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Abstract

This article deals with experimental and theoretical studies of the sedimentation of polydisperse agarose beads with broad particle size
distributions. A light-extinction principle was used to measure the variation of solid concentration in the suspension with time and settling
distance. Di4erent experimental conditions have been used to show the in5uence of solid concentration and liquid density and viscosity
on the settling behavior of the beads. The sedimentation process was described mathematically by a system of conservation law using
Masliyah’s hindered settling function. The physical properties of the beads and the optical properties of the suspension were carefully
examined to enable a reliable comparison between experimental and simulation results. The model gives good predictions under all the
conditions studied, showing its soundness in formulating the hindered settling process of polydisperse particles in a suspension.
? 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Sedimentation of solid particles in a 5uid is a common
phenomenon with numerous applications in chemical and
civil engineering, geology, metallurgy and oceanography,
and has been extensively studied for decades (Wallis, 1969;
Khan & Richardson, 1989; Huppert, Kerr, Lister, & Turner,
1991). A few examples of its applications in chemical in-
dustry include 5uidized bed reactors, settling tanks, and
hydraulic conveying. With the development of expanded
bed adsorption (EBA) technology (Anspach, Curbelo,
Hartmann, Garke, & Deckwer, 1999), this phenomenon
has aroused new interests among biochemical engineers.
As a promising unit operation that integrates product cap-
ture, clariAcation, concentration and puriAcation in a single
step, EBA has become one of the best choices for re-
covering bioproducts, for example proteins and enzymes,
from whole-cell fermentation broths or cell homogenates
(Batt, Yabannavar, & Singh, 1995; Owen & Chase, 1997;
Clemmitt & Chase, 2000). The hydrodynamics of an EBA
system needs to be well characterized because it is of
paramount importance to the quantity and quality of the
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desired products. Some pioneer work has been done to
study experimentally axial variations in adsorbent size,
bed voidage, and liquid dispersion within an EBA column
(Willoughby, Hjorth, & Titchener-Hooker, 2000; Bruce &
Chase, 2001), providing valuable information on solid–
liquid suspensions. At the same time, it issues a formidable
challenge, that is, to interpret the experimental results with
the existing sedimentation theories, to not only chemical
engineers but also hydrodynamicists and mathematicians.
Complications in modeling the settling of a solid–liquid

suspension of practical importance arise to a great extent
from the wide variety of sizes, shapes, and densities of the
particles and particle–particle interactions (Wallis, 1969).
To simplify experimental and theoretical analyses, to date
most publications on suspension sedimentation have focused
primarily on spherical monodisperse particles or particle
mixtures consisting of two or three kinds of particles with
far di4erent sizes and/or densities (Law, Masliyah, MacTag-
gart, & Nandakumar, 1987; Davis & Birdsell, 1988; Cheung,
Powell, & McCarthy, 1996; Galvin, Pratten, & Nguyen Tran
Lam, 1999). The interparticle forces, especially those in
high-concentration suspensions, are usually approximated
within the framework of Kynch’s theory (Kynch, 1952),
by multiplying the Stokes velocity of the particles by an
empirical factor, which is a function of local volumetric
solid fractions only and is commonly referred to as hindered
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settling function (HSF) or drag law (Masliyah, 1979; Davis
& Gecol, 1994; BKurger & Tory, 2000). Although analytical
formulae for the interaction between pairs of rigid spheri-
cal particles on the mean velocity of each species have been
given by Batchelor (Batchelor, 1982) and evaluated numeri-
cally by Batchelor and Wen (Batchelor &Wen, 1982), these
formulae are restricted to dilute suspensions and, as has been
pointed out by those authors, are likely to be applicable to a
system of two species of particles. The empirical approach
to particle–particle interaction is therefore dominant in pre-
vious studies. Many HSFs for mono- and polydisperse sus-
pensions have been proposed (Masliyah, 1979; Patwardhan
& Tien, 1985; Khan & Richardson, 1989; Davis & Gecol,
1994), and some of them have proven to be capable of de-
scribing sedimentation and 5uidization of bidisperse suspen-
sions (Biesheuvel, Verweij, & Breedveld, 2001).
Unlike the artiAcial suspensions used in many studies con-

taining only two to three particle species, most real suspen-
sions encountered in practice, such as the adsorbent-liquid
suspension in EBA, contain particles with continuous par-
ticle size and density distributions. However, only a few
researchers have paid their attention to particles with a
continuous particle size distribution (PSD) (Greenspan &
Ungarish, 1982; Shih, Gidaspow, & Wasan, 1987; Davis
& Hassen, 1988; Kumar, Pirog, & Ramkrishna, 2000).
Many hypotheses concerning polydisperse sedimentation
have been proposed and documented in literature, but most
of them have yet to be conArmed by ample experimental
evidences that are unavailable at present because of the
tremendous diNculty in performing controlled experiments
with polydisperse suspensions.
The purpose of this work is to analyze the settling behav-

