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Abstract. We study the long-time hydrodynamic behavior of systems of multi-species
which arise from agent-based description of alignment dynamics. The interaction between
species is governed by an array of symmetric communication kernels. We prove that the
crowd of different species flocks towards the mean velocity if (i) cross interactions form a
heavy-tailed connected array of kernels, while (ii) self-interactions are governed by kernels
with singular heads. The main new aspect here is that flocking behavior holds without
closure assumption on the specific form of pressure tensors. Specifically, we prove the
long-time flocking behavior for connected arrays of multi-species, with self-interactions
governed by entropic pressure laws (see E. Tadmor [Bull. Amer. Math. Soc. (2023),
to appear]) and driven by fractional p-alignment. In particular, it follows that such
multi-species hydrodynamics approaches a mono-kinetic description. This generalizes
the mono-kinetic, “pressure-less” study by He and Tadmor [Ann. Inst. H. Poincaré C
Anal. Non Linéaire 38 (2021), pp. 1031-1053].
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1. Introduction — alignment dynamics of multi-species.
1.1. Hydrodynamic description of multi-species. We study the long-time behavior of
the multi-species hydrodynamics
9tpa + Vx - (patla) =0,
o e (t,x) € (Ry, RY), (1.1a)
at(paua) + Vi (paua Quqy + ]P)oc) = Aa(pa U—)7
subject to initial data (pa, Ua,Pa)|,_, = (Pa0, Uao,Pao). The different species, tagged by
the (possibly infinite) index-set a € Z, are quantified by their density, p,, : Ry x R? = R,
momentum, pau, : R; x R4 — R?, and pressure tensor, P, : R, x R? — R¢ x R?. Each
species occupies a distinct ‘patch’ of mass M, (t) supported on S, (t),

Mo (t) = / palt.x)dx,  Salt) = supppalt, ).
Sa(t)

The dynamics is driven by inter-species interactions due to alignment, dictated by a
symmetric array of symmetric communication kernels, ® = {¢ns(x,%x’)},

A, (p, u) = Z / ¢aﬁ (X, XI)(uB (t7 xl) — Uq (t7 X))pa (t7 X)pﬁ (t7 X,) dx’. (le)
BEZSa(t)

Thus, what distinguishes species « is the way it communicates with the other species,
through symmetric kernels ¢z, 8 € Z,

¢a5 (X7 xl) = ¢a5 (X/7 X)7 ¢a5 (Xa X/) = ¢5a (Xa X/)7 (1'1C)

while self-interactions within the same species are governed by ¢, a € Z. There is a
special role for metric kernels where communication is dictated by the distance |x—x'|. In
this context we assume the existence of a symmetric array of radially decreasing kernels,
K := {kqp(r)}, such that

bap(x,X) = kap(|x —X'|);  kpga = kga =0, o, B e (1.1d)

We use the standard notation ® = K to abbreviate (LId]). This covers the prototypical
case of metric kernels, ¢o5(x,x") = kop(|Jx—x%'|), with decreasing intensity of communica-
tion as a function of the distance, e.g., ¢pag(r) = (147)~" in [CS2007a). In particular, we
address general non-decreasing metric kernels, ¢o5(|-|), in terms of their decreasing enve-
lope kop(r) := min{e.s(|x|) | |x| < r}. The variety of different classes of communication
kernels reflects large literature on collective dynamics which arises in different disciplines
[Aok1982, VCBCS1995, [CF2003, [CS2007a, [CDMBC2007, [Bal2008, Ka2011,
MT2011[GWBL2012MCEB2015} 112015, LZTM2019 MLK2019,/ST2020blST2021]. The

different species are viewed as moving ‘patches’ of different crowds with mass and mo-
mentum which interact according to the alignment protocol (IIl). We make the following
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HYDRODYNAMIC ALIGNMENT WITH PRESSURE II. MULTI-SPECIES 261

three assumptions about these ‘patches’. We assume that the density of species inside
their ‘patch’ remains strictly bounded away from vacuum,

min p,(t,x) = p_ >0, Va e T. (H1)
xE€Sq (1)

Further, we assume that

S, (t) have smooth boundary satisfying a Lipschitz or a cone condition, Va € Z.
(H2)
Finally, we assume that the boundary of each patch forms a contact discontinuity, gov-
erned by Neumann boundary conditions

Uy Ngps, =0, Pangps, =0 and qq -ngjps, =0, Vael. (H3)

In particular, it follows that there is no flux of mass for each species: integration of
(CIal); implies the mass of each species is conserved

Mo(t) = May,  Ma(t) = / pa (£, %) dx. (1.2)
Sa

In particular, the total mass is also conserved M := Z M, (t) = Z M. In contrast,

(03 «
the momentum of each species need not necessarily be conserved due to the cross align-
ment terms between different species on the right of (LIal),. Instead, the symmetry of
¢as (-, ) implies that the total momentum is conserved

d
EZ/pauadx
a Sa

= - / (uq - nau, + Pyn,)ds
0S8,

+ Z // bap(x,x") (U — ug)papl dxdx’ =0,
o.B (x,x’)esa XS/-;
and hence
m:= Zma(t) = Zmam m,(t) = /pa(t,x)ua(t,x) dx. (1.3)
@ @ 3.

