VERTEXWISE CRITERIA FOR ADMISSIBILITY OF ALCOVES
THOMAS J. HAINES AND XUHUA HE

Abstract. We give a new description of the set Adm(µ) of admissible alcoves as an intersection of certain “obtuse cones” of alcoves, and we show this description may be given by
imposing conditions vertexwise. We use this to prove the vertexwise admissibility conjecture of Pappas-Rapoport-Smithling [PRS, Conj. 4.39]. The same idea gives simple proofs
of two ingredients used in the proof of the Kottwitz-Rapoport conjecture on existence of
crystals with additional structure [He].

1. Introduction
1.1. Background. Let Σ = (X ∗ , X∗ , R, R∨ , Π) be a based reduced root system with simple
f . Let µ ∈ X∗ . In [KR], Kottwitz and
roots Π and with extended affine Weyl group W
f . Roughly speaking W
f
Rapoport introduced two finite subsets, Adm(µ) and Perm(µ), of W
can be identified with the set of alcoves in the apartment V = X∗ ⊗ R. The set Adm(µ)
is then defined by using the Bruhat order on the set of alcoves, and Perm(µ) is defined
by imposing certain vertexwise conditions on alcoves (see Definition 2.1). Originally, these
sets were introduced because of their expected relation to special fibers of Rapoport-Zink
local models [RZ]. Namely, if (Σ, µ) comes from the data (G, {µ}) defining a local model
M loc with Iwahori-level structure, then Perm(µ) was expected to parametrize a natural
stratification of the special fiber of M loc and Adm(µ) was expected to parametrize those
strata in the closure of the generic fiber of M loc .
The inclusion Adm(µ) ⊆ Perm(µ) was proved in [KR], and Kottwitz and Rapoport raised
in [KR] the question of when equality holds. In the cases where the equality Adm(µ) =
Perm(µ) could be proved, it has been used to establish the topological flatness of M loc
(cf. Görtz [Go1, Go2, Go3] and Smithling [Sm1, Sm2, Sm3, Sm4]). Recently Pappas and
Zhu [PZ] defined group-theoretic “local models” attached to any pair (G, {µ}) where G
is a tamely ramified group over a p-adic field, and showed that the strata in the special
fiber are parametrized by the {µ}-admissible set. The set Adm(µ) also arises naturally
as the support of the Bernstein function zµ in the center of the affine Hecke algebra with
parameters attached to Σ (cf. [HR2, Prop. 14.3.1]).
The equality Adm(µ) = Perm(µ) in general is too much to hope for: although it holds for
all µ if Σ has type A, it fails for Σ irreducible of rank ≥ 4 and not of type A, for all sufficiently
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regular µ [HN]. But this does not cover all the cases where µ is minuscule (of interest for
most local models) or where µ is a sum of minuscule cocharacters. In fact one could hope
(see [Ra05, after Thm. 3.4]) that Adm(µ) = Perm(µ) whenever µ is minuscule. If Σ only
involves types A, B, C, or D, this was proved by Kottwitz-Rapoport [KR] (Types A and C)
and Smithling [Sm1, Sm2] (Types B and D). However, the article of Lisa Sauermann [Sau]
shows that the equality Adm(µ) = Perm(µ) fails for the minuscule cocharacters attached
to the exceptional types E6 and E7 .
The situation vis-à-vis Perm(µ) having been clarified, the goal of this article is to prove
that nevertheless Adm(µ) can always be described by vertexwise conditions, and to use
this to prove the vertexwise admissibility conjecture of Pappas-Rapoport-Smithling ([PR,
Conjecture 4.2] and [PRS, Conjecture 4.39]).
1.2. The notion of strong admissibility. The starting point is a new description of
Adm(µ) given in terms of “obtuse cones” of alcoves. Let C be the dominant Weyl chamber
in V = X∗ ⊗ R with closure cl(C), and let C¯ be the antidominant Weyl chamber. Let ā be
¯ Fix a Weyl group element w ∈ W and µ ∈ X∗ ∩ cl(C) with tµ ∈ Waff τµ
the base alcove in C.
(see §2).
Definition 1.1. Let B(twµ (ā), w) be the set of x ∈ Waff τµ such that there is a sequence of
affine roots α̃1 , . . . , α̃r and corresponding reflections sα̃1 , . . . , sα̃r with
(1) sα̃r · · · sα̃1 twµ (ā) = x(ā);
(2) Every reflection is in the w-opposite direction, that is, for each i, sα̃i−1 · · · sα̃1 twµ (ā)
and b are on opposite sides of the affine root hyperplane Hα̃i , where b is any
¯
sufficiently regular alcove b ⊂ wC.
Equivalently, B(twµ (ā), w) is the set of x ∈ Waff τµ such that x(ā) ≤b twµ (ā) for all suffi¯ Here ≤b denotes the Bruhat order on the set of alcoves determined
ciently regular b ⊂ wC.
by b.
This set B(twµ (ā), w) corresponds to an “obtuse cone” of alcoves. We then define the
new set of strongly-admissible elements
\
Admst (µ) =
B(twµ (ā), w).
w∈W
st