ior of two commercial gel-type spherical adsorbents, i.e.
Sepharose CL-6B and Streamline SP. The particle size dis-
tributions of these beads are broader than those reported in
previous publications, so the suspensions containing these
beads bear more similarity to real suspensions. In fact,
Streamline-based adsorbents are currently the most popular
packing materials for EBA that is being more and more fre-
quently used in food and pharmaceutical industries. To our
knowledge, suspensions like these have not been studied
before. Thus, this study is conducted to give an insight into
the batch sedimentation behavior of highly polydisperse
suspensions as well as to provide preliminary knowledge of
the hydrodynamics of EBA. A mathematical model is gener-
ated to describe the sedimentation process of the beads. The
model is embedded in the appropriate mathematical frame-
work, i.e. in the form of partial di4erential equations, and
solved numerically with a newly developed high-resolution
shock-capturing technique. To date, this approach has only
been applied to systems with low degrees of polydisper-
sity (two to three particle species) (BKurger, Fjelde, HKo5er,
& Hvistendahl Karlsen, 2001; Berres, BKurger, Karlsen,
& Tory, 2002), and our goal is to validate its applicability
to systems consisting of more particle species (the number
of species in this work is 35). It should be emphasized

that the approach we adopted is more rigorous than the
approximate one used by some other researchers (see, for
example, Davis & Hassen, 1988). Theoretical calculations
are compared with experiments to corroborate the model.

2. Theory

2.1. Conservation equations

In this article, we consider an initially homogeneous sus-
pension consisting of a 5uid and N species of spherical par-
ticles that have the same density � but di4er in diameter. The
particle species are numbered in descending order by their
diameters, so that d1¿d2¿ · · ·¿dN . The sedimentation
of these particles is described by low-Reynolds-number hy-
drodynamics, where inertia, Brownian motion and colloidal
forces are all negligible. Let ui and �i denote the settling
velocity and local volumetric fraction of species i, respec-
tively. The followingN scalar equations can be derived from
the mass balance of the particles,

9�i
9t +

9fi
9x = 0; i = 1; 2; : : : ; N; (1)

where fi is the 5ux density function of species i, i.e.

fi(�1; : : : ; �N ) = �iui(�1; : : : ; �N ): (2)

If the sedimentation takes place in a suspension of height
H , and all the species are evenly distributed at the beginning,
then the following initial and boundary conditions for Eq.
(1) hold,

�i = �i;0; t = 0; 0¡x¡H; (1a)

fi = 0; x = 0; t ¿ 0; (1b)

fi = 0; x = H; t ¿ 0: (1c)

2.2. Hindered settling functions

The common practice in predicting the settling velocity
of solid particles is to deAne HSFs based either on ui, the
velocity of species i relative to the suspension, or on usi , the
slip velocity of species i relative to the 5uid. In the former
case, one has

ui = hi ui;0; (3)

where ui;0 is the settling velocity of species i at inAnite
dilution (�=

∑N
i=1 �i → 0). If the container is suNciently

large to make the wall e4ect negligible, ui;0 will be the
same as u∞i;0, the velocity of an isolated particle in an inAnite
medium, and can be calculated from Stokes’ equation:

ui;0 = u∞i;0 =
d2i (�− �f)g

18�f
: (4)
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If the wall e4ect cannot be neglected, then Eq. (4) must
be corrected by a factor (Khan & Richardson, 1989)

ui;0 = u∞i;0[1− 1:15(di=D)0:6]

=
d2i (�− �f)g

18�f
[1− 1:15(di=D)0:6]: (5)

There are many choices for hi, and those proposed by
Batchelor (Batchelor, 1982) (denoted hi;B) and Davis and
Gecol (Davis & Gecol, 1994) (denoted hi;DG) are given
below.

hi;B = 1 +
N∑
j=1

Sij�j; (6)

hi;DG = (1− �)−Sii


1 +

N∑
j=1

(Sij − Sii)�j


 : (7)

Eq. (6) is applicable in the dilute limit only, while Eq. (7)
is a well-deAned HSF for the whole range of concentrations
from the dilute limit up to the packed bed.
In the latter case where HSFs are based on the slip veloc-

ity, the expression of ui is not as straightforward as in the
former case. The general form of di4erent expressions fol-
lowsMasliyah’s derivation for batch sedimentation (zero net
volumetric velocity of the suspension) (Masliyah, 1979).