1.2. The class of entropic pressure laws. The multi-species system ([Tal) requires a
closure for the pressure tensors P, (t,x),« € Z. In this context, we recall the notion of
entropic pressure [Tad2022]. We refer to P, as an entropic pressure tensor associated
with species « in ([Ia) if its non-negative trace paeq(t,x) = Strace(P,(t,x)) > 0
satisfies

Ot(pata) + Vx - (paalla +da) + trace(P, Vu,,) < —ZZ/qba/g(x,x’)eapap’B dx’. (1.4)
B Ss

1Here and below we abbreviate [/ := (¢, x’).
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262 JINGCHENG LU anp EITAN TADMOR

Here q,(t,x) is a C'-flux. The motivation for ([L4)) stems from the large-crowd dynamics
of the agent-based model proposed in [HT2021], in which different species, each of which
consists of N, agents with position/velocity (x5(t),v&(t)) : Ry — R? x R?, are driven
by the Cucker-Smale alignment [CS2007al

d
S () = V),
d 1 Ng i=1,2,...N,. (1.5)
GV =D 5 D ban(x] (£, xF () (V] (1) = V1),
pez P j=1
The passage from the agent-based to the hydrodynamic description goes through an inter-

mediate kinetic description which is realized by the empirical distribution, f, (¢,x,v) :=
N

1 @
N Z dxo (1) ®0ye (). Indeed, the hydrodynamic description (LLIa)) is recovered in terms
@ =1

of the first-two limiting moments of {f,} which are assumed to exist,

pa(t,x) = lim /fa(t,X,V) dv, paua(t,x)= lim vfa(t,x,v)dv.

Ng,—o00 N,—o0

R4 Rd

This process of large-crowd limit as N, — oo recovers ([[LIal) with pressure, P,, given by
the second-order moments

P, (t,x) = Nlim (V—1u,)® (V—uy)falt,x,v)dv. (1.6)

@00
Rd

The formal derivation is outlined in appendix [Al and it follows the different deriva-
tions with different level of rigor in case of single species [HT2008,[CFTV2010,[CCR2011],
FK2019,[NP2021,[Shv2021L[NS2022]. The kinetic description of the pressure in terms of
second-order, rank-one moments in (6] leads to the notion of internal energy which

quantifies microscopic fluctuations around the bulk velocity u,,

1 , 1 )
Paba = §trace(]P’a) = N(l}lgoo/TV —u, | fa(t,x,v)dv.
Rd

This kinetic description of internal energy formally yields the equality

Ot(pata) + Vx - (paalla + Qo) + trace(P,Vu,) = —2Z/¢a5(x,x')eapap'5 dx’,
54

1
with heat flux q,, = Nlirn /§|v —u,2(V — uy) falt,x,v)dv. Thus, we arrive at the
W —>00

Rd
special case of equality in (I4)). In particular, it covers the “pressure-less” case — the

special case of mono-kinetic closure
falt,x,Vv) Nazpo Pa(t, x)0(v —uu(t, x)),
which is realized in terms of zero pressure, P, = 0,

atpa xX ( « 0’) ( ) ) ( ) ( )
+ C p u ’ 1,X) € I[gt>]:[g
Et(pQUQ) x ' (paua® Ot) ( )
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HYDRODYNAMIC ALIGNMENT WITH PRESSURE II. MULTI-SPECIES 263

Most of the literature on swarming hydrodynamics of single species assumes mono-kinetic
closure. The corresponding “pressure-less” multi-species hydrodynamics was studied in
[HT2021]. The definition of pressure in terms of the entropy inequality (L4]) is not
concerned, however, with the precise details of internal energy, as it lacks a reference
to the specific closure with respect to a preferred state of thermal equilibrium. In fact,
(L) applies to a large class of tensors beyond those which are realizable as second-order

moments.
1.3. Energy dissipation in entropic alignment. A main consequence of the notion of
: . o _ Juaf
entropic pressure is to secure the dissipativity of the total energy E, := 5 + eq-
Indeed, manipulating the mass and momentum equations we find
P P
at(7“|ua|2)+vx . (7a|ua|2ua +Pau,) — trace(PaVu,)
(1.8)

=3 [ Ganlox X = v )l 0

B S,

Adding the entropic description of the pressure postulated in (I4]) we end up with
Oy (paEa)+vx ’ (paEaua + Pou, + qa)

< - Z/d)a[g(x, x') (Jual® — uq - uj + 2e4) paply dx'.
B Ss

(1.9)