This is reminiscent of the set Perm (µ) of strongly-permissible elements introduced in [HN],
where similar conditions were imposed vertexwise (see Definition 1.2). The key result of [HN]
is that the inclusion Permst (µ) ⊆ Adm(µ) always holds. Clearly, we also have Admst (µ) ⊆
Permst (µ). Thus we have
Admst (µ) ⊆ Permst (µ) ⊆ Adm(µ).
Our main result, Theorem 1.3, asserts that these inclusions are equalities, and that in fact
stronger parahoric equalities hold (which are needed to prove the vertexwise admissibility
conjecture). In particular, as Adm(µ) coincides with Permst (µ), it is defined by vertexwise
conditions.
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1.3. Statement of main theorem. In order to state the theorem we need to define parahoric analogues of the above notions. Let Vert(ā) denote the set of vertices for ā.
Definition 1.2. For any subset J ⊆ Saff , define
(1) AdmJ (µ) = WJ Adm(µ)WJ .
(2) Permst,J (µ) is the set of x ∈ Waff τµ such that, for every a ∈ Vert(ā) of type not in
J, and for every w ∈ W , we have x(a) ∈ B(twµ (a), w).
Here following [HN, Def. 4.1], we define B(twµ (a), w) to be the set of points we get by
applying a sequence of reflections in the w-opposite direction to the point twµ (a) (comp. Definition 1.1 with ā replaced by a).
Theorem 1.3. Let µ be a dominant cocharacter, and let J ⊆ Saff be a subset. Then we
have the equalities
Admst (µ)WJ = Permst,J (µ) = AdmJ (µ).
In particular, taking J = ∅, we obtain Admst (µ) = Permst (µ) = Adm(µ).
The “acute cone” of alcoves C(ā, w) introduced in [HN] and analogous to wC also plays
an important part in this paper, mainly via Corollary 4.4: if x ∈ Adm(µ) ∩ C(ā, w), then
x ≤ twµ .
1.4. Outline of proof. The proof of Theorem 1.3 is based on the following inclusions:
• Admst (µ)WJ ⊆ Permst,J (µ). This follows directly from the definitions.
• Permst,J (µ) ⊆ Adm(µ)WJ . See Proposition 3.6.
The special case Permst (µ) ⊆ Adm(µ) was proved in [HN]. Here we follow a similar
strategy to prove this inclusion.
• Adm(µ) ⊆ Admst (µ). See Proposition 4.1.
The proof relies on a detailed study of sequences of reflections in a given direction.
• AdmJ (µ) = Adm(µ)WJ . See Proposition 5.1.
This identity is equivalent to the compatibility property of admissible sets:
f J = Adm(µ) ∩ W
fJ .
AdmJ (µ) ∩ W
This was first proved in [He, Theorem 6.1]. Here we give a different proof using
acute cones and sequences of reflections in a given direction.
Theorem 1.3 results by putting all these inclusions together.
1.5. Applications of main theorem. As a consequence of Theorem 1.3, we get another
proof (in §6) of the additivity of admissible sets.
Theorem 1.4. ([He, Theorem 5.1])1 Let µ and ν be any dominant cocharacters, and let
J ⊆ Saff . Then
AdmJ (µ + ν) = AdmJ (µ) AdmJ (ν).
1In [He], we only discuss the special case Adm(µ + ν) = Adm(µ) Adm(ν). However, the proof there works