ui = hsi ui;0
�i − �s
�i − �f

−
N∑
i=1

�ihsi ui;0
�i − �s
�i − �f

; (8)

where �s is the density of the suspension deAned by

�s = (1− �)�f +
N∑
i=1

�i�i: (9)

For equidensity particles, Eq. (8) reduces to

ui = (1− �)


hsi ui;0 − N∑

j=1

�jhsjuj;0


 : (10)

The most commonly used HSFs proposed by Masliyah
(Masliyah, 1979) (hsi;M ) and Patwardhan and Tien
(Patwardhan & Tien, 1985) (hsi;PT ) are expressed respec-
tively as follows:

hsi;M = (1− �)n−2 (11)

hsi;PT =

(
1−

(
1 +

d�
di

)−3
)n−2

;

d� =

∑N
j=1 dj�j
�

(�−1=3 − 1): (12)

In this work,Masliyah’s HSF (Eq. (11)) is adopted to sim-
ulate the dynamic behavior of particle settling because it has
proven to be able to successfully describe the sedimentation
and 5uidization of binary systems in various experimental
situations (Biesheuvel, Verweij, & Breedveld, 2001). More
importantly, recent analysis by Berres et al. (2002) showed

that the Masliyah model (i.e., Eq. (1) with the Masliyah
HSF) was always hyperbolic for equidensity particles with
arbitrary numbers of particle species and particle size dis-
tributions. This feature ensures that any information in the
system travels at Anite speed, and that the problem is well
posed. On the contrary, the Davis and Gecol model (Eq.
(7)) gives rise to unphysical instability (non-hyperbolicity)
regions of Eq. (1) (BKurger, Karlsen, Tory, & Wendland,
2002), and hence is not evaluated in this work. The Pat-
wardhan and Tien model is not tested either, for its stability
has not been validated yet.
In all the simulations to be mentioned below, the exponent

n in Eq. (11) is set at 4.65 following Wallis (Wallis, 1969),
and the function is cut at a maximum solid concentration,
�max, of 0.6 in a way similar to those reported in previous
publications (Concha, Lee, & Austin, 1992; BKurger, Concha,
Fjelde, & Hvistendahl Karlsen, 2000; BKurger et al., 2001).
The choice of �max is based on the measured interstitial
voidage of packed spherical beads, which is 0.4 for both
the Sepharose (Boyer & Hsu, 1992) and Streamline beads
(Willoughby, Hjorth, & Titchener-Hooker, 2000; Bruce &
Chase, 2001).

2.3. Numerical method

Due to the nonlinear nature of the 5ux density function
(Eq. (2)), the solution of the hyperbolic system of conserva-
tion laws (Eq. (1)) is discontinuous even with smooth ini-
tial conditions. The appearance of discontinuities requires
great e4orts to solve the conservation equations with exist-
ing numerical schemes such as the method of characteristics
(Shih, Gidaspow, & Wasan, 1986), and many researchers
turn to approximate solutions by assuming a series of A-
nite zones in which the concentrations and settling veloc-
ities of each particle species are constant (Davis & Has-
sen, 1988; Stamatakis & Tien, 1988). With the develop-
ment of modern di4erence schemes, however, this problem
has become less diNcult than it used to be. In recent publi-
cations, BKurger and co-workers (BKurger et al., 2000, 2001)
reported the solution of conservation equations with one of
the latest modern entropy-satisfying shock-capturing central
di4erence scheme for nonlinear systems, which was orig-
inally developed by Nessyahu and Tadmor (Nessyahu &
Tadmor, 1990) and then modiAed by Kurganov and Tadmor
(Kurganov & Tadmor, 2000). They compared their simula-
tion results with the settling data of a bidisperse suspension,
and found good agreement between them.
Encouraged by the success of BKurger and co-workers,

we employed the above-mentioned di4erence scheme in
our work, too. However, the di4erence was that we chose
the semi-discrete scheme (Kurganov & Tadmor, 2000)
rather than the fully discrete scheme used by BKurger and
co-workers (BKurger et al., 2001). A program was written
on the platform of Matlab 5.3. The ordinary di4erential
equations (ODE) obtained by semi-discrete di4erencing
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were integrated numerically with ODE23, a low order
ODE solver embedded in Matlab 5.3. Comparison between
our simulation results and those of BKurger et al. for the
bidisperse system (BKurger et al., 2001) indicated that the
program works correctly (data not shown).
In the calculations shown below, we set M , the num-

ber of grid cells for the spatial discretization, at 200
(the total spatial length was 20 cm) to make a numerical
compensation for particle di4usion (see Section 5). The
number of particle species, N , was set at 35; further increase
in this number had little in5uence on the simulation results.
Under these conditions, the running time of the program on
a personal computer (Pentium III 750 MHz, 64 M RAM)
ranged from 5 to 8 min for one batch.

