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We are concerned here with processing discontinuous functions from their
spectral information. We focus on two main aspects of processing such piece-
wise smooth data: detecting the edges of a piecewise smooth f, namely, the
location and amplitudes of its discontinuities; and recovering with high ac-
curacy the underlying function in between those edges. If f is a smooth
function, say analytic, then classical Fourier projections recover f with ex-
ponential accuracy. However, if f contains one or more discontinuities, its
global Fourier projections produce spurious Gibbs oscillations which spread
throughout the smooth regions, enforcing local loss of resolution and global
loss of accuracy. Our aim in the computation of the Gibbs phenomenon is to
detect edges and to reconstruct piecewise smooth functions, while regaining
the high accuracy encoded in the spectral data.

To detect edges, we utilize a general family of edge detectors based on
concentration kernels. Each kernel forms an approximate derivative of the
delta function, which detects edges by separation of scales. We show how
such kernels can be adapted to detect edges with one- and two-dimensional
discrete data, with noisy data, and with incomplete spectral information.
The main feature is concentration kernels which enable us to convert global
spectral moments into local information in physical space. To reconstruct f
with high accuracy we discuss novel families of mollifiers and filters. The main
feature here is making these mollifiers and filters adapted to the local region
of smoothness while increasing their accuracy together with the dimension of
the data. These mollifiers and filters form approximate delta functions which
are properly parametrized to recover f with (root-) exponential accuracy.
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1. Introduction

We are interested in processing piecewise smooth functions from their spec-
tral information. The prototype example will be one-dimensional functions
that are smooth except for finitely many jump discontinuities. The loca-
tions and amplitudes of these discontinuities are not correlated. Thus, a
piecewise smooth f is in fact a collection of several intervals of smoothness
which do not communicate among themselves. The jump discontinuities
can be viewed as the edges of these intervals of smoothness. Similarly,
two-dimensional piecewise smooth functions consist of finitely many edges
which lie along simple curves, separating two-dimensional local regions of
smoothness. We are concerned here with two main aspects of processing
such piecewise smooth data.

(i) Edge detection. Detecting the location and amplitudes of the edges.
Often, these are the essential features sought in piecewise smooth data.
Moreover, they define the regions of smoothness and are therefore es-
sential for the second aspect.

(ii) Reconstruction. Recovering the underlying function f inside its dif-
ferent regions of smoothness.

There are many classical algorithms to detect edges and reconstruct the data
in between those edges, based on local information. For example, suppose
that the values of a one-dimensional f are given at equidistant grid-points,
fv = f(vAx). Then, the first-order differences, Af, := f,+1— f,, can detect
edges where Af, = O(1), by separating them from smooth regions where
Af, = O(Ax). Similarly, piecewise linear interpolants can recover the point
values of f(z) up to order O((Az)?). Of course, these are only asymptotic
statements that may greatly vary with the dependence of the O-terms on
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the local smoothness of f in the immediate neighbourhood of z. We may
do better, therefore, by taking higher-order differences, A" f,,, where O(1)-
edges are better separated from O((Am)T)—regions of smoothness. Similarly,
reconstruction of f using r-order approximations, with r = 2,3,... and so
on. In practice, higher accuracy is translated into higher resolution ex-
tracted from the information on a given grid. But, as the order of accuracy
increases, the stencils involved become wider and one has to be careful not
to extract smoothness information across edges, since different regions sep-
arated by edges are completely independent of each other. An effort to
extract information from one region of smoothness into another one, will
result in spurious oscillations, spreading from the edges into the surround-
ing smooth regions, preventing uniform convergence. This is, in general
terms, the Gibbs phenomenon, which is the starting point of the present
discussion.

The prototype for spectral information we are given on f is the set of
its NV Fourier coefficients, {f Fk )}kj<n- These are global moments of f. It

is well known that the Fourier projection, Sy f = Z <N f ( )elk® | forms a

highly accurate approximation of f provided that f is suﬁﬁczently smooth.
In Section 2 we revisit the classical spectral convergence statements and
quantify the actual exponential accuracy of Fourier projections,

ISnf — fl < e YN,

Here, the root exponent « is tied to global smoothness of f of order oo > 1.
But this high accuracy is lost with piecewise smooth f, due to spurious
oscillations which are formed around the edges of f. It is in this context
of Fourier projections that the formation of spurious oscillations became
known as the Gibbs phenomenon, originating with Gibbs’ letter of 1899.
This is precisely because of the global nature of Sy f, which extracts smooth-
ness information across the internal edges of f. The Gibbs phenomenon is
also responsible for a global loss of accuracy: first-order oscillations spread
throughout the regions of smoothness. The highly accurate content in the
spectral data, {f( )} k<> is lost in the Fourier projections, Sy f. The lo-
cal and global effects of Gibbs oscillations are illustrated through a simple
example in Section 3.

Our aim in the computation of the Gibbs phenomenon is to detect edges
and reconstruct piecewise smooth functions, while regaining the high accu-
racy encoded in their spectral data. Here, we use two main tools.

(i) Concentration kernels. To detect edges, we employ a fairly general
framework based on partial sums of the form

k5= S s (M) Fme o= [ e
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In Section 4 we show that K¢ f(x) approximates the local jump function,
K f(z) = f(z+) — f(z—). Consequently, K{ f tends to concentrate near
edges, where f(z+) — f(z—) # 0, which are separated from smooth regions
where K§, f ~ 0. We can express K f(z) as a convolution with the Fourier
projection of f, that is,

K5 f(x) = K%« (Sn (@), Kla :—;z (’ '>smkx

Here, K%, (x) are the corresponding concentration kernels which enable us to
convert the global moments of Sy f into local information about its edges —
both their locations and their amplitudes. The choice of concentration fac-
tor ¢ is at our disposal. In Section 5 we discuss a few prototype examples of
concentration factors and assess the different behaviour of the correspond-
ing edge detectors, K{ f. In Section 6 we turn to a series of extensions
which show how concentration kernels apply in more general set-ups. In
Section 6.1 we discuss the discrete framework, applying concentration ker-
nels as edge detectors in the Fourier interpolants, Iy f = Z k|<N fke . In
Section 6.2 we show how concentration kernels can be used to detect edges
in non-periodic projections, Sy f = >_ f k)Cy(x), based on general Gegen-
bauer expansions. In Section 6.3 we show how the concentration factors
could be adjusted to deal with noisy data, by taking into account the noise
variance, n > 1/N, in order to detect the underlying O(1)-edges. Finally,
Section 6.4 deals with incomplete data: we show how concentration ker-
nels based on partial information, {f(k)}rex, can be complemented by a
compressed sensing approach to form effective edge detectors.

Concentration kernels, K;(z), are approximate derivatives of the delta
function. Convolution with such kernels, K%, * (Snyf), yield edge detec-
tors by separation of scales, separating between smooth and non-smooth
parts of f. In Section 7 we show how to improve the edge detectors by en-
hancement of this separation of scales. In particular, in Section 7.1 we use
nonlinear limiters which assign low- and high-order concentration kernels in
regions with different characteristics of smoothness. The result is parameter-
free, high-resolution edge detectors for one-dimensional piecewise smooth
functions.

In Section 8 we turn to the two-dimensional set-up. Concentration ker-
nels can be used to separate scales in the x; and xo directions. Enhance-
ments and limiters are shown in Section 8.1 to greatly reduce, though not
completely eliminate, the Cartesian staircasing effect. In Section 8.2 we
show how concentration kernels are used to detect edges from incomplete
two-dimensional data. So far, we have emphasized the role of separation of
scales in edge detectors based on concentration kernels, ICF; * (Sn f)(x). But
how do we actually locate those O(1) edges? In Section 8.3 we discuss the
approach which seeks the zero-level set x = (z1,z2) of VK * (Sy f)(x).
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Depending on our choice of the concentration factors, o(-), this leads to a
large class of two-dimensional edge detectors which generalize the popular
two-dimensional zero-crossing method associated with discrete Laplacian
stencils.

Next, we turn our attention to highly accurate, Gibbs-free reconstruction
of f inside its regions of smoothness from its (pseudo-) spectral content.

(ii) Mollifiers and filters. We consider two interchangeable processes
to recover the values of a piecewise smooth f(x) with high accuracy.
These are mollification, carried out in the physical space, and filtering,
carried out in the Fourier space, i.€.,

s (Snf)(@) — 3 @pﬁ(%) k).

|k|<N

Filtering accelerates convergence when pre-multiplying the Fourier co-
efficients by a rapidly decreasing ¢, s(|k|/N). The rapid decay of

~

©ops(|k|/N)f(k), as |[k| T N in Fourier space, corresponds to mollifi-
cation with highly localized mollifiers, ®, 5(x), in physical space.

Section 10 is devoted to mollifiers. There are two free parameters at our
disposal. The parameter ¢ is chosen so that the essential support of @, s *
(Snf)(z) does not cross edges of f. To this end we set ¢ as the distance to
the nearest edge, 0 = d, := dist{z, singsupp f} /=, so that (x — 7d, z + 70)
is the largest interval of smoothness enclosing x. It is here that we use
the information on the location of the edges of f. This leads to adaptive
mollifiers ®,, 4, (). The parameter p is responsible for the accuracy of the
mollifier. By properly tuning p = py to increase with N, one obtains the
root-exponential accurate mollifiers discussed in Section 10.2:

1 T x
Dy yd, (T) = d_@<d_> Dy (d_>’

1
d, = — dist{x,singsupp f}, pny ~ d,N.
T

Here,
_ sin(p+1/2)x
Dy(w) = 27 sin(x/2)

is the Dirichlet kernel of order p, which ensures accuracy by having an
increasing number of (almost) vanishing moments, [ y"D,, (y)dy ~ 0, for
p=1,2,...,pn, and @ = @y, is a proper C§°(—1,1) cut-off function,! e.g.,

427
o) = D1 (),

L Cg° is the space of compactly supported smooth functions.
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which ensures that ®,,, 4. are properly localized within the d,-neighbour-
hood of the origin. The result is an adaptive mollifier with root-exponential
accuracy

By * (SN ) (@) — f(z)] £ e VEN,

The corresponding root-exponential discrete mollifier is outlined in Sec-
tion 10.3. The high accuracy of these mollifiers is adapted to the interior
points, away from the edges where d, N ~ 1. It can be modified to gain poly-
nomial accuracy up to the edges. This is described in Section 10.4. In Sec-
tion 10.5 we discuss mollifiers based on Gegenbauer expansion of Sy f(mwz),
with uniform root-exponential accuracy up to the edges.

Section 11 is devoted to filters of the form

Shton= T o () 000

|k|<N

In Section 11.1 we show that, by setting py ~ v/d, N, the resulting filter
is accurate (and hence its associated mollifier satisfies a moment condition)
to order py. Moreover, the choice of the filter ¢, yields a highly localized
mollifier which is essentially supported in the smoothness interval (z — 7d,,
x + md,). This yields the root-exponential convergence rate

(S5, f(x) = f(z)] 5 eV,
We conclude, in Section 11.2, revisiting the construction of the adaptive fil-
ters and mollifiers with a better localization procedure. Instead of enforcing

compactly supported o, in either physical or Fourier space, we appeal to
optimally space—frequency-localized filters

2

P
1

©p(€) = ¢ps(€) Z 2—

7=0

We show that an adaptive parametrization, p = py ~ d; N and d, ~ v/d; N,

yields the exponentially accurate mollifier

|S;N,6zf($) — f(x)] £ e =N

There is a rich literature on filters and mollifiers as effective tools for
Gibbs-free reconstruction of piecewise smooth functions. Different aspects
of this topic are drawn from a variety of sources, ranging from summability
methods in harmonic analysis to signal processing — and, in recent years, im-
age processing — and high-resolution spectral computations of propagation
of singularities and shock discontinuities. Given the space and time limita-
tions, we are unable to provide a complete road map but we limit ourselves
to a few key references. For general references on harmonic analysis we refer
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to Bary (1964), Dym and McKean (1972), Folland (1992), Grafakos (2004),
Katznelson (1976), Korner (1988), Stein (1993), Szegé (1958), Torchin-
sky (1986) and Zygmund (1959). For applications in signal processing,
including wavelets, and recent exciting developments in compressed sens-
ing, we mention Candes and Romberg (2006), Candes, Romberg and Tao
(2006a), Candes, Romberg and Tao (20066), Donoho, Elad and Temlyakov
(2004), Donoho (2004), Donoho and Tanner (2005), Mallat (1989), Marr
and Hildreth (1980), Tao (2005) and the references therein. General re-
views on spectral methods, edge detection and the computation of Gibbs
phenomenon can be found in Abarbanel, Gottlieb and Tadmor (1986), Forn-
berg (1996), Gelb and Tadmor (2000b), Gelb and Gottlieb (2007), Gottlieb
and Hesthaven (1998), Gottlieb and Orszag (1977), Gottlieb and Shu (1997),
Mhaskar and Prestin (2000), Majda, McDonough and Osher (1978), Tad-
mor (1989), Maday, Ould-Kaber and Tadmor (1993) and Tadmor (1994).
We also had to leave out numerous other approaches for edge detection and
reconstruction of piecewise smooth data. We mention, for example, Eckhoff
(1995, 1998), Eckhoff and Wasberg (1995), Bruno, Han and Pohlman (2006),
Srinivasa and Rajgopal (1992) and, most notably, two-dimensional recon-
structions which couple Radon representation with spectral and wavelet-
based ridgelets, e.g., Donoho (1998) and Candes and Guo (2002).

2. Spectral accuracy
2.1. The spectral Fourier projection
Let Sy f denote the Fourier projection of a 2w-periodic function,
el 7 1 T —i
Snf@)= 3 fe,  Fwy= oo [ fe . @)
k|I<N -

It enjoys the well-known spectral accuracy, that is, the decay rate of the
error, Sy f — f, is as rapid as the global smoothness of f(-) permits. The
error in this case amounts to the truncation error,

Tnf(z) =Y fk)e*,
|k|>N

which is spectrally small in the sense that for any s > 1 we have

1
Snf@) = f@)] < Y0 W Mlles - 57y foralls> 1. (2.2)

|k|>N
Here

L ®) (o
I llcs = max | /)



8 E. TADMOR

measures the global smoothness of f. The interplay between the global
smoothness of f and spectral convergence of its Fourier projection is re-
flected through Parseval’s relation,

s

F13 = 2m > (1 + [EP)IFR)Z, F e = / (f)* + (f9 ()" dy,
k

—Tr

which, in turn, is linked to the spectral decay of the Fourier coefficients,

FO 5 1l — ) s> (2.3)

L+ (k]
Indeed, the latter follows by noting || f||cs-1 £ ||fllzs < || fllcs, or by re-
peated integration by parts.

The spectral decay rate (2.3) and its related convergence rate (2.2) are
asymptotic statements. The actual decay rate (as functions of k and V)
depends on the growth of || f||cs. To quantify the precise spectral accuracy of
C*°-functions, it is therefore convenient to classify such functions according
to the growth of their C*-bounds: f belongs to Gevrey class Go,a > 1 if
there exists n = 1y > 0 such that

(sH)?
Go = f‘HfHCsé o s=l2p (2.4)
Two examples of Gevrey classes are in order.

(i) Analytic functions. By Cauchy’s integral formula, each analytic f be-
longs to G, with 27y being the width of its analyticity strip.