Thus, the role of entropic pressure is to complement the energy balance (L8] in forming
an entropy inequality (I9), which augments the system of hyperbolic balance laws ([L.1l);
we refer to the authoritative book of [Daf2016]. This implies dissipativity of the total
energy. Indeed, by the zero Neumann boundary conditions assumed in (H3), it follows
that

d
az / PaFo dx

¢ Salt)

< _Z // qi)(yg(X,X/)(‘uaF — Ugy 'u/lﬁ +26(x)ﬂap/6 dx dx’ (1.10)
*PSa(t)xSa(t)

1
= _52 // ¢a5(x,x')(|u’6 —ua\Q—l—Zea—i—Zeb)paprdxdx/.
Bs, ()% Ss(t)

For further discussion we refer to [Tad2022] §1].

2. Swarming and long-time flocking behavior. We discuss the behavior of a
large crowd, possibly infinite number of species, {pq, Un,Ps}, each of which consists of
a large crowd of agents, {x¢, v¥*} in (LH). A crowd of species (or agents) is viewed as a
swarm when it is driven by collective dynamics which coordinates its species (or agents)
to aggregate together with emergence of large-scale formations. In the present context
of dynamics governed by alignment (LI), we are concerned with the long-time flocking
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264 JINGCHENG LU anp EITAN TADMOR

behavior of the multi-species system ([LI). Flocking refers to the emergence of coherent

structure with limiting velocities ug® such that

ua(t,x) — uX(t,x) =X 0

)

with the corresponding limiting densities, p2° = poo(x — u’t). Since we ignore attrac-
tion, repulsion or external forcing, the limiting behavior of pure alignment should be
particularly simple — the different species governed by ([Ia)) can only approach the
same time-invariant mean velocity

w(t) S w e e
a Mo

with a limiting density carried out as a traveling wave p>° (x—1t). Ideally, we seek uniform
convergence. In the present context multi-species with pressure, we have no access to
uniform bounds on the velocities. Instead a more relaxed notion of Li-convergence
becomes accessible by studying energy fluctuations,

=50 [ {0 - et f e ) ax (21)
a g
Observing that

— L9 L _o
:Z/paEadx—<u,Zma>—|—§|u| M:Z/paEadx—i\u\ M, (2.2)
a g a a g

we conclude that energy fluctuations decay at the same rate as the total energy in (II0)

d
S “Z // Gap (%, X)) ([0 — Ual? + 260 + 265) puply dxdx’.  (2.3)

B S (t)xSp (1)

Our flocking results will be quantified in terms of the decay of energy/energy fluctua-
tions, which in turn implies the decay of both — the macroscopic velocity fluctuations
around the mean velocity @ and the microscopic (kinetic) fluctuations of the different

species around their bulk velocities, ppe, = Nlim §|v —uy|*fa(t,x,v)dv. A second
o —00
R4
component of flocking behavior requires that alignment is strong enough to keep the

dynamics contained in a finite ball, forming the ‘flock’
t):=) Du(t)<D; < Dy (t) := —x/|.
)= Y Dalt) <Dy <06, Dalt)i= max |x—x|
In practice we may need to address a relaxed notion of flocking which allows a slow time
growth, D(t) < Cp(1 +t)” with some fixed v > 0.
2.1. Statement of main results. The multi-species alignment dynamics ([Ial) is dic-
tated by the array of communication kernels ® = {¢.3}. Our flocking results require

® to form a connected array. To this end, it will suffice to consider the radial lower
bounds ¢as(x,%x") > kas(|x — x’| assumed in (LI1d). The array K = {kqp} is viewed
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HYDRODYNAMIC ALIGNMENT WITH PRESSURE II. MULTI-SPECIES 265

as the adjacency matrix of a weighted graph, with a weighted graph Laplacian, A K (r)

[HT2021],
_kaﬁ(r) \/ MaM 9 @ 7& 67
(A K(r))ap =
“ > kay (r) M, a=B.
YFa
Algebraic connectivity is quantified in terms of the spectral gap, A2(A,K) [Fiel973|
Fie1989],

Ao(AK) = Muin 3 > Kaplya = ys|*Ma Mg } S v —yslPMoMg =1
a fta a fa
(2.4)
The graph associated with K is connected if and only if Ay(A,K) > 0. Since the spectral
gap is a non-decreasing function of the non-negative entries [HT2021} §3], A2(A,K) >0
also controls the connectivity of the communication kernels, A2(A,®) > A2(A, K) > 0.
Our flocking results require heavy-tailed connectivity in the sense that A2(A, K (r)) has
slow enough decay in a manner made precise in theorem 211
NOTATIONS. Below, we use Cx and Cp to denote constants which characterize the
heavy-tailed behavior of K and the dispersion of diameter D(t). We let Cr denote a
constant, with different values in different contexts, depending on a spatial scale R, as
well as on the other fixed parameters on the problem n,,.... Finally, we let C1,Cy, ...
denote related parameters which arise from computations with these constants.

