2q) + 88

32 p 8 2
v 4 2 2 ¢ P __9° <
" " (pv + 8pv” + Sov” + 5qv+ (5p+70)> = 58p<3q+av>. (5)

The system is scaled like the Euler equations (4). The scales used for thesstnredghe heat fluxy arepg
and po+/po/po. The productions of the last two equations have been calculated from the collision operator
of the Boltzmann equation under the assumption of a particle interaction with a Maxwell-potential. There
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appears the mean time of free flighy of the particles in the reference state. This quantity leads to the
parameteB in (5)
_ observation time scally . observation length scale _ i ©)
mean time of free flighty mean free pathg Kn’
which is essentially the inverse of the Knudsen number. This parameter controls the influence of the produc-
tions and thus of the dissipation; its effect will be discussed in the next sections.
The productions vanish in equilibrium, so that we have

c=0, @q=0, @
which means vanishing deviatoric stress and heat flux. Therefore stress and heat flux are non-equilibrium
quantities.
It is remarkable that the Euler equations are formally recovered within the 13-field-case by Beténd
to co. The last two equations provide vanishing stress and heat flux and the Euler equations are thus recovered

in the first equations. This behavior is typical for the systems derived by extended thermodynamics.
Due to Galilean invariance the characteristic velocities have the representation

A=v+X(p,p,0,0) ®)
and we obtain the characteristic polynomial

25075 + \3 (33100 - 13cp> — 960 A2+ %5 (70> —100p+5p?) A =0 (9)

for X (see [1]). In equilibrium this equation degenerates to biquadratic form and the characteristic velocities

read
_ 5p _ Sp _
Aislg = v+ 1.650 3, A2alg = v £ 0.6297 3, A3lg =v. (10)

These velocities differ from those in the Euler case (4). It is well known, that the characteristic structure of
the Euler equations with its three waves is responsible for the proper description of the physical phenomena.
The 13-field-case has a different characteristic structure; in particular there are five waves instead of three.
Therefore the question arises wether the 13-field-case is able to describe the phenomena correctly. In the next
sections we will see that the dissipation provides a satisfactory answer.

The above system (5) may be brought into conservative form

ou  Of (u)
— + =_BP 11
ot ¥ ax (u) (11)
with the flux functions
fi = W,
1
f, = §U3+U4,
fs = us, (12)
fo o= gt DU — cup?
4 = 15 5 5 4 5 2 )
16 56 6 158 5u2 7usu
foo= oUen — 2U? — et 03+ 2B 4 8
5 55V T 5 T3l T s ey, T3y
and the productions
Pioz = 0,
4 2
P, = - - = 1
A 5U1 <U4 3U21}) s ( 3)
Ps = 8u 1u +1u 5u
5—5135 34U 93U-

The 13-field-case is subject to testing of numerical methods in [7]. Similar systems have been investigated
in [8].
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3 Numerical method

The results in this paper were calculated by use of the fortran package CLAWPACK [9]. This package
implements a high resolution upwind method ([6], [10]) for the solution of hyperbolic equations in the form
(2). It provides several limiter functions from which only the superbee limiter has been used here.

The production term® (u) are incorporated by an operator splitting after Strang [11], so one has to solve

the reduced equation

ou _
= =P ) (14)

over a given time step. In extended thermodynamics these equations are easily solved, since the productions
(13) are algebraic and thus the equations (14) form a system of ordinary differential equations which decouple
spatially. For the solution either the method of Heun has been applied or - in the case @& lar¢el) - an
implicit Runge-Kutta-method [12].

As Riemann solver the approximate Roe solver [13] has been utilized. In the case of the Euler equations
it is possible to calculate the required Roe mathix and its eigenvalues and eigenvectors analytically. In
extended thermodynamics this is not so easily done. As an alternative | have used the integral

AR:/Olf’(u|+€(ur—u|))d9, (15)

which is the result of the application of the mean value theorem to the conditigm — u) =f (u;) —f (u)
(see [13]). The quantities, andu, are the right and left states of the local Riemann problemfdrid the
Jacobian of the flux function. The integral has been calculated numerically for each Riemann problem by
use of the Simpson rule. The eigenvalues and eigenvectors of the resulting Roe matrix were obtained by a
routine of the NAG library [14]. This procedure is relatively expensive, but it provides a possibility to use
the upwind method for arbitrary hyperbolic equations.