(ii) The C§° cut-off functions,

Czp
pp(x) = e(wLﬂz)l(_mﬂ) (x), c¢>0, peven, (2.5)

belong to Go. Indeed, a straightforward computation shows that there
exists a constant, A = A, (which may depend on p but is otherwise
independent of s), such that

s! caP

e(zLﬁQ), (2.6)

(s) <
‘:02 ($)| ~ ()\p‘LL'Q _ 7_(2’)5

and the upper bound on the right, which is maximized at = Tpax

with 22, — 7% ~ —7?c/s, implies the Go-bound (2.4) with n = c),7?,
S | 2
sup |p§5)(x)\§s!<f> e’ s @7 s=1,2,....
z€(—1,1) n n

We can now combine the spectral decay (2.3) with the G,-bound (2.4).
It follows that the decay rate of the Fourier coefficients of G,-functions is
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exponential to a fractional order,

—~ s s 1o
k)| £ min ~ eIkl € Ga>1,
9] = min -5 ) € Gusn
and consequently the truncation error of their Fourier projection does not
exceed

Sy f(x) = f(z)] £ NeT@@N™ 0 f e Gosy.

In particular, an analytic f(-), with analyticity strip of width 27, is char-
acterized by an exponential rate corresponding to o = 1 (see, e.g., Tadmor
(1986)), that is,

F) 2 e, |Syf@) = f@)| £ Ne ™, [ analytic;  (2.7a)

while for Ga-functions, such as the cut-off p,(x), for example, the rate is
root-exponential, corresponding to o = 2:

1Fk) < e VIR Snf(a) — f)| < Ne VN, fe Gy (2.7h)

Remark 2.1. (Notation) Throughout the paper, we use 1 to denote dif-
ferent Gevrey constants of fractional exponential orders. The same 7 in
different equations stands for different constants. In Section 6.3, n is also
used to denote the noise variance.

2.2. Optimal space—frequency decay

The previous examples tell us that if f is a C°° compactly supported func-

~

tion, then |f(k)| decays at an exponential rate of a fractional order but no
faster; indeed, if \f(k:)] decays exponentially fast then f is analytic, and
hence it cannot decay sufficiently fast to become compactly supported. The
question of optimal joint decay in both physical and Fourier spaces brings
us to the classical Heisenberg uncertainty principle, which places a lower
threshold on the joint space—frequency localization. This lower threshold
manifests itself in a variety of different forms. In the context of the Fourier
transform, for example, one seeks to minimize the joint variance:

i | (z=0) (o)l s, min (€= O)s. D) = [ pl€)e e ds.
It admits a lower threshold which is achieved by the quadratic exponentials
o) = e?(6=%)* | For space—frequency localization in related discrete frame-
works we mention recent examples of Donoho and Huo (2001), Tao (2005)
and Candes and Romberg (2006). In the present context of Fourier expan-
sions, we now construct a large family of 27-periodic functions, {fny(x)},
with optimal exponential decay in both physical and Fourier space; consult
Hoffman and Kouri (2000) and the references therein.
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The starting point is the family of functions with quadratic exponential
decay

p(€) =e T x [Z 2%.1521. (2.82)
=0

Their inverse Fourier transform can be expressed in terms of Hermite poly-
nomials, Hy;(x), that is,

B(x) = e 7 x [Z ZE)!] H23<%>] (2.8b)

Observe that, with fixed p, each ®(x) is an entire function and the quadratic

9y

exponential decay of its Fourier transform, ¢(§), corresponds to ‘ne = 00’.

We need to ‘tweak’ ®(x) in two ways.

(i) Dilation. We need to dilate ®(z) in order to control its localization,

X

B5(0) = 50( 5 ) — pa(6) = p(69)

(ii) Periodization. We need a 2m-periodic version of the entire function
®(x). To this end, fix N and set?

1 B\ ks
S5 (z) = Py cp(%)ek . (2.9a)
——

Another way to express this ‘periodization’ of ® is given by the Poisson
summation formula (see, e.g., Katznelson (1976), Torchinsky (1986))
N o
© _ .
Siw) = - Z (N (z + 274)). (2.9b)
j=—00

We can combine both dilation and periodization into one scaling in-
volving N/§,

1 & EN e 1 Sk e
k=—oc0 k=—0o0

We are ready to state our next result.

2 Observe that the function S (x) is different from the partial sum operation Sn. The
reason for this notation will become clear when we link these two different aspects in
our discussion on mollifiers and filters in Section 11.
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Lemma 2.2. (Space—frequency exponential decay) Fix p, set dy :=
VBN and consider the 2w-periodic functions,

= SN _1 N B k| )ik e . £
fn(z) =Sy (x)—%k_z_: ¥ N' | Je™, p(§) =€ 2 ZQTJI
Then, there exists 11,72 > 0 such that, for all |z| <,

(@) = |Se™ (x)| 5 27y /%(e—mmz/ﬂ + e mN/BY), (2.11a)

Moreover, for all |k| > N,

; BIK/2 ~L(BNY

|fN(k)| b} CpJV - e s Cp7N = Z F (T) . (211b)
7=0
Remark 2.3. We conclude, since ¢, v has at most pth-order polynomial
growth with NV, that fy should have exponential decay in both physical and
frequency space. Observe that the detailed structure of the pth-order poly-
nomial factors inside the square brackets on the right of (2.8a) and (2.8b)
are not important at this stage, but they will be later on, in Section 11.2

below, when we link the increase of p with N.

Proof. To verify (2.11a) we bound |Hy;(z)| < jj+%(4/e)jex2/2, in order to
estimate the exponential decay of ®5(x) = %@(%) in (2.8b),

1 2 &1 x W a2
[@5(@)| < 5o ]z;@ : ‘H2j<ﬁ> S gewt (2.12)
We appeal to the Poisson representation of SK;S in (2.9b):
SE (1) = o ds(Na) + 2o 3 @y(N(z + 277)). (2.13)
N 27 2w o

It follows that all terms except the zeroth are exponentially negligible for
|z| <

op X _((2]‘71%771\02
Sl (¥ 2] 2y
J#0 J=1
P
2 e mN/B lx| < . (2.14a)

SV

The zeroth term has double exponential decay (in x)

2P 2
|B5, (Nz)| § —=ze MN2/B (2.14D)
VBN
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and the last two bounds yield the first half of (2.11).
The second half of (2.11) is straightforward:

Blk|?
| F(k ’ <\/ |ky> SepN-e (5% ), (2.15)
= 2
Cp,N = EIE%N 233'5 ;
and (2.11b) follows for |k| > N. O

2.8. The pseudo-spectral Fourier projection

If we replace the integrals on the right of (2.1) with the quadrature sampled
at the equidistant points,
27

= — h = —
Yv m+vh, ON + 1’

we obtain the discrete Fourier coefficients {fk}, which form the N-degree
trigonometric interpolant of f at these (2N + 1)-grid-points,* that is,

2N

o h —ikyy

Inf(x) =) fee™ fo=o > fly)e Fo, (2.16)
[k|<N v=0

so that Inf(zy,) = f(z,), v = 0,...,2N. Iy is known as the pseudo-

spectral projection. The dual statement of interpolation in physical space is

the Poisson summation formula in Fourier space, expressing the fk in terms
of the f(k),

~ /\

fo=Fk)+>_ flk+j(2N +1)). (2.17)
J#0
Thus, the sum of all the Fourier coefficients located at k[mod (2N + 1)]
have a discrete ‘alias’, J/”;g This follows at once by substituting f(y,) in
(2.16) as the sum f(j)eiky“. We conclude that the interpolation error
Iy f(x)— f(x) consists of two contributions: the truncation error, T f(x) =
ZIkIZN ]?(k:)eilm, and the aliasing error,

Anfl) =) <Z f(k:+j(2N+1)))eik”3. (2.18)

[kI<N \|j|=1

3 There is a slight difference between the formulae based on an even and an odd number
of points; we have chosen to continue with the slightly simpler notation associated with
an odd number of points.
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Both T f and Anf involve modes higher than N, and if f is sufficiently
smooth they have exactly the same spectrally small size (e.g., Tadmor
(1994)), that is,

IANF@)e ~ D (L4 KP) D Flk +5@N + 1) (2.19)
|k|>N J#0
<Cy 37 (14 KP)|F(R)? 5 Coll T f ()13, s>§.
|[k|I>N

We conclude with similar spectral and fractional exponential convergence
rate estimates:

[Inf(z) = f(2)]
. =T fecs,
< ST+ DD Dk +ieN + 1) < {]]\V]e (o)

k>N RN (5121 f € Ga-

We close this section by commenting on the discrete Fourier coefficients of

the exponentially localized fy in (2.10). The quadratic exponential decay

of fn(k) for |k| > N in (2.15) implies that the aliasing error, Ay fn(z), is
exponentially negligible, and hence (fnx)r = fn(k), that is,

el € o (3 40 %)), k<N (220

3. Piecewise smoothness and the Gibbs phenomenon

Both the spectral and the pseudo-spectral Fourier projections, Sy f and
Inf, provide highly accurate approximations of f, whose order is limited
only by the global smoothness of f. What happens when f lacks sufficient
smoothness? This will be our main concern in the remaining sections.

We begin with a classical example. Consider an f which is piecewise
smooth in the sense that it is sufficiently smooth except for finitely many
jump discontinuities, say at * = ¢y, co, ..., cy, where

[f1(ej) = flej+) = flej=) #0, j=12,....J

It is natural to measure piecewise smoothness in the space of functions of
bounded variation,

1By = I f | oz < 00,
that is, f’ is a smooth function together with finitely many Dirac masses.
The finite variation of f implies (via integration by parts) the first-order
decay rate of | f(k)],

1
+ [kl

o)1 2 17y £ (3.1)
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5 Dirichlet kernel (N = 8) 19 Dirichlet kernel (N = 32)
2.5 10
2 8t
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Figure 3.1. Dirichlet kernel with N = 32 and N = 128 modes.

Indeed, the decay is precisely first-order, ]f(k:)| ~ 1/|k|, since a faster decay
would imply that f is continuous (Zygmund 1959). A similar first-order
decay occurs in the discrete case: summation by parts of the discrete Fourier
coefficients in (2.16) yields

e—ikyy o e—iknyrl

R h 2N
fe = % Z f(yl/) 1 — o ikh (3-2)

kh Z yl/-‘rl (yV))eiikyuv

47r1 sin &t

and hence || fx| £ ||f]lzv/(1 + |k|), where || f||7v denotes the total variation
of f

The first-order decay of the (discrete) Fourier coefficients is too weak (as it
should be!) to enforce uniform convergence of Sy f(z) and Iy f(z). Instead,
we turn to examine the local convergence of Sy f(x), which is expressed in
terms of the Dirichlet kernel, Dy (),

sin(N + 3)y

Swf@) = [ f)Dule —y), =5 > M= Srsin(y)2)

T k<N

The Dirichlet kernel, Dy (-), is depicted in Figure 3.1. It has a sequence
of successive local peaks at

(k+1/2)m

—_ =1,2,...
N+1/27 = 9

which accumulate a total mass of diverging order ||Dy||;1 ~ log N and
which, in turn, are responsible for the failure of pointwise convergence of
Sy f(z). As an example, consider the spectral projection of the Heaviside
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Approximation with 8 Fourier modes Approximation with 32 Fourier modes

1.5 1.5
1t
0.5
O
~ Or
—0.5
1L
—-1.5 . . . . . . . —1.5 . . . . . . .
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4
xr x

Figure 3.2. Fourier projection of the square wave
function. Left: N = 32 modes. Right: N = 128 modes.

function H(z) := sgn(x). Since Dy(-) is an even function, we have

SnH(z) = /0 "[Dn(e—y) — Dy(e +9)] dy

—i e [T —2i elhr
=— v ky)dy = — :
ED DL IR TEE-D D

|k|<N {|k|<N:k odd}

At 2 = 0, we find that Sy H(z) assumes the average value,
SnH (%))z=0 = 0.

But the convergence is not uniform for x ~ 0: for example,

+2 sin(kn7/N) 2m  £2 [T siny
SNH(x) =— E 7—%—/ dy.
=t
=5 {1<k<N:k odd} kr/N Ny

Thus, the spectral projection Sy H (z) magnifies the amplitude of the orig-
inal jump [H](0) = 2, forming a ‘spurious’ oscillation with 18% larger am-
plitude:

4
SNH(QZ)‘ L_SNH(‘I)‘I - %—/
0

T=7wN =N v

Tsiny

dy = 1.179 x [H](0). (3.3)

This behaviour is called the Gibbs phenomenon, after Gibbs (1899) (consult
Korner (1988), Carslaw (1952) or Hewitt and Hewitt (1979) for a historical
perspective). The lack of uniform convergence is depicted in Figure 3.2 by
spurious oscillations which concentrate near the jumps at © = 0 and © = +7.
For another example, consult Figure 5.1(b) below. This is a local effect of
the Gibbs phenomenon. But the Gibbs phenomenon also has a global effect:
although the error Sy H(x) — H(x) decays as x moves away from the jumps,
the decay rate is limited to first-order, owing to a series of linearly decaying
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spurious peaks at k7 /N, where
1
x:i%' ~ N

Thus, the existence of one or more discontinuities slow down the convergence
rate throughout the domain. Spectral accuracy is lost.

(SnH(z) — H(ﬂf))‘

4. Detection of edges: concentration kernels

Given the Fourier coefficients, {f(k)}]kvz_ > We are interested in detecting
the edges of the underlying piecewise smooth f, namely, to detect their
location, ci,...,cy, and the amplitudes of the jumps, [f](c1),...,[f](cs).
Extensions to the discrete and non-periodic set-ups will follow in the next
sections.

We begin by considering the prototype case of a discontinuous f which
is, say, C?, except for a single jump at = c. The fact that f experiences a
jump of size [f](c) dictates the decay of its Fourier coefficients: integration
by parts yields

N e—ik:c
7o) = 11105 + 0 ) (4.1

We want to extract information about the location of the jump from the
phase of the leading term. To this end we use the localization of the Dirichlet
kernel near the origin:

N

s 1 . 1

D )= — k(g—c) oy _ ~

NPn(E—o) =3y ¢ 1+ Nz —
k=—N

It follows that the derivative of the Fourier projection Sy f satisfies

s T elk(z—c) 1
~On()(2) =+ ) ik [fll0) -~ +O0| 7
NN N|k|z<:zv { ik (!kP)}
1 h(—c T 1
SUCIESD DR D ()
k|<N IkI<N

S +o(10gN):{ 10 +0(5), a~e

1+ Nz~ N Oy |z —c| > 4.

We see that mSn(f)'(z)/N concentrates in the immediate neighbourhood
of x = ¢, where it approaches the desired amplitude of the jump, [f](c) # 0,
while it decays to order O(log N/N) as it moves away from this neighbour-
hood, |x — ¢| > 1/N. Thus, we can detect the edge at x = ¢ by separation
of scales: a jump of size |[f](c)| > 1/N is separated from the region of
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smoothness where 7Sy (f) (z)/N =~ 1/N. This result goes back to Fejér
(Zygmund 1959, Theorem 9.3).