in the general case.
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The additivity property and compatibility property of admissible sets played an important role in the second author’s proof [He] of the Kottwitz-Rapoport conjecture on
non-emptiness of certain unions of affine Deligne-Lusztig varieties.
As another consequence of Theorem 1.3, we prove the Pappas-Rapoport-Smithling conjecture ([PR, Conjecture 4.2] and [PRS, Conjecture 4.39]) on vertexwise admissibility. See
section 8 for an explanation of the notation used here.
f (G), Saff (Σ), {µ}, ā be as in section 8. For any subset J ⊆
Theorem 1.5. Let G, T, W
Saff (Σ), let āJ be the corresponding facet in the closure of ā, having set of vertices Vert(āJ ),
f (G) be the associated {µ}-admissible subset. For a ∈ Vert(ā), let
and let AdmJ ({µ}) ⊂ W
f fixing a. Then
Ja ⊂ Saff (Σ) be the subset such that WJa is the subgroup of W
\
AdmJa ({µ}).
AdmJ ({µ}) =
a∈Vert(āJ )

See [PR, §4] and [PRS, §4.5] (and also our Remark 8.3) for discussions of this conjecture
and its relation to local models of Shimura varieties. We prove Theorem 1.5 in a preliminary
form in Theorem 7.1 and in the desired form in Theorem 8.2.
2. Notation
2.1. Let Σ = (X ∗ , X∗ , R, R∨ , Π) be a based reduced root system and let h , i : X ∗ ×X∗ → Z
be the natural perfect pairing between the free abelian groups X ∗ and X∗ . Let V = X∗ ⊗ R.
For any α ∈ R, we have a reflection sα on V defined by sα (x) = x − hα, xiα∨ . For any
e we have an affine root α̃ = α + k and an affine reflection sα̃ on V
(α, k) ∈ R × Z =: R,
defined by sα̃ (x) = x − (hα, xi + k)α∨ .
The finite Weyl group W is the subgroup of GL(V ) generated by sα for α ∈ R and
the affine Weyl group Waff is the subgroup of Aut(V ) generated by sα̃ for affine roots
α̃ = α + k. Let Q∨ be the subgroup of X∗ generated by the coroots α∨ . We may identify
Waff with Q∨ o W in natural way. Inside Aut(V ) define the extended affine Weyl group
f := X∗ o W , where X∗ acts by translations on V . For λ ∈ X∗ , the symbol tλ ∈ W
f stands
W
for the translation v 7→ v + λ on V .
Let Hα̃ denote the hyperplane (wall) in V fixed by the reflection sα̃ . The connected
S
components of the set V − α∈R Hα will be called chambers and the connected components of
S
the set V − (α,k)∈Re Hα+k will be called alcoves. It is known that W acts simply transitively
on the set of chambers and Waff acts simply transitively on the set of alcoves.
For any subset S of the apartment V , let cl(S) denote its closure.
2.2. The set of simple roots Π ⊂ R determines the set R+ of positive roots. The group W
is generated by S = {sα | α ∈ Π} as a finite Coxeter group. The dominant chamber is the
set
C = {x ∈ V | hα, xi > 0, for every α ∈ Π}.
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The base alcove is defined to be the set
ā = {x ∈ V | − 1 < hα, xi < 0, for every α ∈ R+ }.
Let Saff be the set of sα̃ , where Hα̃ is a wall of ā. Then S ⊂ Saff and Waff is generated
by Saff as a Coxeter group.
f = X∗ o W also acts on V and on the set of alcoves.
The extended affine Weyl group W
f of the base alcove ā. It is known that W
f = Waff o Ω. For
Let Ω be the isotropy group in W
w, w0 ∈ Waff , τ, τ 0 ∈ Ω, we say wτ ≤ w0 τ 0 if and only if τ = τ 0 and w ≤ w0 (with respect to
the Bruhat order on the Coxeter group Waff ). We put `(wτ ) = `(w).
By abuse, we will call an element µ ∈ X∗ a cocharacter. Given µ ∈ X∗ , define τµ ∈ Ω by
the requirement tµ ∈ Waff τµ .
2.3.

The following definitions are due to Kottwitz and Rapoport [KR].