THEOREM 2.1. Consider the multi-species system ([LT]) with two or more species. Let
(pasUq, Py) be a non-vacuous strong solutiorﬁ of ([dl), subject to compactly supported
initial data (pa0, Uao, Pao) with D(0) < oo, and boundary conditions (H3]). Assume that
K (r) has heavy-tailed connectivity of order n > 0, namely, there exist Cx, R > 0 such
that

X (A K(r)) =2 Cr(14+7r)"", r > R. (2.5)
Moreover, assume that the crowd disperses at the rate of order v > 0, namely, there
exists Cp > 0 such that for all ¢ > 0,

D)< Cp(1+8), 730, (2.6)
If the heavy-tail condition holds in the sense that
ny <1, (2.7)
then there is a large time flocking behavior with fractional exponential decay rate
(6% MO(
58(t) < Creap{ — Ct'=™M158(0),  Cp:=20CkCp", (i=1- m"T > 0.

(2.8)

Theorem 2] extends the mono-kinetic, pressure-less case [HT2021, Theorem 4.1]. It
applies to general entropic pressure laws (L], and general symmetric communication
protocol satisfying (Z.0)): the kernels ¢,3 need not be metric nor upper-bounded. At the

2That is, (HI) holds for (pa (t,-), ua(t, ), Pa(t, ) € (L°NLYL(RT)) x WHoo(RT) x Wh(R?), a € T.
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266 JINGCHENG LU anp EITAN TADMOR

same time, it extends the heavy-tail condition for flocking of a single species asserted
in [Tad2022], corollary 4.2]. The decay estimate (28] reflects a competition between the
possible dispersion of the crowd as its diameter D(¢) may grow in time and the decay
rate in the strength of communication strength, A, (A%K(r)), as the ‘edge of the crowd’
may grow with r. Theorem 2] tells us that if their composition has a non-integrable tail

so that
t

/”\2 (A K(D(r))dr < Cpe= Gl ™ 2% 0 gy <1,

0
then the different species flock towards the mean velocity Uy,

/\ua (t,X) — TUoo|?pa(t,x) dx < e Cett'™ TW)(%”(O);
a€l

moreover, there is a (fractional) exponential decay of internal fluctuations,

/||]P’ (Lx)2dx =" /|v o, %)2fa(t, %, v) dvdx < et 56(0).
a€l
2.2. The example of “pressure-less” equations. A key aspect of theorem [2Z.1]is a dis-
persion bound which controls the spatial diameter, D(t) < (1 +¢)”. As a prototypical
example we consider the mono-kinetic “pressure-less” closure, P, = 0 [HT2021]. In this
case, the alignment dynamics ([Tal)s decouples into scalar transport equations for the

components of u, = (ul,...,ul),

Opul, +uy - Vyeu!, = Z / bap(x,x') (uh(t,x") — ul (t,x))ply dx’.
P sa
Assume 7 < 1, then a maximum principle of the scalar velocity components eventually
leads to the uniform bound D(t) < D; < oo, i.e., theorem 1] applies with v = 0,
leading to exponential decay 6&(t) < Cre~“<'6&(0). In fact, there is exponential decay
of velocity fluctuations in the uniform norm [HT2021) step #3 in the proof of theorem
1.1]

max max |uq(t,x) — 1| < Cre”%'max max |uyo(x) — .
a x€84(t) @ x€8,(t)

We conclude that flocking of pressure-less dynamics is dictated for any heavy-tailed
connectivity of order n < 1, (23]

A (AK(r) 2 Cr(t+r)" <1, r>R

3. Self-interactions based on fractional p-alignment. We now turn our atten-
tion to the main aspect of this work — multi-species alignment with pressure. In this
case, one does not have access to pointwise bounds on the velocities u,, which in turn
imply the desired pointwise bound on the diameters, D, (t), propagating with these veloc-
ities. Instead, we follow the single-species arguments of [Tad2022] §6], in order to secure
direct bounds on the dispersion of D,(t). To this end, observe that the heavy-tailed
flocking scenario in theorem 2] is quantified in terms of the spectral gap (2.4]) which is
independent of self-interactions, {¢nq}. The desired dispersion bound will be obtained
when we consider enhanced self-interactions; specifically, we consider self-interactions
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HYDRODYNAMIC ALIGNMENT WITH PRESSURE II. MULTI-SPECIES 267

based on singular communication kernels, poa(x,x') = |x = x'|77P 0 <s <1, p> 1.
Such kernels greatly emphasize the alignment with immediate neighbors over far away
neighbors, leading to

Ot(patia) + Vi - (palla @ uy +Py)

/ uf — ua 7% (ug, — ua)

/ /
X _ X|d+25p po‘po‘dx (31)

