ON HECKE ALGEBRA ISOMORPHISMS AND TYPES
FOR DEPTH-ZERO PRINCIPAL SERIES

THOMAS J. HAINES

ABSTRACT. These lectures describe Hecke algebra isomorphisms and types for depth-zero
principal series blocks, a.k.a. Bernstein components R (G) for s = sy, = [T, X]|g, where x
is a depth-zero character on T'(O). (Here T is a split maximal torus in a p-adic group G.)
We follow closely the treatment of A. Roche [Ro] with input from D. Goldstein [Gol] and
L. Morris [Mor]. We give an elementary proof that (I, py) is a type for s,, in the sense of
Bushnell-Kutzko [BK]. This is a very special case of a result of Roche [Ro]. Our method
is to imitate Casselman’s proof of Borel’s theorem on unramified principal series (the case
X = 1 of the present theorem).

In contrast to the situation for general principal series blocks (see [Ro]), in the depth-zero
case there is no restriction on the residual characteristic of F.

1. NOTATION

We let F' denote an arbitrary p-adic field with ring of integers O, and residue field kp. Let
q denote the cardinality of kr. Write w for a uniformizer.

Let G denote a connected reductive group, defined and split over O. Fix an F-split
maximal torus 7" and a Borel subgroup B containing 7T; assume T and B are defined over
O. Let °T = T(O) denote the maximal compact subgroup of T'(F). Let ® C X*(T') resp.
®Y C X.(T) denote the set of roots resp. coroots for G,T. Let U resp. U denote the
unipotent radical of B resp. the Borel subgroup B D T opposite to B.

The symbol I will stand for an Iwahori subgroup of G(F'), which we shall assume it is in
“good position” with respect to T: the alcove a in the building for G(F') which is fixed by I
is contained in the apartment corresponding to 7.

Let dz denote a Haar measure on G. Denote the group of unramified characters of G(F')
by X" (G) (see [BD] or [Be92] for the definition).

Let R(G) denote the category of smooth representations of G(F).

Let L denote an F-Levi subgroup of G (by definition, L = C(Ay) for some F-split torus
Ap in G). Let P = LN denote an F-parabolic subgroup, that is, a parabolic subgroup
defined over F', with unipotent radical N and with L as a Levi factor. Let o denote any
smooth representation of L, and define the normalized parabolic induction by

i%(0) = md§ (61 o),
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where 6p(l) := |det(Ad(l); Lie(N(F)))|r. Here |- | denotes the normalized absolute value
on F.

Throughout these notes, we will frequently write G (resp. B,T’, etc.) when we really mean
G(F) (resp. B(F), T(F), etc.).

2. BERNSTEIN DECOMPOSITION (REVIEW)

A cuspidal pair (L, o) consists of an F-Levi subgroup L of G, together with a supercuspidal
representation o of L(F).

The group G = G(F) acts “by conjugation” on cuspidal pairs: ¢g-(L,0) = (9L, 90), where
9L =gLg~ " and 90(-) = o(g~! - g). Denote by (L, o) the G-conjugation class of (L, o).

Let (L,0) denote a cuspidal pair. We say (L1,01) is inertially equivalent to (Lg,09) if
there exists g € G(F') and y € X" (Ls) such that 9L; = Ly and 901 ® x = 09.

Let s = [L,0]c denote the inertial equivalence class of (L,o) (with respect to G). Note
that s depends only on (L,0)g. Also s is a union of G-conjugacy classes of cuspidal pairs.

Fact: For m € R(G) irreducible, there exist a (unique up to G-conjugacy) cuspidal pair
(L, o) such that 7 is a subquotient of i%(c). Here P = LN is an F-parabolic with unipotent
radical N which has L as a Levi factor.

We call the class (L, 0)q as above the supercuspidal support of 7.

Denote by Rs(G) the full subcategory of R(G) whose objects are the representations 7 each
of whose irreducible subquotients has supercuspidal support belonging to the inertial class s.
Once we fix a cuspidal pair (L, o) in s, we may reformulate the condition for 7 to belong to
Rs(G) as: every irreducible subquotient of 7 is a subquotient of some i%(ay), x € X% (L).