We turn to consider a general set-up of edge detection based on separation
of scales. To this end we introduce a family of concentration kernels

L,k o(&)
K% (y) = o ;a<ﬁ> sin ky, € C?[0,1]. (4.2a)
Here, ¢, is a proper normalization constant,
1
Co ::/ ﬂdf, (4.2b)
o &

so that, as will be shown in (4.6) below, [ K% (y)dy ~ —1. We set*

K5 (0) = Ko ) = 2 3 sn(io (I Fiels, a9

7 |k|<N

Our purpose is to choose the concentration factors, o(|k|/N), such that
K¢, f detects the O(1)-edges, [f](cj), 7 =1,...,J, by separating them from
a much smaller scale of K f(x) in regions of smoothness. It turns out that
every o can serve as an admissible concentration factor.

Theorem 4.1. (Concentration kernels; Gelb and Tadmor 1999,
2000a) Assume that f(-) is piecewise smooth such that

flx+y) = flx—y) = [fl(=)
)
Let K% (x) be an admissible concentration kernel (4.2). Then,

K5 (0) = Ko (Swh0) = 7 3 saniio (' ) Fiige

C
7 |kI<N

wr(y) = wyr(y; z) := € BV[-m,x].  (4.4)

satisfies the concentration property

log N .
e +O0(%7), w~e j=1,..7,
O(lof;\,N), dist{x, {cl,...,cJ}} > %

Remark 4.2. We will show below that, up to scaling and modulo small
‘manageable’ residual terms, each K% (y) amounts to the same conjugate
Dirichlet kernel,

(4.5)

KX f(x) ~ {

1) ~ ~ N+1
K% (y) ~ UC(U)DN(y) + lower-order terms, Dn(y) := %

4 Observe that K f is the operator associated with, but otherwise different from, the
concentration kernel % ().



18 E. TADMOR

Accordingly, we refer to K¢ f(x) as a conjugate sum. The lemma shows
that all these conjugate sums concentrate near the edges. Different os
yield different concentration kernels Kf;(y), and we will explore the role of

different o s in the following sections.

Proof. The key to our proof is to observe that K¢, is an approximate
derivative of the delta function. In particular, since K% (-) is odd,

e @) = = [ KRt o) - S - ) dy
= _/0“ K& () (f(z+y) — fl@—y) = [fl(z)) dy — [f](z)

x /0 K5, (y) dy.

The rectangular quadrature rule and the normalization (4.2b) yield

™ 1 n (k) (-1)F—1
| =25 ) T (1.6
7 k=1
1 & o2 1 ok
- Z g—kﬁ_Ho(W)’ gk.fﬁ,
k odd>1

and we end up with the error estimate

K5 - 1) = | [ k5o +0(55) @

It remains to upper-bound the first moment of K{w;. To this end we use
the identity —4sin?(y/2) sin(ky) = sin ((k+1)y) — 2sin(ky) +sin ((k — 1)y)
and summation by parts (twice) to find

4sin? (%)aaic;‘v(y) = 25(1) sin(%) cos <N + %)y

Li(y)

+ Z (U(gk) —20(§pq1) + U(£k+2)) sin (k+ 1)y

1<E<N-2

I2(y) I3(y)

+ (0(En—1) — (1)) sin Ny + (0(&2) — 20(&1)) siny .

This leads to the corresponding decomposition of K% (y) as the sum of
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a conjugate Dirichlet kernel, Dy (y), plus a residual term, Ry(y) (which
is negligible in the precise sense to be outlined below):

(1) (?fvi)l) 1 S
o . g COS 5)Y L iy
R(y) = Co 2sin(y/22) +ERN(y)’ Bn(y) = ; 4sin]2(y/2).

(4.7b)

The conjugate Dirichlet kernel has a small moment due to cancellation.
Indeed, if we let Q2; denote

Qr(y) = Qy; ) :

then the upper bound

/0 " yDn () (v) dy’ =

Y )
Wwf(y,a:),

4 sin

/OWCOS<<N+%>y>Qf(y)dy

follows from (3.1), since |Q¢| By < |lws|/Bv. The logarithmic upper bound
of the Dirichlet kernel, || Dg||;1 ~ log k, implies

_ lwrOllsv

~

(4.8a)

N-2

i Li(y) 1 log N
_ Y ) dy| © — log k - || 1 < ,
[ ity ] < walloles 3 togk- sl = 5
(4.8b)
T Dy 1 log N
— dy| = — “log N - ||| gee £ . (4.8
| i) | < gllellon - 1og N - 8 (4.80)
Finally, since |o(§)| £ &, we have
" () i 2 |
_BY) ) dyl < - ZAVI9 i~ £ —, (4.8d
| vimmtmesma) < (o) [+e(§)])10sl < 5. @50
and the desired result, (4.5), follows from (4.7a), (4.7b) and (4.8). O

We conclude this subsection with a couple of remarks.

Remark 4.3. (The behaviour of o and improved concentration)
The bounds in (4.8) show that the overall error does not exceed

log N 1 1
\N

~ lellee + + 5lo@)l- (4.9)
Thus, the concentration error (4.5) of order O(1/N) becomes smaller if ()
decays sufficiently fast at £ = 0 and £ = 1. This issue will be explored in
the next section, in the context of the exponential concentration factors;
consult (5.4) below.
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Remark 4.4. (Concentration kernels: general set-up) The proof of
Theorem 4.1 reveals that the concentration property holds for arbitrary
kernels, {ICn(y)}, as long as they satisfy the three key properties:

(i) Ky are odd, Kn(—y) = —Kn(y);

(ii) K are properly normalized so that fy>0 Kn(y)dy = =1+ en; and
(iii) Ky has a small first moment of order

/ yln (1w (y) dy

Here, en is a small scale associated with Kpy. If (i)—(iii) hold then we
deduce, along the lines of Theorem 4.1 (consult Gelb and Tadmor (2000a,
Theorem 2.1)),

< en|wllBv- (4.10)

Ky = f(z) = [f](@)] = en;
hence, the Cn detect edges by separating the regions where |y * f(c;) =

[f](cj) from smooth regions where Ky * f(z) = ey < 1. A few examples
are in order.

5. Examples

Compactly supported kernels. We consider a standard mollifier, namely

ben () == %qﬁ(%), based on an even, compactly supported bump function,

¢ € CY(—1,1), with ¢(0) = 1. We then set

Ken(y) = %cb’(i). (5.1)

EN

Clearly, K., is an odd kernel satisfying the proper normalization

Key(y)dy = —¢(0) = —1,
y=>0

and its first moment is of order
1
| ks wldy==n [ 1ol 16wl dy = O(ew)
y=>0 0

The concentration property Ke, * f(x) = [f](x) + O(en) follows. As exam-
ples we mention edge detectors based on Haar and bi-orthogonal moments;
e.g., Mallat (1989). Localized kernels are limited to finite order of accuracy,
no matter how smooth f is.
Polynomial concentration kernels. Set 0(§) = £. Then K¢ f recovers
the Fejér conjugate sum
- ik~ ™
K{f(2)=m Y ke = =Sn(f) (@), o) =¢ (52

|k|<N



THE GIBBS PHENOMENON 21

We note in passing that in this case, K (y) does not concentrate near
the origin as do the compactly supported K., . Instead, (4.10) is fulfilled
thanks to the more intricate property of cancellation of oscillations. This
is the first member in the general family of polynomial concentration fac-
tors, 0,(§) = &P, introduced by Golubov (Golubov 1972, Kvernadze 1998,
Gelb and Tadmor 1999). Polynomial concentration factors of odd degree,
o2p+1(§), correspond to differentiation in physical space, that is,

— w(2p+1) d?t!
Ky" flx) = (=1)P g\[];p—il )dl‘2p+1 Snf(z), O2p+1 &) = €2p+1'

Polynomial factors of even degree, 02,(&), yield global conjugate sums which
convolve with

Hy(z) =i Z sgn(k)e'®,

[kI<N
that is,

KO 27p ~ dzr
2pf( ) ( ) N2p N d 2p

We shall refer to this family of kernels based on the op)-factors as polynomial
concentration kernels.

Sn f(z), o9p(§) = §2p

Trigonometric concentration kernels. According to (3.3), the differ-
ence Sy f(x+7/N) — Sy f(x —7m/N) concentrates near the edges with 18%
Gibbs overshoot
Snflz+ %)= flz—F) T sinx
2 Si(m) = dz. 5.3
S A, sim= [(Sa (653

X

The difference in the numerator amounts to concentration factors o(§) =

sin(7€)
. . Tk \ ikx
Snf(x+n/N)—Syf(x —m/N) =2i E sm<ﬁ>f(k:)e ,

[k|<N

and the corresponding normalization, ¢, = Si(w), recovers the denominator
n (5.3). This edge detector was advocated by Banerjee and Geer (1997).
It is the first member in the family of trigonometric concentration factors
04(&) = sin(ag). We shall have to say more on the relation between con-
centration factors in Fourier space and their realization as differences in the
physical space when we discuss edge detection in discrete data in Section 6.1.

Exponential concentration factors. Theorem 4.1 provides us with the
framework of general concentration kernels which are not necessarily limited
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to a realization in the physical space. In particular, we seek concentration
factors o(+), which vanish at £ = 0,1 to any prescribed order:
& @ 0 j=0,1,2 5.4
d—fjo—(é)‘ —d—@a(£)| - Y J=U,14...,p. ( . )

£=0 e=1

The higher p is, the more localized K;() becomes, since

N
- 1 k . 2nkd 27l
’CN(yZ):—C— E U(N) SIHT, Y ‘= W
7 k=1

We observe that IC;(y¢)/N coincides with the ¢-discrete Fourier coefficient
of o(+), and since o (§) and its first p-derivatives vanish at both ends, £ = 0, 1,
the CP-regularity of o implies the rapid decay of these discrete Fourier
coefficients, |o,| < £7P, i.e.,

o 1
[ER (Yol = llollerion 77—,

(Nye)P
Thus, for y away from the origin, K¢ (y) is rapidly decaying for sufficiently
large N. Moreover, we can show that an increasing number of moments of
K () vanish: consult Gelb and Tadmor (2000a, Section 2). As an example,
consider the exponential concentration factors,

Gesp(€) = ETEETT, (5.5)

for which (5.4) holds for all p. Indeed, since oexp is based on a Go cut-off
function, then K%, f becomes root-exponentially small away from the jumps,

N 1
K3 f(x)| s e VY, dist{z, {c1,...,cs}} > N (5.6)
This leads to an improved separation of edges from regions of smoothness,
demonstrated in Figure 5.1.
Figure 5.1 compares the Fejér and exponential concentration kernels,

K$ (z) and K37 (x) for
fz) = { cos(z = Fsen(lel =), @ <0, (5.7)

cos(%x +zsgn(jz| — §)), =>0.

In both cases, K§ f(x) concentrates near the two edges at x = £m/2 with
amplitude ++/2 which are separated from the remaining smooth pieces of
f(x). It confirms the improved localization of the exponential concentration
factors.
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Figure 5.1. Top left: Piecewise smooth f(z) in (5.7). Top right:
Gibbs phenomenon for Sy f(x). Bottom left: Edge detection in
Siof using K3, f, comparing the exponential concentration factors

Oexp(§) = exp(m) vs Fejér factors o (&) = £. Bottom right:

Exponential concentration K3 f(x) with N = 20, 40,80 modes.
Observe that the root-exponential decay of Kgg™ f(x) becomes
almost flat when z is well inside the intervals of smoothness of f,

which are well separated from the neighbourhoods of the edges.
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6. Extensions
6.1. Discrete data

We are interested in the recovery of the location and amplitudes of the

edges, [fl(cj), 7 =1,...,J, from the discrete Fourier coefficients,
2N
-~ h —iky 27T
= — 1Yy = . 6.1
Fo= g D e, o (6.1

As before, the regularity of f is revealed by the decay rate of fk: successive
summation by parts implies the rapid decay of f(k) for smooth f, in analogy
with (2.3), that is,

ENFLE7%) S S
hs 1+ |k|*

where h™%A® are the usual divided differences of order s. On the other
hand, for the prototype case of an f which experiences a single jump at
xr =c, (3.2) yields

~ e*ikyvC 1

Jr = (fWrer1) — f(yuc))m + O<W>,
where v, singles out the cell which encloses the location of the jump discon-
tinuity.

In the discrete case, however, every grid value experiences a jump dis-
continuity: the jumps that are of order O(h) are acceptable as part of the
smooth region, whereas the O(1) jumps indicate edges of the underlying
function f(z). Hence, in the discrete case we can identify a jump disconti-
nuity at = ¢ by its enclosed grid cell, [x,_, z,,+1], which is characterized
by the asymptotic statement

{ [f](c) + O(h)7 forv=wv.:ce [$V7$V—|—1]7

|fil < sup (6.2)
124

f(@ys1) — fz) = (6.3)

O(h), for other s # v,.

Of course, this asymptotic statement (6.3) may itself serve as an edge
detector based on the given grid values, {f(z,)})__,. Higher-order dif-
ferences, APf(x,), yield edge detectors involving increasingly larger, but
finite, stencils, with improved separation between cells containing O(1)-
scale jumps and smaller, but finite, O(h?)-cells in regions of smoothness.
We now seek alternative edge detectors based on the discrete Fourier coef-
ficients, {fy}xj<n. Using proper concentration factors, we shall cover both
local and global edge detectors. For example, global edge detectors based on
the exponential concentration factors do not lend themselves to local sten-
cils of differences: they enjoy the root-exponential accuracy encountered
in (5.6).
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Our starting point is the discrete conjugate sum, an analogue of (4.3):
i kIR = ;
Iy f(x) = m sgn(k)7<’—‘)fkelkx, (6.4a)
Cr T
Ik|<N

where 7(€) are the discrete concentration factors at our disposal and ¢, is
the normalization coefficient

™ (17
o= = —>2 (€. 4b
Ty /0 sin(re)) & (6.4D)
It is convenient to link the discrete and continuous factors
7€) = o(@sine( ). sine(y) i= 2.

where the normalization ¢, becomes the usual ¢; = ¢, = fol o(&)/&d¢E.
To gain greater insight into the behaviour of such detectors we use (6.1)

to express the f; in terms of the f(x); (6.4a) then reads

N .
I f(x f—Zf T, Z (k;f) 512572/2 sink(x — z,)

k=1

_h 2N h
:—C—Z — T fo,,Qsm( )sink(m—xy).

Next, we write the last product on the right as a perfect difference and sum
by parts to find

1 N
I f(z =C—Z

We claim that the second sum on the right is dominated by the discon-
tinuous cell(s) where f(z,.+1) — f(zv.) ~ [f](c), while the contributions of
the ‘smooth’ cells are negligible, owing to cancellations of oscillations. To
make this statement precise, we first identify the discontinuous cell (and, in
general, finitely many like it), by its mid-point, z,, 1. We then find that

N
Z (zy41) — fzy)) cosk(z — @, 41/2).  (6.5)

2N

> (F(@v41) = () sinka, 1 (6.62)

v=0

h
= ([f](c)—i—(’)(h)) sinkx,, 1 +(9< kh)
sin
The first term on the right of (6.6a) is the contribution of the single jump at
v = v.. For the remaining terms, v # v,, we use the identity sinkz, 1/, =
—(cos kxy41—cos kx,)/2sin(kh/2) to sum by parts once more, accumulating
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2N —2 ~ 3 terms of order f(z,4+1) —2f(2y) + f(zy—1) ~ O(h?) and two (or
finitely many) ‘boundary terms’ of order f(x,4+1) — f(z,) ~ O(h). These
amount to the second term on the right of (6.6a). The same argument yields

2N

> (f(@ur1) = f(a)) cos kx, 1 (6.6b)

v=0

= ([f1(c) + O(h)) cos kz,, 1+(9< hkh>

sin 5

Inserting (6.6) into (6.5) yields

1 N O'(k—)
IN f(x) = [f](c) x . l: cos k(r — x,,11/2) + O(h|loghl).
7 k=1

Apply Theorem 4.1 to the Heaviside function f(z) = H(x — ¢)/2: with
[f](0) =1 and f(k) = —e k¢ /(2rik) we find
1+ O(hllogh|), x=-c,

1 Y ol
—Z cosk: (r—c)= (6.7)
Co k O(h|loghl), dist{z,c} > h,

and we obtain the following concentration property.