+ Z /qbaﬁ x,x') (0 — Uq)pappdx’.
6;&@3/3

Self-interactions in this case amount to weighted fractional 2p-Laplacians; more precisely,
the first integrand on the right of ([B1]) is the subdifferential of the weighted Gagliardo
fractional energy (suppressing the time dependence) [DPV2012)

[ua (x) — ua (%)
Top,s(Ua 7/ O‘X _X‘di%p Papl, dxdx’, 0<s<l1, p>1.
Interactions based on p-alignment, p > 1 in the context of a single species, were intro-
duced in [HKK2014,[CCH2014] and further developed in [Tad2022]. We note that (31
corresponds to the multi-species agent-based description with self-interactions based on
p-alignment

d 1
a a a 2p—2
avz = N—ajzl(baa(xj,xz)"’] ‘p ( j -V )
. (3.2)
D 2 Gan (X)) = i),
o P =1

with singular kernels ¢nq(x,x’) = |x — x|~ (@+25P) The passage from E2) to (BI)
can be justified only in the case of bounded (or at least integrable) ¢,, and remains
formal in the singular case. We close this section noting that since the flocking bound in
[239) is independent of self-interactions, the main theorem 2] still applies to the case of
self-interactions based on fractional p-alignment in (B1I).

3.1. Energy dissipation in entropic p-alignment. The notion of ‘entropic pressure’ in
([C3) requires an adjustment for p-alignment. Following [Tad2022 remark 6.1], we refer
to P, as an entropic pressure tensor associated with species v in (3.1) with C! ‘heat-flux’
Qe if its non-negative trace pyeq ‘= %trace(]}”a) > 0 satisfies

Ot(pacta) + Vx * (Paalla + qa) + trace(P,Vuy,)

<=3 D) [ ((2ea)? + 26 pasty X
Sa (3.3)

-2 Z /(ﬁaﬁ(x, x')eapapy dx’.
ﬁ#asﬁ
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268 JINGCHENG LU anp EITAN TADMOR

The self-interaction terms in (B3) and (4] for ‘pure’ alignment p = 1 end with the
same energy dissipation statement. Specifically, manipulating ([Ial); and (B yields,
corresponding to (L8],

00 (5t ual?) + Vi - (5 e Pua+Patia) — trace(Pa V)

_ / ug, — ua |, - (ug —uy) dx

|X/ _ X|d+2ps

=30 [ sl el = e sty 0

B#a sﬁ

Adding the entropic description of the pressure postulated in (8:3) we find, arguing along
the lines of (23)),

|ll B ua‘ s
&6@@‘ Z / / " e T + DI (1) ((2e4)P + (2e§,)p)) Paph dx dx’
@ Sa(t)xSa(t)

—3 Z // qﬁaﬁ(x,x/)ﬂu%—ua|2—|—26a+26/ﬁ)pap/'5 dx dx’.
B#A S, ()% S5 (t)

In particular, ignoring the negative contributions coming from internal energy and from
cross interactions terms yields

u, —u,
adﬁ —= Z // ‘ |d+|2sp Paph dx dx’. (3.4)

o (t)XSa(

Thus, the contribution coming from self-interactions based on singular p-alignment im-
plies that the velocities u,, are bounded in the (homogeneous) Sobolev spaces W*2P(S,,).
Specifically, taking into account the non-vacuous bound assumed in (HI)) then integration

of (B4 yields

t
2
D IENCES IR
O «

(t,x") — uqn(t,x)|?P
C(2/23 // |ua XX—X|1CI;+§st)| papIaddeldT (35)

1
S C’ﬁCS, Cj = QZ / pPacEoodx, C, = P

* 5.(0) -

3.2. Multi-species with entropic pressure and fractional p-alignment. The enstrophy
bound (B3] implies a dispersion bound sought in (26). We follow the argument in
[Tad2022]. The mass propagation by (LIal); implies

d

&Da(t) < duy(t), duy(t) == x,xr/%%)j(t) lu(t,x) —u(t,x’)|.
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HYDRODYNAMIC ALIGNMENT WITH PRESSURE II. MULTI-SPECIES 269

Gagliardo-Nirenberg inequality implies for all d/2p < s < 1 there holds@ [DPV2012]
MRR2013]

. d
lu(t, x) —u(t,x')| < Cs[lualt, Mirs2e (s, (t))|X_X| ¢ 0::%<3<1,

d
and hence = Da(t) < Csllua(t,)lypeznis,) Do 9(t). Tt follows that

dtZD1+0 5(t) < O/Z”ua ||Ws2p(3 ) C; =(1+60-s)Cs. (3.6)

Now, since 1 + 6 — s < 1, then D10~ <Y DI*+9=% and integration of (B.6) yields

1t 1
D1+0 s < ZD1+9 s /Z ||ua ”Wﬁ (s ) P (/1d7’) (2p)’

0

<D oD CLC,Co)P (T

We conclude that multi-species crowd driven by self-interaction of p-alignment dynamics
BI) can be dispersed at a rate no faster than

% — 1 d
P L cs<1. (3.7)

< Y = — =

This bound can be improved: in appendix [Cl we use a bootstrap argument to show a

slower rate of order
2p — 1
D(t) < ChL+1)", 7= P

) 9:_
2p(1+60—3s)+n 2p

<s< 1.