Theorem 2.0.1 (Bernstein decomposition). R(G) =[], R+(G).

Definition 2.0.2. An s-type is a pair (K, p) consisting of a compact open subgroup K C
G together with an irreducible smooth representation p : K — Endc(W) such that an
irreducible m € R(G) belongs to Re(G) iff 7| D p.

Now let p be any irreducible smooth representation of K, on a vector space W. We define
ep € H(G) = C&(G, dx) by

do(K)~'dim(p) try (p(z71)), 2 € K

)= 0, z ¢ K.

For any irreducible smooth representations p, p’ of K, we have e, %4, e, = 0, y€,, where
dp € {0,1} vanishes unless p and p’ are equivalent. This is an exercise using the Schur
orthogonality relations on the group K. In particular, e, is an idempotent of the algebra
H(G).

If p =1 (the trivial character) we write ex in place of e,.

For any (7, V') € R(G), denote by V* the p-isotypical component of V. We have V* = e,V .
Also, we let V[p] = H(G) - V?, the G-submodule of V' generated by V. Below we will often
write 7” in place of V*.
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We define R, (G) to be the full subcategory of R(G) whose objects (7, V) satisfy V = V[p].
There is a functor

(2.0.1) R,y(G) — e,H(G)e,-Mod

(m, V) 7P

Proposition 2.0.3. If (K, p) is an s-type, then (2.0.1) is an equivalence of categories. More-
over, in that case Rs(G) = R,(G) as subcategories of R(G).

We will postpone the proof of this proposition to section 4.

3. DEPTH-ZERO PRINCIPAL SERIES BLOCKS

Example. Consider an Iwahori subgroup I in good position with respect to the torus T
(this means that I fixes an alcove a in the apartment of the building for G(F') corresponding
to T'). Also, for any Borel subgroup B = TU containing T, with opposite Borel B = TU, we
have the Iwahori decomposition

(3.0.2) I=1Iy-°T- Iy,

where Iy :=UNT, Iy :=U NI, and °T :=T(O) =T N 1.

The inertial class s := [T, 1] indexes the Iwahori block Rs(G). A famous theorem of
Borel asserts that an irreducible 7 € R(G) is a constituent of an unramified principal series
ig(n), n € X™(T), if and only if 77 # 0. That is, (,1) is an s-type. This is a special case
of the theorem we will prove below (Theorem 3.0.2).

It turns out that e;H(G)er = H(G,I), the Iwahori-Hecke algebra (see below). In con-
junction with the Proposition 2.0.3, we thus recover the finer result of Borel which asserts

that

7T|—>7TI

gives an equivalence of categories between the Iwahori block and the category H(G, I)-Mod.

Fix a character x : °T — C*.

Definition 3.0.1. We say x is depth-zero if x factors through the quotient °T" — T'(kp) (and
we denote the factoring T'(kp) — C* also by x).

Choose any extension of x to a character x : T'(F') — C*. Consider the inertial class

5= [T, )Aag.

Since s depends only on the W-orbit of x, we may also write s, for s.
Let I be an Iwahori in good position relative to T, as above. Let It denote the pro-
unipotent radical of I. There is an obvious isomorphism

°r/°TnI™ = 1I/I"
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so that y determines a character p = p, : I — C*, which is trivial on I*. In terms of the
Iwahori decomposition (3.0.2), p is given by

p(u 1o - ﬂ) = X(t0)7
foru € Iy, to € °T, and u € I

Theorem 3.0.2. Ifs = s, as above, then (I,p) is an s-type.

We shall prove this by imitating Casselman’s proof of Borel’s theorem on unramified prin-
cipal series. One crucial ingredient is the theory of Hecke algebra isomorphisms for depth-zero

principal series types, which we will review in section 5.

4. PROOF OF PROPOSITION 2.0.3

We are in the general situation, where (K, p) is a smooth irreducible representation on a
vector space W (ie. p is not necessarily a character).

Lemma 4.0.1. Fiz an inertial class s.
(i) (K,p) is an s-type <= indp := c—Ind$ p is a generator for Re(G), i.e., indp €
R4+(G) and Homeg(ind p, w) # 0 for all m # 0 in Re(G).
(i) In that case Rs(G) = R,(G) as subcategories of R(G). In particular R,(G) is closed
under extensions and subquotients.

