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ABSTRACT. We investigate the large time behavior of N particles restricted to
a smooth closed curve in R? and subject to a gradient flow with respect to
Euclidean hyper-singular repulsive Riesz s-energy with s > 1. We show that
regardless of their initial positions, for all N and time ¢ large, their normalized
Riesz s-energy will be close to the N-point minimal possible energy. Further-
more, the distribution of such particles will be close to uniform with respect
to arclength measure along the curve.

1. Imtroduction. In this paper we consider the first-order N-particle model

2= —N_SZVW(x(zi) —x(25)) - x'(2), (1.1)
J#i
where the particles are interacting through the potential
Ix|~*
W(x) =W(x)) = =—, (1.2)

which is a power-law repulsion potential, assumed to be hyper-singular: s > 1.
Here x : R — R? is a unit-length, smooth, closed, non-self-intersecting curve with
1-periodic arc-length parametrization; i.e., |x'(z)] = 1 and x(z + 1) = x(z) for all
z € R. The N-particle configuration {x(z;)}, is represented by the parameters
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Z = (z1,22,...,2Nn), where z; = z;(t) are real-valued functions of the time t € Rxg
fori =1,2,...,N. The system (1.1) can be rewritten as a gradient flow of the form
Z = -NVE(Z), (1.3)
for the energy
E=E@Z)=N"" Y Wx(z)-x(z)), (1.4)
1<i<j<N

which satisfies the energy dissipation
. . 1 .12
E:VE(Z)-Z:—NZW : (1.5)

Without loss of generality, we assume that an N-point configuration parametriza-
tion Z = (21, 22, ..., 2n) is ordered as

< <zy<z+1, (1.6)

and observe that if the initial data (at ¢ = 0) satisfies (1.6), then (1.6) holds for all
time due to the singularity of the interaction potential W at 0 and the fact that the
total energy is non-increasing, by (1.5). As a consequence, the ODE system (1.1) is
globally wellposed. Consistent with the periodicity of x, we extend z; to all i € Z
by setting z;+n = z; + 1 so that x(z1n) = x(2;).

The determination of optimal N-point configurations confined to a curve or
more generally a manifold, whose pairwise interactions are governed by the Riesz
s-potential W in (1.2) is sometimes referred to when the manifold is the unit sphere
S c R% and s > 0, as the “generalized Thomson problem.” Determining the mini-
mal energy positions for such points explicitly is a notoriously difficult problem for
which only some very special cases are known, even for “small” values of N (see [3],
[2]). One of these cases is that of the unit circle in R?, for which a simple convexity
argument shows that N distinct equally spaced points (N-th roots of unity) are
the unique (up to rotation) N-point configurations that minimize the energy for
all s > 0 and all N > 2. There are, however, several well-known theorems that
deal with the asymptotics as N — oo for optimal configurations on manifolds in
Euclidean space. For curves in R? in the hyper-singular case s > 1, the following
theorem was proved by Martinez-Finkelstein et. al. in [5].

Theorem 1.1. If s > 1 and T is a rectifiable Jordan arc or closed curve embedded
in RY of length one with arc length parametrization x(s), then

Jim_min B(Z) = ((s)/s,

where the minimum is taken over all N-point configurations {x(z;)}¥, on T and

C(s) is the classical Riemann zeta function. Moreover, N-point minimizing con-

figurations {x(2;)}Y., are asymptotically uniformly distributed with respect to arc

length and, with di = 2z, | — 2], satisfy
ol 1
de—N‘—M)asN—M)o. (1.7)
i=1

This theorem together with its refinement [1], which is one of the main mo-
tivations for the present work, is a special case of the so-called Poppy-seed bagel
theorem (see [2] and [4]) which applies to general d-rectifiable manifolds embedded
in RP, d < p.



DYNAMICS ON A CURVE WITH PAIRWISE HYPER-SINGULAR REPULSION 5511

As stated in Theorem 1.1, any minimizer of the energy E defined in (1.4) has
to be almost uniformly distributed. This paper studies the large time behavior of
(1.1); namely, whether {z;(¢)};cz are “close to equally spaced” as t — oo.

2. Main results. We will use the following quantities depending on s:

() =300, &s) = S (2.1)

; S
=1
Every constant C' or ¢ appearing in this paper depends only on s and the curve
x(z), if not stated otherwise.

2.1. Statement of main results. Our first main result is the following.

Theorem 2.1. Let x(z) be a non-self-intersecting C* closed curve, and let s > 1.
For any € > 0, there exists Ny, depending on €,s and the curve x(z), such that the
following holds for N > Ny: for the solution to (1.1) with distinct initial data (see
1.6), there exists a positive constant C' such that

~1Q

E() <{(s)(1+e€), Vit (2.2)

This theorem quantifies the convergence rate of the solution to (1.1) to an almost
minimal energy state. In fact, since Lemma 4.3 shows that the global minimum of
E is at least ((s)(1 — €), Theorem 2.1 shows that, after time O(1/e), the energy
will decay to the global minimum up to an error of O(¢e). This can be viewed as
an energy decay rate of O(1/t) being independent of the number of particles N, as
long as N is large enough.

Our second main result shows that upper bounds on the energy of N-point con-
figurations such as provided by Theorem 2.1 impose geometrical constraints on the
distribution of these configurations showing that they are near optimal configura-
tions.

Theorem 2.2. For given € > 0 and s > 1, there is some Ny depending on s and €
such that if N > No and Z = {2}, satisfies

E(Z) <((s)(1+e), (2.3)
then the mean absolute deviation of d; = z;41 — 23, 1 = 1,2,..., N, satisfies
N - 1/2
1 1 2¢(s) /2
— - —l<2 -, 2.4
N ; di N’ <s+ 1) N (24)

and for alla € R and 0 < L < 1, we have

#{Z : [ZiaziJrl) C [a,a+ L)}
N

- L’ < [L(l - L)E(S)} P @)

Consequently, under the assumptions of Theorem 2.1, the conclusions (2.4) and
(2.5) hold for N sufficiently large and t > C/e.

The proof of Theorem 2.1 is given in Sections 3-6. Below we discuss the moti-
vation for the argument used in its proof. The proof of Theorem 2.2 is given in
Section 7.
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2.2. Outline of the proof of Theorem 2.1. It is known that the global minimizer
of E defined in (1.4) converges to the uniform distribution as N — oo; therefore
it is natural to expect that, for large N, the gradient flow (1.1) converges to some
limiting configuration which is nearly equally distributed. However, we encounter
the following difficulties:

e When the curve x(z) is not convex, the energy FE is not necessarily a convex
function of {z;}.

e The global minimizer of E may not be unique, and there may be local mini-
mizers and saddle points.