3. Materials and methods

3.1. Materials

Agarose-based spherical particles under the commercial
names of Sepharose CL-6B and Streamline SP, respec-
tively, were purchased from Amersham Pharmacia Biotech
(Uppsala, Sweden). Since Sepharose CL-6B beads were
semi-transparent, they were dyed with Cibacron blue F3G-A
(Sigma, St. Louis, MO, USA) to facilitate visual obser-
vation. A commonly used dying procedure (Xue & Sun,
2001) was employed, yielding a dye density of 10 �mol=ml
in the beads measured by the acid digestion method (He,
Gan, & Sun, 1997). Streamline SP beads were opaque be-
cause of the quartz granules in them and therefore were
used as received. The particle size distributions of the two
kinds of beads were measured with a Mastersizer 2000 unit
(Malvern Instruments Ltd., UK). A 25-ml pycnometer was
used to measure the beads’ hydrated densities.
The 5uid for the dyed Sepharose CL-6B was deionized

water. For the dense Streamline SP particles, aqueous glyc-
erol solutions were employed to slow down the sedimenta-
tion process and hence make easier the recording of exper-
imental data. Three glycerol solutions of di4erent concen-
trations (45%, 65% and 75%, w/w) were used in the ex-
periments. The densities and viscosities of all the 5uids at
20◦C along with the densities of the beads in these 5uids
are given in Table 1.

Table 1
Physical properties of 5uids and beads at 20◦C

Fluid name �f (g=cm3)a �f (mPa s)a �Sep (g=cm3)b �Str (g=cm3)b �Str;cal (g=cm
3)

Water 0.99823 1.005 1.03 1.18
45% glycerol 1.11280 4.715 NDc 1.28 1.28
65% glycerol 1.16750 15.54 ND 1.34 1.33
75% glycerol 1.19485 36.46 ND 1.35 1.35

aFrom (Weast, 1988).
bMeasured with a 25-ml pycnometer.
cNot determined.

3.2. Apparatus

A light-extinction principle was employed to detect par-
ticle concentration in the suspension at di4erent time and
positions, similar to that reported by Davis and Hassen
(Davis & Hassen, 1988). To do this, the sampling cham-
ber (12:5 × 9:0 × 12:0 cm, length by width by height) of
a spectrophotometer (Type 9110, Rayleigh Optical Instru-
ment Co., Beijing, China) was replaced with a taller one
(12:5× 9:0× 70:0 cm), and a larger holder was equipped in
it. The holder was specially designed for a customized glass
cuvette (inside dimension 25 cm high and 1:0 cm by 1:0 cm
in cross-section) and could move vertically. In one sidewall
of the chamber was a 1:0 cm wide by 0:5 cm high slit. A
light beam could enter through the slit into the chamber,
pass the cuvette containing particle suspensions, and reach
the photodiode in the opposite wall. The wavelength of the
beam was adjustable within the range from 180 to 1000 nm.
An A/D converter converted the intensity of the transmitted
light into digital data acquired by a personal computer. The
maximum sampling rate was 10 data points per second.

3.3. Experimental procedure

All the sedimentation experiments were conducted at
20:0± 0:5◦C. The beads were Arstly allowed to immerse in
their corresponding 5uid for 12 h in a graduated cylinder,
resulting in a tightly packed bed. The total volume of the
beads was then calculated from the bed volume, which was
indicated by the scale of the cylinder, and the interstitial
voidage of packed spherical beads (0.4, see above). The
beads were then re-suspended by agitation and a deAnite
volume of the 5uid was added to give a suspension of known
solid volumetric fraction. The suspension was agitated vig-
orously to eliminate as far as possible inhomogeneities in
it, and 20 ml of it was poured into the customized cuvette
that had been placed in the holder beforehand. Convective
motion of the suspension in the cuvette was damped out by
the suspension viscosity in a few seconds. At the cessation
of this motion, sampling of the transmitted light intensity
was started, and the time course of absorbance decline
was recorded. When the absorbance dropped to zero, the
sampling was stopped, which marked the end of the exper-
imental procedure for one batch. The monitoring position,
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Table 2
Particle size distributions of sepharose and streamline beads