Proof. First, by Frobenius reciprocity (cf. [Ro],(7.1)) we have
Homg(ind p, 7) = Hompg (p, 7).

This implies that ind p is a projective object in R(G). (It is also true that ind p is finitely-
generated as a G-module.)
Now let us prove (i).

(=): Suppose (m,V) € R, is non-zero. Since all irreducible subquotients of 7 are also
in R (hence contain p) and representations of K are completely reducible, it follows that
Hompg (p, m) # 0 and hence Homg(ind p, w) # 0.

Next we claim that ind p € Rs. If not, then ind p possesses a non-zero quotient 7 in some
R¢ with t # s. Since 7 is finitely-generated (as ind p is), it possesses an irreducible quotient;
we may assume 7 is itself irreducible. But then Homg (p, 7) # 0 implies that 7 D p and this
means that (K, p) is not an s-type.

(«<): Let (m,V) € R(G) be irreducible and non-zero. Then
7 € Rs(G) <= Homg(ind p,7) # 0
<= Hompg (p,m) # 0
1€ RHG).

The first («<=) holds because ind p, hence any of its quotients, lies in R4(G).
This completes the proof of (i).
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Now let us prove (ii). Suppose (m,V) € R4(G). We have (V/Vp])? = 0. But then
V/V[p] = 0, since non-zero objects in R4(G) contain p. So V' = Vp|, that is, 7 € R,(G).
Conversely, if V = V[p], then 7 is a quotient of a direct sum of copies of ind p € Rs(G),
hence m € Rs(G).
]

Exercise: Since ind p is projective in R(G) and a generator for R(G) (i.e. indp € Rs(G)
and Homg (ind p, ) # 0 for every 7 # 0 in R4(G)), every m € Rq(G) is a quotient of a direct
sum of copies of ind p. (Consider the maximal subobject in 7 which is a quotient of a direct
sum of copies of ind p.)

We have shown that indp is a f.g. projective generator of Rs(G). From this, general
categorical arguments ([Ba]) give (Morita) equivalences of categories

Rs(G) = Endg(ind p)°PP-Mod ~ Endg(ind p)°PP @ EndcW-Mod
m +— Homg(ind p, 7) — Homeg(ind p,7) @ W
t.f=fot.
Therefore, we need to relate Endg(ind p)°PP @ End(W) to e, H(G)e,. First we define
H(G,pY) ={®: G — End(W) | ®(k1gks) = p(k1)®(g)p(ks), Vk; € K, g € G}.

Here the functions ® are assumed to be smooth with compact support. Also, (p", W) is the
representation given by pV(k) := p(k~1)Y € End(WV). We view H(G,p") as a convolution
algebra using the Haar measure dz giving K volume 1.

The following lemma is left to the reader.

Lemma 4.0.2. We have mutually inverse algebra isomorphisms
¢ty : H(G,p') — Endg(indp) : t— ¢,
where
()0) = [ o)t g do (f €indp, g € G)
¢1(9)(w) = tlew)(9) (g€ GuweW).
Here e, € ind p is defined by

plkyw, g=keK

ew(g) =
N 0, g¢ K.
Furthermore, there is an anti-isomorphism of algebras

H(G,p") = H(G,p)
d — P

given by ®(g) := ®(g~1)V € End(WV).
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Finally, Roche checks in [Ro], p. 390, that there is an algebra isomorphism
H(G, p) @c End(W) = e, H(G)e,
D wow’) — (g dmp(w,d(ghu’) (weW, v’ e WY).

In case p is a character, the last isomorphism gives H(G, p) = e, H(G)e, and is immediate.
Putting these isomorphisms together, we get isomorphisms

Endg(ind p)°P? ® End(W) = H(G, p) ® End(W) = e,H(G)e,.
In loc. cit. Roche checks that the induced categorical equivalence
Rs(G) = Ry(G) = e, H(G)e,-Mod
is
(7, V) — Homg(ind p, ) = Hompg (p, m) = =”.

(Again, this is quite immediate in the case where p is a character.) This completes the proof
of Proposition 2.0.3.