To handle these difficulties, we manage to extract some ideas from the mean
field limit of (1.1). For a general recent treatment of integrable (s < 1 for curves)
Riesz interactions through their interplay with the mean-field limit, we refer to [7].
In fact, it is proved in [6] that the analog of (1.1) on the real line has the porous
medium equation

Bep = ((5)0::(p*) (2.6)

as its mean field limit, under certain assumptions on the initial data. This mean
field limit can be understood intuitively as follows:

e Due to the fast decay of W (x) for large |x|, the particle interaction is localized
when N is large, meaning that typically the interaction between particles with
large distances can be neglected, at least for a fixed time interval [0,7T]. The
same holds for the curvature effect, i.e., the difference between (1.1) and its
analog on the real line.

e Due to the strong localized repulsion, particles tend to distribute locally in a
uniform way, similar to the local equilibrium in kinetic theory. This means,
in a short interval I of length ¢ (which is still long enough to contain a large
number of particles), the particles are approximately uniformly distributed.
However, the particle density may still have variation on a macroscopic scale,
according to some density profile p(t, z).

Since our current approach is based on the time evolution of the total
energy which is a global quantity, we do not expect it to capture delicate
local structure required for the mean field limit. A possible future direction
to address this issue is to analyze the time evolution of the functions E*(Z)
that takes into account only the distances between points whose indices differ
by k , see Section 7.

e In a short interval I of length ¢, if the particles inside are uniformly distributed
with density p (i.e., the distance between adjacent particles is approximately
1/(Np), and the total number of particles inside is approximately dNp), then
the total energy of the particles inside is approximately

el |2i — 25| 7° 1 i/(Np)|™* = | o1
NS L A N o) Y SR = 2l(s)t s (27)
zi€l j#i JEL,j#0

Summing all the short intervals (and symmetrizing in ¢ and j), this gives a
Riemann sum which approximates

E(Z) ~ 5(5)/ps+1 dz. (2.8)

Then notice that (1.1) is the gradient flow of E, while (2.6) is exactly the
Wasserstein-2 gradient flow of the above right-hand side [RHS].
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Although mean field limits are generally not true on the whole time axis [0, c0),
we can indeed get some ideas from the energy structure of (2.6). To motivate the
proof of Theorem 2.1, we start from the following two properties of the porous
medium equation (2.6):

e Suppose at time ¢, there are two points zys and zg such that p(t, zpr) > p(t, z5)
(assuming zp; < zg without loss of generality). Then

/ZS ( s 1C(s)8z(ps)) p(t,2)dz = C(s)(p(t, 2ar) "t = p(t, z5)"T1) > 0, (2.9)

S

where the term —2t1( ()9, (p®) is the transport velocity of the porous medium
equation, by writing 0..(p*™!) = 5210, (pd.(p*)). This means that we have a
lower bound on the energy dissipation rate:

d s+1 4., s+1 / T
g | P = () [ 10:(p")Fpdz

s+1 . (J(=0.(0)pd2)”
< - s C(S) fpdz .

Since the total amount of energy is finite, |p(¢, zar) — p(t, z5)| will eventually
get small after a long time. In particular, for some large T, sup, p(T, z) will
get close to the average density [ pdz/ [ dz.

e The porous medium equation (2.6) obeys the maximum principle:

(2.10)

sup p(t, z) is decreasing in ¢. (2.11)

This means that, once sup, p(T, z) gets close to the average density, it cannot
become large again, which means p(t, z) will be close to a uniform distribution
forallt >1T.

To prove Theorem 2.1, we aim to find the analogues of the above two properties
for (1.1):

e In the case of a flat T, we prove Lemma 3.1 as the counterpart of the first
property. It says, once we have an interval in which the ‘density’ (number
of particles divided by interval length) is small, then we can find a place to
cut the interval, such that the total repulsion force between left and right is
small. This concept of ‘total repulsion force’ is the counterpart of the term
p(t,zs)*Tt in (2.9).

e We establish Lemma 5.2 as the counterpart of the second property. It says that
the distance & between the closest pair of particles basically cannot decrease
(see (5.1), whose RHS is o(1)), in correspondence to the decreasing property.
In fact, the quantity par(t) := 1/(No(t)), as defined in (4.1), is a discrete
analogue of p(t,zp7). Furthermore, for reasonable situations, we have the
lower bound (5.12) for the ‘total repulsion force’ at this closest pair of particles,
serving as the counterpart of the term p(t, zp7)*Tt in (2.9).

Finally, we have to deal with the finite-INV effect and the curvature effect from
x(z), which may produce errors to the above two properties. Therefore, we need to
keep track of the N-dependence of error terms, as well as using the smoothness of
curve x(z), to show that all such error terms are small enough.
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3. Lemmas on total repulsion cut. For a given set of points g < --- < zny € R,
we define the total repulsion of the cut at xy, xi11 by

P = Py(xo,...,an) = oo (@)t (3.1)
1,§: 0<i<k<j<N
The main purpose of this section is to prove the following lemma:

Lemma 3.1. For any 0 < e¢ < 0.01, there exists Nog = No(e) such that if N >
Ny, then for any 0 = x¢g < --- < xy = 1 there exists an index is such that

(@is: Tig+1) (€1, 1 — €1) # 0 with €1 = 3555, and
Pig < (14 €)¢(s)N* (3.2)

Notice that the total repulsion between two infinite sets of equally distributed
points {{ }7%o and {—£}52, is

>3 (5

i=0 j=1

S v o3
=1

Therefore, Lemma 3.1 tells us that one can find an index ig such that the total
repulsion for k = ig there is at most slightly more than for equally distributed
points.

The proof of this lemma follows a min-max type argument. Let 0 < iy <ip < N
be two indices. Define

Fm(xiL—Q—la"'axiR—l) = Z_L<I]gl<i?1?71pk’ (34)
X ~ L

viewing those x;’s with ¢ < iy or i > ig as fixed. F;, is defined on

RS (@i Tir)

- (3.5)
= {((EiL+1,...,.’E¢R,1) € R'BE7'L 1 PTGy < Tip4+1 < e Tip—1 < ZL’iR},

which is a convex open set.
In the following lemma we describe the global maximum of F;,, as a function of
Tip+1s--+3Tig—1-

Lemma 3.2. The global mazimum of F,, on RE 2"z, x;.) is achieved at the
same point X* = (v] 4 q,..., 7]

Yn_1), which is the only point satisfying
P, =-=PF, 1. (3.6)
Furthermore, X* is the unique global minimizer of the energy functional

5(132‘L+1,-~-756i371) = Z (.Ij —.’Ei)_s7 (37)

i,j: 0<i<j<N

Fo(X*)= ——— Z (Thin(jin} — Tmax{i,in)) (@5 — ay)

— T4y, iy -~
0<i<j<N,i<igr,j>irL
(3.8)
with ©f :=x; for 0 <i<ip orig <i< N.

Notice that the RHS of (3.8) is exactly £(X*) if i, =0, ir = N.
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Proof. Step 1: Show that the global maximum of F;, is achieved inside

ig—ir—1
Régrt 1L (xiL ) xiR)' .
In fact, one can extend the definition of F}, to the closure of R~ (z; ;)

—s—1

by interpreting (z; — ;)
We show that the (global) maximum of F,, on the closure of RIE "2~ (z;  a;.) is
not achieved at boundary. In fact, at any boundary point, one has either xx, 1 <
Thy = Thy+1 =+ = Ty < Thyt1 fOr some i, < k1 < ko <ip—1, 0r ;, = %, +1,
or i, = Tip—1. We show that maximum is not achieved in the first case, and the
other cases can be handled similarly.