Theorem 6.1. (Discrete concentration kernels; Gelb and Tadmor
2000b) Assume that f(-) is piecewise C*-smooth and let I} f(x) be an
admissible discrete conjugate sum (6.4). Then I f(x) satisfies the concen-
tration property

i [fl(¢;) + O(hllog(h)]), x~cj j=1,...,J,
INf(z) ~ , (6.8)
O(h|log(h)]), dist{z, {c1,...,cs}} > h.
As an example, consider the discrete concentration factors
o= (), ety =22

This corresponds to o9,11(€) = £2PT1 with ¢, = ¢, = 2p+1, and (6.5) yields

Iy f (@) (6.9)
2N N 2p+1 cosk(x —x, 1)
=03 (o) - fw)) 3o ot () S

v=0 k=1
For the first-order method, (6.9) with p = 0 reads

INf Z JU,,_H ))DN(x_my-q-%)?
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log |[f](@) — Igo[f](=)]

Figure 6.1. Left: Detection of edges in the interpolant of f in (5.7)
using polynomial concentration factors, 17 f, with N = 20,40 and 80
modes. Right: Logarithmic error of the fifth-order local trigonometric
vs the global polynomial concentration factors Igj f(z. ).

This tells us that the discrete concentration factors 71(§) = £sinc(w€/2)
amount to interpolation of the first-order local differences, f(x,4+1) — f(xy),
at the intermediate grid points, z,,, 1. In a similar fashion, concentration

kernels associated with the higher-order polynomial factors, To,41(§), coin-
cide with higher-order derivatives of this interpolant. As p increases, how-
ever, the global dependence of interpolation may lead to deterioration of the
results, when compared with local edge detectors. An example with even
order p is illustrated in Figure 6.1.

In contrast, if we choose the trigonometric concentration factor, T(§) =
sin3(7¢/2), it gives the conjugate discrete sum (6.5) corresponding to o (£) =
¢ sin?(n€/2) with ¢; = ¢, = 2,

2N N
(o) = 50 3 (o) = 1) Y sind () coskta =,
v=0 k=1

This conjugate discrete sum coincides with the local cubic difference (Gelb
and Tadmor 2002), I]T\,f(xy+%) = 8A3f(a;,/+%),

IX/f(qur%) = 8(—f(@v42) + 3f (xv41) — 3f (@) + f(z0—1)).

The situation is analogous to the higher-order trigonometric factors o (&) =
£2+1: they have the advantage of being local but their order is finite.
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6.2. Non-periodic data

We begin with the Gegenbauer expansion of a piecewise smooth f(-):

N 1
Snf(x) = (k)Ck(x), flk) = / f(2)Cr(x)w(z) de. (6.10)
k=0 -1
Here {Cj(z) = C’/,EO‘)(QC)}/,C>1 are orthogonal families of Gegenbauer poly-
nomials, associated with different weight functions, w(z) = wa () == (1 —
:L,Z)a—%’

/1 Ol (@)L (2)wa(z) de =0,  k#6, walw):= (1 —22)"73. (6.11)
~1

They are the eigenfunctions of the singular Sturm-Liouville problem
(1 - 2?)w(@) (CY (@) = —apw(@)CM (@), —1<z<1, (6.12)

with corresponding eigenvalues aj = a,(ca) = k(k + 2a).

As in the periodic case, integration by parts against (6.12) shows that the
presence of a single jump discontinuity, [f](c), dictates the linear decay rate
of its Gegenbauer coefficients,

(1= c*w(c)
a

7k) = 1)) Cl(e) + 0(%). (6.13)

ay,

To extract information about the location of the jump, we consider the
conjugate sum

N
T (@) = ™S i)

k=1

a

V1 —22(1 — Aw(c Y1 1
= [fl(e) D30 3 x ChOCk@).
N — ay
This is the non-periodic analogue of the Fejer conjugate sum (5.2) in the
periodic case.
We want to quantify the localization property of the last summation.

To this end, we simplify the computations by making the (non-standard)
normalization HC,(COZ) (2)||w, = 1. Integration by parts of (6.12) against C,ga)
then yields (C’,ga)),(m) = \/a—kClg’B_))l (x) with 8 = a + 1, where the scaling

factor /ar keeps the proper normalization ||C]iﬁ) (z)[|lws = 1. Substituting
in the leading term of the last conjugate sum, we end up with

1 —ax? V1 — z?wg(c)

SN (@) ~ )T X K (), (614)
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where
N
=> @)
k=1
is the Christoffel-Darboux kernel (see e.g., Szeg6 (1958, Theorem 3.2.2))
KO0y - I OV @OL@ - ROV kv 1
N Y /‘JN r—Y ’ kN 2 '

The concentration property now depends on the localization of Ky(c,x)
(see, e.g., Gelb and Tadmor (2000a, Section 3)), i.e.,

2 wa(c) 1 N 1
@Kﬁ)(c,@ N B X N ~ Wi ® Lo,
. r=c |c] <1

We summarize.

Corollary 6.2. Let Sy f denote the truncated Gegenbauer expansion (6.10)
of a piecewise smooth f, associated with a weight function w, = (1 —
1‘2)&_%, la| < 1/2. Then 7v1 — 22Sn(f)'(x)/N admits the concentration
property
1 — 22
N

log N
Ny/wa(z)

We close this section with the example of a piecewise smooth f with
Chebyshev expansion,

1—|z| =

SN (/@) 1)) = 5

Snf(x Zf )T (x

Using a general family of concentration factors, A\(¢) € C2[0, 1] (correspond-
ing to 0(£)/& in the periodic case), we end up with

Wi ZA( )iwTi - 71w =

log N !
O]gv .o ::/0 A(€) de.
(6.16)

6.3. Noisy data

We consider the problem of detecting edges in a piecewise smooth f from
its spectral content, which is assumed to be corrupted by noise. We begin
with the simple case of an f which experiences a single jump discontinuity,
[f](c). As in (4.1), this implies first-order decay of the Fourier coefficients:

—ikc

+9g(k) + n(k). (6.17)
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Here, the g(k) are associated with the regular part of f after extracting
the jump [f](c); their decay is of order ~ |k|=2 or faster, depending on
the smoothness of the regular part ¢g(-). The new aspect of the problem
enters through the 7(k), which are the Fourier coefficients of the noisy part
corrupting the smooth part of the data; we assume n(-) to be white noise
with variance E(|n(k)|?) = . With (6.17), the conjugate sum (4.3) becomes

27ri N o ﬁ
K{ f(x) —Z ]:f cosk(x —¢)
=1

N

_ 2m al 2m k
. 20( ) &nkx—Z;J(N)ﬁ(k)sinkx.

We quantify the ‘energy’ of each of the three sums on the right. £; and ERr
are associated with the discontinuous and regular parts of f,

P > ) WU ) W

k=1
kiv: ( ) <<—/ o dg, (6.18D)

and E, is associated with the noisy part of f which was assumed to have
variance 7:

N 1
= o? k n(k)|?) ~ o? . .18c
Bi= 3 () BRG = 0 [T ote)a (6.15¢)

Following Engelberg and Tadmor (2007), the key to detection of edges in
such noisy data is to treat the problem as a constrained minimization. We
seek a linear combination ajE; + arER + a,E; which minimizes the total
energy, thus making the conjugate sum K¢, f as localized as possible, subject
to a prescribed normalization constraint (4.2b)

mln{aJEJ—f—aRER-f-an )/ 78 e = U} (6.19)

This yields

e - CN3¢3
agN=1E2 + apN—3¢4 + na, N  ayN2€2 +ap + na, N4+

a(§) =
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We ignore the relatively negligible contribution of the regular part which
becomes even smaller as g(-) becomes smoother. Setting ar = 0 we end up
with concentration factors of the form

_c N¢ e
U(f)—a‘m, B = \/Z. (6.20)

It is worthwhile noting that the resulting concentration factor depends
on three parameters.

(i) The relative size of the amplitudes 3 = a,/a;. Indeed, the normaliza-
tion factor is given by

Co = /7T o(§) d¢ ¢ tan~'(\/nBN).
0

13 NG
The corresponding concentration factor
N
oc=o0y= Vi : (6.21a)

" tan1(yAAN) 1+ nB2N2E
yields

on _ miy/mB Bl 20 ke _ %
Ky'f(z) = tan~!(,/nBN) ]Z:N 1+ nﬁzk?f(k)e ’ b= aZ'

(6.21D)

(ii) The number of modes, N. General concentration factors may depend
on the wave number k and the number of modes N, o = o . It is
useful to rearrange this dependence, emphasizing the dependence on
the relative wave number, o = O'N(%). Clearly, Theorem 4.1 (and
likewise, Theorem 6.1) applies to such on (). Here, one has to verify
the precise dependence of the error bound (4.5) on 0. In particular, in
the present context of noisy data this leads us to consider the following
parametrization of the noise.

(iii) The variance of the noise, 7. We now have three scales involved: the
small ‘smoothness’ of order h ~ 1/N, the noise scale ~ n and the O(1)
scale of jump discontinuities. We distinguish between two cases. If
n is sufficiently small, n < 1/N so that /78N < 1, then the noise
can be sought as part of the smooth variation of f; indeed, (6.21a)
recovers Fejér concentration factor for noise-free data, 0, (§) ~ £ (and
in particular, o,(§) = £ at the limit of n | 0). If, on the other hand,
n z 1/N, then the O(1/N)-smoothness scale is dominated by the O(n)-
noise scale, which we assume to be still well below the O(1)-scale of
the jumps

1
— <
N~n<<(9(1).
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Figure 6.2. Detection of edges in noisy sawtooth function
corrupted with various values of 7, using the concentration
kernel (6.21a) with 6 = 1/8y/7.

In this case, we can ignore the bounded factor 1/tan™!(,/73N) and,
using (4.9), we then find an error bound of order

log N 1 1

el (3 )|+ ool = v ost v

logllce +

A careful examination of the various error bounds involved in The-

orem 4.1 (e.g., Engelberg and Tadmor (2007)), shows that all other
o,-dependent contributions to the error do not exceed the small scale

of order /n3log(\/n5),
|KY f(2) = [fl(2)] 5 v/nBlog(v/np)-

The resulting concentration kernel, Kj'v" f, tends to de-emphasize both
the low frequencies, which are ‘corrupted’ by the jump discontinuity
(-ies), and the high frequencies, which are corrupted by the noise. Dif-
ferent procedures yield different policies for the choice of 5. Figure 6.2
demonstrates the edge detected in noisy data using the concentration
kernel (6.21) with the advocated 3 ~ = /3.
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Signal plus noise, n = 0.000020

Concentration factor, n = 0.000020
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Figure 6.3. Detection of edges in noisy sawtooth function
corrupted with various values of 7, using the concentration
factors (6.22) with g = 1/8y/7.

As an alternative approach, we may replace the L?-‘averaged’ effect of the
regular part taken in (6.18b) by the BV-like quantity

L (k
Egr:= — )|g(k)|.
wi= Yoo 3 )
k=1
In this case, the constrained minimization (6.19) with [g(k)| ~ 1/|k|? yields

g N¢—agp
aj 1+np2N2E
Figure 6.3 quotes the results of Engelberg and Tadmor (2007), with the

detection of edges in noisy data using these concentration factors which
were tuned with agp = 2w, C ~ 0.3.

oy(€) = (6.22)
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6.4. Incomplete data: compressed sensing

We are interested in the detection of edges in a piecewise smooth f from
an incomplete set of its spectral content, that is, we have access only to the
f(k) (or fx) for k € K, where K is a strict subset of {—N,..., N}. Our
methodology for edge detection in such cases is motivated by the compressive
sensing approach (Donoho and Tanner 2005, Candes, Romberg and Tao
2006a, 2006b). Equipped with the partial information of f(k‘), k € K, one
can form the incomplete concentration kernel

KEf(@) = 3 fgee, )= Tsmio (' )Fo. 029
keK T

We follow Tadmor and Zou (2007), seeking to recover a ‘complete’ concen-
tration kernel, g(z) ~ K% f(x), of the form

prescribed data missing data
=Y T+ Y ket
keK k¢K

Here, f(k) are the conjugate coefficients corresponding to the prescribed
data for k € K, while the missing conjugate coefficients {g(k)|k ¢ K} at
our disposal are sought as minimizers of the total variation ||g(z)||7v,

g(x) = K3 f(x) + > gk ’“‘”} (6.24)

keK

o(z) = argmin{uguw

Similarly, in the discrete case we seek a ‘complete’ concentration kernel

o) =" sgn(kw(%)ﬁeikz £ et

T keK kZK

which is selected by the TV minimization principle,
ote) = axgminf gy = 3 looin) = 96| | G = s ke K. (025)

The complete concentration kernel g(x) can be viewed as an approximation
to the ‘ultimate’ jump function

J

Ty(z) = [f] () v, v, 411 (@),

j=1

where the missing {ﬁk}lk ¢K complement the prescribed {fk as the

}\keK
approximate Fourier coefficients (I'y),. The rationale behind the TV mini-
mization in (6.24), (6.25) is to enforce the ¢;-minimization of the differences,
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which imposes sparsity in the sense of maximizing the number of zero dif-
ferences (Candes, Romberg and Tao 2006a, 2006b). Hence, it yields g(z)
as an approximate jump function with a minimal number of piecewise com-
ponents. The optimization model (6.25) can be solved by the second-order
cone programs, which takes time O(N3log N).

The compressed sensing approach can be extended to noisy data (Donoho,
Elad and Temlyakov 2004, Candes, Romberg and Tao 2006a). Following
Tadmor and Zou (2007), we assume that the observed (pseudo-) spectral
data may be contaminated by white noise with variance < 7. To recover
edges from such noisy and incomplete data, the following compressed sensing
model is sought:

N
o) = argmin lallr | 9 = 3G st 16— Flleuer <} (6:20)
k=1

7. Enhancements

The detection of edges in Theorems 4.1 and 6.1 is based on the asymptotic
behaviour of the concentration kernels K, which separate between the large
and small scales as ey ~ 1/N | 0. To improve the edge detection, we want
to enhance the separation of scales in (4.5). To this end we consider

~ NU(f)e)™ @ e ea,.es),

NY(KS f(2))* =
( NI( )) { O(N~9), dist{ac,{q,CQ,---,CJ}} > %

The exponent ¢ > 1 is at our disposal: by increasing ¢, we enhance the
separation between the vanishing scale at the points of smoothness (of order
O(N~7)) and the amplified scale at the jumps (of order O(N?)).