5. HECKE ALGEBRA ISOMORPHISMS

To prove Theorem 3.0.2, we need to review Hecke algebra isomorphisms. We follow Roche’s
treatment [Ro].

5.1. Preliminaries. As before, fix a depth-zero character x : °T — C*, and let s =
[T, X]a = sy, for any extension x : T(F) — C* of x. Also, write p = p, for the associ-
ated character p: I = Iy - °T - It — C*, utw — x(1).

Let N denote the normalizer of T in G, let W = N/T = N(F)/T(F') denote the Weyl
group, and write W=N (F)/°T for the Iwahori-Weyl group. There is a canonical isomor-
phism X, (T) = T(F)/°T, A +— @ := M\(w) (independent of the choice of &). The canonical
homomorphism N(F)/°T = W—W=N (F)/T(F) has a (non-canonical) section, hence
there is a (non-canonical) isomorphism W =X, (T) x W.

Clearly N(F), W and W act on the set of depth-zero characters. We define

Ny={neN(F) | nx = x}
Wy ={weW | wx =x}
Wy ={weW |wx =x}.
There are obvious surjective homomorphisms N, — Wx — W,y.
Define @, (resp. ®) resp. ®, .g) to be the set of roots a € ® (resp. coroots o’ € &V
resp. affine roots a = a + k, where o € ®, k € Z) such that x o a”|,x = 1. Note that WX
F

acts in an obvious way on @, .. Define the following subgroups of the group of affine-linear
automorphisms of V' := X, (T) ® R:

WP = (sa | @ € ®y)

Wyaft = (Sa | @ € Py agt)-
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Here s, and s, are the reflections on V' corresponding to a and a.
Let ®* denote the B-positive roots in @, and set ®F = ®, N ®*. Then let C, resp. a,
denote the subsets in V' defined by

Cy={veV|0<al), Vaefbi}, resp.
a,={veV|0<al) <1, Vae@j{}.

For a € ®, . we write a > 0 if a(v) > 0 for all v € a,.. Similarly, we define an ordering on
the set @, .g. Then let II, .¢ = {a € @, og | a is a minimal positive element}. Define

Sy.afft = {5a | @ € IL, ai}
Q, ={w e W, | wa, =a,}.

It is clear that @, is a root system with Weyl group W7, and that Wp C W,. In general,
W) can be larger that WP and is not even a Weyl group (see Example 8.3 in [Ro] and Remark
5.1.2 below). The following results are contained in [Ro].

Lemma 5.1.1. (1) The group Wy, a5 is a Coxeter group with system of generators Sy ag;

(2) there is a canonical decomposition Wx = Wy agr ¥ €, and the Bruhat order <, and

length function £y, on W, .g can be extended in an obvious way to Wx such that €2,
consists of the length-zero elements;

(3) if Wy =Wy, then Wy g (resp. WX) is the affine (resp. extended affine) Weyl group
associated to the root system ®, C V*, and C, resp. a is the dominant Weyl chamber
resp. base alcove in V' corresponding to a set of simple positive affine roots, which
can be identified with 11, 5.

In the situation of (3), let IT, denote the set of minimal elements of ®. This is then a set
of simple positive roots for the root system @, .

Remark 5.1.2. In [Ro|, pp. 393-6, Roche proves that W7 = W, at least when G has
connected center and when p is not a torsion prime for ®V (see loc. cit. p. 396). It is easy to
see that W = W, always holds when G' = GLg (with no restrictions on p).

On the other hand, W, # W¢ in general, even for G = SLj,. Indeed, suppose G = SL;,
with n > 3. Suppose n|g — 1 and that x; is a character of F; of order n. Consider

X(at,- . an) = x1(a)xi(az) - -~ xi(an).

It is clear that W = {1}, but that, since a1 - a, = 1, we have Wy > (12---n). In fact Wy
is the cyclic group of order n generated by (12---n).