In the first case, by replacing xx, and z, by zr, — 9 and zy, + J respectively,
with 6 > 0 small enough, we claim that F,, is decreased. First of all, P, with
k1 < k < ks is much larger than F,, if § is small, and thus the minimum in (3.4) is
achieved elsewhere. For any j with ky < j < ig,

as infinity when x; = z;, and F},, remains continuous.

% s ol@ = (= 0) 77T+ (25 = (@, +0) 7]

=(=s = Dl(x; — (wr, —8)) 77 = (xj — (2, +8) 7 ls=0 > 0,

(3.9)

since —s — 1 < 0 and x; — i, > x; — x},. Similarly for any j with iy <j < ky,

d

35 sy (@ = 8) = 2) 77 (g, +6) —25) 7] > 0. (3.10)

This shows that for any k with ks < k <ig — 1 or ip < k < k1, Py is increased if
0 > 01is small. Thus F,, is increased. By doing this [(ks — k1)/2] times, one reaches
the interior of Rigg”fl(xn,xm) while making Fj, increased.

Step 2: Show (3.6) for X™, the global maximum of Fy,.

From STEP 1, the maximum of F}, is achieved in the interior of R22 "%~ (z;, , xi,,),
say at X™ = (2" ,4,..., 2], _;). Suppose on the contrary that (3.6) is not true,
then there exists k with if, < k <ig — 1such that P, > F,,. If iy, <k <ip—1,
then by replacing z; and zpy1 by xp — 6 and zp41 + 9 respectively, with § > 0
small enough, we can show similarly (see (3.9)) that Py is slightly decreased, while
still being larger than F,,, and all other Py, k' # k, are increased. Thus F,, is
increased, which is a contradiction against the maximality. If kK =iy or k =ip — 1,
then adjusting xy or xy1 respectively in a similar way will give the same conclusion.
Step 3: Show that (3.6) is exactly the characterizing condition of the unique global
minimizer of £.

Since £ is convex and going to infinity near the boundary, the global minimizer

of £ on RIEE L= (g, a;) is clearly unique, calling it X*, characterized by

OpE = —s- (i:(;dc(xk — ;) t

> (:ci—xk)—s—l)zo, Vip+1<k<ip—1.
i k<i<N

(3.11)

Notice that the quantity in the above parenthesis is exactly Pr — Pr_1. Therefore
(3.11) is equivalent to (3.6). Since X* is the unique point satisfying (3.11), and X™
satisfies (3.6), these two points coincide.

Step 4: Show (3.8).
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Notice that

ir—1 irR—1
Z (Ik—i-l — J}k)Pk = Z Z (xk—i-l - xk)(-rj - zi)isil
k=ir k=i, i,j: 0<i<k<j<N

min{j,ir}—1

B Z Z (1 — 2r) (25 — z;) 5!

0<i<j<N k=max{i,ir }

- Z (xmin{j,iR} - xmax{i,iz,})(xj - xl)

0<i<j<N, i<ip,j>iL

At X*, we have F,,, = Py, i, < k < ig — 1. Thus (3.8) follows.

Proof of Lemma 3.1. We apply Lemma 3.2 with
ip =max{i:x; < €1}, irp=min{i:x; >1—€}.
Then we get

Fo(X) < Fn(X™)

1
_ * ok ® 0k
= § (mmin{j,iR} xmax{i,iL})(mj T
Tip —

T
'L 0gLi<j<N, i<ig,j>iL

1 * *\—S
T Z (»Tj — ;)

T
'L 0gLi<j<N, i<ig,j>iL

1 * *\—S
S129g > (w5 = )

0<i<j<N,i<igr,j>iL

N

for X = (zi,+1,--.,%inp—1). Notice that
Z (xj—asi)_szg(xiL+1,...,xiR_1)—C'0,

0<i<j<N,i<ig,j>irL
PR —S
Co = § (x; — ;)

IRI<JSN or 0<i<j<ip

for any X = (i, 4+1,.--,®ip—1), where Cj is independent of X. Therefore
1
Fa(X) < E(X*) = Cp).
(X) € 15— (E(X") = Co)

To bound £(X*) from above, we construct

ji:€1+(1—261)%7 1=0,...,N,

and denote

~ {!fzw ir+1<i<ig—1,
T; =

x;, elsewhere.

—s—1

(3.12)

)7371

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Then by the minimality of £(X*),
g(X*) gS(iiL+1, . aiiR—l)
=Cy + Z (éj — Clcii)is
0<i<j<N,i<in, j>ir

<Cp + Z (Tj — i)

0<i<j<N,i<ig,j>iL <3'18)
iN—s
<Co+ (N +1) ; ((1 - 261)N)
=Coh+ (1 — 261)7°C(s)(N + 1)N?,
where the second inequality is because when changing from & to &, we have
T — &y, ip+1<i<j<ip-—1;
B, &= Tj—; 2T —€ 2T; —T; i<ip<j<ir-—1 (3.19)

Z;—%; ip+1<i<ip <J;

Z;—x; 1< <ip < J;

which includes all the cases appearing in the summation. Therefore we finish the
proof by

Fr(X) < (14 =) (1 — 26) 7" 1¢(5) N>

v (3.20)
<(1+ N)(l +2.5(s + 1)e)C(s)NTH < (1 +€)¢(s) N5 T
for e; = ﬁ < % and N large enough, where the second inequality uses
—2¢) 7T < (1+2.2¢ <er™! S 14250+ 1)er. .
1—2e) "7 < (142.2€¢)5F <2290+ <14 25(s+1 3.21

O

Remark 1. Under the same assumptions as in Lemma 3.1, one can show the
existence of an index iys such that P;,, > (1 —€)((s)N*T1. We omit the details for
this result because it will not be used in the proof of Theorem 2.1.

4. Approximation by flat torus. For given z1(t),..., zx(¢) satisfying (1.6), de-
fine the closest pairwise distance and the ‘maximal density’, respectively, by

. 1
0(t) = min (zi11(t) —2(1)),  pu(t) = NowD) (4.1)

with zny11 understood as z;. Furthermore, at a fixed time ¢, we set

iy = argming (z;41 — 2;) (4.2)
as the index of the closest pair of particles. Finally, we define

‘= mi — 4.

d(y, z) == minly -z + k| (4.3)
as the distance between y and z on the flat torus. It is clear that d(y, z) = |y — 2|
if [y — 2| < 1.
Lemma 4.1. There exists rq > 0 such that

|x(y) — x(2)| > min{%d(y, z),ro}, Vy,z. (4.4)
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FiGURE 1. The number ry in Lemma 4.1 is the range for which
x(z) can be approximated by a local Taylor expansion near x(y)
for any fixed y.

See Figure 1 for an illustration of (4.4).

