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Abstract. We give a complete list of smooth and rationally smooth Schubert varieties in the

twisted affine Grassmannian associated with a tamely ramified group and a special vertex of its
Bruhat-Tits building. The particular case of the quasi-minuscule Schubert variety in the quasi-

split but non-split form of Spin8 (“ramified triality”) provides an input needed in the article by

He-Pappas-Rapoport classifying Shimura varieties with good or semi-stable reduction.
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1. Introduction

Let k be an algebraically closed field, and let G be a connected reductive group over the Laurent
series field F = k((t)). Associated with any special vertex x of the Bruhat-Tits building is the twisted
affine Grassmannian GrG,x. Under the additional assumption that G splits over a tamely ramified
extension of F , we give a complete answer to the question of whether a given Schubert variety in
GrG,x is smooth or singular (resp. rationally smooth or not rationally smooth).

If G is split, then such a classification is known by the work of Evens-Mirković [EM99] and

Malkin-Ostrik-Vybornov [MOV05]. The answer is strikingly simple: the Schubert variety Gr≤µG,x
corresponding to a cocharacter µ ∈ X∗(G) is smooth if and only if µ is minuscule.

If G is not split, then our classification has a similar flavor, but the phenomenon of exotic
smoothness enters in: there are surprising additional cases of smoothness, where the group G is a
ramified odd unitary group and µ is quasi-minuscule. Unlike the split case, the nature of the special
vertex x now plays a pivotal role which was first observed by the second named author in [Arz09,
Prop 4.16], see Theorem 1.2 for a precise statement.

Our work is intertwined with the work of He-Pappas-Rapoport [HPR] which classifies Shimura
varieties with good or semi-stable reductions by giving a corresponding classification of (slight
modifications of) Pappas-Zhu local models [PZ13]. The connection between this article and [HPR]
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arises in the following way: in [PZ13, Thm. 9.1], it is proved that the special fiber of any local model
Mloc
K (G, {µ}) is isomorphic to an explicit union of Schubert varieties in a (twisted) partial affine flag

variety over k. The smooth local models are those whose special fiber is a single smooth Schubert
variety. By [HPR, Thm. 1.2], this implies that the parahoric K = Kx is a special maximal parahoric
associated with some special vertex x, and occurs in the following situations: either G is split so
that x is hyperspecial, or G is non-split and the triple (G,µ, x) is of exotic good reduction type.
Exotic good reduction comes in three kinds:

1) even unitary exotic, discovered by Pappas-Rapoport [PR09, 5.3],
2) odd unitary exotic, discovered by the second named author [Arz09, Prop. 4.16], and
3) orthogonal exotic, discovered by He-Pappas-Rapoport [HPR, §5.1].

In cases 1) and 3), the corresponding Schubert variety Gr≤µ̄G,x is minuscule (hence smooth), and the

choice of special vertex x plays no role. In case 2), the Schubert variety Gr≤µ̄G,x is quasi-minuscule,
and the choice of special vertex plays a crucial role. This case relates to the phenomenon of exotic
smoothness in twisted affine Grassmannians.

1.1. Statement of the results. Let k be an algebraically closed field, and let F = k((t)) be the
Laurent series field, with absolute Galois group I. Let G be a connected reductive group over F
which is adjoint, absolutely simple, and splits over a tamely ramified extension of F . Associated to
every special vertex x in the Bruhat-Tits building, we have the twisted affine Grassmannian GrG,x.
If G is split, all special vertices are conjugate under Gad(F ). If G is not split, this is no longer
true (cf. [Ti77, §2.5]). This fact plays an important role in the phenomenon of exotic smoothness of
Schubert varieties.

We choose further a pair T ⊂ B ⊂ G of a maximal torus and a Borel subgroup defined over
F which are in good position with respect to x, cf. §2 below. Associated with each dominant

µ̄ ∈ X∗(T )+
I is the Schubert variety Gr≤µ̄G,x ⊂ GrG,x which is an irreducible projective k-variety.

Let M denote the set of minimal elements of X∗(T )+
I \{0} with respect to the partial ordering ≤

defined by the échelonnage coroots Σ̆∨ ⊂ X∗(T )I , cf. [Hai18]. Recall that µ̄ ∈M is

• minuscule if 〈α, µ̄〉 ∈ {0,±1} for all roots α ∈ Σ̆
• quasi-minuscule, otherwise.

In the second case, there exists a unique root γ ∈ Σ̆ with 〈γ, µ̄〉 ≥ 2 and γ is necessarily a highest

root, and µ̄ = γ∨. Further, 〈α, µ̄〉 ∈ {0,±1,±2} for all α ∈ Σ̆, cf. [NP01, Lem. 1.1]. Conversely, if

µ̄ ∈ X∗(T )+
I \{0} belongs to the coroot lattice, and if |〈α, µ̄〉| ≤ 2, ∀α ∈ Σ̆, then µ̄ ∈ M and hence

µ̄ is quasi-minuscule. Therefore, any irreducible root system possesses a unique quasi-minuscule
coweight.

Geometrically, µ̄ being minuscule means that Gr≤µ̄G,x = Grµ̄G,x is a single stratum, whereas µ̄ being

quasi-minuscule means that Gr≤µ̄G,x = Grµ̄G,x q {e} where e ∈ GrG,x(k) is the base point.

Under the identification X∗(T )I = X∗((T∨)I), the échelonnage coroots Σ̆∨ correspond to the
roots for ((G∨)I , (T∨)I) by [Hai18, §5.1] where (G∨)I is a simple and semi-simple connected reductive
group with maximal torus (T∨)I , cf. Proposition A.1. Note that µ̄ ∈ X∗(T )I is (quasi-)minuscule

with respect to Σ̆ if and only if it is (quasi-)minuscule when viewed as a (T∨)I -weight. Similarly, a
fundamental (T∨)I -weight ωi can be viewed as an element ωi ∈ X∗(T )I . Our main results, which
are all independent of the characteristic of k, are as follows.

Theorem 1.1. Let µ̄ ∈ X∗(T )I\{0} be dominant. The Schubert variety Gr≤µ̄G,x is rationally smooth

if and only if x ∈ B(G,F ) is any special vertex and the pair (G, µ̄) belongs up to isomorphism to
the following list:

• any G, and µ̄ minuscule (for a complete list, see [HPR, §5.2]);
• Split groups:

G = PGL2, and any µ̄;
G = PGLn, n ≥ 3, and µ̄ = l · ωi, i ∈ {1, n− 1} and l ≥ 2;
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G = PSp2n, n ≥ 2, and µ̄ quasi-minuscule;
G = SO7, and µ̄ = ω3 (not quasi-minuscule);
G = G2, and µ̄ quasi-minuscule;

• Non-split groups:
G = PU3, and any µ̄;
G = PU2n+1, n ≥ 2, and µ̄ quasi-minuscule;
G = PSO2n+2, n ≥ 2, and µ̄ quasi-minuscule;
G = PU6, and µ̄ = ω3 (not quasi-minuscule);
G = 3D4,2, the ‘ramified triality’, and µ̄ quasi-minuscule.

Note that PU4 is isomorphic to the non-split PSO6, and therefore the quasi-minuscule Schubert
variety for PU4 is rationally smooth as well.

For the formulation of our next result, we introduce the following notion. The triple (G, µ̄, x)
is called of exotic smoothness if G ' PU2n+1 for some n ≥ 1, the element µ̄ ∈ X∗(T )+

I \{0} is
quasi-minuscule, and x corresponds up to G(F )-conjugation to an almost modular lattice, i.e., the
lattice times a uniformizer is contained in the dual of the lattice, with colength 1. See §5 below for
a more conceptual interpretation of the last condition in terms of the Bruhat-Tits building (in the
terminology of §5, the condition on x above amounts to requiring that x is special but not absolutely
special).

The following result verifies a conjectural classification which Rapoport postulated in conversa-
tions with the second named author in 2010.

Theorem 1.2. The Schubert variety Gr≤µ̄G,x is smooth if and only if either µ̄ is minuscule or the

triple (G, µ̄, x) is of exotic smoothness.

If G is non-split, the only pairs with minuscule coweights are (PU2n, ω1) and (PSO2n+2, ωn),
cf. Remark 4.3. These relate to the cases 1) and 3) of local models of exotic good reduction above.
The remaining case 2) corresponds to the case of exotic smoothness for Schubert varieties in twisted
affine Grassmannians.

Our approach to the classification is as follows. We first classify all rationally smooth Schubert

varieties, and for this the nature of x is unimportant. We prove that Gr≤µ̄G,x is rationally smooth if and

only if the representation Vµ̄ of (G∨)I is weight-multiplicity-free (cf. Proposition 2.1). For this, we
use the ramified geometric Satake correspondence [Zhu15, Ri16]. Next, we use Howe’s classification
of all weight-multiplicity-free representations of simple simply connected groups (Theorem 4.4).
Together with our list of all possibilities for the reductive groups (G∨)I for G adjoint and absolutely
simple (Lemma 4.2), we are able to establish the list in Theorem 1.1 of all such pairs (G, µ̄) such

that Gr≤µ̄G,x is rationally smooth, cf. §4.1.

The remaining work is to determine which Gr≤µ̄G,x on this list are smooth. The proof is given in
§5.1 below. For split groups, we only rely on the case of PGL2, the Levi Lemma and the quasi-
minuscule cases of [MOV05], and hence we do not rely on computer aided calculations. For the
non-split case, we rely on a few calculations for classical groups from [P00, Arz09, PR09, HPR].
The most difficult case in our proof is the quasi-minuscule Schubert variety for the ramified triality,
i.e., the non-split form of Spin8. This case is studied in §8, and it is also used by [HPR, Thm 1.2]
to rule out the possibility of additional cases of exotic good reduction. The ramified triality plays a
special role, in that it is not amenable to the methods in [HPR].

Let us remark that the results in the split case [EM99, MOV05] are stronger: the smooth locus

of Gr≤µ̄G,x is exactly the big open stratum Grµ̄G,x. Due to the phenomenon of exotic smoothness, this
fails in the non-split case. In §5.2, we formulate a conjecture which describes the precise conditions
on x needed to ensure that this description of the smooth locus holds.

Acknowledgements. It is a pleasure to thank Michael Rapoport for his steady encouragement
and interest in our work, and for all he has taught us over the years. We also thank him for his
detailed comments on the article. We thank Johannes Anschütz, Xuhua He, George Pappas, and
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Brian Smithling for interesting discussions around the subject of this article, Jeff Adams for his help
with LiE, and Mark Reeder for pointing us to the reference [BZ90].