5.2. Statement. Let H(W, .¢) denote the affine Hecke algebra associated to the Coxeter
group (W af, Sy,aft). It has the usual generators T, w € W, og, and relations

Tunws = Ty T, if £y (wiwz) = € (wr) + £y (w2)
Ts2 = (¢ — V)T + qT1. if s € Sy an-
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Let Hy := H(W, i) ®C[Q,], where the twisted tensor product is the usual tensor product
on the underlying vector spaces, but where multiplication is given by

(T, @ €y )(Tw, @ €w,) = Tw1w1(w2) @ Cwiwy
where w(-) refers the conjugation action of w € €, on W, 4.

We write Ty, := Ty ® e,,.

The Hecke algebra isomorphism depends on a choice of extension X : N, — C* of x (this
always exists: see [HL] 6.11 and [HR09]). Fix such a x. Then for any n € N, — w € WX,
define

[Inl]y € H(G, p)
to be the unique element in H (G, p) supported on Inl and having value Y ~!(n) at n. Note

that [Inl]y depends on w € W, but not on the choice of n € N, mapping to w.

Theorem 5.2.1 (Goldstein [Gol], Morris [Mor|, Roche [Ro]). Let x be a depth-zero character
as above. For any extension X of x as above, there is an algebra isomorphism

H(G,p) = HX>
which sends ¢~ *W)/2[Inl]y to ¢~ xW)/2T,,.

Let @, := X(n)[Inl]y, the unique element in H(G, p) supported on Inl and having ®,,(n) =
1.

Corollary 5.2.2. For any n € N, the element [Inl]y (or equivalently, ®,,) is invertible in
H(G, p).

6. THE MORPHISM V? — V¥

We assume B = TU and [ are in “good position”: I fixes an alcove a contained in the
apartment corresponding to T, and B is any Borel subgroup containing 7. From x we get p
as usual.

For (m,V) € R(G), let Viy € R(T') denote the Jacquet module.

Proposition 6.0.1. Suppose (mw, V') is irreducible (hence, cf. [Be92|, admissible). Then the
map V — Vi induces a °T-equivariant isomorphism

(6.0.1) 14723

Remark 6.0.2. Since B = TU may be replaced with any “B = T"U (w € W), it follows
that we may also hold B fixed and replace I with “I. That is, we may replace y with “y
and p with “p, where the latter is the character on “I defined by “p(-) = p(w~! - w). Such
a replacement causes no harm for the proof of the main theorem (cf. section 7) because
m(w) : VP S VP

We will prove Proposition 6.0.1 using only a consequence of the Hecke algebra isomorphism,
namely Corollary 5.2.2.
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Proof. We change notation slightly and write the Iwahori decomposition as
I=Uo°T Uy
where Uy := Iy and Uy := I7.

For any (m,V) € R(G), we define a projector Py : V' — V? by

Pf(v) = %/Ip(k:)lﬂ(k:)v dk.

It is clear that P} really is a projector V — V*.
Write VXUo for the set of v € V which are fixed by 7(Up) and transform under m(t),
1

t € °T, by the scalar x(t). Recall that we define Py, (v) := T on m(k)v dk.

Lemma 6.0.3 (Jacquet’s Lemma I). Let v € VXU Then P (v) = Pu,(v) and has the same
tmage in Vi as v.

Proof. Writing the integral over I = Uy°T U, as an iterated integral proves the desired
equality. The rest follows from a basic property of the operator Py, . O

Recall we assume (7,V) € R(G) is irreducible, hence admissible.

VP — V¥ is surjective: The °T-morphism VX — V¥ is surjective. Since V{f is finite-
dimensional, there is a finite-dimensional subspace W C VX which still surjects onto Vg.
Choose a compact open subgroup U; C Ug such that W C VXU,

Let Tt denote the monoid of “positive” elements in T(F), i.e., those in a subset of the
form w” °T where v is B-dominant. (This notion does not depend on the choice of w.)

Choose a € T such that a 'Upa C U;. Then ()W C VXU, and mw(a)W has image
m(a) V¥ = VX, So, VXUo s VX,

We need to prove the smaller subset V* C VxXUo gtill surjects onto ng. But this follows
using Lemma 6.0.3: for v € VXUO, the element P} (v) belongs to V? and has the same image
in Viy as v. This completes the proof of the surjectivity.

VP — V¥ is injective:
Lemma 6.0.4. Forve VP =¢,V, and a € T, we have
7(Dq)v = [Tal| PF(m(a)v).