Proof. First, by the Taylor expansion
x(y) = x(2) = (y — 2% (y) + O((y — 2)?) (4.5)
we see that ) 3
Sl =21 < x(y) ~ x(2) < Sy — 4 (46)

if |y — z| < rp is small enough.
Consider the continuous function

Fy, z) = [x(y) —x(2)| (4.7)

defined on {(y,z) € T? : d(y,z) > r1} which is compact. Since x(z) is non-self-
intersecting, F' is everywhere positive, and achieves its positive minimum on this
set, calling it 7q.

To show (4.4), if d(y, z) > r1, then the definition of ro gives

x(y) = x(2)| = ro. (4.8)

If d(y, z) = |y — 2| < r1, then (4.6) gives
x() ~x(2)] > 5ly — 2| = 5y, 2). (19)
O

Lemma 4.2. There exist Cg > 0 and rg > 0, depending on the curve x(z) and s,
such that for any y # z € T with d(y, z) < ro, we have

VW (x(y) = x(2)) - x'(y) = W'(y — 2) (1 + s(y)|y — 2*)| < Crly — 2[~**?, (4.10)
where
K(z) == ;4|x”(z)|2. (4.11)
Furthermore,

sgn(VW (x(y) — x(2)) - x'(y)) = sgn(W'(y — 2)). (4.12)
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If y, z and y additionally satisfy y — 1 < z < y <y, then
(YW (x(y) = x(2)) - X () = W'y = 2)(1 + wlm)ly — =)
— (YW@ - x(2) - X (@) - WG -0+l —2P)| (413)

<Crmin{d(y, 2),d(g, 2)} ~*" - |y — gl

and the same inequality holds if k(y) is replaced by k(7).
Moreover, for any r1 > 0, there exists Co(r1) > 0 such that

VW (x(y) — x(2))] < Co(r1), Vd(y,z)>r1. (4.14)

Proof. We assume hereafter that rq is sufficiently small so that Lemma 4.1 applies.
Step 1: We first prove (4.10) and (4.12) with the assumption d(y, z) = |y —z| < ro.
By Taylor expansion for |y — z| small,

2

—z —2)3
x(y) ~x(2) = (s~ () ~ L ) + L) oy - 2 (ws)

where the error term involves [|[x*) || ~. Since the curve length parametrization
satisfies |x'(z)| = 1, one obtains

x"(2) - x'(2) =0, x"(2)-x'(2)+[x"(2)]*=0 (4.16)

by differentiating with respect to z. Then we have
x(y) — () =y — 21+ (s — 27 (5 ) - x"(0) + 1" )P
+0((y - 2)°)] (4.17)
=97 1= = PG+ Ol - 9]
and

(x(y) —x(2)) - x'(y) =(y — 2) {1 +(y— Z)ZéX’(y) x""(y) + O((y — Z)?’)]
(4.18)

~-2)[1- - 9P WP + 0 - )]
Also, when rq is small, we have O((y — 2)?) < 1/2, and thus (4.17) implies
[x(y) —x(2)| 77
—ly = 1 (- o
Multiplying this with (4.18) gives

VW (x(y) —x(2)) - x'(y)
=[x(y) — x(2)|**(x(y) — x(2)) - X'(v)

g — 2y - 2) [1 - )P Oy - z)gﬂ

24

and (4.10) with |y — z| < ro follows. Then (4.12) follows from the fact that [W'(y —
2)1+k(y)|y — 22| = ly—2/7°"1/2 > Cgrly — 2| =72 when |y — z| is small enough.
Step 2: Here we prove (4.14).

—s—2 1 (4.19)

2 12

() + Oy z>3>] .
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If |y—z| > 71, then by Lemma 4.1, there exists constant 7] = min{ry/2,7¢/2} >0
such that

x(y) = x(2)| > 1. (4.20)
Then it follows that
VW (x(y) — x(2))] = [x(y) —x(2)| 77" < (1) 77" = Co(ry). (4.21)
This gives (4.14).

Step 3: Finally we prove (4.13).
We define a function'

$(2) = VW (x(2) = x(2)) - x'(2) = W'(2 = 2)(1 + K(y) |z — 2[*) (4.22)
and then the LHS of (4.13) is |¢p(y) — ¢(9)| = |¢'(&)| - |§ — y| for some & € (y, 7).
Write £ = y+ a(§—vy), 0 < a < 1. By assumption, d(y,z) = y — z < r¢ is small.
Therefore

€=zl =y — 2|+ alg =yl € [ly — 2|, 2r] (4.23)

since both y — z and y — y are positive.
Then we compute

¢'(€) =x/ ()" - VAW (x(§) — x(2)) - X' (§) + VW (x(§) —x(2)) - x"(€)

" ) , (4.24)
= WHE = 2)(L+ k(Y€ = 2[7) = W€ = 2)r(y) - 2(§ - 2)
where
VAW (%) = —|x| 7721 + (s + 2) x| **xxT,  x:=x(¢) —x(2). (4.25)
Therefore, using |x'(§)| = 1,
¢(€) =~ K72+ (s + 2R - %) — X[ TT(E) - %)
= (s+ DI =272 (1 + Ky)E — 2)
1€ = 2|7 THE — 2)n(y) - 2(€ ~ 2)
(4.26)

=% -1 (s + 2T () %) - (X(E) ~>’<)}
— (s + 1) — 221+ m(y)lE — =)
1€ — 2|77 — 2)n(y) - 2(€ - 2)

L As auxiliary functions, ¢ may refer to different functions in different proofs.
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(4.16), (4.18) and (4.19) with y replaced by & (which is allowed since |z — &| < 27y,
by replacing o with a smaller one if necessary), give

&)
—le a7 1= - P K OF +0)

e (1 - g EF+0) - (1- €~ 22 ©F +0)
(- 2P OF + O]
(s DI~ T RO =)+ I~ 2 E - 2)(y) - 2(E - )
—lg—2 2 [+ D)

9 s+ 2 s+2 s+2 1 ” 9
+(E=2 (e+ )+ 57 - 25+ D)X ©F + 0

—le= 2 D+ =27 (s D) — 26(w)) + O]
= Jg— 2177 [(€ = 2)(s = Dr(®) — (€ — 2)°(s — Vily) + O]
= 0(g— 2"

where O refers to O((€ — 2)?), and in the last equality we used |k(y) — x(£))| <
|6/ | Lo« |y — &) < ||&|lLe= - |y — §|- This gives (4.13).