2. Rational smoothness of Schubert varieties

Let k be an algebraically closed field, and let F = k((t)) denote the Laurent series field. Let G
be a connected reductive group over F which splits over a tamely ramified Galois extension F ′/F .
Denote I = Gal(F ′/F ). Let x ∈ B(G,F ) be a special vertex in the Bruhat-Tits building, and
denote by GrG,x := LG/L+Gx the twisted affine Grassmannian in the sense of [PR08]. Let S ⊂ G
be a maximal F -split torus such that x belongs to the apartment A (G,S, F ), cf. [BT72, Thm 7.4.18
(i)]. The centralizer T = ZG(S) is a maximal torus defined over F (because by Steinberg’s theorem
G is quasi-split). Let B ⊂ G be a Borel subgroup containing T , and defined over F .

We equip the coinvariants X∗(T )I with the dominance order ≤ with respect to the échelonnage

root system Σ̆, cf. [Hai18]. We denote by X∗(T )+
I ⊂ X∗(T )I the submonoid of dominant elements.

For each µ̄ ∈ X∗(T )+
I , we have the Schubert variety Gr≤µ̄G,x ⊂ GrG,x, and the open orbit embedding

jµ̄ : Grµ̄G,x ↪→ Gr≤µ̄G,x. For µ̄, λ̄ ∈ X∗(T )+
I , we have Grλ̄G,x ⊂ Gr≤µ̄G,x if and only if λ̄ ≤ µ̄ in the

dominance order, cf. [Ri13, Cor 1.8, Prop 2.8].
Since the I-action preserves a pinning of G∨, the group (G∨)I is a possibly disconnected reductive

Q̄`-group, cf. [Hai15, Prop 4.1(a)]. There is a unique (up to isomorphism) irreducible representation
Vµ̄ of (G∨)I with highest (T∨)I -weight µ̄, cf. [Zhu15, Lem. 4.10], [Ri16, Cor. A.9], [Hai18, §5.2]. For
each λ̄ ≤ µ̄, we denote by dµ̄(λ̄) the dimension of the λ̄-weight space Vµ̄(λ̄).

Fix a prime number ` coprime to char(k). Denote dµ̄ = dim(Gr≤µ̄G,x). The intersection complex

ICµ̄ = jµ̄,!∗Q̄`[dµ̄] corresponds under the ramified geometric Satake isomorphism [Zhu15, Ri16] to
the irreducible Q̄`-representation Vµ̄ of (G∨)I .

Recall that an irreducible variety Y of dimension d over k is called rationally smooth if for every
point y ∈ Y (k) with closed immersion iy : Spec(k) ↪→ Y , there is an isomorphism

i!y Q̄` ∼= Q̄`[−2d]

in the derived category Db
c({y}, Q̄`). This notion coincides with the one given in [KL79, Def. A.1]

since Hny (Y, Q̄`) := Hn(Y, iy,∗i
!
yQ̄`) = Hn(i!y Q̄`). Further, we say y ∈ Y (k) is a rationally smooth

point of Y if y is contained in a rationally smooth Zariski open subset of Y . Therefore by definition
the rationally smooth locus is open in Y . It is clear that every smooth variety is rationally smooth.
But there exist many non-smooth but rationally smooth varieties. The following proposition is
proved using the ramified geometric Satake correspondence [Zhu15, Ri16] as well as elaborations on
it such as [Zhu15, Thm 5.1].

Proposition 2.1. The following are equivalent:

i) The Schubert variety Gr≤µ̄G,x is rationally smooth.

ii) The intersection complex ICµ̄ is isomorphic to the constant sheaf Q̄`[dµ̄].

iii) One has dµ̄(λ̄) = 1 for all λ̄ ∈ X∗(T )+
I , λ̄ ≤ µ̄.

In particular, the rational smoothness of Gr≤µ̄G,x is independent of the choice of ` and of the choice
of special vertex x.

Proof. Denote by G = Gx the special parahoric group scheme. Write Sµ̄ := Gr≤µ̄G,x, and Cλ̄ := Grλ̄G,x
for any λ̄ ∈ X∗(T )+

I , λ̄ ≤ µ̄. Let iλ̄ : {xλ̄} ↪→ Sµ̄ be the closed immersion of the base point xλ̄ ∈ Cλ̄(k)
corresponding to λ̄.

i)⇒ ii): Assume that Sµ̄ is rationally smooth. Since k is algebraically closed, the points Sµ̄(k) ⊂ Sµ̄
are everywhere dense. It follows from the definition of the selfdual perverse t-structure on Db

c(Sµ̄, Q̄`)
(cf. [KW01, §III.1]) that the constant sheaf Q̄`[dµ̄] supported on Sµ̄ is perverse (because the dual of
Q̄`[dµ̄] is concentrated in degree dµ̄). As it is L+G-equivariant as well, it is an object in the category
of L+G-equivariant perverse sheaves on GrG,x. By [Zhu15, Lem 1.1], [Ri16, Thm 4.2 (iii)], this
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category is semi-simple, and hence ICµ̄ is a direct summand of Q̄`[dµ̄]. Comparing the cohomology
stalks implies ICµ̄ = Q̄`[dµ̄], and proves ii). Namely, write Q̄`[dµ̄] = ICµ̄ ⊕ E , where E is another
L+G-equivariant perverse sheaf on GrG,x. Restriction to Cµ̄ shows that E is supported on a union
of sets Cλ̄ for λ ∈ X∗(T )+

I and λ̄ < µ̄, hence being a sum of sheaves ICλ̄ with λ̄ < µ̄, it lives in
cohomological degrees greater than −dµ̄. But also HiE = 0 for all i > −dµ̄, hence E = 0.

ii)⇒iii): Assume that ICµ̄ = Q̄`[dµ̄]. By setting q = 1 in [Zhu15, Thm 5.1], we see that the dimension
of the total cohomology of i∗

λ̄
ICµ̄ = Q̄`[dµ̄] is equal to dµ̄(λ̄) for all λ̄ ∈ X∗(T )+

I , λ̄ ≤ µ̄. This is equal
to 1, which proves iii).

iii)⇒i): Assume that dµ̄(λ̄) = 1 for all λ̄ ∈ X∗(T )+
I with λ̄ ≤ µ̄. By [Zhu15, Thm. 5.1, Prop. 5.4], we

have

(2.1) i∗λ̄ ICµ̄ = Q̄`[dµ̄] i!λ̄ ICµ̄ = Q̄`[−dµ̄].

Indeed, [Zhu15, Thm, 5.1] implies that dim(H∗(i∗
λ̄

ICµ̄)) = 1, and then in conjunction with [Zhu15,

Prop. 5.4] we see that dim(H−dµ̄(i∗
λ̄

ICµ̄)) = 1, which yields the first formula. The second formula
follows from the first by applying Verdier duality.

Since any point in Sµ̄(k) lies in the L+G-orbit of some base point xλ̄ ∈ Cλ̄(k), this implies that
ICµ̄ = F [dµ̄] where F := H−dµ̄(ICµ̄) is an L+G-equivariant constructible Q̄`-sheaf. Here we are
using the principle that if a complex K ∈ Db

c(Sµ̄, Q̄`) is cohomologically supported in degree n ∈ Z,
then K = HnK[−n] in Db

c(Sµ̄, Q̄`).
Hence, to prove that Sµ̄ is rationally smooth it is by (2.1) enough to prove that

(2.2) ICµ̄ = Q̄`[dµ̄],

or equivalently F = Q̄`. Let D denote the derived category Db
c(Sµ̄, Q̄`) and write H(K) for the

global cohomology of an object K ∈ D. We have

(2.3) HomD(Q`[dµ̄], ICµ̄) = H−dµ̄(ICµ̄) = H0(F),

and this vector space corresponds under geometric Satake to the 1-dimensional lowest weight space
of Vµ̄. We claim that any vector v ∈ H−dµ̄(ICµ̄)\{0} induces an isomorphism

(2.4) ιv : Q`[dµ̄]
∼−→ ICµ̄ = F [dµ̄].

Write Sµ̄ =
∐
λ̄≤µ̄ Cλ̄ in terms of the L+G-strata. By L+G-equivariance we have F|Cλ̄ = Q̄`, and

hence it is enough to prove that ιv is an isomorphism at the geometric generic points ηλ̄ → Cλ̄ for all
λ̄ ≤ µ̄. The set of points {ηλ̄}λ̄≤µ̄ is partially ordered by the specialization relation ηλ̄′  ηλ̄ which

is equivalent to λ̄ ≤ λ̄′ in the dominance order. The element ηµ̄ is the unique maximal element,
and we denote by ητ̄ the unique minimal element, i.e., Cτ̄ is the stratum which contains the unique
Iwahori fixed point e ∈ Sµ̄(k).

We claim that the map (2.4) is an isomorphism at ηµ̄ and at ητ̄ as well. Assuming this claim, we
finish the argument as follows. For every λ̄ ≤ µ̄, we can choose by the discussion above specializations
ηµ̄  ηλ̄  ητ̄ which correspond to choices of embeddings OSµ̄,ητ̄ ↪→ OSµ̄,ηλ̄ ↪→ OSµ̄,ηµ̄ . These
induce cospecialization maps on the stalks Fητ̄ → Fηλ̄ → Fηµ̄ which fit into a commutative diagram

of 1-dimensional Q̄`-vector spaces

Fητ̄ Fηλ̄ Fηµ̄

Q̄`,ητ̄ Q̄`,ηλ̄ Q̄`,ηµ̄ .
∼=

ιv,ητ̄ ∼=
∼=

ιv,ηλ̄ ιv,ηµ̄ ∼=

Every map in the lower row is an isomorphism because Q̄` is (locally) constant. As all Q̄`-vector
spaces are 1-dimensional, it follows that every arrow is an isomorphism. In particular ιv,ηλ̄ is an
isomorphism which implies (2.4), and hence i).

It remains to prove that ιv,ητ̄ and ιv,ηµ̄ are isomorphisms. First we consider the case of ητ̄ .

Since F|Cτ̄ = Q̄` is constant and 1-dimensional by the L+G-equivariance, it is enough to prove that
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ιv,e 6= 0 where e ∈ Cτ̄ (k) is the Iwahori fixed point. Let i : {e} → Sµ̄ be the closed immersion with
complementary open immersion j : Sµ̄\{e} → Sµ̄. Now ιv,e = i∗(ιv) 6= 0 translates under (2.3) to
the statement i∗(v) 6= 0 in the cohomology group H−dµ̄(i∗ICµ̄). We claim that the natural map
H−dµ̄(ICµ̄) → H−dµ̄(i∗ICµ̄) of 1-dimensional Q̄`-vector spaces, cf. (2.1), is an isomorphism. The
exact triangle j!j

∗ICµ̄ → ICµ̄ → i∗i
∗ICµ̄ → induces an exact sequence in cohomology

H−dµ(j!j
∗ICµ̄)→ H−dµ(ICµ̄)→ H−dµ(i∗ICµ̄)→ H−dµ+1(j!j

∗ICµ̄).