Theorem 2.1] applies, leading to flocking behavior of order < exp{—t'~""~} which we
summarize in the following.

THEOREM 3.1. Let (pq, Uq,Ps) be a non-vacuous strong solution of ([Ia);, (3I)) sat-
isfying (HI))-(H3), with cross interactions, ®(x,x’) = K(|x — x'|), and self-interactions
based on p-alignment of order p > %. Assume that K(r) has tail connectivity of order
>0, @35)
(B K () = Cx(1+1)7,  r>R

If the heavy-tail condition (2.7)) holds,

2p—1 -
2p(1+6—s)" =~ 2p
then there is a large time flocking behavior with fractional exponential decay rate
2p(1+0—s)—2(p—1)n

2p(14+6 —3s)+n

nyp <1, Vp = <s<1,

6&(t) < Creap{ — Cct"}6£(0), p= > 0, (3.8)
with constant C¢ = 2(Ck (C) ™"

3Tt is here that we use the assumed smoothness of the boundaries of S, in (HZ2).
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REMARK 3.2 (Lack of exponential decay bound). We leave open the question of
a uniform dispersion bound, D(t) < Dy < oo corresponding to . = 0, which in turn
would imply the exponential decay d&(t) < Cre~%*. This will require an improved
bootstrap argument in appendix [C] along the lines of [Tad2022, Appendix E].

3.3. Multi-species with entropic pressure in one-dimension. The methodology leading
to theorem Bl consists of two main parts: (i) an n-tailed array of cross interactions
which enforces flocking of multi-species dynamics; and (ii) self-interactions based on p-
alignment with singular head which dictate the dispersion rate 7,. Observe that this line
of argument requires ¢/2p < 1, and therefore flocking of self-interactions based on ‘pure’
alignment, p = 1, is restricted to the d = 1-case,

8t(paua) + 81 (paui + ]POZ)

(ul,
~ [ s + Y [ busto a0ty — wa)pasis
5¢a3ﬁ

a

with scalar entropic pressures, P, satisfying (assuming no heat flux ¢, = 0)

OiPo + Oy (Pott) + 2Po0pu < —2p, DLT25(1) M. (3.10)

Theorem [B.1] applies with v, = FEEY
— 25

COROLLARY 3.3 (Multi-species in one-dimension). Consider the one-dimensional

multi-species system (LIal);, (39) with entropic pressure [B.I0) and satisfying (HII),
(H3). If the heavy-tail connectivity condition holds

1
n+2s <3, §<8<1,

then there is a large time flocking behavior with fractional exponential rate
3—2s

Singular interactions of a single species in one dimension with mono-kinetic closure
were extensively studied in [ST2017al[ST2017b, DKRT2018.ST2018al[ST2020b] and we
refer to the review [MMPZ2019] and the additional references therein. Corollary [33]
extends these flocking results to multi-species in one dimension with entropic pressure
laws. Going beyond the one-dimensional corollary clarifies the motivation for our
discussion of self-interactions based on fractional p-alignment, p > 1, which extend the
discussion to higher dimensions.

Appendix A. From agent-based to hydrodynamic description. We begin with
the derivation of the multi-species hydrodynamic description (LIal) from the agent-based

dynamics (LI).
The large crowd dynamics of the different species can be encoded in terms of their

1 Ya
empirical distribution f,(¢,x,v) = N Z dxo (1) (X) @ dya (4)(v), which are governed by
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the kinetic Valsov equation in state variables (t,x,v) € Ry x Q x R? e.g., [HT2021],
atfa+v‘vxfa+vv'Qa(fa,~F):Oa ]::{fﬁ}a (Al)

where different species are interconnected through pairwise communication protocol on
the right (we abbreviate fo = fo(t,%, V), f5 = fg(t,x’,v') and likewise J = 0(¢,x), O’ =
O(t, x’) ete.)

Qulfon ) = 3 [ banloxx )V = V)
E
The large crowd dynamics of f,’s is captured by their first two moments which we
assume to exist — the density p,(t,x) = Nlirn / fa(t,x,v)dv and the momentum
a—
OORd
Pala(t,x) = Nlim v fo(t,x,v)dv. Integration of ([(AJ]) yields the mass equation
«—00

Rd

(CTa),
atpa + Vi - (paua) =0.