When replacing «(y) by x(g), the total change on the LHS of (4.13) is no more
than O(ly — 2|=*~" - |y — 2* - [y — ) since |k(y) — K(§)| < &L - ly — g, thus
controled by the RHS. O

Lemma 4.3. For any € > 0, there exists (large) Ny, depending on €, s and the
curve x(z), such that the following holds for N > Ny and any positions of the
particles Z={z,...,zn}:

((s)(1 =€) < E(Z) < {(s)(1+ €)piy (4.27)

Proof. We first prove the right-hand inequality of (4.27). We rewrite (1.4)

2E(Z) = N7"71 > N " Wi(x(z:) — x(25)). (4.28)
i i
For each fixed 4, let iy, ..., ig be the indices j with |z; — z;| < ro, where 79 > 0 is

a small constant to be chosen such that Lemma 4.1 applies. From Lemma 4.2 we
can write

[x(21) = x(2)| 7" = |2i = 2|71+ O((2: — 2)*)); (4.29)
for j =ip,...,ir with j # 4. Since z;41 — 2z; > ¢ for all j, we have



5522 DOUGLAS HARDIN, EDWARD B. SAFF, RUIWEN SHU AND EITAN TADMOR

For those j with d(z;, z;) > 19, Lemma 4.1 gives |x(z;) — x(2;)| > 70/2. Therefore

SZW ) —x(25))

J#i
< Y la— T+ 0z — 2)%) + CNrg
i <j<in, j#i (4.31)
<A+0(3) > (i—ild) "+ CNry®
1L ISR, J#4
<(1+0(r2))2¢(s)d™% + CNry®.
Summing over i, this gives
B(Z) < (1+ O(3)E(s)N "6~ + CN'~*rg"*

— (14 O2)E(s)py + ON'=rg, 3%

where pys is defined in (4.1). We ﬁrst take ro small enough so that r3 < ce, and
then N large enough so that CN'=%r;® < ¢, and the conclusion is obtained (since

Finally, inequalities (7.3) and (7.6) proved later in Section 7 imply that the left-
hand inequality in (4.27) holds for N for sufficiently large. O

5. Control on the closest pair. In this section we analyze the evolution of the
closest pairwise distance ¢ as defined in (4.1). We first give an unconditional lower
bound of %5.
Lemma 5.1. There holds
1, s> 2
d
—8>-CN N, "2 N,:={logN, s=2 (5.1)
N2 1<s<?2/

Proof. We first compute the time derivative of §:
d
Nsa(ziM-l-l - ZiM)

Z VW ZlM+1) (ZJ)) : X,(Z’iM-‘rl)
JAim+1

+ Z VW Z'LJ\/I ( )) 'X/(ZiM)

J#im
= VW(X(ZZM) - X(ZiM+1)) : Xl(ziM)

+ VW (x(2iy,) = %(2ip+1)) - X (21 41)
S (YW en,) — x(2)) ¥ (i)

JFinm i +1

(5.2)

= VW (x(ziy,41) = X(2)) - X (ziyy 1) ).

See Figure 2 left as an illustration.
Now we estimate the summand in the last term of (5.2) for each j, see Figure 2
top for an illustration. First notice that if d(z, z;,,) = ro and d(z, z;,,+1) = 70, then
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a possible defect?

FIGURE 2. Lemmas 5.1 and 5.2. Left: the summand in the last
term of (5.2). The two terms representing the forces from z; acting
on z;,, (red) and z;,,+1 (blue), which decreases/increases ¢ respec-
tively. Right: a local uniform distribution like {Z;} makes <6 ~ 0
up to errors from curvature. A possible defect will release the total
pushing force on §, make %5 positive, and thus violate (5.11).

Lemma 4.1 implies that |x(z) — x(u)]| is uniformly bounded below by some r; > 0
for any z;,, <u < zi,,4+1. Then

VW (x(2iy) = %(2)) - X' (210) = VIV (%(2i5,41) = %(2)) - X/ (21041
- | / e (¢ ()" 92 (x() — x(2))x(u)
Zing (5.3)
+ VW (x(u) — x(2)) -x”(u)) du‘
< C6, Vz with d(z, zi,,) = ro, d(z, Ziy,+1) = To-

Then we deal with the case z € (z;,, — 70, 2i,,). In view of (4.13), we need to
estimate the following quantity:

_¢(Z) = WI(ZiM - Z)<1 + K:(ZiM)|Zi1w - Z|2)

- W/(ZiMJrl - Z)(]- + H(ZiM)|ZiM+1 - Z|2)

- (|z1M — 2|75 k(zig )| 2ing — z\*sﬂ) (5:4)
- <|Zz‘M+1 — 2|77+ w2y zig 41 — Z|_S+1)
whose derivative can be expressed as
¢'(2) = P(2iy+1,2) = ¥(2ins, 2),
V. 2) = (s Dly— o2 k() Dy =2 )
Notice that
Oytp(y, 2) =(s + 1)(s + 2)ly — 2|77 + Kz, ) (s = Dsly — 2|77 50

=[y = 277 (s + 1) +2) = K(zip,)(s = Dsly = 22) >0

if |y — z| is small. Thus ¢'(z) > 0 since r¢ < z;,, < zi,,+1 and all three points are
within a distance of rg + 6 < rg + % which is small.

Let ir,...,ir be the indices j with |2;,, — 2;| < ro. Define the uniform configu-
ration with spacing §:

ZjZ:ZiM—(’L'M—j)(S, ingSZ'M—l
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and notice that z; < Z; by definition of i5,. With I; := fj" ¢'(z) dz, we have

ip—1

> (W' Gine = 2) (1 + ez, = 51)

Jj=iL
= W g1 = 2)(1+ K (i lines1 — %)

inv—1

= Z ((W’(ZzM - ZJ)(l + K“(ZiM)lziM _ ZJ|2)
_W’(ZiMJrl - éj)(l + K’(ZiM)|ZiM+1 _ 2]'2)) + Ij)
= > ((W'(Car =)D+ Azl (ins =)o) (5.7)

“W/(iar + 1= O+ k(ziy ) ing + 1= 7)01)) + 1 )
W' (8) (1 + K(ziy, )0°)

i —1
— W' ((ing + 1 —in)0) (L + r(ziy)(inr + 1 —iL)d) + > I
Jj=iL
=5 A= i+ 1—ig 7Y
’L‘]u*l
— 67 (21, ) (1 — fin + 1 — g Y + > I,

Jj=irL

where the third equality follows from a telescoping summation. Now we have (5.3)
(together with a similar equality for ips +2,...,ig) and (5.7) for the RHS of (5.2).
Combining with (4.10) and (4.13), we get

s d
N° a(zim-‘rl - ZiM)
= 2551 (1 + K(z1,,)0%) + O(5+2)
Y Wi = ) Rl — %)
i <J<IR
JFim s in+1
=W (ziy 41 — 25) (1 + K200 )|Zip41 — 2]%)

+ O((ziys 1 = 200, )17 — e]6) )] + O(N6)
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_ 257571 1 . 52 10 578+2
= (1+ £(z2iy)67) + O( )

A R RS

v —1
S (e )1~ fiag 41— ) + S T
Jj=irL
+ [0 A= fin = iml )
iR
- 675+1I{(Zih1)(1 - |iR - 7;1\/1|78+1) + Z IJ} (58)
J=tin+2

N
+0(57542 3 ) + O(N)
j=1
=0 YWing +1—ip| 5+ lig — i 57
+ 07k (zig ) (Jinr + 1 — i |75 4 Jip — a7
iv—1 in
+ > L+ > I+ 0@ *TN,) + O(N),
J=iL Jj=im+2
where N, ~ Z;.V:lj_s‘*‘l is defined in (5.1). In the last expression of (5.8), we can
absorb the second term by the first term, using

5|iM—|—1—z'L|<5-%0<r0 (5.9)
and the smallness of ryg. The two integrals of ¢’ are positive. Therefore
d —s
NSE(ZiMJrl _ZiM) > _C(N*6 +2+N5) (510)
Then (5.1) follows directly by Nd < C'N.6~*"2 which can be easily checked in all
three cases, using N¢§ < 1. O

Next we state the following lemma: either §(t) is increasing very fast, or at iy
the total repulsion is as large as that of a uniform distribution of particles with
spacing 6(t), which is approximately the RHS of (5.12).