It is enough to show that H−dµ+1(j!j
∗ICµ̄) = H1(j!j

∗F) = 0. Note that F|Cλ̄ = Q̄` by the L+G-
equivariance. Hence, by induction on the strata it is enough to show that the compact cohomology
groups H1

c(Cλ̄, Q̄`) for λ̄ 6= τ̄ , and H1
c(Cτ̄\{e}, Q̄`) vanish. The Iwahori stratification decomposes

each Cλ̄ in affine spaces of strictly positive dimension, and the first vanishing is clear (the decom-
position in affine spaces relies on the Iwahori decomposition, for which we refer to [Hai14, 11.3.3]).
Also Cτ̄\{e} is a union of strictly positive dimensional Iwahori strata, and the second vanishing is
clear as well. This proves that ιv,e is an isomorphism,

Next we consider the case of ηµ̄. We change notation, and let j : Cµ̄ ↪→ Sµ̄ denote the open
embedding, and let i denote the complementary closed embedding i : Sµ̄\Cµ̄ ↪→ Sµ̄. As above we
need to show that j∗(ιv) 6= 0, which translates under (2.3) into the statement j∗(v) 6= 0 in the
cohomology group H−dµ̄(j∗ICµ̄). The exact triangle i∗i

!ICµ̄ → ICµ̄ → j∗j
∗ICµ̄ → induces the exact

sequence

(2.5) H−dµ(i∗i
!ICµ̄)→ H−dµ(ICµ̄)

j∗→ H−dµ(j∗ICµ̄)→ H−dµ+1(i∗i
!ICµ̄).

It is enough to prove H−dµ(i!ICµ̄) = 0. For this it suffices to prove that i!ICµ̄ lives in cohomological
degrees greater than −dµ̄. Now i!ICµ̄ lives in perverse degrees ≥ 1 (cf. [KW01, III.5, Lem 5.1 (3)]),
and hence in cohomological degrees ≥ −dµ̄ + 1 (cf. [KW01, III.5, Lem 5.13]). This proves the case
of ηµ̄, and therefore finishes the proof of the proposition. �

Remark 2.2. IfG is split, there is a sharper stratum-by-stratum version of Proposition 2.1. Suppose
λ, µ ∈ X∗(T )+ satisfy λ ≤ µ. Then xλ belongs to the rationally smooth locus of Sµ if and only
if dµ(λ) = 1. This is well-known, but for completeness we explain the proof here. Let W (resp.
Wx, resp.F`G) denote the Iwahori-Weyl group (resp. finite Weyl group, resp. affine flag variety) for
G relative to the special vertex x and an alcove a containing x in its closure. Let wλ ∈ W denote
the unique longest element in Wxλ(t)Wx. Let x̃λ ∈ F`G denote the base point in the Iwahori
orbit corresponding to wλ. Then as π : F`G → GrG,x is represented by a smooth surjective L+G-
equivariant morphism, xλ belongs to the rationally smooth locus of Sµ if and only if x̃λ belongs to
the rationally smooth locus of the Schubert variety Swµ := π−1(Sµ) in F`G. By [KL79, Thm. A.2],
this is equivalent to the triviality of certain Kazhdan-Lusztig polynomials, namely Pw′,wµ(q) = 1 for
all w′ ∈ W with wλ ≤ w′ ≤ wµ (in loc. cit. this is proved for Schubert varieties in the classical flag
variety for a split group, but the proof carries over to the affine flag varieties). This is equivalent to
the single equality Pwλ,wµ(q) = 1 (e.g. [BL00, Thm. 6.2.10], using that all Pu,v(q) have non-negative
coefficients for u, v ∈ W by [KL80]). Since Pu,v(0) = 1 (e.g, [BL00, Lem. 6.1.9]), the equality is
equivalent to Pwλ,wµ(1) = 1. Finally, this is equivalent to dµ(λ) = 1 by Lusztig’s multiplicity
formula Pwλ,wµ(1) = dµ(λ) ([Lu83, Thm. 6.1]). We remark that Berenstein-Zelevinsky [BZ90] have
classified, for any connected reductive complex group, all pairs of weights (µ, λ) satisfying dµ(λ) = 1.

3. The classification for reductive groups: passing to adjoint groups

We proceed with the notation of §2. Let G → Gad be the canonical map to the adjoint group,
and denote by Tad ⊂ Bad the image of T ⊂ B. The image of the special vertex x under B(G,F )→
B(Gad, F ) defines a special vertex xad. The map G → Gad extends to a map of parahoric OF -
groups Gx → Gxad

. By functoriality of the loop group construction, we obtain a map LG → LGad

(resp. L+Gx → L+Gxad
), and hence a map on twisted affine Grassmannians GrG,x → GrGad,xad

.
Further, T → Tad defines a map X∗(T )I → X∗(Tad)I which sends X∗(T )+

I to X∗(Tad)+
I . For

µ̄ ∈ X∗(T )+
I , we denote by µ̄ad ∈ X∗(Tad)+

I its image. Since the Schubert varieties are defined as



SMOOTHNESS OF SCHUBERT VARIETIES 7

the scheme theoretic image of the orbit map, we get a natural morphism of k-schemes

(3.1) Gr≤µ̄G,x −→ Gr≤µ̄ad

Gad,xad
.

Proposition 3.1. The map (3.1) is an isomorphism.

Proof. If G is split, this follows from [HRc, Prop 5.1]. The twisted case is treated in [HRd] by an
analogous method. �

Now assume that G = Gad is adjoint. Then there is a finite index set J , and an isomorphism of
F -groups

(3.2) G =
∏
j∈J

ResFj/F (Gj),

where each Fj/F is a finite separable field extension, and Gj is an absolutely simple adjoint Fj-group.
The condition on G of being tamely ramified implies that each Gj is tamely ramified (and likewise
for Fj/F , but this is not important as we will see). This induces an identification of buildings
B(G,F ) =

∏
j∈J B(Gj , Fj) compatible with the simplicial structure, cf. [HRb, Prop 4.6]. Under

this identification we get x = (xj)j∈J where each vertex xj ∈ B(Gj , Fj) is special.
Further, we can write T =

∏
j∈J ResFj/F (Tj), and likewise for B, cf. [HRb, Lem 4.2]. Note that

the splitting field F ′ of G contains each Fj , and we define Ij := Gal(F/Fj). By Shapiro’s Lemma
(cf. [HRb, Lem 4.1]), we get X∗(T )I =

∏
j∈J X∗(Tj)Ij compatible with X∗(T )+

I =
∏
j∈J X∗(Tj)

+
Ij

.

For each µ̄ ∈ X∗(T )+
I , we denote µ̄ = (µ̄j)j∈J with µ̄j ∈ X∗(Tj)+

Ij
.

Lemma 3.2. Under (3.2) there is an identification of affine Grassmannians

GrG,x =
∏
j∈J

GrGj ,xj ,

under which the Schubert varieties for each µ̄ = (µ̄j)j∈J correspond to each other.

Proof. It is enough to treat the following two cases separately.

Products: If G = G1 × G2 is a direct product of two F -groups, then we have GrG,x = GrG1,x1
×

GrG2,x2
which is obvious. Also the equality Gr≤µ̄G,x = Gr≤µ̄1

G1,x1
×Gr≤µ̄2

G2,x2
is easy to prove using that

the product of (geometrically) reduced k-scheme is reduced, cf. [StaPro, 035Z (2)].

Restriction of scalars: Let G = ResF ′/F (G′) where F ′/F is a finite separable extension, and G′ is
an F ′-group. By [HRb, Prop 4.7], we have Gx = ResOF ′/OF (G′x′) where we use the identification

B(G,F ) = B(G′, F ′). Now choose1 a uniformizer u ∈ OF ′ . Since k is algebraically closed, we have
OF ′ = k[[u]] (resp. F ′ = k((u))). For any k-algebra R, we have R[[t]]⊗OF OF ′ = R[[u]] (resp. R((t))⊗F
F ′ = R((u))). This gives an equality on loop groups L+Gx = L+G′x′ (resp. LG = LG′). Hence, there
is an equality on twisted affine Grassmannians GrG,x = GrG′,x′ , and it is obvious that the Schubert
varieties correspond to each other. �

Combining Proposition 3.1 with Lemma 3.2, it is obvious how to extend our classification from
the absolutely simple adjoint case to the case of general tamely ramified connected reductive groups.
From the discussion, we also see that we can relax the condition on G of being tamely ramified to
the condition that each absolutely simple adjoint factor Gi is tamely ramified. In particular, our
classification includes all cases where char(k) ≥ 5, cf. the beginning of the next section.

1The identification of twisted affine Grassmannians is independent of this choice as all loop groups can be defined

without choosing uniformizers, cf. [Ri13, §2].
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4. Weight-multiplicity-free representations

We proceed with the notation of §2, and assume further that G is adjoint and absolutely simple.
Then the splitting field F ′/F is of degree [F ′ : F ] = 1, 2 or 3, cf. [Ti77, §4]. So if G is non-split (i.e.,
[F ′ : F ] = 2 or 3), then the assumption of being tame excludes only 2 or 3 from being the residue
characteristic [F ′ : F ].

We are interested in classifying all irreducible representations Vµ̄ of (G∨)I such that dµ̄(λ̄) = 1
for all λ̄ ∈ X∗(T )+

I , λ̄ ≤ µ̄. These representations are called weight-multiplicity-free.

Lemma 4.1. The group (G∨)I is a connected reductive Q̄`-group which is simple and semisimple.
Furthermore, it is simply connected except in the case G∨ = SL2n+1, n ≥ 1 with a non-trivial
I-action, in which case (G∨)I ∼= SO2n+1.

Proof. Since the I-action preserves a pinning of G∨, this follows from Proposition A.1, taking
κ = Q̄`. �

Lemma 4.2. The following list gives all possibilities for (G∨)I :

i) [F ′ : F ] = 1: G split; (G∨)I = G∨.
ii) [F ′ : F ] = 2:

a) G = PU2n, n ≥ 3, name B-Cn; (G∨)I = Sp2n, type Cn.
b) G = PU2n+1, n ≥ 1, name C-BCn; (G∨)I = SO2n+1, type Bn.
c) G = PSO2n+2, n ≥ 2, name C-Bn; (G∨)I = Spin2n+1, type Bn.

d) G = 2E2
6,4, ‘ramified E6’, name F I4 ; (G∨)I = F4.

iii) [F ′ : F ] = 3: G = 3D4,2, ‘ramified triality’, name GI2; (G∨)I = G2.

Hence, (G∨)I is simply connected except in case ii.b) where the connection index is 2. In this case,
(G∨)I = SO2n+1 is adjoint.