Additionally an entropy-fix has been implemented, based on the approach described in [15], but in the
calculations presented here it did not come into play.

The resulting Riemann solver was tested by comparing results with the solutions obtained from usual
Riemann solvers for the Euler equations and by using more accurate integration formulas in (15). In all cases
considered the differences were not significant.

4 Simple model equations

The equations of the 13-field-case are rather complicated and non-transparent. Some analysis of the waves
is done in [1]. In this section we will therefore consider model equations which include several interesting
features of the 13-field-case in a much simpler form. These equations and their solutions provide an instructive
insight and help to understand the results of the 13-field-case presented in the last section.
The simplest nonlinear hyperbolic equation is the Burgers equation
1,,2
ou 93u° _ 0 (16)

ot 19)4

with the characteristic velocityh = u. We will extend the set of variables of the Burgers equation by the
variableo, such that the complete system is hyperbolic disdipative and the Burgers equation is recovered
by some limiting process. One possible system like that is

ou. 0 (1,

4+ — | Zuyc+ =

ot ox <2u 20) %,

do  0Ou

- 4+

ot Ox

An "equilibrium” may be characterized hy = 0, so thato is a non-equilibrium quantity; foB — oo the
system reduces to the Burgers equation in{17)

= -Bo. (17)
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The characteristic polynomial of the system is given by

N —uX—2=0 (18)

u u?
=— 44/ —+2. 1
A1,2 >tV 7 (19)

Thus we have\; > 0 and )\, < 0. Like in the 13-field-case these characteristic velocities differ from that of
the Burgers equation and the question arises how the solutions of (17) are connected to the soultions of the
Burgers equation.

We proceed by investigating a special case.

with the solutions

4.1 Travelling wave

In Fig. 1 the numerical soultion of the Riemann problem with the initial data given by

25 x<0,

u(x,t:O):{1 x>0 oc(x,t=0)=0 (20)

is shown for different times
t=0.1, 0.3, 05, 0.7.

The parameteB has been chosen & = 100. We see that after a start-up phase a steady profile of
a travelling wave appears. The dashed line in Fig. 1 represents the shock solution of the Burgers equation
with the initial condition (20). The smooth solution of the system follows the shock solution with a diffusive
profile, theshock becomes ahock structure. The soliton-like solution o> indicates a "non-equilibrium”
through the shock structure. Note that no characteristic wave of the system is observed in Fig.1. It will be
shown later on, that these waves have been damped out at the given time.

The shock structure may be calculated from (17) with the travelling wave ansatz

ux,t) = u(@)=u(x-—ot), (21)
o(x,t) = g(§)=0(x—rt) (22)
and the boundary conditions
U(£oo) = uy, (23)
() = 0. (24)

In (21)/(22) v is the as yet unknown velocity of the wave. Insertion of (21)/(22) into (17) and integration of
equation (17) from —oo to some arbitrary state gives

5 () = %u(a Cu)- % (@ —u?) . (25)

From the boundary conditioé (u.) = 0 the velocity
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25

ufx)

Fig. 2. Solution of (17)
% for a fixed time and dif-
! ferentB

(26)
is calculated. This is indeed the shock speed of the Burgers equation.
Equation (17) with (21)—(26) reduces to
U—u_) (G- U+
o (=sli ) 0-u) (27)

v—tv—-2 "’
which yields the implicit form of the shock structure

¢(@) = 2 In<u+—ﬁ>+u++uIn<4(ﬁ—u+)(ﬁ—u_)>. (28)

Us —U_ U—u_ 4 (u+—u_)2

The integration constant is chosen so thét*>=) = 0 holds.

The Burgers equation permits only stable shocks with> u,. This is also reflected in (27): Even if the
values foru_ andu, are exchanged, the conditi@ah < 0 holds. The system (17) allows only compressional
shock structures. The reason for this is the dissipation; the situation is similar to the fact that a viscous
extension of the Burgers equation yields stability of shocks only with> u..