Definition 2.1. Let µ ∈ X∗ ∩ cl(C). define:
(a) Adm(µ) = {x ∈ Waff τµ | x ≤ tλ , for some λ ∈ W µ}.
(b) Perm(µ) = {x ∈ Waff τµ | x(a) − a ∈ Conv(W µ), ∀a ∈ Vert(ā)}.
Here Vert(ā) is the set of vertices (minimal facets) for ā, and Conv(W µ) is the convex hull
of the Weyl-orbit W µ ⊂ V .
2.4. Let J ⊆ Saff be any subset of simple affine reflections. Let WJ be the subgroup of
Waff generated by the sα̃ ∈ J. We say that WJ is a parahoric subgroup if WJ is finite.
f J be the set of minimal length elements of the cosets xWJ . Let āJ be the subset of
Let W
elements in the closure of ā which are pointwise fixed by WJ . Let Vert(āJ ) be the collection
of vertices for āJ .
2.5. For any affine hyperplane H, let H + be the half-space containing ā. For w ∈ W , we
let H w+ be the side of H containing all alcoves sufficiently deep inside the Weyl chamber
wC. (This agrees with the definition of H w+ given in [HN, §5].) Let H w− be the side of H
opposite to H w+ .
For any facet f not contained in an affine hyperplane Hα̃ , we say the affine reflection
f 7→ sα̃ (f ) is in the w-direction (resp. w-opposite direction) if the generic point of f lies in
H w− (resp. H w+ ) and the generic point of sα̃ (f ) lies in H w+ (resp. H w− ). We often say sα̃
is in the w-direction (or w-opposite direction) if f is understood.
Following [HN, Def. 5.4], let C(ā, w) be the set of alcoves c such that there is a gallery
f , we
ā = c0 , c1 , . . . , cl = c where each reflection ci−1 7→ ci is in the w-direction. For x ∈ W
often write x ∈ C(ā, w) if x(ā) ∈ C(ā, w).
3. On the parahoric strongly permissible set
3.1. Parabolic Bruhat order in Coxeter groups. Let (W, S) be a Coxeter group, and
J ⊆ S a set of simple reflections generating the subgroup WJ ⊆ W . We again use ≤ for the
Bruhat order on (W, S). Recall that W J = {w ∈ W | w < wt ∀t ∈ J}.
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Lemma 3.1. We have the following statements:
(1) Any element x ∈ W can be written uniquely as x = xJ xJ , where xJ ∈ W J and
xJ ∈ WJ . Furthermore, xJ ≤ x.
(2) If x ≤ y, then xJ ≤ y J .
(3) For any x ∈ W , and s ∈ S, then

xJ , if x−1 sx ∈ W
J
(sx)J =
sxJ , if x−1 sx ∈
/ WJ .
Furthermore, (sx)J = min{xJ , sxJ } if sx < x.
Proof. The first two statements are standard. The last one can be easily proved as follows.
If x−1 sx ∈ WJ , clearly (sx)J = xJ . Henceforth assume x−1 sx ∈
/ WJ , so that (sx)J 6= xJ .
J
J
J
J
Suppose sx < x. Then (sx) ≤ x . Since (sx) 6= x , we have (sx)J = (sxJ )J < xJ .
But then sxJ < xJ , and hence (sx)J = (sxJ )J = sxJ , as desired. Next suppose x < sx.
Then xJ ≤ (sx)J , and we must have xJ < (sx)J ≤ sxJ . Comparing lengths we obtain
(sx)J = sxJ . The final statement follows from (sx)J ≤ sxJ (which always holds) combined
with (sx)J ≤ xJ (which holds when sx < x).

Lemma 3.2. Let x, y ∈ W, J ⊆ S, and s ∈ S. If xJ ≤ y J and sy < y, then (x0 )J ≤ (sy)J ,
where x0 = min{x, sx}.
Proof. By Lemma 3.1(3), (x0 )J ∈ {xJ , (sx)J } ⊆ {xJ , sxJ }, and (x0 )J = min{xJ , sxJ }.
Similarly, as sy < y we have (sy)J = min{y J , sy J }. Since xJ ≤ y J , we may conclude
(x0 )J ≤ (sy)J .