The first v-moment of (A]) yields

8t/vfadv——Vx~/vafadv—|—R[Qa(fa,]:)dv. (A.2)

R4 R4

For the first term on the right of (A2) vv ' = —u,ul +(vu +u,v ')+ (v—u,)(v—u,)’,
where the first two moments of f, add up to u,(pu)] = pau, ®u,, and the third yields
the pressure tensor (L6,

/VVTfadVZpaua®ua+Pa7 P, :/(V_ua)(v_ua)—rfa dv;
R4 Rd

the second term on the right of (A2) yields

/Qa Jarn F)dv = Z / Qba,ﬁ X X) ((pu)ﬁpoz - (Pu)apﬁ) dx' = A, (psu),

0
and we recover the momentum equation (LTal);
Ii(patia) + Vx - (palla ® ug + Pa) = Aqs(p, ).

Observe that the system () is not a purely hydrodynamic description since the pressure
in (6] still requires a closure of the v-dependent second-order moments of fy. This
is our point of departure from the flocking analysis in [HT2021): the hydrodynamic
description of alignment in (1)) is left open. Following [Tad2022], we will trace the
decay of energy fluctuations, showing that it applies to general entropic pressure stress

tensors ([L.G)).
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A.1. Energy balance. We derive the energy balance as preparation for studying the
long-time behavior of hydrodynamics (IJ)). The total energy is given by the second

moment which is assumed to exist

2
PaEo(t,x) = lim /|‘faxvt)

Ny —o0

and is decomposed into kinetic and internal energy corresponding to the decomposition

1 1
—|v|* = 5|uoé|2 + §|v —uy)? + u, - (Vv —u,). Noticing that (v—uy)fadv=0,

Rd

1
paFo = /)7°‘|ua|2 + Palas Paba = 3 / v — ug |2 fodv.

|v

The balance of energy can be obtained by integrating (A.J]) against T',

O (paFs) + I, = I1,.

Here I, is the transport-based term which we express as

2
h:/%*“WLMv
R

2 2
va'/ﬂuafozdv'i‘vx'/%(V_ua)fozdv

v /—%mua
v, /[

= Vx " (paFauy) + Vi - /(v —uy)(v— ua)Tuafa dv
Rd

2
+Vx'/%(v—ua)fadv

[v —ug|?

2

_u(y)ua+

= Vg (paEaua +Pou, + q.a)7

involving the pressure tensor P, (L), and a heat-flux vector, qq,

1
— §/|v—ua\2(v—ua)fadv,
d
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and I, is the alignment-based enstrophy term given by

IIaf/ Qalfa, F Z /qﬁagxx // (v —v fafﬁdvdv>

Pl 54t Ri xR
=Y [ use X 2Ea vy
pet Sp(t)
Combining, we formally end up with the energy balance
Ot(paEs) + Vx - (paFauy + Pouy + qq)
== / $ap (3, X) (Jual? = uq - Uj + €q)papl dx'. (A4)
AeT Sp(t)

Thus, the energy equality which arises from a kinetic description is viewed here as a
special case of the inequality (I.I0) associated with the general class of entropic pressures,

6t(paEa) + v : (pOéE Uy + Paua + Qa)
== /¢aﬁ X, %) (|ual” — uq - U + €a)papls dx'. (A.5)

BET &,

A.2. FEnergy fluctuations. Integrating ([(A5) and summing over o € Z we find

dtz /paE dx

aeIs 0

< - Z / (paEaua ‘g + Paua ‘g + Qqa - na)dS
¥ 884 (t)

=] tunbex )~ e s+ gty ixdx
PEL 5, (1)xSa(t)

1
=" Z // bap(x,%') <§|ua — ub|2 +eq + 6’5) pap'ﬁ dx dx’.
BEL S (t)xSp(t)

(A.6)

The boundary conditions assumed in (H3) imply there is no energy flux and hence the
boundary integrals on the right vanishE while the symmetrization assumed in (LId)
implies, upon change of variables (o,x) <> (3,x’), that the second term admits the
symmetric form of the integrals on the right.

The inequality (AL6) quantifies the energy dissipation in terms of the negative total
enstrophy on the right. This is better expressed in an equivalent symmetric form, in
terms of the energy fluctuations

5 :_Z // { o (£, x) — B(t,x’)|2+ea(t,x)+e/3(t,x’)}papbdxdx’.
PEL s, (1) Ss(t)
(A7)

4In fact, here one can consider a larger class of energy dissipative boundary condition.
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REMARK A.1. Observe that the definition of energy fluctuation in (A7) coincides
with the one we had in ([2I)). Indeed, since the total mass in (L2) and momentum in
([L3) are conserved in time, then the mean velocity is invariant in time,

= Zama — Zamao
Za Ma Eoz MD‘O7

and the macroscopic portion of the energy fluctuations (A7) can be expressed as fluctu-
ations around that mean velocity,

2 // ("“atx) ﬂ(f=X’)|2) Py dx dx’

Bs, (1Y% S5 (t)

_ e 1 _
3 // <§|ua(t,x)—u|2—|—(ua—u)-(u—ufg)—l—§|uﬂ(t7x/)_u|2)PaPIBdXdX/
B8, (H)xSs(t)

—MZ / g (t, ) — T|%pa(t, x) dx.