Foru_ < u, a rarefaction wave occurs in the solution of the Burgers equation and again the solution of
the system (17) follows the rarefaction wave, but is does have a diffusive profile. We will not go into the
details of that case.

The denominator in (27) has the form of the characteristic polynomial (18) of the system. Whenever a
characteristic velocity inside the shock reaches the shock velocity, the gradignbefomes infinite. The
function & (G) has a extreme point aridl(¢) becomes non-unique. In the solution for the travelling wave a
sub-shock occurs. This behavior is typical for dissipative hyperbolic systems and we will come back to it in
Sect. 4.3.

4.2 Relaxational solution

For very small times the productions in (17) have no influence and the solution of the Riemann problem (20)
consists of the two characteristic waves corresponding to the two velocities (19). Afterwards these waves
are damped at a rate that depends on the value of the paraineféius these waves are best observed by
looking at the solution for a fixed time and varying the paramBter

In Fig.2 we see the solution of (17) for the fixed tirne 0.4 and different values dB, viz.

B=01,25,10,20,50,100 500

All of these solutions start for small times with the two characteristic waves and (exceptf@) converge
to a travelling wave for large times. For some large value8 dhe steady profile is already established at
the time shown.

In the caseB = 0 the non-dissipative homogeneous system (17) is solved. In the solution two discontinu-
ities or shocks arise, which travel to the right and to the left with a constant state in between. This solution

1 One has to be careful with the label 'shock’ since the travelling wave also represents a shock, but with a diffusive shock structure.
Here the term shock is used only, if discontinuities occur.
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does not change shape. It only moves according to the tygitatlependence. FOB # O, however, the
discontinuities loose strength, they are damped by the dissipation. The curve becomes smooth and forms the
shock structure. In the limit of largB the profile becomes steeper and steeper indicating that the Burger
equation with its shock solution is recovered in the system (17). This is a scaling effect: For aBgikien
eventual steady profile remains steady with time, but the length scale is influenced by the paBanseter
the profileappears to be very steep. This effect & becomes more clear in the results of the 13-field-case
in Sect.5.

The two shocks of the starting solution may be calculated from the Rankine-Hugoniot-relations for the
system (17). These read

1 1
éuf + 20, — EuE -20- = s(u—u), (29)

Ur—u_ = S(U+—U,). (30)

The shock speed is denoted by and (u_,o_) and (u:,0.) are the left- and right-hand states of the
discontinuity. From (29) and (30) the shock speeds are given by

2
U tu (up +u)
S12 = 2 + 16 +2. (31)
We introduce the shock strengthby
u = (l+a)u_, (32)
or = (l+a)o_, (33)

so the speeds (a; u,7a,) are functions only of one state and the shock strength. The HugonioHlgci
of admissible 1- and 2-shocks in the phase plane) are obtained from (29)/(30) with (31)

2515(0) = ——~ —u_
Hea (aiu_, o) = ( 3: ) - sel@) | (34)
o_+2— 5 —

si2(@)?  si2(a)

In Fig. 3 these curves are depicted in flueos)-plane for the Riemann problem given by (20).(Ih 0)
an 1-shock starts and {{2.5,0) a 2-shock. It is easily verified that for both shocks the Lax condition

A2 > S12 > Mo (35)

holds. The dashed lines in Fig. 3 correspond to the solutions shown in Fig. 2. The damped discontinuities
follow their Hugoniot locus down to zero strength. Thus not only the strength but also the speed of the shocks
is affected by the damping, a fact that may be read off Fig. 2. For IBrdke solution converges to the
limiting cyclus of the travelling wave given by (25). It is remarkable that the non-equilibrium varattees
not tend to zero for larg8. Again the scaling effect takes over so tlravanishes almost everywhere.

The structure of the production in (17) shows that the shocks are damped exponentially. They will not
disappear in finite times. Nevertheless the solution of the travelling wave in (28) is smooth, since the ansatz
(21)/(22) assumes an infinite far away start-up phase.