Lemma 5.2. Fiz e > 0. For N > Ny(e), if
d

<L (5.11)
then
1M 1R
STOY el e (1, (5.12)
i=ip j=ipm+1
where ip,...,ip — 1 are the indices of particles z; € (ziy, — T0,%2iy ), ond iy +
2,...,iRr are the indices of particles z; € (2i,+1, Zig;+1 + T0)-

Proof. We will use the same notations as the previous proof. We claim that for any
fixed J, there exists Ny(e, J) such that, N > Ny and |ips + 2 — j| < J imply

Zi—2;<€b, Vj=ip,...,ip — 1 with lipg +2—j] < J (5.13)

under the condition (5.11), see Figure 2 right for an illustration.
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Suppose on the contrary that Z; — z; > €6 for some j in the range as in (5.13).
Then by (5.5) and (5.6), for any z € [Z;_1, Z;],

Zipnr+1
#(2) = / 9,(y, =) dy

iM

= / e R R e R T S L

et . 3 3
> e / y— 53 dy > Bz g1 — 2~
ZiM

> o 2 ing +2 — G773,

where in the first inequality the second term in the integrand is absorbed by the
first term using the smallness of |y — z| < rg. Therefore

’ 'zdz}/zj '(z)dz > min{6, %, — z; }¢'(Z,_
[oeas [ @z -neey o

>min{d, Z; — z;}6°2ling +2 — 7575

Therefore, if Z; — z; > €, then

/ CP(2)dz = ced S igg +2— 47078 (5.16)

)

which gives

A i —z,) N (ced ™ fiag +2 — 517 7° + O(N.6~*2) +- O(N9))

dt
=ce(N&)*Hins +2— j| 773N + O((N§) *N.§°) + O(N~*(NJ))
(5.17)

in view of (5.8). Notice that N0 < 1, N.§ < 1, and |ips +2 — 7572 > J=573.
Therefore, by taking N large (in terms of € and J), the first term can absorb the
other two terms and gives

d
7 Fiart1 — Ziag) 2 ce(NO) LT TTEN > 2 (5.18)

which contradicts (5.11) if N is large enough. Therefore we proved (5.13).
Similarly one can show that z;—2; < €d for j = ip+2, ..., iz with [j+1—ip| < J,
and also ipy — i, = J,ig — 1 —ip = J.
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Now we aim to show (5.12). In fact, (5.13) gives

ing
Z Z _zjl_s_l
i=ir j=im+1
M iv+J
> Z Z (Zj +€d) — (Z —ed)| 71
i=ipy—J+1 j=ip+1
M im+J
D D DN VE 2 (5.19)
i=ipy—J+1j=ip+1
in in+J
=X D DR DR (" A e RS VR (a1
i=ipy—J+1j=in+1
iv+J

> g1 Z S it - Ce

i=ip—J+1g=ip+1

where in the second inequality we used the convexity of the function x ~ |z|=5~1
and in the third inequality we used the convergence of the series 352 3772, . [j—
i| 757 Since DM 30, 17—l 75h = ((s), one can take J = J(e) large
enough so that

2y i +J

S D> il =) -

i=in —J+1j=ip+1
and then (5.12) follows. O

6. Proof of Theorem 2.1.

Proof of Theorem 2.1. Step 1: We aim to give a positive lower bound

> 4= Mem)N (6.1)

i +1<i<is

(where pys is defined in (4.1)) under the assumption (5.11), where

clppr —1—¢€), pm <2
Aem) =19 o (6.2)
Py

for some indices iy and ig. Notice that the assumption (5.11) is equivalent to

d
T —N71672 = —Np3, (6.3)
since pp; = ﬁ, see Figure 3 for an illustration.

Using the same notation as in the proof of Lemma 5.2 (with the same choice of
J), we have (5.13) from (5.11). We take iy = ipy — J and iz = ips + J. Then we

have
D (=) T 20T T = o5) = Cs) (= 105 (Vo) (6.4)
i1 LiKin <J<ia
Then we take i) =iy + 1 and ¢, =41 + N — 1, which satisfy
N

i >N-2]-2>% (6.5)
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repulsion

repulsion

FIGURE 3. Proof of Theorem 2.1. Left: when (5.11) does not hold,
0 is increasing very fast (i.e., pps is decreasing very fast). Right:
when (5.11) holds, there is almost uniform distribution near z;,,
(red parts) with average density near p,s, and the total repulsion
at z;,, is strong (see (5.12)). The rest part has average density at
most 1 + ¢, and Lemma 3.1 applies to give a weak total repulsion
cut. The strong/weak total repulsion ((1)-(2) good contribution,
I, and (3)-(4) bad contribution, I, see (6.9)) forces the green part
to rotate. The parameter r1 is to guarantee that (3) or (4) cannot
be too short, so that the possible bad contribution from (1)-(4) or
(2)-(3) (the term I3) can be neglected.

if N is large. Also, by (5.13) we have zy — 2, < (J +1+¢€)d < St and

Zipy — (ziy, = 1) < Lr]\lﬁe, which implies
2(J+1+¢) €
S LD S .
i i N 100 (6 6)
if NV is large.
Then Lemma 3.1 (with suitable rescaling) applied to 4, ..., gives: there exists
an index ig such that
D (5w S A )N (6.7)
i <i<is <j<il
and .
(2igs Zig+1) N (2 + 71,20 —71) 0, 711 (6.8)

T 600(s+ 1)
Now we prove (6.1).

Z i =—N°% Z Z VW (x(2i) — x(z;)) - x'(2;)

inm+1<i<is iy +1KiSis ts 1<t +N

e G DI DI S (6.9)

i <i<iz 1) <i<ig<j<iy  others

:ZNis(Il —|— IQ + 13)
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Every term in I; satisfies 0 < z; — z; < 2J6 < % which is small. Thus by
applying (4.10),
I 2 Z ((zi —2)) """ + Rugj) (6.10)
11 <J<im <iKi2
with |R1,ij| < CR(Z,' — Zj)ierl.
For the terms in Iy, if z;—z; > % and d(z;, zj) < ro, then d(z;, zj) = d(z;, 2;—1) =
z; — (z; — 1), and then by (4.12) applied to z; and (z; — 1), we have VW (x(z;) —
x(z;)) - x'(z;) < 0 which makes its contribution in (6.9) positive. If |z; — z;| > 79
then VW (x(z) —x(2;)) -x'(2z;)| < C by (4.14). Combined with a similar argument
as above for the case d(z;, 2;) = z; — z; < 1o, we get

Liz— Y ((z—2)""" 4 Ryy) — CN? (6.11)
i <i<is<j<ih
with |R271‘j| < CR(Zj — ZZ‘)_S+1.
We first bound I; from below. In fact, there exists C' = C(e) such that
muﬂ<0ﬂ%fqrﬁlgﬁd%f%rkhuxq (6.12)
Combining with (6.4) we get

L Y2 e = S 2 € 42 s+1 2
Lz Y (- m) T S CON 2 (- 1P (N - CON®
11 SJ<ipg <i<ig
Similarly
Iy > ~(1+ 7¢IV (L +9)* ! = CON.