Beads type Std. sieve range d43 (�) (�m) �=d43(−) d32 (�m)

Sepharose CL-6B
UnclassiAed 89 (26) 0.29 82
Fraction 1 −300 56 (13) 0.24 53
Fraction 2 −200 + 300 72 (18) 0.25 68
Fraction 3 +200 96 (25) 0.26 90

Streamline SP
UnclassiAed 107 (37) 0.35 203
Fraction 1 −100 67 (21) 0.31 146
Fraction 2 +100 108 (36) 0.33 209

Fig. 1. Initial absorbance of Sepharose particle suspensions as a function
of the particles’ volumetric fraction and surface-weighted mean diameter.
d32 values are ( ) 53, (�) 68, (©) 82 and (�) 90 �m. Numbers in
(b) are concentration values of the iso-concentration lines.

i.e. the distance between the top of the suspension and the
light beam, was then adjusted by moving the holder, and the
above procedure was repeated for a new batch.

Fig. 2. Initial absorbance of Streamline particle suspensions as a func-
tion of the particles’ volumetric fraction and surface-weighted mean di-
ameter. The 5uid is 75% aqueous glycerol solution. ( ) d32 = 146 �m,
slope = 0:428; (©) d32 = 209 �m, slope = 0:301.

4. Results

4.1. Variation of particle density with :uids

The porous nature of the gel-type beads gives rise to an
interesting phenomenon, i.e. the beads’ hydrated density de-
pends positively on the density of the 5uid (see Table 1).
Based on the data given in Table 1, the density of Stream-
line SP beads in 45%, 65% and 75% glycerol solutions were
calculated from the following equations,

�Str;cal =�quartz × �quartz

+ (1− �quartz − �Str)× �agarose + �Str × �f; (13)

�quartz =
�Str;w − �Sep;w
�quartz − �Sep;w

; (14)

�Str = (1− �quartz)× �Sep; (15)

�agarose =
�Sep;w − �Sep × �w

1− �Sep
; (16)
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Fig. 3. Typical raw absorbance data obtained from batch sedimentation.
(a) Sepharose beads in water, �0 = 0:156, settling distances are 2, 4, 6,
8 and 10 cm (from left to right). (b) Streamline beads in 45% glycerol
solution, �0 = 0:021, settling distances are 2, 6, 10 and 14 cm (from left
to right).

where �Sep is 0.94 according to the agarose content (6%)
in the beads, and �quartz is 2:6 g=cm3 (Weast, 1988). The
calculated volumetric fraction of quartz in Streamline SP is
0.096, and the voidage of Streamline SP beads is given at
0.86. Densities of Streamline SP beads calculated from Eq.
(13) are also listed in Table 1. The good agreement between
the calculated and measured densities justiAes the reliability
of these data.
It should be noted that the particle densities in Table

1 are average values of many beads. For the equidensity
Sepharose CL-6B, the value represents the density of any
single bead. For Streamline SP that consists of crosslinked
agarose and quartz granules, there exists a narrow parti-
cle density distribution (PDD) (Bruce & Chase, 2001). At
present it seems very diNcult to determine the PDD and its
relation with the PSD by available techniques, so the av-
erage density is used in the mathematical model (Eq. (5))
without considering the PDD.

Fig. 4. Illustration of two-dimensional interpolation/extrapolation proce-
dure used in calculating the volumetric fractions (solid lines) of Sepharose
beads suspension with known absorbance values and mean particle di-
ameter. The symbols and dashed lines are the same as shown in Fig. 1.
For experimental details see the legend to Fig. 5.

4.2. Calibrations for absorbance vs. particle
concentration and diameter

In this paper, the solid concentration is expressed by the
volumetric fraction of the solid in the solid–liquid suspen-
sion. Determined by the measurement range of the spec-
trophotometer and the opacity of the beads, the maximum
measurable solid concentrations are restricted to 0.16 for
Sepharose CL-6B and 0.03 for Streamline SP under a wave-
length of 980 nm. The shorter the wavelength, the smaller
the maximum concentrations. In this article, the wavelength
was set at 980 nm. Sedimentations at Ave Sepharose concen-
trations (0.033–0.156) and one Streamline SP concentration
(0.021) were investigated.
According to Beer’s law, the light absorbance of a particle

suspension is proportional to the total cross-sectional area of
particles present in the beam. For polydisperse suspensions,
one has