Proposition 3.3. Let {Ji } be a family of subsets Ji ⊆ S. Then for x, y ∈ W,
xJi ≤ y Ji , ∀i ⇐⇒ x∩i Ji ≤ y ∩i Ji .
Remark 3.4. The proof is essentially in [Deo, Lem. 3.6], which handled the case where
∩i Ji = ∅.
T
Proof. We may assume that y = y ∩i Ji . If y = 1, then x ∈ i WJi = W∩i Ji , and so x∩i Ji = 1.
Now we assume that y > 1. Then there exists s ∈ S with sy < y. Let x0 = min{x, sx}.
Then by Lemma 3.2,
(x0 )Ji ≤ (sy)Ji , ∀i.
By the induction hypothesis, (x0 )∩i Ji ≤ (sy)∩i Ji = sy. Since x∩i Ji ∈ {(x0 )∩i Ji , s(x0 )∩i Ji }
and sy < y, we conclude x∩i Ji ≤ y.

3.2. Parahoric strong permissibility. Now we return to the context of extended affine
Weyl groups. In this subsection we will use some results from [HN], where in contrast to
this paper, the Bruhat order is defined using a base alcove A0 in the positive Weyl chamber
C. The reader may easily check that if one replaces A0 with ā in the required statements
from [HN], the resulting statements still hold (the same proofs work).
Our first task is to prove a variant of [HN, Prop. 6.1].
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Proposition 3.5. Let x1 , x2 ∈ Waff , w ∈ W , J ⊆ Saff . If
J ,
• x1 ∈ Waff
• for every a ∈ Vert(ā) of type not in J, x1 (a) ∈ B(x2 (a), w),
• x1 (ā), x2 (ā) ∈ C(ā, w),

then x1 ≤ x2 .
Proof. By [HN, Lem. 6.4], there exists for i ∈
/ J an alcove ai with the property that for all
y ∈ Waff ,
y −1 (ā) ∈ C(ai , ww0 ) =⇒ (yx1 )Saff −{i} ≤ (yx2 )Saff −{i} .
Choose y ∈ Waff such that
y −1 (ā) ∈ C(ā, ww0 ) ∩

\

C(ai , ww0 ).

i∈J
/

)Saff −{i}

)Saff −{i} ,

Then (yx1
≤ (yx2
∀i ∈
/ J. By Proposition 3.3, (yx1 )J ≤ (yx2 )J . But then
standard properties of the Bruhat order imply that yx1 ≤ yx2 u for some u ∈ WJ . By
J , we obtain
[HN, Proof of Lem. 6.2], `(yx1 ) = `(y) + `(x1 ). So x1 ≤ x2 u. Since x1 ∈ Waff
x1 ≤ x2 .

Proposition 3.6. Let J ⊆ Saff . Then
Permst,J (µ) ⊆ Adm(µ)WJ .
Proof. Let x ∈ Permst,J (µ). Then by definition xJ ∈ Permst,J (µ). By [HN, Cor. 5.6], there
exists w ∈ W with xJ (ā) ∈ C(ā, w). By [HN, Cor. 5.7], twµ (ā) ∈ C(ā, w). By Proposition
3.5, xJ ≤ twµ . So xJ ∈ Adm(µ) and x ∈ Adm(µ)WJ .