Here the action of H(G,p) on V? is defined using the Haar measure dg which gives I
measure 1, and |lal| := volgy(Lal).

Proof. Let S, denote any set of representatives in Uy for a 'Uga\Ug. There is a natural
bijection

S, = (a ' anI)\I = I\Ial
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(we used a *Uga C Uy and Uy C a~'Upa). We have

ﬂ@0v=:ﬁl@dwﬂwwdg
- Zx/las /Udg

SES,
|S\/1 (a)v dk
= |Sa| Pr(m(a)v).

0

Suppose Uy C U is a compact open subgroup. Let V(U;) = {v € V | Py,(v) = 0}. It is
easy to see that
ker(V — Vi) = Uvm

Lemma 6.0.5 (Jacquet’s Lemma II). Suppose v € VP NV (Uy) for some compact open
subgroup Uy C U. Suppose a € T satisfies Uy C a~1Upa. Then Py,(w(a)v) = 0.

Proof. The vanishing of 7( fU (a 'ua)v du follows from the vanishing of Ju, m(w)v du,
since Uj is a subgroup of a 1an O

Now we can complete the proof of the injectivity. Suppose v € V? maps to zero in Vg.
Choose U and a € T satisfying the hypotheses of Lemma 6.0.5. Note that 7(a)v € VXVo,
Then using Jacquet’s Lemmas I and II together with Lemma 6.0.4, we see

0 = Py, (r(a)v) = PY(r(a)v) = |Tal| ' 7(Pg)0.

Since @, is invertible (Corollary 5.2.2), this implies v = 0, which is what we needed to show.

This completes the proof of Proposition 6.0.1. O

7. PROOF OF THEOREM 3.0.2 USING PROPOSITION 6.0.1

Let (m,V) € R(G) be irreducible. Replacing x with a Weyl-conjugate if necessary (cf.
Remark 6.0.2), we see that 7 € R(G) iff there exists some n € X™(T') such that 7 — i%(x ).
By Frobenius reciprocity Homg (V,i% (X 7)) = Homz(Vyy, C 61/2@7) this is equivalent to:

B

Jnon-zero Vi — Cayz, for some 1 € X"(T)
B XN

[

&=
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where of course (x) comes from Proposition 6.0.1. This completes the proof. O

8. REMARKS ON CONSTRUCTING THE HECKE ALGEBRA ISOMORPHISMS

8.1. Intertwining sets. Let p: K — C* be a smooth character.
Definition 8.1.1. We define the intertwining set I(p) C G by requiring that g € Ig(p) iff

P\ngK = gP|K09K-

Equivalently, there exists ¢ # 0 in H(G, p) supported on KgK. [For one direction, if such a
¢ exists, note that for k € K N YK we have

-1

p(k) ™ d(g) = olkg) = é(g? k) = (g)p(* k)]
Lemma 8.1.2 ([Ro], Prop. 4.1). Let K = I and p = py,. Then
(i) Ia(p) NN = Ny;
(i) Io(p) = IN,I.
The lemma shows that the set {[Inl]y, n € N, /N, NI = WX} forms a C-basis for H(G, p).

Proof. (i): If n € NN Ig(p), then "p|inns = p|innr, which implies that "x|e7 = x|, hence
"x =X, ie.,n € N,.

Conversely, suppose n € N, maps to w € N/T = W. We want to show: for i € 1N "I, we
have p(i) = p(n~tin). Write i = i_igiy € Iz °T Iy. Then

1. 1. 1. 1. =
Isntin=n"ti_n-n"Yion - n tineU TU,

=/ = . . .
for U’ := w™'Uw, and U := w'Uw. Since n~lin € I can also be expressed using the
. o . . — .
Iwahori decomposition as an element in Iy °T Iyy/, and the expressions in U TU are unique,
we see that
nlti_ne I , n_1i+n € Iy,

and in particular these elements belong to I™. Using this, we see
in) = x(n” tion) = "x(io) = x(io) = p(i).
This completes part (i), and (ii) is a consequence of (i). O

8.2. Presentation for End(ind p=1). Recall there is a canonical isomorphism
H(G, p) = Endg(indp™")

(Lemma 4.0.2). Therefore, we just need to find generators and relations for the right hand
side.