A= k ′
N∑
i=1

nid2i = k ′
N∑
i=1

nid2i

∑N
i=1 nid

3
i∑N

i=1 nid
3
i

= k�

(∑N
i=1 nid

3
i∑N

i=1 nid
2
i

)−1

= k
�
d32

; (17)

where k ′ and k are proportionality constants, and N is
the number of particle species in the beam. However, as
has been pointed out by Davis and Birdsell (Davis &
Birdsell, 1988), Eq. (17) is often violated by multiple scat-
tering e4ects and is only valid at low solid concentrations
(�6 0:02) for suspensions with unmatched particle and
5uid refractive indices. In other words, k is no longer a
constant for the Sepharose particle concentrations studied
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Fig. 5. Experimental (solid lines) and calculated (dashed lines) volumetric fractions of Sepharose beads. Initial solid concentrations in the suspensions are
(a) 0.033, (b) 0.056, (c) 0.080, (d) 0.122 and (e) 0.156. Settling distances are 2, 4, 6, 8 and 10 cm for both the solid and dashed lines (from left to right).

in this work. So it is necessary to determine the relation
of A with � and d32 experimentally. Toward this end, a
portion of Sepharose beads was classiAed with 300- and
200-mesh standard sieves, yielding three fractions. The

PSDs of these particle fractions are of lognormal type and
are characterized by the parameters listed in Table 2.
Fig. 1a shows the initial absorbance of suspensions pre-

pared with unclassiAed and classiAed Sepharose beads at
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Fig. 6. Experimental (solid lines) and calculated (dashed lines) volumetric fractions of Streamline beads dispersed in (a) 45%, (b) 65% and (c) 75%
aqueous glycerol solutions. Initial solid concentrations in the suspensions are Axed at 0.021. Settling distances are 2, 6, 10 and 14 cm for both the solid
and dashed lines (from left to right).

di4erent solid concentrations. The scattered symbols in the
Agure are averages of three replicates, and the standard devi-
ations from these replicates are less than 1.0%, indicating a
good reproducibility of the results. Fig. 1b, which is redrawn
from Fig. 1a, clearly shows that the iso-concentration lines
remain straight at low solid concentrations but bend when
the concentration exceeds 0.02. Although the measurements
were conducted with only four di4erent d32 values, the re-
sults were interpolated and extrapolated to cover the whole
range of Sepharose particle diameter from 27 to 200 �m.
As will be seen later, the interpolation and extrapolation
are needed to compare simulation results with experimental
data.
Fig. 2 shows the A–� curves of Streamline SP beads

obtained in a way similar to those of Sepharose beads. A
100-mesh standard sieve was used to separate Streamline
beads into two fractions. The slopes of the two straight lines
in Fig. 2 are 0.428 and 0.301, respectively, for the small
(d32 = 146 �m, see Table 2) and large (d32 = 209 �m)

fractions. From Eq. (17) one has,

k =
A
�
d32: (18)

The k values calculated from Eq. (18) are 62.5 for the
small fraction and 62.9 for the large one, which indicates
that for Streamline beads Eq. (17) is applicable to correlate
A with � and d32 within the range �6 0:03. The k is set at
62:7 �m in the following sections.

4.3. Comparison between experimental and theoretical
results

Fig. 3 shows typical absorbance data for Sepharose and
Streamline beads with di4erent settling distances. Due to
the random noise that arises from the statistical 5uctua-
tion of beads number in the light beam, the curves are
not absolutely smooth. The smaller the beads number, the
more intense the 5uctuation. This explains why the noise in
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Fig. 7. Settling and spreading of the interface at the top of the suspen-
sions containing Sepharose beads. Solid lines show the trajectories of
the iso-concentration plane �=�0 = 1=2 (x1=2 vs. t). Dashed lines depict
the distances between the two iso-concentration planes �=�0 = 1=4 and
�=�0 = 3=4 ((x1=4–x3=4) vs. t). As indicated in the Agure, these lines
correspond to Figs. 5a–e, respectively. Settling distances are (©) 2 cm,
(�) 4 cm, ( ) 6 cm, (�) 8 cm, and (�) 10 cm.

Fig. 3b, where the diameter of the beads is larger but the
concentration is lower, is more signiAcant than that in Fig.
3a. To eliminate the random noise and to make the compar-
ison of data from di4erent batches easier, all the raw data
were smoothed and normalized. A cubic smoothing spline
function, CSAPS, provided by Matlab 5.3 was used in data
smoothing. Data after these treatments are compared with
theoretical calculations.
Solution of Eq. (1) yielded the volumetric fractions