Next, one must introduce a critical threshold to eliminate the unaccept-
able jumps: only those edges with amplitudes larger than the critical thresh-

old [f)(z) > J¢ /24 /V/'N will be detected. Here, J, is a measure which defines
the small scale in our computation of edge detection. We note that J. is
data-dependent and is typically related to the variation of the smooth part
of f.

Given this critical threshold, we form our enhanced concentration kernel

K§ f(z), if NUKf(@)|* > J.,

K{ 5. f(x) = { (7.1)

0, otherwise.

Clearly, with sufficiently large ¢, one ends up with a sharp edge detec-
tor where K%, ; f(x) = 0 at all but O(1/N)-neighbourhoods of the jumps
T = c1,co.... In practical applications, ¢ < 3 will suffice. For exam-
ple, enhancing the local concentration kernel (5.1) K. (y) = ¢L, (y) with
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Figure 7.1. Top left: Jump value obtained by K, ; f for f(z)
in (7.1) with ¢ = 1 and o(§) = sin(§). Top right: 1§, ; f with
7(€) = €5 in (7.2). Bottom: Detection of edges in Chebyshev
expansion of f(xz/m) before and after enhancement with ¢ =1
and J. = 5.

q = 1 leads to the quadratic filter (e.g., Firoozye and Sverak (1996)), where
(Key f(2))? = (0L, * f(2))* — [f]*(2).

We can apply this nonlinear enhancement in conjunction with discrete
concentration kernels I%(y). The corresponding enhanced spectral concen-
tration kernel amounts to

. I f(x), if N9\ IR f(a)[ > J.,
Iy . =

0, otherwise.

(7.2)

Observe that the use of concentration kernels, (4.5) and (6.8), actually
detects the O(ey)-neighbourhoods of jump discontinuities rather than the
discontinuities themselves. Figure 7.1 demonstrates how the nonlinear en-
hancement of concentration kernels helps to pinpoint the location of edges
in the discrete and non-periodic set-ups.
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7.1. Nonlinear limiter: minmod edge detection

Implementation of the enhanced edge detectors K§; ; f(z) and I ; f(x) re-
quires an outside threshold parameter, J., which should be properly chosen
to separate the specific scales associated with f. This becomes an imped-
iment for detecting edges in both small-scale problems and problems with
steep gradients and high variation. A second, related difficulty arises when
oscillations are formed in the neighbourhood of the jump discontinuities.
The particular behaviour of these oscillations depends on the specific con-
centration factors used, and it can be difficult to distinguish between a
true jump discontinuity and an oscillating artifact, particularly when sev-
eral jump discontinuities are located in the same neighbourhood, i.e., when
there is limited resolution for the problem. Wrong parametrization may
lead to misidentification of jump discontinuities that are located ‘too’ close
together. We discuss an improved enhancement procedure based on the non-
linear limiting of low- and high-order concentration factors. The rationale,
outlined in Gelb and Tadmor (2006), is as follows.

Edge detectors based on a low-order concentration kernel K§; with poly-
nomial factors o, (), p ~ 1, or trigonometric factors o, (¢), have a relatively
slow, O(log N/N) decay away from the discontinuities, yet they yield only
a few spurious oscillations (if any) in the immediate neighbourhoods of the
discontinuities. In contrast, highly accurate kernels such as K 7P rapidly
converge to zero away from the neighbourhoods of dlscontlnmtles but suffer
from severe oscillations within these immediate neighbourhoods. The loss
of monotonicity with increasing order is, of course, the canonical situation
in many numerical algorithms; the passage from the first-order, monotone
Fejér kernel (see Section 9 below) to the spurious oscillations in the spec-
trally accurate Dirichlet kernel is a prototypical case.

We therefore take advantage of the different behaviour of low- and high-
order edge detectors. Away from the jump discontinuities, we let the high-
order, possibly exponentially small, kernel dominate, by taking the (signed)
minimum,

Kyf(x)=sx mln{]Kah‘gh f@)], |KJ f(x)|}, s:= sgn{K}'Vhighf(:U)}.
As we approach the jump discontinuity, however, high-order methods pro-
duce spurious oscillations which should be rejected: this could be achieved
through comparison with essentially monotone profiles produced by low-

order detectors. Thus, when the two profiles disagree in sign — indicating
spurious oscillations — then our detector is set to zero:

Eyf(x) =0, if sgn{Ky"™ f(x)} #sgn{KJ™}.
We end up with the so-called minmod limiter

K f(x) == minmod{ K3, f(z), K5 f(z) }, (7.3)
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Figure 7.2. Top left: Piecewise f with adjacent edge.
Top right: Kgi™ f(x). Bottom left: Edge detection using
first-order 17*' f(z) (dotted), Iy** f(x) (dashed) and the
Iy f(z) algorithm (solid) with N = 80 grid-points.
Bottom right: The same with N = 160 points.

which plays a central role in non-oscillatory reconstruction of high-resolution
methods for nonlinear conservation laws (see, e.g., Harten (1983), Tadmor
(1998) and the references therein). This adaptive algorithm can be extended
to include several concentration factors, e.g.,

Iy f(x) == minmod{I]T\‘;pr(J:), I;?Olf(x), I]T\}rigf(a;)}, (7.4)

where the k-tuple minmod limiter takes the form

minmod{al, ey ak}
| sxminicj<pfag], if sgn(ar) = - =sgn(ag) =,
. 0, otherwise.

It retains the high order in smooth regions while ‘limiting’ the high-order
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spurious oscillations in the neighbourhoods of the jumps by the less oscilla-
tory low-order detectors. By incorporating such a mixture of low-order and
high-order methods in different regimes of the computation, the resulting
minmod-based adaptive detection provides a parameter-free edge detector,
which in turn enables more robust nonlinear enhancements.

Figure 7.2 illustrates the improvement in using the minmod edge detec-
tor (7.4) when applied to a piecewise smooth f exhibited in the top part of
Figure 7.2. There is a ‘clean’ detection of the jump discontinuities which
are located close together. It also compares the results of application of
the concentration kernels and the minmod algorithm. It is evident that the
polynomial factor 79,11 does not converge to zero sufficiently fast away from
the discontinuities; hence the steep gradients of the function might be mis-
interpreted as jump discontinuities. On the other hand, the concentration
method using 7.y, causes interfering oscillations in the neighbourhoods of
the discontinuities, making it difficult to determine where the true jumps
are. The minmod algorithm ensures the convergence to the jump function
without interference of the oscillations. An early application of the minmod
enhancement to non-negative band pass filters can be found in Bauer (1995,
Section 4).

8. Edge detection in two-dimensional spectral data
8.1. Two-dimensional concentration kernels
Given the two-dimensional spectral data

Flk) = F(y)e ™Y dy; dys,

—T J =T

we are interested in detecting the edges of the underlying piecewise smooth
f(-). We assume the generic case where these edges lie along simple curves,
and we proceed with a straightforward application of one-dimensional con-
centration kernels which apply dimension-by-dimension. Accordingly, we
have a 2-vector concentration kernel K%, of the form

s [F =2 55 [l o) oo

7 |k1|<N |ko|<N
(8.1)

Edges along the xj-axis with each fixed x9 € [—m, 7| are sought as extremal
values of the first component, K . f(x1,-), while K% f(-,22) process
edges along the xy-axis. Similarly, the discrete set-up is based on the two-
dimensional conjugate sums

=2 5 5[] () fwoes s

|]€1‘<N |k2|<N
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Figure 8.1. Two-dimensional detection Igy™ f(x)
for a circular edge, before and after enhancement.

The approach is simple to implement, although it may suffer from the Carte-
sian preference when the edges lie along curves which do not align with the
axis, as illustrated in Figure 8.1 for f(x) whose edges lie along the circle
|x| = 0.7m. We observe the familiar Cartesian-based phenomenon of stair-
casing; much of it is removed by nonlinear enhancement.

A parameter-free enhancement based on the minmod limiter (7.4) yields
improved results for edge detection in the Shepp—Logan brain image, shown
in Figure 8.2.

8.2. Incomplete data

The extension of edge detection for incomplete data in two dimensions,
{f(k)}keK where K C [—N, NJ?, is straightforward. We shall focus on
the discrete case, where we set a rectangular grid x,,, = (VAzi, pAxs).
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Figure 8.2. Left: Contour plot of the Shepp—Logan brain image.
Right: Nonlinear enhancement procedure (7.4) applied to the
Shepp—Logan brain phantom image.

Figure 8.3. Recovered phantom image from incomplete spectral
data. Left: Result by the back projection. Right: Recovered
edges of Shepp phantom graph by compressive sensing edge
detection.

We seek gk|k ¢ K which produce an approximate concentration kernel

_ i Sgn(k ) |k| 7 ikx ~ jk-x
g(x)‘aé[sgnwl)%(ﬂfkek ﬂ%{gke“ L (83w)

with minimal total variation
lgllrv = lg(vi1) — 8(%uu) | Azt + [8(Xupi1) — 8(%u,)|Aza. (8.3b)
v,p

Figure 8.3 illustrates edge detection for use of the compressive sensing
model of K, f(x) for incomplete data of the two-dimensional Shepp-Logan
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phantom image. Here, N = 256, we use Fejér concentration factors, o(§) =
¢ and partial data are gathered along each of 100 radial lines in the spectral
domain.

8.3. Concentration kernels and zero-crossing

The zero-crossing method is one of the popular methods in edge detection
in two-dimensional data: consult Marr and Hildreth (1980) and the ref-
erences therein. It searches for zero-crossings in the discrete Laplacian
of the function f, in order to find the underlying edges. This is inti-
mately connected with the conjugate kernels. To clarify this point, we
begin with the one-dimensional example of the Fejér conjugate sum (5.2),
K{'f =7nSn(f) (x)/N. Recall that edges are sought as extremal values of

K¢S f(z), and we therefore seek the zeros of K (f)" (x), i.e.,

{ ‘ 3o N f(@)la=e; o ddQSNf( )|o=c, =0}. (8.4)

This is the one-dimensional zero-crossing. We note that, unlike the edges
sought as the extrema of K3 f(x), the zero-crossing in (8.4) may introduce
additional spurious inflection points. A similar situation occurs with general
concentration factors. Setting o (&) := £A(§), then (4.3) amounts to

‘ 1
K f(x Z k/\(‘ |> f(k)elkz, cA:/ A(E) dé.
A k<N 0
Thus K§ f(xz) with o(§) = EA(€) is merely the derivative of a mollified
)(@),

version of Sy (f

d 1 kI
KA = phw s Sx(@, dw) =g A
[k|<N

and the zero-crossing procedure amounts to identifying edges as zeros of
this mollified spectral projection,

{ ‘ o 2AN*SNf( )‘rzcj =0, An(z):= 2Nc)y, §NA<N>G }

(8.5)
By suitable choice of A, we obtain a large class of ‘regularized’ zero-crossings.
But once again, we need to augment (8.5) with a procedure to rule out
inflection points which otherwise could be detected as spurious edges.

A similar set-up holds in the two-dimensional case. Here, we consider
the generic case of a piecewise smooth f(x) whose edges lie along simple
curves to be detected by the 2-vector of concentration kernels, K% f(x), in
(8.1). To simplify matters, we set o(§) = £A(§). The 2D-detection-based
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concentration approach now seeks the edges as extremal values of

Vil 5 Syf(x),  An(x)= o 3 A(%')ék*. (8.6)

2Nc), <N

The zero-crossing method realizes these extremal values as the zeros of
{C ’ AXAN * SNf(X)‘x:c = 0}, (8.7&)

We observe that the two-dimensional zero-crossing could add a consid-
erable number of spurious edges: e.g., Ulupinar and Medioni (1988) and
Clark (1989). We can improve this deficiency by augmenting (8.7a) with a
more careful zero-crossing criterion, e.g.,

82
{ ’ 927 AN*SNf( ) o WAN*SNf(x) changes sign at x = c}. (8.7b)
)

Following Tadmor and Zou (2007), we can now combine the improved
zero-crossing (8.7b) with compressed sensing, in order to deal with incom-
plete (and possibly noisy ...) data. Given the partial spectral information,
{ f (k)}k cx» We seek to complement the missing data by the usual TV-

minimization

o) = anguin gl | o) = 3 IPFORIH* + 3° KZg00eR .

keK kZK
(8.8)

Observe the sparsity of the TV-based compressive sensing of the zero-
crossings in the minimizer (8.8): it is tied to minimizing the number of

- o
- -":!:-.-
- T

Figure 8.4. Edge detection in incomplete spectral data by
zero-crossing. Left: Original image. Centre: Image recovered
from incomplete data zero-crossing. Right: Zero-crossing
combined with compressive sensing (8.8), with Gaussian
concentration factor A' and threshold ¢ = 3.



44 E. TADMOR

zero components of g ~ AyK¢ f(x), that is, minimizing the number of
piecewise linear components of K¥ f(x).

Figure 8.4, from Tadmor and Zou (2007), illustrates edge detection from
incomplete data using (improved) zero-crossing with compressed sensing.
Here we use the normalized Gaussian,

6 L 0
AP (x) := 27rﬁ2e 267 |

which is a typical choice of zero-crossing mollifier, Ay.

9. Reconstruction of piecewise smooth data

We want to reconstruct a piecewise smooth f from its spectral coefficients
{ f(k) } <N To avoid the spurious Gibbs oscillations formed by the spectral
projection Sy f, one may consider the classical Fejér partial sums

RUCEDY (1 - %)ﬂk)ei“,

|k|<N

which amount to a convolution against the Fejér kernel,

Sy f(x) = (Fy * f)(@),

|K|<N

Since Fiy > 0, it follows that —1 < S H(z) < 1; moreover, since H'(z) > 0
implies SE(H) (z) > 0, it follows that S§H(z) increases monotonically
between —1 and 1. Thus, Fejér partial sums avoid spurious oscillations; in
fact they are monotone, and converge uniformly whenever f is continuous.
But the monotonicity of Fejér partial sums comes at a price: according to
a classical theorem of Korovkin (e.g., DeVore and Lorentz (1993)), every
family of linear positive operators such as the Sf, is at most second-order
accurate, that is,

S57@) ~ f@)| & 50 FEC

and this second-order convergence rate estimate does not improve for more
regular f (since it is essentially dictated by f(x) = 1,z and 2?).

It is possible to utilize the Fejér sums to regain spectral accuracy while
still avoiding Gibbs oscillations. To this end, we consider the partial sum

$Gf) = 3 w(%) k) w(%) B { 1,_ L s y,

N
k|<N 2-, S <Ik[<N
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Although S%; is no longer positive, it is the difference of two positive Fejér
sums,

S5 F(x) = 255 £ () — S f (@),

and as such, it converges uniformly whenever f is merely continuous. At the
same time, the convergence rate of S¥ increases together with the global
smoothness of f, and we have the spectral error estimate

1S35(2) — 1)
< ¥ R X iwis e i fors> 1

T<|kI<N |k[>N

Observe that the spectral accuracy of S¥ lies in the fact that the first N/2
coefficients in S¥ are left unchanged,

1, 0<¢< s,
p(€) = { =0 (9.1)
£<1.

But what happens when we apply S’}f, f to piecewise smooth f7 As we shall
explore in the next few sections, the answer lies with the smoothness of ¢(-)
or, equivalently, the decay behaviour of the mollifier associated with (9.1),
Sy (x) = 2Fy(x) — F% ().