4.3 Subshock solution

A subshock arises in the travelling wave solution, if the discontinuity from the start-up phase is not fast
enough to run away from the emergent profile of the travelling wave.
The initial conditions

35 x<0,

u(x,t:O):{l x>0 oc(X,t=0=0 (36)
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Fig. 3. Solution of (17) in the phase plane
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produce a shock structure that moves with the velocity

_ U tu
2

which is greater than the characteristic velocityuat 1. In Fig. 4 we see the Hugoniot locus as well as the
limiting cyclus for the Riemann problem given by (36) together with the earlier one (20). The limiting cyclus
for (36) now intersects with the Hugoniot locus of the 1-shock. The intersection point may be calculated by
(34) and (25) and is given by

>MU=1), (37)

(Us, 0s) = (1.72,0.32) . (38)

The solution has a subshock frofh, 0) to (us, os) and then follows the smooth limiting cyclus. With this
background the subshock may be viewed as a discontinuity from the start-up phase that cannot be damped
below a certain strength.

In Fig. 5 the analytical and numerical solution of (36) are shown.

The numerical solution has significant problems to resolve the subshock. In particular, if one compares
this result with the resolution of the discontinuities in the cas@&cf 0. The solution in Fig. 5 has been
made with a grid widthAx = 1/350 on the interval—0.6, 1.4].

5 Results of the 13-field-case

We consider the Riemann problem for the 13-field-case with the initial conditions

. x<o,
poetzo={ 2 X0 v(t=0=0,
SRS s(x,t=0)=0. (39)
prt=0={ P X=0 qui=0=0

and solve the equations of the 13-field-case as well as the Euler case. This problem is known as Sod’s problem
[16] in the numerical literature. It describes a simple shock-tube-experiment with a gas initially at rest and in
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equilibrium, but separated into a high pressure and a low pressure region. As reference state the low pressure
statepg, po is chosen. The pressure and density ratios are

— =5, — =5. (40)
Po Po
It follows with the ideal gas law ~ pT that the temperature is initially constart = To.
For the Euler case there exists an analytical solution (see [5], [6]) for (39). With the ratios (40) it consists
of two discontinuities travelling to the right and a rarefaction wave, which fans out to the left. From (40) we
may conclude that the fast shock has the velocity

s=1369, 2P
3 po

that is a Mach numbeM = 1.369. The second discontinuity is the contact discontinuity, which moves with
the gas velocity. All three waves can be observed in the experiments.

In Fig. 6 the solution of the density field of the 13-field-case is shown for different times and a fixed
parameteB = 125. Also the solution of the Euler case is shown. The 13-field-case exhibits the same behavior
as the model system in Fig. 1: After a start-up phase the solution follows the Euler solution with diffusive
profiles. These diffusive profiles have a higher physical significance than the discontinuities in the Euler case
for the following reason: From the definition & in (6) we see that by choosing its value we choose a
time as well as a length scale. Thyus= 1 in Fig. 6 correspond to about 100 mean free paths. At that scale
we resolve the diffusive structure of the shock which is spread over several mean free pathes. The Euler
equations are only valid foB — oo or Kn — 0; in that case the shock structuasppears as discontinuity.

This corresponds to the scaling effect which seems to steepen the profile in Fig. 2.

The shock structure form a travelling wave which may be calculated separately [17]. The profile of the
contact discontinuity is not steady, it is smeared out very slowly with time due to heat conduction.

In Fig. 7 we see the fields of density pressurg and velocityv for the 13-field-case and the Euler case
for a fixed time but different values d8. Varying the parameteB now means looking at the solution at
different physical time and length scales. In the figure space is measured in mean free paths of the reference
state)\. The solution of the Euler equations shows the same shape at any scale due to its self similarity. For
B = 0 the scale is infinitesimally small and we solve the Riemann problem of the homogeneous system (5).
The solution shows five characteristic waves according to the five characteristic velocities (10). There are two
rarefaction waves and three discontinuities. The solution has almost nothing in common with the solution
of the Euler equations. Due to the dissipation in the system (5) the discontinuities loose strength and the
rarefaction waves are smoothed out. Again it may be observed that the discontinuities become slower while
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Fig. 7. Fields of density, pressure and velocity in the 13-field-case (solid) and the Euler case (dashed)

being damped. After a certain time the curves follow the solutions of the Euler equations. It seems remarkable
that this happens. In Sect.4.1 we saw that the shock structure travels with the shock speed of the underlying
Burgers equation even for fini. In Fig. 7 we see that the 13-field-case recognizes the propagation of the
contact discontinuity as well as of the rarefaction wave, which move according to the characteristics of the
Euler system, although these characteristics are absent in the 13-field-case.