Here, the ‘name’ refers to the name given by Tits in [Ti77, Table 4.2] , and the ‘type’ refers
to the type of the connected reductive group (G∨)I . Tables containing essentially this content are
contained in [HPR, §5.2], but here we describe the groups in classical terms, including the isogeny
type.

Remark 4.3. Case ii.b) shows that there is no nonzero Σ̆-minuscule coweight for the non-split
group PU2n+1. The fact that SO2n+1 is adjoint means that every weight is in the root lattice.

This translates to X∗(T )I = Z[Σ̆∨], which in turn implies that the affine Grassmannian for PU2n+1

is connected. Similarly, one proves that the affine Grassmannian for a non-split absolutely simple
adjoint group G is always connected, except in cases ii.a) and ii.c) where it has two connected
components. This also shows that only these cases admit minuscule elements: checking the tables
in [Bou] identifies ω1 in ii.a), and ωn in ii.c) as the minuscule elements.

Proof. Checking the tables in [Ti77, §4] for residually split groups gives the above list. We make the
following remarks. Tits’ tables list the échelonnage root system attached to G/F . For example the

group named B-Cn is a ramified unitary group PU2n and has échelonnage root system Σ̆ of type
Bn. The group (G∨)I has type dual to Σ̆ (cf. [Hai18, §5.1]), and thus has type Cn and being simply
connected (Lemma 4.1), we see that (G∨)I = Sp2n. The other cases are handled similarly. �

The following theorem is proven in R. Howe’s article [Ho95, Thm 4.6.3], and we refer the reader
to its introduction for further references on the subject. A classification of multiplicity one primitive
pairs λ̄ < µ̄ is also given in [BZ90]: these are the pairs such that dµ̄(λ̄) = 1 and every simple root
for (G∨)I appears at least once in the difference µ̄− λ̄; from this one may classify all pairs such that
dµ̄(λ̄) = 1.

Theorem 4.4. Let µ̄ ∈ X∗(T )+
I , and denote by Xn the type of (G∨)I where n ≥ 1 is the rank of

(G∨)I . Then the (G∨)I-representation Vµ̄ is weight-multiplicity-free if and only if the pair (Xn, µ̄)
appears in the following list:

• any type Xn, and µ̄ minuscule;
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• type A1, and µ̄ arbitrary;
• type An, n ≥ 2, and µ̄ = l · ωi for i ∈ {1, n} and l ≥ 2;
• type Bn, n ≥ 2, and µ̄ quasi-minuscule;
• type C3, and µ̄ = ω3 (not quasi-minuscule);
• type G2, and µ̄ quasi-minuscule.

�

Remark 4.5. It is interesting to observe that only in type An are there infinitely many weight-
multiplicity-free representations. Also, outside of type A cases and the single type C3 case, the
following implication holds: “if Vµ̄ is weight-multiplicity-free, then µ̄ is (quasi-)minuscule.”

4.1. Proof of Theorem 1.1. This is a combination of Proposition 2.1 and Theorem 4.4 with the
list in Lemma 4.2. Indeed, these results make no reference to the choice of special vertex x ∈ B(G,F )
which we therefore do not specify. Drop it from the notation for the rest of the proof. By Proposition

2.1, the Schubert variety Gr≤µ̄G is rationally smooth if and only if the (G∨)I -representation Vµ̄ is
weight-multiplicity-free. Theorem 4.4 gives a complete list of all pairs ((G∨)I , µ̄) such that Vµ̄ is
weight-multiplicity-free. Clearly, if µ̄ is minuscule, there are no restrictions on the group. Assume
now that µ̄ is not minuscule. If G is split, then Theorem 4.4 directly applies to give the rationally
smooth cases listed in our theorem. If G is not split, we use Lemma 4.2 to translate Theorem 4.4
back in terms of the group G. Note that the group PU3 appears from Lemma 4.2, ii.b) using the
exceptional isomorphism of Lie types B1 = A1. This proves the theorem.

Remark 4.6. When µ̄ is quasi-minuscule, it is known that the dimension of the zero-weight space
Vµ̄(0) is the number of short nodes in the Dynkin diagram for the group (G∨)I . From this, Lemma
4.2, and Proposition 2.1, one can easily determine the groups G whose quasi-minuscule Schubert
variety is rationally smooth, without invoking Theorem 4.4.

5. Absolutely special vertices

Temporarily we assume G is any connected reductive group over an arbitrary field F endowed
with a non-trivial discrete valuation, and F ′/F is a finite separable extension splitting G. Following
[Ti77] we assume F is complete and its residue field is perfect.

Definition 5.1. A vertex x ∈ B(G,F ) is called absolutely special if its image under the simplicial
embedding B(G,F ) ↪→ B(G,F ′) is a special vertex.

Note that this notion is independent of the choice of the splitting field F ′/F .

Lemma 5.2. Absolutely special vertices exist in every quasi-split group G and are special.

Proof. This is modeled on Tits’ proof of the existence of hyperspecial points for unramified groups,
cf. [Ti77, p. 36]. Since G is quasi-split, there exist S ⊂ T ⊂ B defined over F as above. We may
assume F ′/F is Galois, and we write Γ := Gal(F ′/F ). Let a1, . . . , al denote a Γ-stable basis of
B-simple absolute roots for (G,T ). Clearly Γ acts on the apartment A (G,T, F ′) ⊂ B(G,F ′), and
also on the set of affine roots Φaff := Φaff(G,T, F ′) by construction, cf. [Ti77, §1.6]. We claim that
there is a Γ-stable set {α1, . . . , αl} ⊂ Φaff such that the vector part of each αj is aj .

Indeed, suppose we are given a Γ-orbit {ai1 , . . . , air} of simple roots. We change notation and
write these as a1, . . . , ar. Choose arbitrarily an α1 ∈ Φaff whose vector part is a1. Then for each aj ,
1 ≤ j ≤ r, choose γj ∈ Γ such that γj(a1) = aj , and set αj := γj(α1). This is well-defined because
if γ ∈ Γ fixes a1, then it fixes α1 by definition of the Γ-action.

Now recall from [BT84, 4.1.2] that any relative root in X∗(S) for G is the restriction of a root
in X∗(T ) for GF ′ . Hence, any Γ-fixed point in the solution set of α1 = α2 = · · · = αl = 0 is the
desired absolutely special vertex of A (G,T, F ′)Γ = A (G,S, F ). This shows existence, and also that
any absolutely special vertex is special. �

Note that the above result holds even if G is not tamely ramified. Now we continue with the
notation and hypotheses of §4. In particular we are again assuming G is adjoint, absolutely simple,
and tamely ramified over F .
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Lemma 5.3. Assume that G is not isomorphic to PU2n+1 for any n ≥ 1. Then all special vertices
in B(G,F ) are conjugate under G(F ), and in particular are absolutely special.

Proof. The last assertion follows from Lemma 5.2 using that the property of being absolutely special
is invariant under G(F )-conjugacy. It remains to show that all special vertices are conjugate.
This is implicitly contained in [Ti77, §2.5], and we add some details. Clearly, it is enough to
show the conjugacy of all special points in the apartment A := A (G,T, F ). Fix a special point
0 ∈ A , and identify A = X∗(T )I,R. We claim that X∗(T )I ⊂ A is exactly the subset of special
points. The claim implies the lemma because the action of T (F ) on A is via translation under
T (F )/T o(OF ) ' X∗(T )I , and thus T (F ) permutes all special points. It remains to show the claim.

By [Bou, VI.2.2, Prop 3], the special points in A are identified with the weight lattice P (Σ̆∨) for

the échelonnage roots. In general, we have an inclusion X∗(T )I = X∗((T∨)I) ⊂ P (Σ̆∨) which is an
equality if and only if (G∨)I is simply connected. But this holds true by Lemma 4.2 because we
excluded case ii.b) by assumption. This proves the lemma. �

Now assume G = PU2n+1 for n ≥ 1. Then up to G(F )-conjugation there are two kinds of special
vertices. If n ≥ 2, the local Dynkin diagram is of the form

(5.1) C-BCn
s as
< <

If n = 1, the local Dynkin diagram is drawn in (7.1) below, and looks similar. Here F ′/F is a ramified
quadratic extension, and the vector space V := (F ′)2n+1 is equipped with a non-degenerate split
Hermitian form as in [Ti77, 3.11] (cf. also [PR09, 1.2.1]). The vertex labeled “as” is absolutely
special, and corresponds to a selfdual OF ′ -lattice in V whereas the vertex labeled “s” is special, but
not absolutely special, and corresponds to an almost modular lattice, cf. [PR09, 1.2.3 a)]. Here an
OF ′ -lattice Λ ⊂ V is called selfdual if Λ⊥ = Λ where (-)⊥ denotes the dual lattice with respect to
the Hermitian form. The lattice is called almost modular if u ·Λ ⊂ Λ⊥ with colength 1 where u ∈ F ′
is a uniformizer.

5.1. Proof of Theorem 1.2. If µ̄ is minuscule, or if G is an odd-dimensional ramified unitary

group, x is not absolutely special and µ̄ is quasi-minuscule, then Gr≤µ̄G,x is smooth. Indeed, if µ̄ is

minuscule, then Gr≤µ̄G,x = Grµ̄G,x is a single orbit, and hence is smooth. The other case was observed

by the second named author, and follows from an explicit calculation, cf. [Arz09, Prop 4.16].

Conversely assume that Gr≤µ̄G,x is smooth. Then it is rationally smooth as well, and hence appears
in the list of Theorem 1.1. We need to exclude from that list all the Schubert varieties which are
singular. If µ̄ is minuscule, then Gr≤µ̄G,x is smooth as argued above. Therefore, we have reduced to
the case where µ̄ is not minuscule. In what follows, we list groups according to the type of the dual
group (G∨)I .

Type A1, and µ̄ arbitrary: Note that there is an l ≥ 2 such that µ̄ = l · ω1. If G = PGL2 is split,

then Gr≤µ̄G,x is singular by [MOV05, §5.1] (using §6 below to reduce to k = C), cf. also [Mue08, Thm

9.2] for an explicit matrix calculation. These cases are therefore excluded. If G is not split, then
according to Lemma 4.2 it is the 3-dimensional quasi-split ramified projective unitary group. Note
that only the weights µ̄ = l · ω1 for even l ≥ 2 appear in this case because (G∨)I = SO3 ' PGL2 is

not simply connected. By §6 and Proposition 7.1 below, the Schubert variety Gr≤µ̄G,x is smooth only
in the case where x is special but not absolutely special, and µ̄ = 2ω1 is quasi-minuscule, and so
only this case is not excluded.