Hence, the energy fluctuation (A7) coincides with its equivalent definition (21]) stated
in theorem 2.1

TOES / o (£, %) — T[2pa (£, %) dx.
¢ Salt)

Noting that

1 1 2
t) = ;/{ipauap"'paea} dx — m’;ma

with a total mass, M := )"  M,, and total momentum, ) m,, which are conserved in
time we end up with the symmetric version of the dissipation statement (A.f]), expressed
in terms of energy fluctuations,

, Mg ::/uapa dx,

d 1 712 ! / !
T Z // {§|ua—u5 +ea +ej ¢ pappdxdx
PEL s, (1) Sp(1)

dtz /paE dx (A.8)

a€cl Su(t)

1
S Z // ¢aﬁ(X7X/){5ua—u’ﬁ|2+ea+e;3}pap’5dxdx'.
GPEL 5 (H)xSs(t)
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Appendix B. Flocking of strong solutions — proof of theorem 2.3l Recall
that the metric kernels k,5(r) are assumed to decrease with the distance r and hence

(AR) implies

d 1
G0 <= 5[] hualx = x) (Ghua — w4 o+ ) papl dxax
*PEL S, (6)x S5 (1)

1
- Z kapg(D(t)) // <§ua — u’B|2 +eq + e%) Papp dx dx’
aPet Sa(t)XS5(1)

For the first term on the right we use the weighted Poincare inequality [HT2021, Lemma

3.2]
Z kas(D // — uj|*paply dx dx’
a,,@EI S (t XSB
1 maxg M,
= %AQ(AﬁK(D(t)) Z §|u04 - ulﬁ‘Qpap/B dXdX/a C =1- #
@PEL S, (1) S5 (1)

For the remaining terms

Z kap(D(1)) // ea —I—eﬁ p(ypﬁ dx dx’

aPer o (t)XSa(t)
= Zdegﬁ(K) Z / CapPa dx + Zdega(K) Z / €ppp dx’,
7 * Sa®) ° P sa)

where deg,, the degree of connectivity of species «, has the lower bound [HT2021] eq.
(3.10)]

de.ga Z ka’y 'y P C)\Z(A//K(D(t))
YH#

We end up with
> ks 0@)  [[ (eateh) pusfyaxax
a,BET Sa(®)

> =X (A,K(D(t)) Z (ea + elﬁ) Pappdxdx’.
DPEL 5, (1) xSal(t)
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Adding the last two inequalities we conclude the dissipation statement of energy fluctu-

ations
d
k0
1 1 )
—200(A, K (D(t) X 577 > Slta = uj? +eq + e’ﬁ> Paply dx dx’

WBEL s, (£)xSs(t)
— 200 (A K (D(t)) x 6&(t).
(B.1)

We now turn to address the main flocking bound in (Z38]).
Proof of theorem 211 Integrating the decay of energy fluctuations (B,

d
C56(1) < ~200(8,K(D(1)) x 58(0),
combined with the assumed bounds (23]) and (2.6]),

A (AK(D(t) = Cr (1+Cp(L+1)7) ", r

WV
=

implies the desired bound
§&(t) < Crexp{ —2(CCp"t" "M }6£(0), ny < 1,

with a constant C'r > 0. |

Appendix C. An improved dispersion bound. Assume that we secured the dis-
persion bound D(t) < Cp(1+t¢)”. Then, theorem [ZTlapplies, leading to flocking behavior
with fractional exponential decay rate which we rewrite as

1
x(t)

This bound, which was shown to hold with v = v, =
this end, we rewrite [3.4), (CI) in the form

38(t) < Cr—=08(0),  x(t) := exp{Cctt 1], (C.1)

2p—1 :
Zp(iTo—5) can be improved. To

d t
X&) < ——x ZH% [, +CR%6£()

——X ZHua (=% sn(s,) + Cat 08(0), Ca = 2C¢(1 = ny)Cr.
This implies

t
1
2 1— _ 2
/ Z [aa ()22 v, AT S 2C306(0) + C3t'88(0),  C3 = 2CCor1—
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Now we revisit ([3.6]) with the last weighted bound, obtaining
D1+975 < ZD1+0 s

17 (2p)' L)
2 2p)’
+ (/Zx(t)\lua MiFons / 1/2p dr)
0 « 0

1-ny 17 1
<Y DRI G B, Ca= (C306(0) % / Xt (r)dr.
0

(e

Thus, we end up with the improved dispersion bound

' L—ny
D) <CH(1+8), =L
This argument can be repeated: since 7y, < 1 then U -0 <1
2p(1+6 —s) 2p—1
and hence the iterations v — +' converge to 1 In particular
\Y = ,
T 8O0 T T o 10— 5) + P

since 2p — 1 > 1 then after finitely many iterations we will reach the improved rate,

2p —1

D(t) < Cp(1+1t)" .= .
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