Fix an extension x : N, — C* of x. For w € WX, choose an element n € N, mapping to
it. We consider the element ©,, € Endg(ind p~!) defined by

(8.2.1) On(f)(x) = ﬁ [ rotayde (7 eind, ),
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Here, |I1] := volg, (IT). Write I, := I N “IT\It and |I,|:= [IT|/|[ITT N “IT| (the ratio of
the volumes). Since p is trivial on I, we see that
1

(Ll Jry

Note that since I = °TIT = (IN*I)IT and IT N *“[ = I N “It, there is a canonical

isomorphism

(8.2.2) O,(f)(z) f(n " uz) du.

I, =10 "I\,
and
(8.2.3) | =[1:1In%I]=q"™,

Lemma 8.2.1. Let n € N, and let w denote its image in Wx (and write n = ny,).
(i) ©, € Endg(ind p~1).
(ii) For n € Ny, let ®,, denote the unique element in H(G, p) which is supported on Inl
and takes value 1 at n. Then te, = ¢"™O,,.
(iii) {@”w}weWX is a C-basis for Endg(ind p~1).
(iv) Let n; = ny, fori=1,2. If {(wiwse) = £(w1) + £(w2), then Op n, = Opn, © Oy,

Proof. (i): We need to check that ©,(f) € indp~!. Write i € I as i = ti, for t € °T and
iy € I'" (not a unique expression). Then since Ad(t) is a measure-preserving automorphism
of I, we have

[Tt 0,(f)(ix) = / fn tutitx) du = fn Yn-n"tuitx) du
I+ I+

= "x(t)! . f(n tuz) du

= o)t [ f i) du,
I+
since "x(t) = x(t) = p(i).
(ii): By Lemma 4.0.2, it is enough to prove ¢g, = ¢ @ ®,. Recalling W = C and letting
w=1¢€ C, we have

Po, (9)(w) = Onlew)(g)
1

= W . ew(nflug) du.

This is non-zero only if n~lug € I for some u € IT, ie., only if ¢ € Inl. Therefore
oo, € H(G,p) is supported on Inl. It remains to check its value at g = n. We find it is
1 1 LA D BT

ew(n un)du = "——— =¢q

1| Jrenuer ]

(ct. (8.2.3)).
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(iii): This is proved in greater generality in [Mor], 5.4, 5.5. Alternatively, we can use the fact

that we have proved {®,, } is a basis for H(G, p) (Lemma 8.1.2), together with part

(ii).

(iv): This is proved in [Mor], Prop. 5.10. Alternatively, it is an easy consequence of (8.2.2)

weWy

and standard calculations. O

From now on we want to choose the family {n,} in a compatible way: we require that
Nwywy = My N, Whenever £(wiwg) = €(wy) + €(we). It is always possible to do this (see
[Mor], 5.2).

Note that ©, depends on n — w and not just on w. So, we define a new basis element in
H(G, p) by

By = X(n)"'0,.
This indeed depends just on w (and y, of course). We also define
T, = ¢x+w)/2p

= DR ¥ (0,

for w € WX. The main computation in this subject shows that these elements T, generate
the algebra H,:

Theorem 8.2.2 (Goldstein [Gol], Morris [Mor]). The elements T,,, w € Wx satisfy the

following relations:

(i) Tw1w2 = Tw1Tw27 if Ex(wle) = gx(wl) + gX(wQ)

(i) T2 = (¢ — V)Ts + qT1, if s € Syas-

Thus, the algebra Endg(ind p~t) is isomorphic to Hy-1 = Hy, by an isomorphism which
depends only on the choice of x.

8.3. Proof of Theorem 5.2.1. We can now see that the isomorphism t, of Lemma 4.0.2
gives the desired algebra isomorphism

H(G, p) = Hy.
Indeed, by Lemma 8.2.1 and our definitions, ¢, takes
ORIl = g R ) B,

to

g2 1) @, ¢t) = w2, — g~txw)2T,

This completes the (sketch of the) proof of Theorem 5.2.1. g
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