The preceding examples demonstrate two interchangeable processes which
are available for recovering the rapid convergence in the piecewise smooth
case. These are mollification, carried out in the physical space, and filtering,
carried out in the Fourier space, i.e.,

& (S f)@) — 3 w(%)ﬂme@

lk|<N

Filtering accelerates convergence when pre-multiplying the Fourier coeffi-
cients by a rapidly decreasing ¢(|k|/N), as |k| T N. This rapid decay in
Fourier space corresponds to mollification with highly localized mollifiers,
®(z) = S5 (z), in physical space:°

1 kI ke
Sklo) = o > ¢<|N|>ek :
[kI<N

There is a rich literature on filters and mollifiers as effective tools for Gibbs-
free reconstruction of piecewise smooth functions. Different aspects of
this topic are drawn from a variety of sources, ranging from summability

® Observe that S (x) is the mollifier function associated with, but otherwise different
from, the filtered sum Sg f.
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methods in harmonic analysis to signal processing — and, in recent years,
image processing — and high-resolution spectral computations of propaga-
tion of singularities and shock discontinuities.

Classical mollifiers of finite polynomial order, O(NP), are dictated by
a moment condition of order p, (10.1), discussed in Section 10 below. By
properly tuning p = py to increase with N, one obtains spectrally accu-
rate mollifiers (Gottlieb and Tadmor 1985) and spectrally accurate filters
(Majda, McDonough and Osher 1978, Vandeven 1991). Improved results
are obtained by a further adaptation of py to the distance from the edges
(Boyd 1995, 1996). By carefully tuning px together with proper Go cut-off
functions, we obtain improved root-exponential accurate mollifiers (Tadmor
and Tanner 2002), which are discussed in Section 10.2 below, together with
the corresponding discrete mollifiers in Section 10.3. The root-exponential
accuracy of these mollifiers is adapted to the interior points, away from
the vicinity of the edges. It can be modified to gain polynomial accuracy
up to the edges; the details are outlined in Section 10.4. Finally, in Sec-
tion 10.5 we discuss mollifiers based on Gegenbauer expansion (Gottlieb,
Shu, Solomonoff and Vandeven 1992, Gottlieb and Shu 1998, Gelb and
Tanner 2006), with uniform root-exponential accuracy up to the edges. In
Section 11 we revisit the construction of accurate mollifiers based on the
corresponding filters. We conclude in Section 11.2 with exponentially accu-
rate mollifiers (Tanner 2006) based on optimally space—frequency-localized
filters.

We now turn to discuss those mollifiers and filters which enable highly
accurate, Gibbs-free reconstruction of f from its (pseudo-) spectral content.

10. Spectral mollifiers
10.1. Compactly supported mollifiers

We begin with classical compactly supported mollifiers. Fix p < ¢ and let
&=, c Cg (—m, ) be a unit mass kernel which possesses p — 1 vanishing

moments,
n 1, n=0,
/ 2"®(x)dx = (10.1)
-7 0, n=1,...,p.

Example 10.1. (Mollifiers satisfying the moment conditions) It is
easy to construct such ® satisfying the moment constraints for small p. As
an example for arbitrary p, we can set ®,, to be the w,-weighted Gegenbauer
polynomial of degree p (see (6.12)),

2\ a—2
T 2 T
(I)p(x) = Ca,p <1 - (;) > Czsa) (;) 1(—7r,7r) (), a>q.
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(Clearly, such a ®,(z) is a Cl-function, which can be normalized to have
a unit mass by a proper choice of ¢,p.) The wq-orthogonality of the C,ia)
(see (6.11)) implies that <I>1(Da) satisfies the moment conditions (10.1).

Next, given a mollifier ®(z) = ®,(x) satisfying (10.1), we form the family

of dilated mollifiers
1 T
q)p75($) = g@p<g>,

with § being a free dilation parameter at our disposal; by tuning § we can
adjust the support of ®, 5 over the symmetric interval (—nd,md). Observe
that @, ; retains the same p vanishing moments (10.1) over its restricted
support (—7d, wd). To reconstruct f from its spectral projection, we con-
sider the mollified Fourier projection

Dy s (SN f)(z) = f(2).
We now examine the error ®,5 * (Syf) — f. By orthogonality, ®,s *
(Snf) = Sn(®ps) * f, hence we can express the error as the sum of two
terms:

truncation = T (®p,5)*f regularization

Cp5* (SN ) (@) = f(2) = (Sn(Pps) — Ppys) * f(@) + (Pps * f(2) — f()) -

(10.2)
The first term on the right is the usual truncation error, which, by (2.2),
does not exceed

1 1
T (@) * F(@) S I Fller - 1 ®psllcrjromg = pagrmpesy  (10-3a)

where apg = || Dy ca-

The second term on the right of (10.2) represents the regularization error

Bys# f(x) — [(x) = / [ — by) — £()] Bp(y) dy.

—T
It does not involve any spectral content of f but depends solely on the
regularity of f in the interval (z — 7d,z + 7). The moment conditions
imply that ®, is orthogonal to the first p terms in the Taylor expansion of

P
_ (=1)" on (n) n (p+1) £(p+1) p+1
flw —dy) f<x>—nzzjl @+ g0 Sy,
and we are left with the following bound on the regularization error:
|Pp5 % [ () = f(@)] £ Bpll Fllert (@—s.2460" " (10.3b)

1 ™
where [, = Ij/ [y[P1®p(y)| dy.
-7
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There are two ways to make both error bounds (10.3a) and (10.3b) small.

(i) Fix p ~ ¢ and set 6 = dy ~ 1/v/N. In this case, we recover f(z) from
the dn-neighbourhood of its spectral projection Sy f(z):

1 1
[@psy * (SN f)(@) = F@)] 2 9% (L+ I fler@on o) pmr 0N = T

Here, v, = app + 3. This yields the locally supported mollifiers, ®, s, .
Their finite accuracy is determined by the finitely many vanishing moments
in (10.1). To gain spectral accuracy requires an increasingly smooth mollifier
®,, with an increasing number of (almost) vanishing moments. The result
is a family of local mollifiers, ®, 5., whose degree p = py is adjusted as
an increasing function of N. Local mollifiers do not make use of all the
information available in the interval of smoothness enclosing x, and are
therefore replaced by global mollifiers.

(ii) Fix 0 by setting
1
6 =dy, dy:==dist{z, {c1,...,cs}}[mod 7], (10.4)
T

so that (z — 7d,z + 7d) is the largest interval of smoothness enclosing x.
We pause here to make the following remark.

Remark 10.2. Note that d, can be calculated from the given (pseudo-)
spectral data. It is here that we use the information about the edges
{cl, .. .,C]} detected from Sy f and Iy f.

Once we set § = d,, we let p vary as an increasing function of N: by
choosing p = py (which necessarily has an increasing order of smoothness,
gn > pn), we can try to enforce a spectrally small 3, in (10.3b) while
balancing a spectrally small ratio apy gn IV 1=a~ in (10.3a). This balancing
act depends of course on a careful study of the asymptotic behaviour of
|| fllcr and ®,, as p increases. The result is a family of adaptive mollifiers,
®,.d.» Whose degree p = py is adapted as an increasing function of N,
while their support, d, is adapted to the largest interval of smoothness en-
closing . The @, 4. are global mollifiers; they achieve (root-) exponential
convergence rate by cancellation.

10.2. Adaptive mollifiers: root-exponential accuracy

Following Gottlieb and Tadmor (1985), we consider the compactly sup-
ported mollifiers

2

B,(2) = p@)Dy(@),  pole) = FE @), (105)

where ps is the G cut-off function imported from (2.5) to localize the Dirich-
let kernel, D,. Recall that, after dilation, this family of mollifiers takes the
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1 x x
Pp.d, (v) = d_PZ <d—)Dp <d_>’

where d, is set by (10.4) and the degree p is at our disposal.

Let us estimate the error, ®, 4 * (Snf)(z) — f(z). Following (10.2),
we proceed in two steps, starting with the truncation error, Tn(®p q,)(x).
According to (10.3a), its decay is controlled by the C?regularity of ®,, 4, .
As the product of a Go-function and the analytic Dirichlet kernel, we deduce
®, 4, € G2. But we still need to quantify the dependence of its G2-bound
on both p and d, as we are going to let p increase with N. To this end, we
use the Leibniz rule and (2.6):

|<§j() 1D )

< S! ps_k 1 . e(zéiiZ)
=N 2 o e — )

| 2
< N YTl = )
(Apla? —m2])*

which after dilation reads

3% (1 < sl d—x ‘e(md(;)brcz(’“‘z)) c(z) =\, (2% — 72d,?).
pi ()] /

c(z

form

The upper bound on the right-hand side is maximized at * = zpax with
22— m2d,? ~ —cn?d,?/s, which leads to the Ga-regularity bound for

®, 4, (here, n:= cA,m?):

E 2
(s) s > (m) (s (m) _
su d )| sl —— ) els/ 2 e\s s=1,2,.... (10.6
xe(fl)@' p (@)l (ndxe (ndy)® (106)

Equipped with (10.6), we find that the truncation error (10.3a) does not

exceed

(s> (m) s\’ ()
Tn(D S ———e\s/) ~ | ——— s) =M 10.

‘ N( )p,dz(‘r)| (nde)se ndIGQN € (S7p)7 ( 07)
for all s > 1. We seek the minimizer, s = Sy, such that

S p1
0s(log M (s, p))|s=s,,;, = log < mm)——:O.
B ls=s ndy N s

This yields a rather precise bound on sy,;; which turns out to be essentially
independent of p. Indeed, for the first expression on the right to be positive
we set Smin = v/ 0nd: N with a free 3 > 1 at our disposal. The corresponding
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. . 2 2
optimized p = py(x) = % log 772—N\s=smin amounts to
pn(z) = Blog B - dyN. (10.8)

We conclude with an optimized choice of p = py(x) of order O(d,N), which
is adapted to the distance between x and the singular support of f. The
resulting exponentially small truncation error bound, (10.7), now reads

TN (Ppy . ) (@)] = G o(57) ~\d:N h 2 ﬁndzN.
PN,Az (ndl‘N)S |[s=vBnds N T e
(10.9a)

In the second step, we turn our attention to the reqularization error
Pp,a, * fz) = f(z)
F(yx)
™

= | f@=day)paly) Dply) dy = f(z) = SpF(y;2)),_, — F(0;2)

- y=

in (10.2). Assume that f(-) is piecewise smooth: to simplify matters,
we match its piecewise smoothness with that of po, assuming that f is
a piecewise-Gy function. Our choice of § = d, in (10.4) guarantees that
f(z —0y) is G2 in the range |y| < 7 and, hence, so is its product with pa(y),
implying the Go-regularity of F(y;-) = f(- — dyy)p2(y). When dealing with
local mollifiers, we use the moment conditions (10.1) to bound their regu-
larization error in (10.3b). Instead, dealing with global mollifiers, we now
use the global root-exponential decay (2.7b), whence 7 = 1), ¢ such that

Py, * [ (@) = f2)] = [(SpF (ys2) — F(y; x))|y=0| <pe VP

The same choice of an adaptive p = py made in (10.8) yields essentially the
same exponentially small bound on the regularization error,

Py, * (@) = f(2)] £ dpN - e 2Y/PloaFnd:N. (10.9b)

The free 8 can now be further optimized by equilibrating the truncation
and regularization error bounds (10.9a) and (10.9b), whence Bopt log Bopt ~
1/4/e. We summarize with the following theorem.

Theorem 10.3. (Root-exponential accurate mollifiers; Tadmor and
Tanner 2002) Given the Fourier projection, Sy f(+), of a piecewise smooth
function, f(-) € piecewise-Gg, we consider the 2-parameter family of spectral
mollifiers

1 [z x ca®
®, 5(x) = 5p2<g>Dp (5)’ p2 1= e(xQ—WQ)l(,W’W)(a:), c¢>0. (10.10a)

Fix z inside one of the smoothness intervals of f and set the adaptive
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Figure 10.1. Left: Function f(z) in (10.12). Right: Log-error
of its reconstruction from Sy f, N = 32,64,128 using the
adaptive mollifier @, s in (10.10a) with py = d,N/+/e.

parametrization
1
§ =dy = —dist{z,{c1,...,cs}}[mod 7], (10.10b)
7
p=pn(z) ~d:N/Ve. (10.10c)

Then, there exists a constant 7 = 7, ¢ such that ®,, 4, * Sy f recovers f(x)
with the following root-exponential accuracy:

Py, * (SN ) (@) = f(2)] < dpNe O8N, (10.11)

Figure 10.1 illustrates the reconstruction of

e?® —1—e™)/(e" — x T
Fa) = {(2 L—eM)/(e" 1), =€ [0.7/2),

—sin(2z/3 — 7/3), x € [n/2,2m), (10-12)

using the mollifier (10.10). Although the error estimates which lead to
Theorem 10.3 serve only as upper bounds for the errors, it is still remarkable
that the (close to) optimal parametrization of the adaptive mollifier is found
to be essentially independent of the properties of f(-).

We conclude this section with several remarks on the root-exponential
accuracy behind the mollifiers @, 4, in (10.10).

Remark 10.4. (Spectral vs root-exponential decay) The two-para-
meter family of mollifiers, ®, 5, was introduced by Gottlieb and Tadmor
(1985). They used spectral decay bounds of the regularization and trunca-
tion errors,

2 S
@5 f(2) = f(@)] < lp2llos | flles (@—s.0+0) <1—?> :

1+p\°
Ttys(o)| < Ipales (S5h2)
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Figure 10.2. Left: Regularization errors (dashed) and
truncation errors (solid) using the spectral mollifier ®, 5 of
degree p ~ v/N with §. Right: The same using the adaptive
mollifier @, 4, with py = d, N/ /e.

which led to the spectral decay

[®ps x Sn f(x) = f(x)], 5 < Const (10.13)

1

s,dg W .
Although this estimate yields the desired spectral convergence rate sought
for by Gottlieb and Tadmor (1985), it suffers from coupling the regulariza-
tion and truncation through the same dependence of p on s and on §, which
in turn leads to their balance at the pessimistic estimate of py ~ v/ N. In-
deed, the results in Figure 10.2 clearly indicate that the contributions of
the truncation and regularization terms are equilibrated only when p ~ N.
Moreover, Figure 10.2 illustrates that a non-adaptive choice of p = pyn
which is independent of dy, e.g., p ~ V'N, leads to a loss of convergence
in a larger O(N~'/2)-neighbourhood of the discontinuity, compared with
the adaptive parametrization py ~ d; N, which achieves, in Figure 10.1(b),
root-exponential accuracy up to the immediate, O(1/N), vicinity of these
discontinuities.

Remark 10.5. (Piecewise smooth f) The root-exponential error esti-
mate (10.11) originates with the (piecewise-) smoothness of f and py mea-
sures in GGo. Similar results apply in general cases when f € piecewise-G,
or f € piecewise-C*®. In this case, the convergence rate is, respectively,
root-a exponential and s-order polynomial.

Remark 10.6. (Gevrey regularity) Optimal parametrization of ®,, 4.
depends in an essential way on the Gevrey regularity of the cut-off function
p2(-) € Ga. This Ga-regularity is reflected, for example, in the log-error in
Figure 10.1.
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Remark 10.7. (Approximate moment conditions) To achieve root-
exponential accuracy, we give up the exact moment conditions. Instead, it
is satisfied up to an exponentially small error (see (10.17)). Relaxing the
side constraints imposed on an ‘approximate identity’ will turn out to be a
key feature which enables us to maintain (root-) exponential accuracy.