of each particle species as functions of time and settling
distances. To make reasonable comparisons between sim-
ulated and experimental results, we converted measured
light absorbance data into particle volume fractions with
the aid of the aforementioned calibration curves (Fig. 1,
for Sepharose beads) or Eq. (17) (for Streamline beads).
Simulation results under the same conditions were utilized
to provide local average particle diameters needed for such
a conversion. For Sepharose beads, the conversion involves
a two-dimensional interpolation/extrapolation procedure
based on the data shown in Fig. 1, which is elucidated in
Fig. 4. We know from this Agure that extrapolation along
the iso-concentration lines is linear in most cases owing
to the low solid concentrations at which it happens, which
ensures the accuracy and reliability of the extrapolated data.
It can be seen from Figs. 5 and 6 that the agreements

between experimental (solid lines) and simulation results
(dashed lines) are generally good for both Sepharose and
Streamline beads. Discrepancies occurring at the upper and
middle parts of the �–t curves are most likely caused by
particle di4usion and initial inhomogeneities in the suspen-
sions. The di4usion mechanism involved in particle sed-
imentation, termed “self-induced hydrodynamic di4usion”

Fig. 8. Settling and spreading of the interface at the top of the suspensions
containing Streamline beads. Solid lines show the trajectories of the
iso-concentration plane �=�0 = 1=2 (x1=2 vs. t). Dashed lines depict
the distances between the two iso-concentration planes �=�0 = 1=4 and
�=�0 = 3=4 ((x1=4–x3=4) vs. t). As indicated in the Agure, these lines
correspond to Figs. 6a–c, respectively. Settling distances are (©) 2 cm,
(�) 6 cm, ( ) 10 cm, and (�) 14 cm.

by Davis and Hassen after G. K. Batchelor (Davis & Has-
sen, 1988), arises from the 5uctuations in particle settling
velocities around their mean and re5ects hydrodynamic in-
teractions between solid particles. The hydrodynamic dif-
fusion is strong at the beginning of a batch sedimentation
procedure, when the particle concentration gradient is large
at the top of the suspension. This phenomenon may lead to
disagreements between the solid and dashed lines in Figs. 5
and 6, especially in their upper parts, if it is not accurately
deAned in the model. The choice of particle di4usivities will
be further discussed below. From Fig. 5 we know that the
discrepancies in the upper part of the �–t curves decrease
from low (Fig. 5a) to high concentrations (Fig. 5e), which
is consistent with the observation that particle di4usion de-
pends negatively on particle concentrations within certain
concentration range (Davis & Hassen, 1988). This consis-
tency may serve as an evidence of the impact of particle
di4usion.
Besides the particle di4usion, initial inhomogeneities in

the suspensions are also an important reason for the dis-
agreements between experimental data and theoretical cal-
culations. Although great cautions have been taken to elim-
inate as completely as possible any initial nonuniformity in
the suspensions, it is extremely diNcult to achieve a truly
even dispersion of polydisperse particles in a 5uid (BKurger
et al., 2001). So a macroscopically homogeneous suspen-
sion without any visible particle segregations may actually
contain many particle clusters when observed from a micro-
scopic point of view. Solid concentration in these clusters is
higher than in their surroundings, so the clusters settle more
quickly than single particles and act as if they were new
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Fig. 9. Concentration proAles of Sepharose beads in water. The number of particle species is 35. The dashed line in the Agure indicates the total volumetric
fraction of all the species, whose initial value is 0.122. Snapshots are taken at (a) t = 0 min, (b) t = 10 min, (c) t = 40 min, and (d) t = 120 min.

particle species whose diameters exceed the largest particle
diameter in the suspension, which results in a faster decrease
in absorbance response. Since the model does not account
for the inhomogeneities in the suspension, the discrepancies
in the middle part of the �–t curves rise gradually from Fig.
5a (�0 = 0:033) to Fig. 5e (�0 = 0:156), through which the
size and number of the clusters increase with the initial solid
concentration of the suspension.
To further characterize the falling speed and spreading

of the interface at the top of the suspensions, Figs. 5 and
6 are recast into Figs. 7 and 8, respectively, by tracing the
movement of certain iso-concentration planes in the sus-
pension. Three planes with local particle concentrations be-
ing 1=4, 1=2 and 3=4 of the initial value are trailed in this
work, and their positions in the suspension are denoted x1=4,
x1=2, and x3=4, respectively. Two lines are obtained for each
sub-Agure in Figs. 5 and 6: one is x1=2 vs. t, which character-
izes the average settling velocity of the interface; the other is

(x1=4–x3=4) vs. t, which quantiAes the spreading of the inter-
face. All the lines shown in Figs. 7 and 8 are linear (or al-
most linear), which means that the average settling velocity
of the interface is constant and the spreading of the interface
is proportional to the settling time. In addition, Fig. 7 also
clearly shows the hindered settling e4ect, which leads to the
decrease in the slope of the solid lines (absolute value) with
increasing particle concentrations.