To bound I3, we recall the definition of 71 in (6.8). We notice that for i €
[ine+1,is] and j € [ig+1,ipm+N], if d(z;, 25) < 1 and VIV (x(%)—x(z;))-x"(z;) > 0,
then by (4.13) one necessarily has z; € [z;,2; + 71]. The only possibility for this
to happen is when z; € [zig41 — 71, 2Zig+1) and z; € [z, 2 + 71]. But by (6.8),
[zig+1 — 71, Zis+1] C [2iy, Zig11] and [zig, 2ig +71] C [2ig, 2], and thus the term in
(6.9) with indices (4, 7) is already included in Is. Therefore, every term in I3 has
either d(z;,z;) > r1 or VIWW(x(z) — x(2;)) - x'(2;) <0, and thus

13 2 —C(€)N2

by (4.14) (where the e-dependence comes from that of r1).
In conclusion, we get

€ €
5> _ 2 s+1 2 s+1 _ —s+2.
,E;,%/<“ To)n = (14 152+ o) )Q@N C(eN
i +1<i<is

Now we show that the quantity in the big parenthesis above is bounded below. In
fact, using € < 1,

(1= —)2p5" = (14 —)2(1 + )"+

100 100

1 € €

27 _1_2 1_ 21 2 S+1_1 21 S+1
S(on =1 =2 + (1= 2221+ 207 — (1 = P2(1+ )
1 € € €

> I s+1 RS € IRY)

>5(on = 1= 26+ (14 (1= 1+ ) — (14 -557)
1

>§(PM —1—2¢).
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Therefore, we get

S s> (on 12N — CONT >

iv+H1<i<is

L ipar —1-30¢(s)N

=~ |

if N is large. Also, if pps > 2, then
(1= 2050 = (L —)2(1+ o *

100 100
1 € 1
275—&-1 231_72 1 - 1 s+1>7s+1
P T2 )" - (A 100) (1+¢) 1P
and we get
S zizepii'N (6.13)
ivm+1<i<is

if N is large.
Step 2: We use (6.1) (under the condition (6.3)) to give energy dissipation rate,
and use it to define a Lyapunov-like functional.
If ppy — 1 — € > 0, then Cauchy-Schwarz gives
2
(pm —1—€)’N? < ( > Zl) <lis—in) Y, |G <NY |4l

iv+1<i<is iv+1<i<is

Recalling the energy dissipation law (1.5), we get

d d
SB() < —A((prr — 1= 950)% if ~pas > —Nphy (6.14)
dt dt
and similarly
d 2 2(s+1) . d
th( )< —ctpy 7, if e —pm = —Npi,,  pur > 2. (6.15)
Since par = m, Lemma 5.1 gives
d 1 d CN.
—pm=——= =0 < ON 1§72 N5NS 52 = —2p3 6.16
at”™ = N2 at N M (6.16)
Define a Lyapunov-like functional
F(t) = E() + pm(t)°. (6.17)

Then at any time ¢ with pas(t) > 1+ 2¢, at least one of the following three options
must hold:

e When %pM < —Np3,, using %E <0,

—F < —sNp3ft. 6.18
" sNphy (6.18)
e When -$py = —Npk, and py > 2, (6.15) and (6.16) give
d F< 2512 | ONs 94 < 2542 6.19
o —cpy T+ N Py X —CPy (6.19)

by taking N large, since pps > 1 always holds and limpy_, NW = 0.
e When -4 qPM = —Np3, and 1+2¢ < pyy < A (with A > 2 an absolute constant
to be determined), (6.14) and (6.16) give
d N,
PTLES —clpar —1—€)* + CN Pt < —clpar — 1 — 2¢)? (6.20)

by taking N large (which may depend on A).
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Step 3: We use the functional F' to give convergence rate of pps to 1 up to an error
of O(e).

Let 77 be the first time such that py; < 2, and we aim to estimate 77. For
0 <t < Th, either (6.18) or (6.19) happens. Recall that E < Cp3; from Lemma

4.3, and therefore we have
s+1

d
Bl o 21
dt ¢ (6:21)

Since 5t > 1, there exists an absolute constant Cr; (independent of F(0)) such
that F(Cr,1) < 1/2 if the above ODE holds for 0 < ¢t < Cp,1, which contradicts the
fact that F' > 1. Therefore there must hold
Ty < Cra1. (6.22)
Then we have the estimate
F(Ty) < Conu(Th)° < C2° =: A® (6.23)

where A is the constant appeared in the condition of (6.20).

Let T, be the first time such that py; < 1 + Be, where B > 2 is a positive
constant to be determined. For 71 < t < Ty, if ppr(f) < A, then either (6.18) or
(6.20) happens, and we have

d

dt
This in particular implies F'(t) < A® for T3 < t < T, which in turn implies the
assumption pps(t) < A. Then

o —1—2e> <1+6 )(p?\/[—(l—l-Ze)S)
c[(l—l—e +1)(p§w—(1+26)8)
+( (1+¢€)¢ )pM)}

= c[F — (1 + €)¢(s) + 1)(1 + 2¢)*]

where the second inequality uses Lemma 4.3. Therefore F := F — ((1+ €)((s) +
1)(1 4 2¢)® satisfies

F < —clpy — 1 —2€)2. (6.24)

(6.25)

%F <—cF?, T <t<T (6.26)
which implies ~ . .
F(t) < T4k S -T) A (6.27)
Therefore if ¢t — Ty > = with T1 <t < Ty, then F( ) < €, which implies
F(t) < (1 +€)C(s) +1)(142¢)° +e. (6.28)
On the other hand pys(t) < 1+ Be. This together with Lemma 4.3 implies
F(t) = (1 —e){(s) + (1 + Be)® (6.29)

which is a contradiction against (6.28) if B is large enough (only depending on s).
Therefore we get

T < % (6.30)

and then Lemma 4.3 gives
E(Tz) < (1+€)((s)pam(T2)* < (1 +6)¢(s)(1 + Be)® < (L +Ce)((s).  (6:31)
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E(t) also satisfies the last inequality if ¢ > T5, since E(t) is non-increasing.