10.3. Root-exponential accurate reconstruction of pseudo-spectral data

We are interested in reconstruction of a piecewise smooth f(z) from its
Fourier interpolant, In f(z). To this end we consider the discrete convo-
lution

2N
O, ¥ INF(@) =B Py, (= 40) (1), (10.14)
v=0

corresponding to (10.11). The overall error, ®,, 4, * In f(x) — f(x), consists
of aliasing and regularization errors. According to (2.18), the former is
upper-bounded by the truncation of f’, which retains the same piecewise
analyticity properties as f does. We conclude with the following result.

Theorem 10.8. (Reconstruction of piecewise smooth discrete data;
Tadmor and Tanner 2002) Given equidistant grid values, {f(z,)}Y,

of f(-) € piecewise-Go, we consider the spectral mollifiers (10.10),

1 x X _ea?
(I)p,é(x) = 5p2<S>Dp (5)’ p2 = e(z2fﬂ2)1(—7r,7r)(x)a c>0,

with adaptive parametrization, § = d, := %dist{:n,{cl, - ,CJ}}[mOd 7]
and py(x) ~ d;N/y/e. Then, there exists a constant 7 = 7, ¢, such that
the discrete convolution (10.14) recovers f(x) with the following root-ex-
ponential accuracy:

< (dpN)2e084vnda N (10.15)

2N
RS Dy a — ) (w) — (@)
v=0

Observe that, by forming the discrete convolution (10.14), we completely
bypass the need to compute the discrete Fourier coefficients fk Instead,
we recover f(x) with root-exponential accuracy directly from the given grid
values in the d;-smooth neighbourhood enclosing =,

{flw) | lx —y| < da}.

Thus, by relaxing the property of exact interpolation, In f(z)|,—s, = f(zv),
the Fourier interpolant, Iy f(x), is replaced here by what we might call the
Fourier ‘expolant’, ®,,, 4, * In f, a root-exponentially accurate approximant
which recovers smooth, as well as piecewise smooth, functions.
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10.4. Polynomial accuracy up to the edges

What happens in the neighbourhood of jump discontinuities where d,N ~
17 We observe that the error bound (10.11) is of order O(1) as reflected
in Figure 10.1. To understand the source of this loss of accuracy, we note
that the two ingredients involved in ®, s, namely, pa(x) and D,(x), have
essentially different roles, associated with the two independent parameters
6 and p: the role of pg(%) is to localize the support of ®,s(x) to the o-
neighbourhood of z; the Dirichlet kernel D,(x) is charged, by varying p,
with controlling the increasing number of near-vanishing moments of ®,, s,
and hence the overall superior accuracy of our mollifier. Indeed, since

p(0) =1, (10.16)

we find that the moments of ®,, 4. are of order

Ty
/ Y Ppyd, (y) dy (10.17)

—mdy

-/ " (yda)" p2(y) Dy (4) dy = (da)" Dy * (4" 02) (1), o

—T

R Ono + (dg)" inf{ ly"p2(y)llom nlfl } R Ono + (dw)ne_m-
n Py
Consequently, ®,,, 4, possesses exponentially small moments at all x, except
for the immediate vicinity of the jumps where d, N ~ 1, the same O(1/N)
neighbourhoods where the error bound (10.11) is of order O(1). To enforce
a faster convergence in these neighbourhoods of the jumps, we ask that
finitely many moments of Sy®,,, 4, vanish ezactly,

1, n=0,
0, n=1,2,...,r

—Tr

/ (S By a,) () dy = {

This amounts to the vanishing moment constraint

unit mass vanishing moments
N

/ o, (y)dy =1, SN(W")®py(y)dy =0, n=1,2,...,r. (10.18)

—T —T

It follows that adaptive mollifiers satisfying (10.18) recover f(x) with the
desired polynomial order O(d,)", i.e.,

D,y .do * SN f(z) = f(2) + log(pn)O(dy) .

The point to note here is that this error estimate holds up to the edges.
Indeed, noting that, for each z, the function f(x — d,y) remains smooth in
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the neighbourhood |y| < 7, the vanishing moments (10.18) imply
Dy d, * SN () — f(2)

da
:/d Ppy.d, SNS(z—y)dy — f(z)

— /W D,y (Y)SN [z — dyy)dy — f(x)

—Tr

= /7r [f(x —dyy) — f(l')] (Sn®py)(y) dy

s
~ (da) [ SN ()@ (y) dy < og(p) (da)"
—Tr
To enforce (10.18) we modify the cut-off py, setting
~ 1
o) = Mopa(e), Mo i=m .
f;r (I)pN (y) dy
Observe that this normalizes p2 so that
~ 1 (= x ~
(I)pN,dz = _(PQ 5 DpN 5 | p2(1') — MOP2($)7 (1019b)
dy dy dy
has a unit mass and hence (10.18) holds, at the expense of an exponentially
negligible rescaling of py in (10.16):
1
(Dpy * p2)(0)
Moreover, since @, 4, is even, its odd moments vanish, i.e., (10.18) holds
for r = 1. We end up with the following corollary.

(10.19a)

p2(0) = Mg = =1+ d,Ne 2VPN pN ~ dyN//e.

Corollary 10.9. (Uniformly quadratic, root-exponential mollifiers)
The adaptive mollifier ZI;pN,dm in (10.19) recovers piecewise smooth f(x)
with root-exponential accuracy at interior points of smoothness, and with
quadratic accuracy in the vicinity of jump discontinuities, i.e.,

(B (@) % (Sxf) (@) = f(2)] 5 log(deN)(d)? - e OSVIEN (10.20)

In a similar manner, we can enforce higher vanishing moments by proper
normalization of the cut-off pa(-). To enforce (10.18) with r = 2, for exam-
ple, we use a rescaled cut-off, pa(x), given by

- _ . ma(z)
p2(x) = Mapa(x), Ma(x) := T om0y () 4y’ (10.21a)
where
_ [ 2
my(z) = 1+ agz?, ap = J oSy (y )<I>pN(y) dy (10.21Db)

T Sn(y2) Y2, (y) dy
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As before, the resulting mollifier

1 x x

bpa) = 7 ()0 (5 ) o) = Maalpala), - (10210

is admissible in the sense of satisfying the normalization (10.16) modulo an
exponentially small error term, since the pre-factor M3(0) — 1 is equally
negligible. Now, (T)pN,dz has a unit mass; moreover, the Sy-projection of
&’pN,dz satisfies the exact second vanishing moment (10.18) with r = 2, for

/7r Sn (¥?) (1 + a2y?) @y (y) dy

—Tr
™

_ / " S (1) () dy + a2 / Sn (2) 20y () dy = 0.

—r -7
Finally, since Sy®,, 4, is even, its third moment vanishes as well, which

implies the normalized mollifier (10.21).

Corollary 10.10. (Uniformly quartic, root-exponential mollifiers)
The adaptive mollifier &, 4, in (10.21) recovers piecewise smooth f(z) with
root-exponential accuracy at interior points of smoothness while maintain-
ing a fourth-order convergence rate in the immediate vicinity of the jump
discontinuities,

By, (@) # (SN F)(@) — f(@)] < log(deN)(dg)* - e O8N (10.22)

We can implement a similar upgrade up to the edges in the discrete case.
To this end, we consider the normalized mollifier

Opy (1) = épﬁ(i)DM (d%) pa(@) = My (2)pa(z).  (10.23a)

Here, M, (x) is a pre-factor of the form

my ()

MT’(‘T) = xr— ’
Zu mT(TyV)(I)PMdz (x —yu)h

my(z) =14+az+- - +ax’,

(10.23b)
whose r free parameters are sought so that the first r discrete moments of
®,, .4, (y) vanish,

0, n=0,
> (T = 1) " Ppy.d, (T — yp)h = { (10.23c)

{yv : lz—yv|<ds} 0, n=1,...,r

Observe that, unlike the moment constraint (10.18) associated with the
continuous case, the discrete constraint (10.23c) is not translation-invariant
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Figure 10.3. Left: Log-error of reconstructing f from Sy f,
N = 32,64, 128 using the 4th-order normalized adaptive
mollifier (10.21c) with py = d,N/+/e. Right: Reconstruction
of f from its discrete data, In f, N = 32,64, 128, using the
4th-order normalized mollifier (10.23).

and hence requires z-dependent normalizations. The additional computa-
tional effort is minimal, however, due to the discrete summations which are
localized in the immediate vicinity of x.

Then, (10.15) is replaced by the improved error estimate

2N
\hZ<T>pN,dm<x—yy>f<yy>—f<x> < (dp) e OSVIN L Nd, - (10.24)
v=0

Figure 10.3 illustrates the improvement using the normalized adaptive
mollifier (10.21) and its discrete version (10.23), in reconstructing the same
f(z) used in (10.12):

flx) = { (2¢** —1—e")/(e" — 1), z€[0,7/2),
—sin(2z/3 — 7/3), z € [r)2,2n).

Compared with the adaptive mollifier (10.10a) used in Figure 10.1, the
improvement of the error up to the edges is evident.

10.5. Gegenbauer-based mollifiers: exponential accuracy up to the edges

We want to recover the values of a piecewise analytic f(z) inside each inter-
val of smoothness, with exponential accuracy, uniformly in x € (¢j_1, ¢;),
j=1,...,J. After a proper translation and dilation of each interval, we
may assume that f experiences a single jump discontinuity at |z| = 7 and
we seek exponential recovery of f(z), |x| < 7 up to the boundary. We have
now come full circle back to our starting point, the Gegenbauer polynomi-

als C’,ga)(x), which formed the moment-satisfying mollifiers in Example 10.1.
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Let
N

G 1 (@)1= 3 41 G O ()
k=0
denote the truncated Gegenbauer expansion of f(z), = € (—1,1), where
(f, C’,ia))wa are normalized moments of f with respect to the weight function

wa(z) =(1 —xz)o‘_%. The Gegenbauer reconstruction of f (see Gottlieb and
Shu (1998) and the references therein) is the reprojection of Sy f(z),

G}()a) (SNf)ﬂ'(x)7 gr = g(ﬂ'.T),
with a proper parametrization of p = py and o = ap.

Remark 10.11. Observe that the Gegenbauer reconstruction can be eval-
uated in terms of a (non-translatory) convolution with the corresponding
Christoffel-Darboux mollifier (6.15),

1
G (Sx f)a() ~ /_ K )(Sy ) 0)

To determine these parameters, we upper-bound the error in the standard
fashion (10.2), by the sum of regularization and truncation errors,

regularization truncation

GS (SN )r(@) = fr(x) = G fr(x) = frl(@) + GS) (Snf)r(z) — G fr(2) .

The regularization error does not involve any spectral information of f, but
depends solely on the regularity of f(x) over the interval (—m, 7). Since
fr is assumed to be analytic inside (—1,1), its Gegenbauer projection is
exponentially accurate up to the boundary,

G\ fr(@) = frl(2)] < cae™,  forall z€(—1,1). (10.25)

We now come to the truncation error which was shown to be upper-bounded
by Gottlieb, Shu, Solomonoff and Vandeven (1992):

IG5 (S (@) = GE @)l o 1) = <%> |

Thus, to upgrade this polynomial decay in IV, one has to increase o =
an while carefully balancing the growth of ¢o, in (10.25) by adjusting
p = pn. To this end, one sets o = 0p ~ N, to obtain exponentially small
regularization and truncation errors (Gottlieb and Shu 1997).

The superior accuracy of the resulting Gegenbauer reconstruction is illus-
trated in Figure 10.4, from Gelb and Gottlieb (2007). It comes with a price,
however: a sufficiently small  needs to be carefully tuned (e.g., Gottlieb and
Shu (1997)) so that %7 < 1, where i = 17 measures the width of the ellipse
of analyticity of f in the complex plane (corresponding to the width of the
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Figure 10.4. Top: Error in log-log scale of the Gegenbauer
reconstruction Gz(,a)(SNf),r(x) with N = 16,24, 36 and 52 modes for
f(z) = cos(l4n(x — 1)), x € (—1,1). Top left: an =pn = N/4.
Top right: any = pn = N/5. Bottom left: Gegenbauer
reconstruction of Iyo f(x), where In f = un(x,t = 1.5) is a steady
discontinuous solution of the inviscid Burgers equation, computed
using a smoothed pseudo-spectral Fourier projection, dyun (x,,t)
+31(M57N)2)(xy,t) = 0 and subject to uy(z,,t = 0) = sin(x,).
Bottom right: Log-log plot of the error.

analyticity strip in the periodic case: e.g., Tadmor (1986)). This translates
into tuning of py, an, depending on the different analyticity regions for each
smoothness interval of f. The overall Gegenbauer reconstruction method
becomes rather sensitive to its parametrization (Boyd 2005). The superior
accuracy is achieved at the expense of losing the robustness we had with
the reconstruction methods based on adaptive mollifiers. A more robust
reconstruction was offered recently in Gelb and Tanner (2006), where the
strongly peaked Gegenbauer weight, wq(z) = (1 — x2)a7%, is replaced by
the Froud weight wy, (z) = e~
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11. Spectral filters
11.1. Adaptive filters: root-exponential accuracy

In Section 10 we showed how to parametrize an optimal mollifier, ®, 4. (),
in order to gain the root-exponential convergence for piecewise analytic f.
The key ingredient in our approach was adaptivity, where the § = d, and
pN ~ dy N were adapted to the maximal region of local smoothness. Here
we continue the same line of thought by introducing adaptive filters, which
allow the same root-exponential recovery of piecewise analytic functions.

We consider a family of general filters ¢(-) € C4(R), operating in Fourier
space:

SO @(%)f(k)eikx. (11.1)

[k|<N
They are characterized by two main properties.

(i) First, we seek the rapid smooth decay of p(§) as £ moves away from
the origin. Translated from Fourier to physical space, the operation of
S% [ corresponds to mollification against the smoothing kernel S5 (x):

ST = SG (SnDe),  SG) =5 > 90<‘%|>eikx.
k=—o0

Then the rapid smooth decay of ¢(-) is responsible for Sk (z), which is
strongly localized around x = 0.

(ii) Second, the mollifier S§ () associated with the filter ¢(€) is required
to satisfy the moment conditions (10.1). This property drives the accu-
racy by annihilating an increasing number of the moments of S§. As
observed in Remark 10.7, however, a key ingredient in the construction
of exponentially accurate mollifiers in Section 10.2 was giving up the
exactness of (10.1). In a similar manner, in our quest for exponen-
tially accurate filters, the moment conditions (10.1) are replaced by
the accuracy condition

e™(0) =60, n=0,1,...,p. (11.2)

It follows that if the filter ¢ is p-order accurate, then its associated
mollifier, S¥, satisfies the moment conditions to order p.

We can quantify the above statements in a more precise manner, with a
couple of examples which are summarized in the following two claims.

5 As before, the function S¥(x) represents a smoothing kernel associated with but oth-
erwise different from the corresponding filtering operator S% f.
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Claim 11.1. (Rapid decay of 8% (x)) Let ¢ bea CZ[—1,1]-filter. Then

its associated mollifier,
A

|I~c\<N

is strongly localized near the origin in the sense that

[S§ (@) = Nlelica 0 <[z < (11.3a)

1
(lx|N)e’
Thus, the smoother ¢ is, the better Sy is localized. As an example, we
state an immediate consequence of (11.3a).