Type An, n ≥ 2 and µ̄ = l · ωi, i ∈ {1, n}, l ≥ 2: By Lemma 4.2, the group G is split, and
hence G = PGLn+1. The singularity of these Schubert varieties is a particular case of [EM99,
MOV05] (using the method of §6 below to reduce to k = C). Let us be more specific. The inverse
transpose morphism G→ G, g 7→ (g−1)t induces an isomorphism on affine Grassmannians flipping

the connected components, and in particular restricts to an isomorphism Gr≤l·ω1

G,x ' Gr≤l·ωnG,x for all
l ≥ 2. We are thus reduced to the case where µ̄ = l · ω1, l ≥ 2. In this case, we consider the
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element λ̄ = (l − 1) · ω1 + ω2. Then µ̄− λ̄ is a simple coroot. By the Levi lemma of [MOV05, 3.4],

the boundary of Gr≤λ̄G,x ⊂ Gr≤µ̄G,x is smoothly equivalent to the boundary of a Schubert variety for
PGL2, and hence is singular by the type A1 case above. Therefore all the cases in this paragraph
are excluded.

Remark 5.4. Below we give references to articles which include explicit calculations for the special
fibers of local models [P00, Arz09, PR09, HPR]. To apply these references we need to (possibly)

replace the adjoint group G by a suitable central extension G̃→ G such that π1(G̃der) = 0, cf. [HPR,

(2.11)]. By Proposition 3.1, the Schubert varieties map along G̃→ G isomorphically onto each other.
Hence, by [PZ13, Thm 9.1] the Schubert variety is isomorphic to the special fiber of a suitable local
model. This allows us to use these references.

Type Bn, n ≥ 2, and µ̄ quasi-minuscule: If G is split, then Gr≤µ̄G,x is singular, cf. [MOV05, §2.9,

2.10] (we are using §6 below to reduce to k = C). If G is not split, then according to Lemma 4.2
we are left with the cases ii.b), ii.c) for any n ≥ 2. In case ii.b), the group G is a quasi-split unitary

group on an 2n+1-dimensional Hermitian space. If x is absolutely special, then Gr≤µ̄G,x is singular at

the base point by [P00, Thm 4.5, Lem 4.7] (cf. also [HPR, §9, 3.b)]). This case is therefore excluded.

If x is special, but not absolutely special, then Gr≤µ̄G,x is smooth at the base point by [Arz09, Prop

4.16] (cf. also [HPR, §9, 3.a)]). This case is therefore not excluded.
In case ii.c), the group G is a ramified orthogonal group on a 2n + 2-dimensional space. The

Schubert variety Gr≤µ̄G,x is singular by [HPR, §9, 3.c)]. Note that by Lemma 5.3 all special vertices

are conjugate under G(F ) so that we only need to consider the choice of x that is handled in loc. cit..
This case is excluded.

Type C3, and µ̄ = ω3: If G is split, then G = PSp6. We have µ̄ = ω3 > ω1 =: λ̄, and λ̄ is
minuscule. Checking the tables in [Bou], we see that λ̄ is equal to zero on the root subsystem

supp(µ̄− λ̄) = {α∨2 , α∨3 }, viewing the latter as simple coroots in Σ̆∨. By the Levi lemma of [MOV05,

3.4], the boundary of Gr≤λ̄G,x ⊂ Gr≤µ̄G,x is smoothly equivalent to the quasi-minuscule singularity of
type C2 = B2, which is singular by the previous case. This case is excluded. If G is not split, then
according to Lemma 4.2 we are in case ii.a) for n = 3, i.e., G is a quasi-split ramified unitary group

on a 6-dimensional Hermitian space. The Schubert variety Gr≤µ̄G,x is isomorphic to the special fiber

of the local model of the unitary similitudes group for signature (3, 3), and this is singular by [HPR,
§9, 2)] (cf. the equations given in [PR09, (5.6)]). This case is excluded.

Type G2, and µ̄ quasi-minuscule: This is the most difficult case in our classification, and it is
treated in §8 below, cf. Theorem 8.1. Here we are also using §6 for the reduction to the case k = C.

Thus, the Schubert variety Gr≤µ̄G,x is singular at the base point, and hence it is excluded. This finishes
the proof of the classification, and hence the proof of Theorem 1.2.

5.2. A conjecture on minimal degenerations. Theorem 1.2 classifies the smooth Schubert va-
rieties in twisted affine Grassmannians. If the group G is split, the result proven in [EM99, MOV05]
is stronger. In this case, every Schubert variety is singular along its boundary, i.e., Grµ̄G,x is exactly

the smooth locus in Gr≤µ̄G,x. As the phenomenon of exotic smoothness shows, this fails in twisted
affine Grassmannians for general special vertices.

Conjecture 5.5. If x is absolutely special, then the smooth locus of Gr≤µ̄G,x is precisely Grµ̄G,x.

It would also be interesting to determine the type of singularities which arise. The calculations
in §8 indicate that these might be different from the minimal degeneration singularities for split
groups.

6. Reduction of the remaining cases to k = C

In order to treat the remaining cases in §7 and §8 below, we first reduce the proof that the
Schubert varieties in question are singular to the case where k = C. Let W := W (k) be the ring
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Witt vectors of k equipped with the natural map W → k. Let K = Frac(W ) be the field of
fractions. As the group G is tamely ramified, the twisted affine Grassmannian together with the
Schubert varieties lift to W , cf. [PR08, §7]. Note that in loc. cit. the group G is assumed to be
absolutely simple and simply connected, but the same reasoning also holds for absolutely simple
and adjoint groups. Hence, there exists a twisted affine Grassmannian GrG,x defined over W , and

for every µ̄ ∈ X∗(T )+
I a Schubert variety Gr≤µ̄G,x such that

(6.1) GrG,x ⊗ k = GrG,x, Gr≤µ̄G,x ⊗W k = Gr≤µ̄G,x.

Here we use that Gr≤µ̄G,x is normal and that its normalization G̃r
≤µ̄
G,x commutes with base change.

For simply connected groups this is proven in [PR08, Prop 9.11 (a) and 9.g], and the case of adjoint
groups is deduced from this in [HRd] following the method of [HRc]. The affine Grassmannian in
the generic fiber GrG⊗K is of the same type as the affine Grassmannian in the special fiber GrG,x,

so that Gr≤µ̄G,x ⊗ K is the Schubert variety in GrG,x ⊗ K for the same µ̄ ∈ X∗(T )I . Note that we

have an identification X∗(T )I = X∗(TK)IK compatible with the dominance order where T is the
lift of T over W , cf. [HRd].

As the singular locus in Gr≤µ̄G,x is closed, the generic fiber Gr≤µ̄G,x ⊗K being singular implies the

special fiber Gr≤µ̄G,x is singular. We are therefore reduced to the case that k is an algebraically closed
field of characteristic zero, and further to the case k = C which we will assume whenever convenient
in what follows.

7. The three-dimensional quasi-split ramified unitary groups

Let k be an algebraically closed field with char(k) 6= 2. Let F = k((t)), and let F ′/F be a
quadratic ramified extension. Let G = PU3, and let x ∈ B(G,F ) be a special vertex. Up to
conjugation by Gad(F ), there are two kinds of vertices: one is absolutely special, and one is special,
but not absolutely special. The local Dynkin diagram of G is:

(7.1) C-BC1
s

1

as

0
<

Note that GrG,x is connected with an linearly order relation on the Schubert varieties, i.e., there
are no minuscule Schubert varieties. Recall that the pair (µ̄, x) is called of exotic smoothness if µ̄ is
quasi-minuscule, and x is special, but not absolutely special, i.e., the vertex labeled 1 in (7.1). The
aim of this section is to prove the following proposition.

Proposition 7.1. Assume that (µ̄, x) is not of exotic smoothness. Then the smooth locus of Gr≤µ̄G,x
is exactly Grµ̄G,x. In particular, Gr≤µ̄G,x is singular if µ̄ is non-trivial.

We may pass to working with G = SU3 thanks to Proposition 3.1. Also, we use §6 to reduce the
proof of Proposition 7.1 to case where k = C. By [PR08, §9.f] the twisted affine flag varieties for
simply connected groups agree with the Kac-Moody affine flag varieties so that Kumar’s criterion
[Ku96] is applicable. This is a criterion for smoothness of Schubert varieties in terms of affine Weyl
group combinatorics. We first reduce the proof of Proposition 7.1 to Schubert varieties in the affine
flag variety in §7.2, and then recall Kumar’s criterion in §7.3 below. The final verifications are made
in §7.4 below.

7.1. Preliminaries on Schubert varieties. We write F ′ = k((u)) for a choice of uniformizer u
with u2 = t, and we fix a basis giving an isomorphism V = (F ′)3 such that the Hermitian form is
given by the anti-diagonal matrix antidiag(1, 1, 1). With respect to this basis, we let T ⊂ G be the
diagonal torus, and B ⊂ G the Borel subgroup of upper triangular matrices.

We define the OF ′ -lattices Λ0 := O3
F ′ and Λ1 := u−1OF ′ ⊕O2

F ′ . Up to conjugation by SU3(F ),
the vertex x corresponds either to the absolutely special vertex given by the selfdual lattice Λ0, or to
the special, but not absolutely special vertex given by the almost modular lattice Λ1, cf. (5.1). We
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fix the base alcove a which corresponds to the Iwahori subgroup in SU3(F ) given by the stabilizer
of the lattice chain Λ0 ⊂ Λ1.

Observe that (G∨)I is an adjoint group (cf. Proposition A.1) and so X∗(T )I = X∗((T∨)I) is

generated by Σ̆∨. Write e1 = µ̄1 for the simple échelonnage coroot. In this way we identify X∗(T )+
I =

Z≥0, and we denote by µ̄l ∈ X∗(T )+
I the element which corresponds to l ∈ Z≥0. Explicitly, µ̄l is

under the Kottwitz map given by the class of the diagonal matrix diag(ul, 1, (−u)−l) ∈ T (F ). As
closed subschemes in the affine Grassmannian we have

{e} = Gr≤µ̄0

G,x ⊂ Gr≤µ̄1

G,x ⊂ Gr≤µ̄2

G,x ⊂ . . . ,

and Gr≤µ̄lG,x\Gr
≤µ̄l−1

G,x = Grµ̄lG,x which is of dimension 2l (because the base alcove corresponds to the

interval (0, 1
2 ), see below). The element µ̄1 is the unique quasi-minuscule element.

7.2. Reduction to the affine flag variety. We consider the Iwahori OF -group scheme Ga given
by the automorphisms of the lattice chain Λ0 ⊂ Λ1, and denote by F` := LG/L+Ga the associated
twisted affine flag variety in the sense of [PR08, 1.c]. Let W = W (G,T, F ) be the affine Weyl group.

For each w ∈ W , we denote by F`≤w ⊂ F` the L+Ga-Schubert variety associated with the base
point nw ∈ F`(k) corresponding to w, cf. [PR08, §8].