5. Discussion

Davis and Hassen (Davis & Hassen, 1988) studied the
spreading of the interface at the top of a slightly polydis-
perse glass beads suspension and found that the beads’ dif-
fusion coeNcients varied with the initial solid concentra-
tions and reached their maxima at certain concentrations.
The di4usivities obtained within the concentration range
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Fig. 10. Concentration proAles of Streamline beads in 45% glycerol solution. The number of particle species is 35. The dashed line in the Agure indicates
the total volumetric fraction of all the species, whose initial value is 0.021. Snapshots are taken at (a) t = 0 min, (b) t = 2 min, (c) t = 8 min, and (d)
t = 20 min.

0:0056�6 0:15 were on the order of 10−7 m2=s, and the
ratio of the di4usivities to their corresponding average set-
tling velocities was on the order of 10−3 m.
At present it is still diNcult to accurately quantify the

di4usivity with a well-deAned mathematical correlation,
so we did not add a di4usion term on the right-hand side
of Eq. (1) in this work, though the numerical scheme
employed can be applied to convection-di4usion equa-
tions in a straightforward manner (Kurganov & Tadmor,
2000). Instead, we adopted a relatively low spatial dis-
cretization degree (M = 200) to compensate the parti-
cle di4usion by numerical dissipation. Results calculated
in this way have been compared with those from the
convection-di4usion equations with a high spatial dis-
cretization degree (M = 800) and a constant ratio of
di4usivity to velocity (1 × 10−3 m) for di4erent parti-
cle species (data not shown), and a striking resemblance

was found between them. Since the former approach is
more economical in terms of computing time, it has been
used in all the simulation processes to account for particle
di4usion.
Figs. 9 and 10 depict theoretical particle concentration

proAles in Sepharose and Streamline beads suspensions at
di4erent time. The accumulation of small particles near
the supernatant-suspension interface can clearly be seen in
Fig. 9, which is attributed to both the continuity of particle
5ux and the hindrance e4ect to particle settling. This phe-
nomenon has become known as Smith e4ect (Smith, 1966).
Due to the logarithmic scale, this e4ect appears less pro-
nounced than it actually is. At a low solid concentration the
hindrance e4ect is weak, so the accumulation in Fig. 10 is
not as signiAcant as in Fig. 9. Though the actual proAles
may be di4erent due to the initial inhomogeneities, these Ag-
ures are nonetheless helpful because they provide a visual
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illustration of hindered sedimentation in an ideal polydis-
perse suspension.

6. Conclusions

The sedimentation of two kinds of polydisperse agarose
beads, Sepharose CL-6B and Streamline SP, were studied
experimentally and theoretically. A light-extinction princi-
ple was used to measure the variation of solid concentration
in the suspension with time and settling distance. A math-
ematical model consisting of the conservation equations of
particles and Masliyah’s hindered settling function was uti-
lized to describe the sedimentation process. The simulation
results are generally good when compared with experimental
ones, justifying the soundness of the model in formulating
the sedimentation of polydisperse particles. Disagreements
appearing at the upper part of absorbance vs. time curves
are attributed to initial inhomogeneities in the suspensions
that are not considered in the model.
To further validate the correctness of the kinematical

model employed in this work, new methods are desired for
noninvasive, on-line measurement of not only the total solid
concentration but also the concentrations of each particle
species in the suspension. A more thorough comparison be-
tween experiments and theoretical predictions could bemade
if more details are known about the PSD in the suspension at
any time and settling distance. Some techniques have been
developed for this purpose by using high-frequency acous-
tic waves (Alba, Crawley, Fatkin, Higgs, & Kippax, 1999;
Stolojanu & Prakash, 2001), which might be adopted in fu-
ture work.

Notation

A absorbance
d particle diameter, �m or m
d32 surface-weighted mean particle diameter, �m

or m
d43 volume-weighted mean particle diameter,

�m or m
D equivalent hydraulic diameter of the con-

tainer, m
h hindered settling function
H height of the suspension, m
k; k ′ proportionality constants, �m or m
M number of grid cells for spatial discretization
N number of particle species
t time, s
x spatial variable, m

Greek letters

� particle porosity
� viscosity, mPa s

� density, kg=m3

� standard deviation of particle diameter, �m
or m

� volumetric fraction

Superscripts

s slip velocity
∞ inAnite container

Subscripts

0 initial state
i ith particle species
f 5uid
s suspension
Sep Sepharose CL-6B
Str Streamline SP
w water
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