Example 11.2. If ¢ € G, then 8§ () experiences the root-exponential
decay, namely, there exists n = 1, (depending on ¢) such that, for all
x| <,

e .
IS&(2)] £ quin % < (1+|z|N)e™m V=N v € Go. (11.3b)

At the end of the ‘smoothness scale’, we find the entire function ¢ with

quadratic exponential decay (2.8a); the mollifier S 6”( ), with o = /BN,
admits exponential decay (2.11a).

We turn to verify Claim 11.1 in two different ways. First, we rewrite
S5 (z) in the form

o (k’-i-l) eik‘x 1
S5@) = Y el —gm——  Gi=kh h=.
|k|<N
Summation by parts yields
1 .
Si(r) = — Z Ano(|&:))e*™ 4+ a couple of boundary terms,

[k|<N
and by repeating this argument,
h
(elv — 1)

We can safely neglect the small boundary terms (precisely because of (11.2))
and the Cg-regularity of () implies (11.3a).

A second approach is to use the Poisson summation formula (2.9b), ex-
pressing Sy (z) in terms of @, the inverse Fourier transform of ¢,

Sy(z) = Z h9Ao(|¢k])e™™ + 2 boundary terms.

[k|<N

Si@) =5 3 War2m),  B@) = [ o
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This, together with the spectral decay estimate (2.3), yields (11.3a)

o0

1 1
S¢(x)| s N1 - <N . o<lzl<m

j=—00

O

Claim 11.3. (Accuracy and moment conditions) If ¢ € C{[-1,1]
satisfies the accuracy condition of order p < g,

0™ (0) = 6o, n=0,1,...,p,
then S§ () satisfies the moment conditions to order p:
™
/ y"S% (y) dy = dno, n=0,1,...,p. (11.4a)
—7

Moreover, S§ () concentrates in a neighbourhood of the origin in the sense
that the contribution to its moments outside such a neighbourhood is neg-
ligible,

‘/|> Y Sy (y) dy
y_T'

Thus, the more accurate ¢ is, the better S]‘f, satisfies the moment conditions.
As an example we state the following immediate consequence of (11.4).

n=0,1,...,p. (11.4b)

< lollor —n—
- (rN)p—1’

Example 11.4. If ¢ = ¢, is a G-filter which is accurate of order p =
PN ~ (rN)l/"‘, then the unit mass S}f, has vanishing moments to order py.
Moreover, there exists 72 > 0 (depending on ¢) such that

™ ! @ -
y|>r < YrN
for n<py~ (rN)V®, @€ Ga, (11.5)

To verify the first part of Claim 11.3, we appeal again to the Poisson
formula (2.9b), expressing Sy () in terms of translates of ®(x):

™ N ™ n N s )
/ y'Syy)dy =~ [ y"®(Ny)dy + %Z/ y"®(N(y + 2mj)) dy
750 —TT

o I
N [~ N
= — y"®(Ny)dy — — y"®(Ny)dy
2m ) oo ) 27 Jjy| 2 )

I3
N T .
+5-0 | v (y+2m)dy.
j#0 77T
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The first term on the right equals Z; = (iN) "¢ (0), since ®(x) is the
inverse Fourier transform of ¢(¢), and therefore, since ¢ is p-order accurate,
7Ty = 6no, n < p. The second and third terms cancel, and (11.4a) follows.

To verify the second part of the claim, we use the Poisson summation
formula again to write

I
n oY N n
y"Sy(y)dy = - y"®(Ny)dy
r<lyl<m 21 Jr<lyl<n
I
N . .
+ — Yy Z(I)(N(y+27rj)) dy.
2 r<|y|<m §#£0

The usual spectral decay rate |®(y)| < ||¢llce - |y| 7P implies

™
1
T,| £ NP "Pdy < — =0,1,...,p.
TSN Telor [ Py ellor g p
Similarly,
" 1
Tl <N T < = a=0,1,....p,
12 Mol 2 1y = el o »
and (11.4b) follows. O

We note that it is rather simple to construct admissible filters satisfying

the last requirement for an arbitrary p; a prototype example is given by the
Go-filters

P

ool©) = &)1, (0. (11.6)

This should be contrasted with the more intricate construction of mollifiers
satisfying the exact moment conditions in Example 10.1. We are now ready
to state a key result.

Theorem 11.5. (Root-exponential filters; Tadmor and Tanner 2005)
Assume that f(-) is piecewise analytic and let S denote the filtered sum

S f(z) == Z @p<%>f(kj)eikm7 op(&) = e(ggi_l)l(—m)(f)' (11.7)

|k|<N

We set the order p = py(z) ~ Vd. N (pn even) where, as usual,
1
dy = —dist{z,{c1,...,cs}}[mod 7],
T

so that (z — 7d,, xz + 7d,) is the largest interval of analyticity enclosing x.
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Then, the adaptive filter S]f,pN f recovers the point values f(z) within the
following root-exponential accuracy:

SN f(2) — f(2)] £ dpN - e V=N (11.8)

Here, the constant n = 7, s is dictated by the specific Gevrey and piecewise
analyticity properties of ¢ and f.

Proof. 'We begin by decomposing the filtering error into the usual trunca-
tion and regularization term (compare (10.2)),

truncation regularization

SENF() = f() =88, «Snf—SE « [ +SE «f—f.

Here, Sy, (z) = S;f,p N(x) is an abbreviated notation for the mollifier associ-
ated with ¢,

Spy () = o Z PpN (W)ek .

k| <N

Since Spy is a trigonometric polynomial of degree < N, the truncation error
vanishes:

Sy SN =S5 x = (SnSp, =S )+ f=0.

We remain with the regularization error, which we split into two terms:

I
regularization A
S f@ 1@ = [ Spele - se-pld 19
Tz S|Y|ST
Io

i /lySde SE W) [f(@) = fle —y)] dy.

Here 6 < 1 is a free parameter at our disposal. The first term on the
right of (11.9) is straightforward: the Ga-regularity of ¢, implies the root-
exponential decay of Sy, , namely, (11.3b) with py = v/d, N implies

1] £ (1+0d,N) - e mVILN gy = > 0. (11.10)

We turn to the second error term, Zo. As before, it will be shown to be
small due to cancellation of oscillations with the increasing order p of S .
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Figure 11.1. Function f(z) in (10.12) and the log-error in its
reconstruction from Sy f, N = 32,64, 128 using the adaptive

filter S;’:,I’N in (11.7) with py = max(2, vd,N).

To this end we use Taylor’s expansion of f(-) — f(- — y) to express 7, as

Io

(_1)71 n n
L= Yy, )(a:)/y|<9dzy S5, (y) dy

1<n<6pn

Zaa

A

(Opn)! PN

But since ¢,,, is accurate to order py, (11.4a) and (11.5) with r = 6d, and
pn = VTN tell us that

S OO oy [ s . (11.11)
ly|<0ds

T

/I \<6d ynSIfN (y)dy = —/| yns;fN (y)dy = o + @(e—mm)’
y|<0d

y|>r
and hence
Opn o
1 Zo1] = Z n_”eﬂh VN < oV dIN(ma*"?‘/é), k1 =log(m/ns). (11.12a)
1 S

Finally, the term Zy; is exponentially small since near the origin, |S5 (y)| £
2PN e.g., by (2.14), and by choosing sufficiently small 6,

1 o o\ _vaw
W(quy) PNQPN b 21 — se n . (1112]3)
nf nf

Result (11.8) follows from (11.10) and (11.12) by choosing appropriately
small 0 = 0(ng, n1,n2). O

’1.22’ N
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11.2. Optimal filters: exponentially accurate reconstruction

To reconstruct piecewise analytic f with exponential accuracy, we turn to
the filters based on the exponential optimality of space—frequency localiza-
tion discussed in Section 2.2, i.e.,

(86)2
2

P '
> 23'—j!<5€)2]

j=0

Pp,s (f) =e

The ¢, s are the truncated Hermite expansion of the weighted Gaussian, so
that they form (2p + 1)-order accurate filters in the sense that (11.2) holds.
Since we are going to use adaptive parametrization where both § = §, and
p increase with N, we now explicitly specify the dependence of ¢ on both.
The corresponding ¢, s-filter reads

ST @) = 3 na( iy ) Tt

|k|<N

It can be expressed in terms of the associated mollifier, S]f,p (),

K f () = S0 (S @), S{ = o Z <W>

We observe that, in this case, neither the filter nor its associated mollifier
are compactly supported. Relaxing the constraint of having compact sup-
port in either physical space — as for ®, = p2D,, in (10.5) — or the Fourier
space — as for ®, < ¢, in (11.7) — will enable us to obtain exponential
accuracy after appropriate adaptive choice of the free parameters,

0y := \/0d,N, pn :=6%d,N, (11.13)

where d; in (10.4) defines the usual analytic neighbourhood enclosing x, and
with § < 1 at our disposal. We use S;fN 5, () to abbreviate the notation of
the corresponding mollifier

SSO ( ) — S‘PPN,tsz ($) - i - m eikw
PN,z — “N - o i PN 0z N
=—00

To estimate the error,
SN f (@) = f(x) = S5y 5, % (S (@) — fa),

we first need to quantify the exponentially rapid decay of S;fN 5 (z) in both
physical and Fourier space.
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We appeal to (2.11). Our choice of 6, = v/0d, N corresponds to 3 = 0d,
and the spatial exponential decay in (2.11a) yields

N/ _, Nz2 N
Spsa ()] < 2PN \/ d_<e Mo e nzwz), |z < 7.
X

Since py = 6%d,N, we have 2PN < er20?daN with ke = log(2), and the
last inequality confirms the exponential decay of ®,, s, (x) outside the d,-
neighbourhood of the origin. Indeed, by choosing sufficiently small 8 < 1,

S;DN,&x (z)] < /dﬁ (e(n292—7719)dzN " 6(5292_9;732:2)@N>
X

N
5 ,/d—e—”dwN, 0d, < |z| < . (11.14)

Next, we consider the Fourier space decay of ¢ s, (%) Appealing to

(2.11b) with 8 = 0d,, we find

k| _0dy PN 1 762\
PpN bz <N ’SCPN,Ne 2 | |, CpN’N:Zﬁ Ex .

The pre-factor ¢, y has exponential growth of order

=0

02dy N j
21 (0d, N\’ 0dy
Cpn,N = 2: _|( ; > s e”2 N’
=0 7

but with a coefficient 7y, which can be made sufficiently small by decreas-

ing . Consequently, the last two inequalities imply that |¢p, s, (l—]]f,|)| decay
exponentially fast for |k| > N, i.e.,

(p @
pN,(Sz N

Equipped with (11.14) and (11.15), we are ready to prove the following
theorem.

< o~ (=m0l 552 1K ¢ il k| > N. (11.15)

Theorem 11.6. (Exponentially accurate filter; Tanner 2006)
Assume that f(-) is piecewise analytic, and let

EIN ~
St = 3 ons( Iy ) Flse
|k|<N
denote the filtered Fourier projection, based on the quadratic exponential

filter
P

5612 2\ J
opal(€) = ppl66) =% Z%(“g) ) : (11.16a)

=07
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of degree p = py := 6%d, N, with adaptive scaling 6 = d, := /0d,N. Here,
1
dy = = dist{z, {c1,...,cs} }[mod 7]
T

defines a wd;-neighbourhood of analyticity around x. Then, for sufficiently
small § < 1, there exists 7 = 7npy > 0 such that the adaptive filter

Sf,p NN f(z) recovers f(z) with the following exponential accuracy:

S @)~ 1@ 5 [ Moo, (11.160)

The constant n = ng y > 0 is dictated by the specific piecewise analyticity
properties of f. The exponential adaptive filter takes the final form

Conba OEN Y 0a, 02\ ean?
Sy f(x):z Z S\ N e 2N f(k)e™™.

lk|<N L j=0

Proof. We proceed with an error decomposition similar to (11.9):

SN ()~ f(2) = Sp s f(@) — f(@) + S 5 xSy (@) = 85 g% ()

I

- /6d <lyl< S s Wf@) - fla—y]dy  (11.17)

1>

+ / S8 . W@ - fla—y)] dy
ly|<6d,

73 = truncation
+ (SNSP 5 —SE 5.) + f(x).
To recall, S]f,” () abbreviates the mollifier associated with the filter ¢, 4:

Sy (x) = ;ﬂ i sop(s(‘]];')

We first observe the addition of a truncation error term, Z3, which is due
to the fact that ¢, 5(§) is no longer compactly supported on (—1,1), i.e
S]f,p °(x) is no longer a trigonometric polynomial of degree < N. But the
truncation error term is exponentially small because |, 5(|k|/N)| are; in-
deed, by (11.15) we have

IZs| < || SNSE, 5, = SE sl = D e M g emnd (11.18)
|k|>N
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The first term in the error decomposition can be made exponentially small
because of the rapid decay of S;fN 5, (). Indeed, since the support of the
first integrand is bounded 6d, from the origin, we find, thanks to (11.14),

™
N _
7| < /|>0d 8¢ 5 (@)]dy £ ﬂ/ie nde N (11.19)
Yy|zbag

We now come to the second term Z5. It can be made small because of the
accuracy of ¢, s,(£), which in turn implies that SIfN 5, (x) has vanishing
moments to order py, so that the local moments of ®, 5. (z) equals

moments associated with Zo
7\

™

® _ ® .
/M YIS 5 () dy = — /Wd V'S 5 (4) dy;

but the rapid decay of S7 5 (y) in (11.14) implies
" /N [N 2
nS¥ dy| < 2PN ondaN < _edmN(ligg 717)’
'/|y|>0dz V'S (V) 4 dg dy

k3 = log(m).
The estimate of Zo now follows the lines of Theorem 11.5 using a similar
decomposition into two terms, Zs1 +Z99, each of which is exponentially small
due to the rapid decay of SIfN 5, (y) outside the origin (11.14). O

Remark 11.7. (Exponentially accurate mollifier) Observe that the
mollifier Sy’ (z) associated with the filter ¢, 5, (€) in (11.16a) is exponen-
tially close to ®;,(Ny); consult (2.13) and (2.14a). Accordingly, we find
the exponentially accurate mollifier ®;5,(Ny), with 6 = 0, = 6%d,N and

p=pnN :=+0d;N:

2 [62daN]

1 _ Ny? (—1)j \/Ny
Lo (NY) = e ™ < 2 HQj(m

7=0
It is particularly useful to implement in the discrete case, where we end
up with the exponentially accurate discrete mollifier (Tanner 2006, Theo-

rem 4.2)
N ,/dﬁe—"dzN. (11.20b)

Figure 11.2, from Tanner (2006), illustrates the superior convergence rate
of the optimal filter (11.16b) (with 6 ~ 1/4) and its associated mollifier
(11.20b).

). (11.20a)

2N
‘h S 05, (N (2 — 1)) (1) — ()
v=0
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Figure 11.2. Top left: Function f(z) in (10.12). Top right:
Log-error in its reconstruction from Sy f, N = 32,64, 128 using
the optimal filter (11.16b). Bottom left: Log-error in
reconstruction of f from Iy f, N = 32,64,128 using the
4th-order normalized adaptive mollifier (10.21¢c). Bottom right:
The same using the optimal pseudo-spectral mollifier (11.20b).
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