The canonical projection π : F` → GrG,x is representable by a smooth proper surjective morphism
of relative dimension 1, cf. [HRa, Lem 4.9 i)]. Thus, for each l ≥ 1 there exists a unique element
wl,x ∈W such that as subschemes of the affine flag variety

F`≤wl,x = π−1(Gr≤µ̄lG,x ).

Since the projection F`≤wl,x → Gr≤µ̄lG,x is smooth, to show Gr≤µ̄lG,x is singular it is enough to show

that F`≤wl,x is singular at a point vl,x lying over µ̄l−1. We need to explicate the elements wl,x in
terms of the affine Weyl group W , and need to make suitable choices for vl,x.

7.2.1. Affine Roots. We have the perfect pairing 〈-, -〉 : X∗(T )IR×X∗(T )I,R → R of 1-dimensional R-
vector spaces. Let ε1 ∈ X∗(T )IR be such that 〈ε1, e1〉 = 1. The set of affine roots Φaff = Φaff(G,T, F )
is given by

Φaff = {±ε1 + Z; ±2ε1 + Z}.

It follows that the simple affine roots are α1 = ε1, α0 = −2ε1 + 1, and the simple échelonnage root
is αech = 2ε1. These roots have coroots α∨1 = 2e1, α∨0 = −e1 + 1

2 , and α∨ech = e1 = µ̄1. Note this is

consistent with our description of µ̄1 above. The base alcove a is the open interval (0, 1
2 ) ⊂ R. In

this notation, we have µ̄l = le1 = lα∨ech.

7.2.2. Simple reflections. The affine Weyl group W has a Coxeter group structure given by the
choice of the base alcove a. We denote by ≤ the partial order, and by `(w) ∈ Z≥0 the length of an
element w ∈ W . We let s0 := sα0

be the simple affine reflection given by α0, and we let s1 := sα1

be the simple reflection given by α1. We have the group presentation

W = 〈s0, s1 | s2
0 = s2

1 = 1〉.

The group W acts on Φaff . We have si(αi) = −αi for i = 0, 1, and

s0(α1) = α1 − 〈α1, α
∨
0 〉α0 = α1 + α0,

s1(α0) = α0 − 〈α0, α
∨
1 〉α1 = α0 + 4α1.

Translation by µ̄ takes the base alcove a = (0, 1
2 ) to the interval (1, 3

2 ). Therefore, for l ≥ 1,

translation by µ̄l is an element in W with reduced expression (s0s1)l. In what follows we will
abbreviate such expressions.
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7.2.3. Cases. We extend the definition to every i ∈ Z by si := s0 (resp. αi := α0) if i is even, and
si := s1 (resp. αi := α1) if i is odd. Further, for every pair i, j ∈ Z, we define si,j := sisi+1 · · · sj if
i ≤ j and si,j := 1 if i > j. Fix l ≥ 1 and consider the following two cases.

Case A. Let x be the absolutely special vertex given by the selfdual lattice Λ0. Then Gx(OF )
contains the affine root groups given by ±α1. In this case, we have wl,x = s1,2l+1, and we fix this
reduced expression. We define vl,x := s1,2l−1.

Case B. Let x be special, but not absolutely special vertex given by the almost modular lattice Λ1.
Then Gx(OF ) contains the affine root groups given by ±α0. In this case, we have wl,x = s0,2l, and
we fix this reduced expression. We define vl,x := s0,2l−2, i.e., the roles of 0 and 1 are interchanged.

7.3. Kumar’s criterion. From now on assume that k = C. Then F` is the Kac-Moody affine flag
variety (cf. [Ku96]) associated with the generalized Cartan matrix of rank two given by(

〈α0, α
∨
0 〉 〈α0, α

∨
1 〉

〈α1, α
∨
0 〉 〈α1, α

∨
1 〉

)
=

(
2 −4
−1 2

)
.

Let Q be the fraction field of the symmetric algebra of the root lattice. Let w ∈ W , and fix a
reduced decomposition w = s1 · . . . · sn. For v ≤ w, we define

(7.2) evX(w)
def
=
∑ n∏

i=1

s̃1 · · · s̃i(αi)−1 ∈ Q,

where the sum runs over all sequences (s̃1, . . . , s̃n) such that either s̃i = 1 or s̃i = si for every i, and
s̃1 · . . . · s̃n = v. The following theorem is [Ku96, Thm 5.5 (b); Thm 8.9].

Theorem 7.2. The Schubert variety F`≤w is smooth at v if and only if

(7.3) evX(w) = (−1)`(v)
∏

α∈Φ+
aff ; sαv≤w

α−1,

where Φ+
aff ⊂ Φaff is the set of positive affine roots, and sα denotes the associated reflection.

�

7.4. End of the proof. By Theorem 7.2, we need to calculate the expression evl,xX(wl,x) in
both cases A and B. Note that there are 2l subexpressions of vl,x in wl,x defined by deleting two
neighboring simple reflections, and that all subexpressions are of this form. We use the notation
introduced in §7.2.3.

Case A: An elementary calculation gives

(7.4) evl,xX(wl,x) =

(
2l−1∏
i=1

s1,i(αi)
−1

)
·

(
2l−1∑
i=0

s1,i(α0)−1s1,i(α1)−1

)
︸ ︷︷ ︸

=:Al

.

Case B: The same calculation as before gives

(7.5) evl,xX(wl,x) =

(
2l−2∏
i=0

s0,i(αi)
−1

)
·

(
2l−1∑
i=0

s0,i−1(α0)−1s0,i−1(α1)−1

)
︸ ︷︷ ︸

=:Bl

.

Corollary 7.3. The Schubert variety F`≤wl,x is smooth at vl,x if and only if

Al = −α−1
0 s1,2l(α0)−1 = α−1

0 s1,2l−1(α0)−1 resp., Bl = −α−1
1 s0,2l−1(α1)−1 = α−1

1 s0,2l−2(α1)−1.

Proof. The right hand side in (7.3) takes the form

Case A: −
2l∏
i=0

s1,i−1(αi)
−1 = −

2l∏
i=0

s1,i(αi)
−1 Case B: −

2l−1∏
i=−1

s0,i−1(αi)
−1 = −

2l−1∏
i=−1

s0,i(αi)
−1.
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Here we used si(αi) = −αi and the conventions s1,−2 = s1,−1 = s1,0 = 1 to keep track of the signs.
By comparing this with (7.4) (resp. (7.5)), the corollary follows from Theorem 7.2. �

We now need to calculate Al and Bl for every l ≥ 1. The following identities are useful.

Lemma 7.4. For all i ∈ Z≥0, one has

i) α0 + s1(α0) = 2, and s1,2i(α0) = α0 − 2i, and s1,2i+1(α0) = s1(α0) + 2i;

ii) α1 + s0(α1) = 1, and s0,2i−1(α1) = α1 − i, and s0,2i(α1) = s0(α1) + i.

Proof. We have s1(α0) = α0 + 4α1 = 2 − α0, and s0(α1) = α0 + α1 = 1 − α1. The remaining
identities are proved by an easy induction, and are left to the reader. �

Case A: The number of summands in Al is even, and we add terms in consecutive pairs as follows.
For every 0 ≤ i ≤ l − 1, one has

s1,2i(α0)−1s1,2i(α1)−1 + s1,2i+1(α0)−1s1,2i+1(α1)−1 = 4 · s1,2i(α0)−1s1,2i+1(α0)−1,

where we used s1,2i+1(α1) = −s1,2i(α1) and s1,2i+1(α0) = s1,2i(α0) + 4s1,2i(α1). This shows

Al = 4 ·
l−1∑
i=0

s1,2i(α0)−1s1,2i+1(α0)−1 = 4l · α−1
0 s1,2l−1(α0)−1.

For the last equality we use Lemma 7.5 below applied to α0 + s1(α0) = 2 which is justified by

Lemma 7.4 i). Hence, by Corollary 7.3 the Schubert variety F`≤wl,x is singular at vl,x for all l ≥ 1
in this case.

Case B: Again the number of summands in Bl is even, and we add terms in consecutive pairs. For
every 0 ≤ i ≤ l − 1, one has

s0,2i−1(α0)−1s0,2i−1(α1)−1 + s0,2i(α0)−1s0,2i(α1)−1 = s0,2i−1(α1)−1s0,2i(α1)−1,

where we used s0,2i(α0) = −s0,2i−1(α0) and s0,2i(α1) = s0,2i−1(α0) + s0,2i−1(α1). This shows

Bl =

l−1∑
i=0

s0,2i−1(α1)−1s0,2i(α1)−1 = l · α−1
1 s0,2l−2(α1)−1.

For the last equality we use Lemma 7.5 below applied to α1 + s0(α1) = 1 which is justified by

Lemma 7.4 ii). Hence, by Corollary 7.3 the Schubert variety F`≤wl,x is singular (resp. smooth) at
vl,x for l ≥ 2 (resp. l = 1). This finishes the proof of Proposition 7.1.

Lemma 7.5. Let n ∈ Z≥1, and α, β ∈ Q\nZ (e.g.,α, β are affine roots) with α + β = n. For any
l ≥ 1, one has

l−1∑
i=0

1

(α− ni)(β + ni)
=

l

α(β + n(l − 1))
.

Proof. This is elementary, and left to the reader. �

Remark 7.6. The form of Al and Bl also shows that the Schubert variety F`≤wl,x is rationally
smooth at vl,x, cf. [Ku96, Thm 5.5 (a); Thm 8.9]. This is in accordance with Theorem 1.1.

8. The quasi-minuscule Schubert variety for the ramified triality

Let k be an algebraically closed field of characteristic 6= 3, and let F = k((t)) be the Laurent
series local field. Let G be the twisted triality over F , i.e., the up to isomorphism unique quasi-split
but non-split form of Spin8 over F . Note that G splits over a totally ramified extension of F of
degree 3, and is therefore tamely ramified by the assumption on k. Let x ∈ B(G,F ) be a special
vertex in the Bruhat-Tits building, and denote by Gx the associated special parahoric group scheme
over OF = k[[t]]. By [Ti77, §2.5] the group Gad(F ) acts transitively on the set of special vertices.
Therefore we may justifiably denote by GrG := LG/L+Gx the twisted affine Grassmannian in the
sense of [PR08].
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Theorem 8.1. The quasi-minuscule Schubert variety in GrG is a 6-dimensional projective k-variety
which is rationally smooth, but singular at the base point.

Rational smoothness follows from Theorem 1.1, cf. also Remark 8.3 below. For the proof that the
quasi-minuscule Schubert variety is singular at the base point, we use §6 to reduce to the case k = C
first which we assume in §8.6, §8.7 below. Here our method is similar to the method in [MOV05,
2.9-2.10]: we construct a neighborhood of the base point inside the quasi-minuscule Schubert variety
in a certain space of nilpotent matrices. We show that the tangent space of our Schubert variety at
the base point is 7-dimensional, and hence this point is singular. Note that it is quite different from
the quasi-minuscule Schubert variety for a split group of type G2 in which case the tangent space
at the identity is of dimension 14 (=dimension of the Lie algebra of G2), cf. [MOV05, 2.9].