In Fig. 8 the corresponding fields of stresand heat fluxg are shown together with the density field. In
these fields too the five characteristic waves are present in the beginning. Remarkable is the non-monotone
shape of the slow rarefaction wave in the stress. Once again the waves are damped and the result is a soliton-
like solution, indicating the non-equilibrium across the structures of the shock, the contact discontinuity and
- much less - across the rarefaction wave.

The waves of the 13-field-case for smBllhave no physical significance. In particular the disturbance
that propagates atGS\/% has never been observed. For a physical description of the start-up phase one
will need many more variables than 13, because of the strong non equilibrium. This will be shown in a future
paper [18].

If the Mach number of the shock structure exceedib,1- which is the highest characteristic velocity - it
appears a subshock within the structure. Unfortuntely it is not possible to calculate such a structure by solving
a Riemann problem of the type (39)/(40): For a slightly higher initial pressure ratio the solution leaves the
region of hyperbolicity.

5.1 Region of hyperbolicity

The 13-field-case is not globally hyperbolic, due to linearisation during the derivation of the system. For a
given equilibrium statep, p only a certain range of values of stressand heatfluxq close to equilibrium

are allowed. Outside of this range the characteristic polynomial (9) has imaginary roots. If the stress and the
heat flux are made dimensionless with the given equilibrium state
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Fig. 8. Fields of density, stress and heat flux in the 13-field-case

; (41)

TIlQ

q = — 42)
Pyo

we may draw a region of hyperbolicity in tI”(@V, ?7')-plane. The borderline of the region of hyperbolicity is
given by the functions (see [1])

g (o) =19$2\/§(1l7+9% D (o)) \/117+935+2D(5) (43)
with
D () := \/ 854152 + 145535 + 15257. (44)

Both curves are shown in Fig. 9 as dashed lines.
Additionally we see the results of the 13-field-case for the Riemann problem (39) with (40) and different
values ofB in the first row of Fig. 9. The curves are parametrized by the space variadnhe read

o (x)
p (x
seo=| 663 |. s
p(x)
p (x) o)
They are closed and begin and end in an equilibrium state, which occurs in the origin(@f, ﬁ])eplane. In
the case oB = 0 we see a polygon, whose five legs represent the five characteristic waves. Due to the damping

the polygon collapses & grows and forms a small steady loop which indicates mainly the dissipation in
the shock structure. In the second row of Fig. 9 the polygon in the caBe=dd for different initial pressure
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Fig. 9. Several solutions of the 13-field-case in the hyperbolicity region

15
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05 1 * 15 Fig. 10. Boundary of existing solutions for the Riemann problem (39)

ratios is shown. The density ratio is assumed to be equal to the pressure ratio, which implies constant initial
temperature. For a pressure ratio of 6 the cs{e leaves the region of hyperbolicity. Of course damping
would reestablish hyperbolicity after a short time, but immediately after the loss of hyberbolicity the upwind
method breaks down. The solution in Fig. 9 has been calculated by a central method [19] that does not rely
on the eigenstructure of the equations.

For a given temperature ratio, one can numerically check different pressure ratios and find out when the

firstimaginary roots appear. The result is shown in Fig. 10. The dots mark the verified marginal pressure ratios
within +0.05 and the curve is a arbitrary fit. Above that curve no solution of the homogenous 13-field-case
for the Riemann problem (39) is possible due to the loss of hyperbolicity.

The results in Fig. 10 were observed to change slightly, if the grid is refined. | used a grid width of

Ax =1/200 on an interva]—1.5, 1.5] which gave relieable results.
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