O

7. Energy and distribution. Recall that the energy of a configuration parama-

trized by Z is
N

1 —s
E=E(Z):= o Z x(2;) — x(2)| 7%,
1<i<j<N
and observe that
1 N i+N-1 1 N N-1
B(Z) = 5o Z Z [x(2j) =x(2)|™° = 5= Z > x(zien) — x(2
i=1 j=i+1 i=1 k=1
1Nl
= 5 Z Ek(z)a
k=1

where
R
EX(Z) := N Z |x(zivk) — x(2:)|°.
i=1
One may easily verify that E*(Z) = EN%(Z) for 1 < k < N and thus

N—-1
2 k
B(Z) = kﬂ:_llE (2), for N odd,
S E¥(Z)+ (1/2)EN/%(Z), for N even.
For 1 < k< N —1, we define

N
- 1 .
Ek(Z) = 78]\73*1 E (Zi+k — Zl) o
=1

and

B(Z) = W5 EM(2), for N odd,
21?2_11 E*(Z) + (1/2)EN/?(Z), for N even.

Since x(z) is an arc-length parametrization, we have |x(z) —x(2’)| < |z —

all 2,2’ € R and thus

for any Z. Let

C(s;N) = k™%,

Lemma 7.1. For k,N € N and s > 0,
sk < E¥(Z) < kEYN(Z),
and ~ ~
sTH(s:N) < BYZ) + 571 (¢(s: N) = 1) < B(Z).
Proof. By Jensen’s inequality,
. N 1k
sN*HEY(Z) = Z(ziJrl —z) "= T

i

—

N
D (itji —2i45) "

=0 i=1

I
=

k—

[

(Zigjir — 2igg) "> 2 sN* TR EX(Z),
=0

Jj=

s
Il
-

Il
.MZ
T =

ol

(7.2)

2’| for

(7.3)

(7.4)
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and

N N =

~ 1

ENZ)=sTIN® Z(szrk - Zi)fsﬁ > 5! (Z (zi+n — Zz)) =5k,
i=1 i=1

- N1 .
proving (7.5). From (7.2), it follows that E(Z) > Zkzi JEk(Z) which together
with (7.5) establishes (7.6). O

In the next lemma we show that the mean absolute deviation of the neighbor ar-
clength distances d; := z;11 — 2; is small on the microscopic scale. As a consequence

we derive a macroscopic result showing that the density of points is nearly uniform
when N is sufficiently large and the energy is sufficiently close to its minimal value.

Lemma 7.2. Lete >0, s> 1, N > 2, and define

9 1/2
Ao 20 . (7.7)
s(s+1)
IfZ = (z1,29,...,2N) satisfies
E(Z) <s7'((siN)(1+ o), (7.8)
then the mean absolute deviation of d; := z;41 — 25, 1 = 1,2,..., N, satisfies
N
1 1 Ael/?
— R . .
N ; d; N‘ <=5 (7.9)
Proof. Inequalities (7.6) and (7.8) imply
sEYZ) <1+ ¢(s;N)e. (7.10)
We write E'(Z) as
~ 1 x~®
EY(Z) = WZW(di), W(a) == (7.11)
The Taylor expansion of W at 3 gives
1 , 1 1, 1.5
i) =W+ ~)di — =)+ 5 i)di — )% 1
W) = W) + W ()b — ) + 5 WHe)di— )% (112)
where &; is between d; and % Substituting into the previous equation gives
P(Z) =5 x v — Ly Y — Ly
BB = 2 (W<N> +w <N><dz )+ Wi - 1))
1
!
Ns+IZW +W N Ns-i—lz N)
1 (7.13)
" 2
+ W ;W (&) (di — N)

_ 1 s ,, 1.5
—1+§'WZW (&)(di = )7,

using >, d; =1 =3, . Combined with (7.10), we get

1 1
5 Fort 2o WE)(d — ) < (s N)e. (7.14)
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Notice that for every ¢ with d; < 1/N, we have &; € (d;, %), and thus
WY€) = (s + DET2 > (s+ N2, (7.15)

Therefore,

1/2
1 2

N
i d7<1/N

it d;

1
¥ Z
;<1

i di<l/N
2Ns+1 1/2
s+1 Nst3 g C(S;Nk)

2((s5;N)\ /? /2
)~

2\ /2
( 1)Ns+3 2. W) di_% (7.16)
(s
(5

(s+1)

Combined with the fact that

(7.17)

1,1
N

i d1<1/N

we obtain the conclusion. O

We next show that the macroscopic density must be nearly uniform when the
energy is nearly optimal.

Lemma 7.3. Let0 <e<1,5s> 1, and N > 275 (s+1)e L. IfZ = (21, 22, ..., 2N)
satisfies

E(Z) <s7'¢(s; N)(1 + ), (7.18)

then for alla € R and 0 < L < 1,

B clnet i) gl e oo nie) Cea @)

Proof. First, we may assume L < 1/2, since one can reduce the case L > 1/2 to
L < 1/2 by replacing [a,a+ L) by [a+ L,a+1).

Let M:i=#{i: zi€la,b]}, T :={i€Z:a< 2 <z41<b}, Jo:={i€Z:b<
zi < zip1 < a+ 1)}, Ny :=#J1, Na:=#Jo, and a = N1/N. If 0 < M < N, then
Ni=M-1land No=N—-M —1sothat Ny+ No=N—-2. If M =0or M =N,
then Ny + Ny = N —1. Thus, N —N; —2 < No < N — N; — 1. Using the conditions
e < land L < 1/2, it is straightforward to show that Ns is always positive for

sufficiently large N. We also observe that > d; < L and ) di <1- L.

1€J1 ic€Ja
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Therefore, by Jensen’s inequality, when N7 > 0,

N 1 1
1 —s —s
SENZ) 27 D 4"+ g D
i€Jy i€Ja

N (1 TN (1 -
>Ns+1<NlZdi> +W(Zdi>

i€y 2 i€ Js

UM (LY, Ny (1-L)T
TN\ N, N5+ \ N,

2
= TIL7 (1 - S )1 —-r0)"*

2(s+1)-27°%

N
and it is clear that the last inequality is also true when N; = 0. Using now the
convexity of x — x°, we have

sBi(z)+ 2ot 2

2a5+1L75 + (1 o a)erl(l o L)fs o

B (@ —L)2\° s
- <1+L(1—L)> >1+L(1—L)(O‘_L)2‘

As in the proof of Lemma 7.2, inequalities (7.6) and (7.18) imply that (7.10)
holds. By assumption, % < e < ((s;N)e. So, in light of (7.20), we obtain
(0= L)? < 2e(ss N)L(1 — L)/ < E(5)L(1 — L) - 2,
which, gives (7.19). O
Theorem 2.2 follows directly from Lemmas 7.2 and 7.3.

Proof of Theorem 2.2. Let Ny be large enough so that (1 + €)((s)/¢(s; Ng) < (14
2¢). From (7.3), we have

E(Z) < E(Z) < {(s)(1+€) < s71¢(s;N)(1 + 2e).
Then Lemma 7.2 implies (2.4) while Lemma 7.3 shows that (2.5) holds. O
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