Alternatively, one can in principle prove that the quasi-minuscule Schubert variety is singular by
using Kumar’s criterion as in §7 above. However, this is lengthy without computer aided calculations
(cf. also [MOV05, 7.10] for a similar calculation in the split case), and would give less insight as we
would not get the dimension of the tangent space at the identity.

8.1. Construction of the twisted triality. Let F ′ = k((u)) be the cubic Galois extension of F
defined by u3 = t. The Galois group I = Gal(F ′/F ) is cyclic of order 3, and we denote by τ ∈ I a
generator. Then τu = ζ · u where ζ = ζ3 is a primitive third root of unity.

The special orthogonal group in dimension 8 is the functor on k-algebras R given by

(8.1) SO8(R) = {A ∈ SL8(R) |AJAtJ = id},

where J := antidiag(1, . . . , 1) ∈ GL8(R). Let T ′ ⊂ B′ ⊂ SO8 be the maximal diagonal torus,
contained in the upper triangular Borel. The torus T ′ is given by

(8.2) T ′(R) = {diag(a1, . . . , a4, a
−1
4 , . . . , a−1

1 ) | a1, . . . , a4 ∈ R×}.

The coroot lattice Q∨ is the index 2 sublattice of X∗(T
′) = Z4 with basis α∨1 = ε1− ε2, α∨2 = ε2− ε3,

α∨3 = ε3 − ε4 and α∨4 = ε3 + ε4. Hence, π1(SO8) = X∗(T
′)/Q∨ = Z/2.

Define π : H := Spin8 → SO8 to be the simply connected degree 2 cover. The preimage TH :=
π−1(T ′) is a maximal torus of H contained in the Borel subgroup BH := π−1(B′). We have
X∗(TH) = Q∨ ⊂ X∗(T ′). The affine Dynkin diagram of H is:

(8.3) D4
0 2

1

3

4

We let σ0 ∈ Aut(D4) the automorphism defined by 2 7→ 2 and 1 7→ 3 7→ 4 7→ 1. We fix a principal
nilpotent element in XH ∈ Lie(BH), and regard σ0 as an automorphism of H via

Aut(D4) = Autk(H,BH , TH , XH) ⊂ Autk(H).

Then the twisted triality G is the functor on the category of F -algebras R given by

(8.4) G(R)
def
= {A ∈ H(R⊗F F ′) |σ(A) = A},

where σ := σ0 ⊗ τ . Likewise, we define the F -subgroups T ⊂ B ⊂ G by descent. The affine Dynkin
diagram of G has the form

(8.5) GI2
0 2 1

<

cf. [Ti77, §4.2]. Here the arrow points to the shorter root, and should be regarded as an inequality
sign saying that one root is of smaller length than the other.
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8.2. The special parahoric. Since the extension F ′/F is tamely ramified, we have an identification
of buildings B(H,F ′)σ = B(G,F ) compatible with the simplicial structure, cf. [PY02]. After
conjugation by an element in Gad(F ), we reduce to the case where x = 0 corresponds to the
base point. In terms of parahoric group schemes, the pair (HF ′ , 0) corresponds to the OF ′ -group
H := H ⊗k OF ′ . Hence, the special parahoric group scheme Gx = G associated with the pair (G, 0)
is the OF -group G = ResOF ′/OF (H)σ.

8.3. Some loop groups. We denote by LG (resp. L+G) the twisted loop group given on k-algebras
R by LG(R) = G(R((t))) (resp. L+G(R) = G(R[[t]])). Likewise, we denote by LH (resp. L+H) the
loop group given by LH(R) = H(R((u))) (resp. L+H(R) = H(R[[u]])). Then as k-group functors

(8.6) LG = (LH)σ (resp. L+G = (L+H)σ),

which is an immediate consequence of the definition. The negative loop group L−H is defined on k-
algebras R by L−H(R) = H(R[u−1]). Let L−−H := ker(L−H → H), u−1 7→ 0. Then the morphism
given by multiplication

(8.7) L−−H× L+H → LH, (h−, h+) 7→ h− · h+,

is relatively representable by an open immersion, cf. [LS97, Prop 4.6] (cf. also [dHL, Thm 2.3.1],
[HRa, Cor 3.2]). The automorphism σ ∈ Autk(LH) preserves the subgroup L−−H ⊂ LH, and we
define the k-group

L−−G def
= (L−−H)σ.

By taking σ-fixed points in (8.7), we see that the multiplication morphism L−−G × L+G → LG is
still an open immersion. Hence, if e ∈ GrG = LG/L+G denotes the base point, then the morphism
of k-ind-schemes

(8.8) L−−G ↪→ GrG, g− 7→ g− · e
is representable by an open immersion.

8.4. The quasi-minuscule Schubert variety. Let Σ̆ be the échelonnage root system of G which
we give explicitly in §8.5.2 below. Let µ̄ ∈ X∗(T )I be the unique quasi-minuscule cocharacter for
this root system. We fix an element tµ̄ ∈ T (F ) mapping to µ̄ under the Kottwitz morphism T (F )→
X∗(T )I . We show in §8.5.3 that the element tµ̄ maps under the map T (F )→ T ′(F ′) ⊂ SO8(F ′) to
the diagonal matrix

diag(u2, u, u, 1, 1, u−1, u−1, u−2) · t0,
for some t0 ∈ T ′(OF ′). Let Cµ̄ ⊂ GrG be the reduced L+G-orbit of tµ̄ · e. The quasi-minuscule
Schubert variety Sµ̄ ⊂ GrG is the closure of Cµ̄ equipped with the reduced scheme structure. Then
Sµ̄ is a projective k-variety whose smooth locus contains Cµ̄. By the Cartan decomposition for
twisted affine Grassmannians [Ri13, Cor 2.10], we have

(8.9) Sµ̄ = Cµ̄
∐
{e}.

Lemma 8.2. The Schubert variety Sµ̄ is of dimension 6.

Proof. Let 2ρ = 6α1 +10α2 +6α3 +6α4 be the sum of the positive roots in the absolute root system
ΦD4

. By [Ri13, Cor. 2.10],

dim(Sµ̄) = 〈2ρ, µ〉,
where µ = 2α∨1 + α∨2 as in §8.5.3 below. A calculation shows 〈2ρ, µ〉 = 6. �

Remark 8.3. Note that (G∨)I = G2 by Lemma 4.2 iii). Under the geometric Satake isomorphism
for ramified groups [Zhu15, Ri16], the Schubert variety Sµ̄ corresponds to the quasi-minuscule fun-
damental representation Vµ̄ of G2. This is the unique 7-dimensional non-trivial representation, it
has 6 extreme weights, and hence its trivial weight space is 1-dimensional. This shows that Vµ̄ is
weight-multiplicity-free, and hence Sµ̄ is rationally smooth by Proposition 2.1, without using the
classification result in Theorem 4.4.
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8.5. Various root systems. We give explicitly the various root systems attached to the twisted
triality.

8.5.1. D4 roots. We use the notation of Bourbaki [Bou] for the root system of type D4. The set of
roots ΦD4

carries the automorphism σ0 of order 3. The simple roots are

α1 = ε1 − ε2, α2 = ε2 − ε3, α3 = ε3 − ε4, α4 = ε3 + ε4.

We list the positive roots as σ0-orbits:

{α2}, {α1, α3, α4}, {α1 + α2, α2 + α3, α2 + α4}

{α1 + α2 + α3, α2 + α3 + α4, α1 + α2 + α4}

{α1 + α2 + α3 + α4}, {α1 + 2α2 + α3 + α4}.

The highest root is α̃D4 = α1 + 2α2 + α3 + α4.

8.5.2. Échelonnage roots. The échelonnage root system Σ̆ for G can be described explicitly in terms
of the absolute roots ΦD4 , by [Hai18, Thm 6.1]. The simple positive roots in Σ̆ are the modified
norms N ′I(α) of the the simple positive roots α for ΦD4

(but here the modified norm coincides with
the unmodified norm in [Hai18, Def. 3.1]). Therefore the simple positive échelonnage roots may be
written

∆̆ = {α2, α1 + α3 + α4}.

In other words, α := α2 is the short simple root, and β := α1 +α3 +α4 is the long simple root. It is
evident from the angle ∠(α, β) that we get a root system of type G2. Therefore in these coordinates
the highest root is

α̃ = 3α+ 2β = 3α2 + 2(α1 + α3 + α4).

The coroots are given by

α∨ = α∨2 , β∨ =
α∨1 + α∨3 + α∨4

3

and (using that α̃∨ =: µ̄ is quasi-minuscule with respect to Σ̆ hence is the fundamental coweight
ω∨β )

(8.10) α̃∨ = α∨ + 2β∨ = α∨2 +
2

3
(α∨1 + α∨3 + α∨4 ).

8.5.3. Quasi-minuscule coweight µ̄ for G. The element (8.10) is the result of applying the σ-
averaging map X∗(T )I → X∗(T )I to an element µ = α∨2 + 2α∨1 ∈ X∗(T ). By [Ko97, (7.3.2)],
under T (F )/T (OF )→ T (F ′)/T (OF ′), tµ̄ maps to uµ̃ := µ̃(u) ∈ T (F ′), where

(8.11) µ̃ := Nµ̄ = 2(α∨1 + α∨3 + α∨4 ) + 3α∨2 ∈ X∗(T ).

In terms of the diagonal torus T ′ in SO8, the image of tµ̄ takes the form

uµ̃ · t0 = diag(u2, u, u, 1, 1, u−1, u−1, u−2) · t0,

for some t0 ∈ T ′(OF ′).
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8.5.4. Fixed-point roots. We can identify the root system of the fixed point group Hσ0 = Spinσ0
8

using the general procedure of [Hai15, §4]. The procedure is to take the non-divisible elements of
the set of σ0-averages of the roots of H. We get the following list, corresponding to the σ0-orbits
listed above:

{α2}, {
α1 + α3 + α4

3
}, {α2 +

1

3
(α1 + α3 + α4)}

{α2 +
2

3
(α1 + α3 + α4)}

{α1 + α2 + α3 + α4}, {α1 + 2α2 + α3 + α4}.

This is the set of positive roots in a root system of type G2 (cf. [Bou, Pl. IX (II,V)]). The group
Hσ0 is connected reductive, semi-simple, simple and simply connected, cf. Proposition A.1, so that
Hσ0 = G2 (we fix an isomorphism). Note that we have used the connectedness of Tσ0 , which is
obvious in this situation.

8.6. Nilpotent orbits with a twist. Now assume k = C.

8.6.1. The space (u−1h)σ. Write h = Lie(H) and n = Lie(H)nilp, the set of nilpotent elements in h.
Consider u−1h ⊂ h⊗C C((u)). This is a σ-stable C-vector subspace of finite dimension. For a root γ
of H, let uγ : C→ h be the corresponding Lie algebra homomorphism. We use the same symbol for
uγ : C((u))→ h⊗C C((u)).

Lemma 8.4. i) We may identify (u−1h)σ with the set of vectors

⊕γuγ(u−1xγ) ⊕ (y)

where γ ranges over the roots of H and the xγ ∈ C satisfy the condition that xσ0γ = ζ−1xγ for all
γ, and where y ∈ (u−1Lie(TH))σ.

ii) The vector space (u−1h)σ is a 7-dimensional non-trivial representation of Hσ = Hσ0 , hence it
is the quasi-minuscule fundamental representation of G2 = Hσ0 .

iii) Fix x ∈ C\{0}. The variety (u−1n)σ contains the reduced orbit closure G2 · vmax of

vmax := uα1+α2+α3
(u−1x)⊕ uα2+α3+α4

(u−1ζ−1x)⊕ uα1+α2+α4
(u−1ζ−2x).

This orbit closure is a 6-dimensional affine C-variety.

Proof. Part (i) is immediate. We see that xγ = 0 if γ is σ0-fixed. Therefore, we are left only with
the contributions for γ in

(8.12) ±{α1, α3, α4} ∪ ±{α1+α2, α2+α3, α2+α4} ∪ ±{α1+α2+α3, α2+α3+α4, α1+α2+α4}

and the 1-dimensional space (u−1Lie(TH))σ. Therefore dimC((u−1h)σ) = 7.
Since H and σ act on u−1h such that σ(h·v) = σ(h)·σ(v) for h ∈ H and v ∈ u−1h, we see that Hσ

acts on (u−1h)σ. The action is visibly non-trivial. Since it is a 7-dimensional semisimple non-trivial
representation, (u−1h)σ must be the 7-dimensional representation associated to the quasi-minuscule
fundamental weight of G2. This proves (ii).

Finally, let vmax be as in (iii). It is a highest weight vector in the representation (u−1h)σ of
Hσ = G2. Therefore its orbit is at least 6-dimensional because it contains the non-zero elements
of the 6 extreme weight spaces in (u−1h)σ. Since n is closed in h, the orbit closure is contained in
(u−1n)σ. As the latter space is 6-dimensional (it does not contain (u−1Lie(TH))σ), we see that the
orbit closure is exactly 6-dimensional.

�
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8.6.2. The reduced orbit closure is singular. We consider the reduced orbit closure G2 · vmax. The
G2-orbit is dense in a 6-dimensional vector subspace of (u−1h)σ, hence its closure contains the origin
0 ∈ (u−1h)σ.

Lemma 8.5. The 6-dimensional variety G2 · vmax has a 7-dimensional tangent space

T0(G2 · vmax) = (u−1h)σ,

hence G2 · vmax is singular at 0.

Proof. Clearly T0(G2 · vmax) ⊆ T0((u−1h)σ) = (u−1h)σ as a G2-invariant subspace. Since (u−1h)σ

is an irreducible G2-representation, the equality holds. The lemma follows from Lemma 8.4 ii). �

8.6.3. The exponential map. Essential to our proof of Theorem 8.1 is the following proposition.

Proposition 8.6. The exponential map

(8.13) exp: u−1n→ L−−H, u−1X 7→
∞∑
i=0

(u−1X)i

i!

is algebraic and equivariant under H. Further it induces an algebraic map

exp: G2 · vmax −→ (L−−H)σ ∩ Sµ̄ = L−−G ∩ Sµ̄.

Proof. It is clear that (8.13) is algebraic and H-equivariant. Both the scheme theoretic image Z of
exp |G2·vmax

, and L−−G∩Sµ̄ are reduced closed subschemes of L−−H. Thus, to show Z ⊂ L−−G∩Sµ̄
we may argue on C-points. In fact, for the remainder it suffices to show that vmax has σ-fixed image
and lands in Cµ̄.

A calculation shows that the image of vmax in SO8(C((u))) is an 8× 8 matrix of the form

(8.14)



1 u−1x u−1ζ−2x 0 0 −u−2ζ−2x2

1 u−1ζ−1x 0 0

1 −u−1ζ−1x 0

1 −u−1ζ−2x

1 −u−1x

1

1

1


where all unlabeled entries are 0. Let Uγ : C((u))× → SO8⊗CC((u)) be the root group homomorphism
associated to γ. Then the matrix can be written as

exp(vmax) = Uα1+α2+α3
(u−1x) · Uα2+α3+α4

(u−1ζ−1x) · Uα1+α2+α4
(u−1ζ−2x).

Note that the three root groups commute with each other, since no pair of the roots in {α1 + α2 +
α3, α2 + α3 + α4, α1 + α2 + α4} sum to a root of H. Thus exp(vmax) is evidently fixed by σ, so it
lies in L−−G.

It remains to show that exp(vmax) lies in Cµ̄. Using the embedding SO8 ⊂ GL8 and §8.5.3, it
suffices to show that

exp(vmax) ∈ K diag(u−2, u−1, u−1, 1, 1, u, u, u2)K

where K = GL8(C[[u]]). We prove this by using the algorithm for finding the Smith Form of a matrix
over a PID. For the matrix A = exp(vmax) and 1 ≤ i ≤ 8, define the weakly-increasing sequence of
integers ai ∈ Z by requiring that

(u
∑
j≤i aj ) = ideal generated by the i× i minors of A.
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Then the Smith Form of A is the matrix diag(ua1 , ua2 , . . . , ua8). An inspection of (8.14) shows that
a1 = −2, a1 + a2 = −3, a1 + a2 + a3 = −4, and a1 + a2 + a3 + a4 = −4. Thus the first half of
the entries of the Smith Form of exp(vmax) is (u−2, u−1, u−1, 1). Because the matrix is in SO8, this
determines the rest of the entries as well. This completes the proof. �

8.7. End of the proof. We now finish the proof of Theorem 8.1. In Proposition 8.6, we have
constructed an algebraic morphism of 6-dimensional C-varieties

(8.15) exp: G2 · vmax −→ L−−G ∩ Sµ̄,

cf. Lemmas 8.2 and 8.4 iii) for the dimension. The target is an open neighborhood of the base point
e in Sµ̄. Note that 0 7→ e under (8.15). By Lemma 8.5, it suffices to show that (8.15) is an open
immersion, i.e., an isomorphism onto an open neighborhood of e. For this, we argue as follows.

The map exp : u−1h → L−−H is injective, as can be seen by writing down the formula for
the exponential map in SO8, and by comparing the coefficients of u−1. Hence, the map (8.15)
is an injective morphism of irreducible affine C-varieties of the same dimension, and in particular
birational (because the field extension at the generic points is separable, so that it must have degree
1). As the target is normal by [PR08, Thm 6.1], the map (8.15) is an open immersion by Zariski’s
main theorem [EGA3, Cor 4.4.9]. This completes the proof of Theorem 8.1.

Appendix A. A remark on fixed point groups

Let H be a connected reductive group over an algebraically closed field κ, and let (T,B,X) be
a pinning which is preserved by the action on H of a finite group I. Recall that HI is a (possibly
disconnected) reductive group, with maximal torus the neutral component T I,◦ of the diagonalizable
subgroup T I ⊂ HI (cf. [Hai15, Prop. 4.1]). In what follows, Z(A) denotes the center of an algebraic
group A.

Proposition A.1. Assume char(κ) 6= 2. Then the following statements hold:

i) If T I is connected (e.g.,H is adjoint or simply-connected), then HI is connected.

ii) Z(HI) = Z(H)I , and this group contains Z(HI,◦).

iii) If H is semi-simple, then HI is semi-simple.

iv) If H is adjoint, then HI is adjoint.

v) If H is simple and simply-connected, then HI is simple, and simply-connected unless H is of type
A2n and carries a non-trivial I action, in which case H ∼= SL2n+1 and HI ∼= SO2n+1.

Proof. By e.g. [Hai15, Prop. 4.1] we know π0(T I)
∼→ π0(HI). If H is adjoint or simply-connected,

then X∗(T ) is an induced I-module, and hence T I is connected because X∗(T I) = X∗(T )I is Z-free.
This proves (i). Note this part holds with no assumption on char(k).

For (ii), note that (Tad)I is connected, and thus by [Hai15, Prop. 4.6] we have Z(H)I HI,◦ = HI ,
and hence Z(H)I Z(HI,◦) = Z(HI). Now by [Hai15, proof of Prop. 4.1], when char(κ) 6= 2 the
simple roots for (HI,◦, T I,◦) consist precisely of the restrictions to T I,◦ of the simple roots for
(H,T ). It follows that z ∈ Z(HI,◦) is killed by all the roots of (H,T ), hence belongs to Z(H). This
proves Z(HI,◦) ⊆ Z(H)I , and (ii) follows. Parts (iii) and (iv) follow from (ii).

Part (v): Assume H is simple and simply connected. By (i), HI is connected. Note that if α̃
is the highest root for (H,T ), the the I-average α̃� is highest for (HI,◦, T I,◦), and hence the root
system for the latter is irreducible since it has a unique highest root. This proves HI is simple.
Consider the dual group HI,∨, with dual torus T I,∨. It is enough to show that HI,∨ is adoint. We
have X∗(T

I,∨) = X∗(T I) = X∗(T
∨)I is dual to X∗(T∨)I = Hom(X∗(T

∨)I ,Z) (note that X∗(T
∨)I

is free). Therefore X∗(T I,∨) ∼= X∗(T∨)I = (ZΦ∨(H))I . Therefore to show HI,∨ is adjoint, it is
equivalent to show that

ZΦ∨(HI)
∼
↪→ (ZΦ∨(H))I .
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The right hand side has as Z-basis the set NI(∆
∨(H)) of unmodified norms of simple coroots of H

(see the definition of the operations NI and N ′I in [Hai18, Def. 3.1]2). On the other hand, using the
notation of [Hai18, §3], the proof of [Hai15, Prop. 4.1] shows that Φ(HI) = resIΦ(H) ∼= (Φ(H)�)red.
By the duality result of [Hai18, Prop. 3.5], ZΦ∨(HI) has a Z-basis given by N ′I(∆

∨(H)). Therefore,
HI,∨ is adjoint if and only if N ′I(∆

∨(H)) = NI(∆
∨(H)), which happens if and only if the I-action

is trivial or Φ(H) is not of type A2n. The rest of the assertions of part (v) are clear. �
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251 pp. +xii. 6
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