4. On the strongly admissible set
In this section, we prove that admissible alcoves are strongly admissible.
Proposition 4.1. For any dominant cocharacter µ, we have
Adm(µ) ⊆ Admst (µ).
The following easy lemma will be used several times without comment in what follows.
We leave the proof to the reader.
Lemma 4.2. Let w ∈ W and x = tλ η ∈ X∗ o W . Let β be an affine root and suppose
for an alcove c, the reflection c 7→ sβ (c) is in the w-opposite direction. Then the reflection
xc 7→ (xsβ x−1 )(xc) is in the ηw-opposite direction.
∨ denote the set of positive coroots.
Let R+
∨ for some w ∈ W . Let c be any alcove. Then there is a
Lemma 4.3. Suppose α∨ ∈ −wR+
sequence of reflections in the w-opposite direction taking c to tα∨ c.
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Proof. Choose any translation λ0 in the closure of c and let N be the integer such that λ0 ∈
Hα+N +1 , so that λ0 + α∨ ∈ Hα+N −1 . If hα, ci ⊂ (−N − 2, −N − 1), then sα+N sα+N +1 (c) =
tα∨ c. If hα, ci ⊂ (−N − 1, −N ), then sα+N −1 sα+N (c) = tα∨ c. In either case, we have found
two affine reflections, each in the w-opposite direction, whose product takes c to tα∨ c. 
We can now prove Proposition 4.1.
Proof. It is enough to prove
(1) For each w ∈ W , twµ ∈ Admst (µ).
(2) Admst (µ) is closed under the Bruhat order.
First we prove (1). We will prove that {tν | ν ∈ Ω(µ)} ⊂ Admst (µ), where Ω(µ) is the
set of W -orbits of dominant cocharacters λ with λ  µ in the dominance partial ordering
 on cocharacters. Fix ν ∈ Ω(µ). For each w ∈ W , we need to find a sequence of affine
reflections in the w-opposite direction taking twµ (ā) to tν (ā). Since ν − wµ is a sum of
∨ , it is enough to fix such an α∨ and a λ ∈ Ω(µ), and show that we
coroots α∨ ∈ −wR+
0
may get from tλ0 (ā) to tλ0 +α∨ (ā) by a sequence of reflections in the w-opposite direction.
This follows from Lemma 4.3.
It remains to prove (2). Suppose x ∈ Admst (µ) and let α̃ be an affine reflection taking
positive values on ā and having vector part α ∈ R, such that sα̃ x < x. It is enough to show
that y := sα̃ x ∈ Admst (µ). Note that x(ā) and ā are separated by the affine hyperplane
Hα̃ , so that hα̃, x(ā)i ⊂ (−∞, 0).
Fix w ∈ W . We need to show that there is a sequence of reflections in the w-opposite
direction, taking twµ (ā) to y(ā).
∨ . In this case the reflection taking x(ā) to y(ā) is already in the
Case 1: α∨ ∈ −wR+
w-opposite direction, since hα̃, x(ā)i ⊂ (−∞, 0). As x ∈ Admst (µ), there is a sequence
of reflections s• in the w-opposite direction taking twµ (ā) to x(ā), and the concatenation
sα̃ ◦ s• is the desired sequence.
∨ . Hence α∨ ∈ −s wR∨ . Write α̃ = α + k, for k ∈ Z. Since α + k takes
Case 2: α∨ ∈ wR+
α
+
positive values on ā, we either have (i) k ≥ 1, or (ii) k = 0 and α < 0.
As x ∈ Admst (µ), there is a sequence of reflections s• in the sα w-opposite direction, taking
tsα wµ (ā) to x(ā). Conjugating by sα̃ , we get a sequence s0• := sα̃ s• sα̃ in the w-opposite
direction, taking sα̃ tsα wµ (ā) to y(ā). Note sα̃ tsα wµ (ā) = sα+k0 twµ (ā) where k 0 = k −hα, wµi.
We claim that the reflection sα+k0 taking twµ (ā) to sα̃ tsα wµ (ā) is in the direction of
−α∨ , i.e., in the w-opposite direction. To see this, let a ∈ ā be arbitrary, and note that
sα+k0 twµ (a) = −(k + hα, ai)α∨ + twµ (a), and further note that for either case (i) or (ii),
k + hα, ai > 0. The concatenation s0• ◦ sα+k0 gives the desired sequence of reflections in the
w-opposite direction taking twµ (ā) to y(ā).

Corollary 4.4. Let x ∈ Adm(µ) ∩ C(ā, w). Then x ≤ twµ .
Proof. By Proposition 4.1, x ∈ Admst (µ) ⊆ Permst (µ). By the proof of Proposition 3.6
(alternatively, by the proof of [HN, Prop. 2]), we obtain x ≤ twµ .
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This result exhibits a natural translation element which an admissible element necessarily
precedes in the Bruhat order. It is a substantial generalization of the fact that for a dominant
cocharacter µ and an element tλ w ∈ W tµ W , we have tλ w ∈ Adm(µ) if and only if tλ w ≤ tλ .
This statement was proved in [H01, HP] for µ minuscule and the general case can be proved
in a similar manner. It also follows immediately from [HL, Proposition 2.1].
Remark 4.5. Using Proposition 4.1 with the inclusions Admst (µ) ⊆ Permst (µ) ⊆ Adm(µ)
(the latter proved in [HN, Prop. 2]), we get the equality Admst (µ) = Permst (µ) = Adm(µ)
(and thus also Corollary 4.4) without using the material of §3 and §5. Those sections are
needed to prove the full version of Theorem 1.3.
Remark 4.6. Let B0 denote the negative obtuse cone in V generated by the coroots −α∨
with α ∈ R+ . The following properties of the convex hull Conv(W µ) are well-known:
T
(i) Conv(W µ) = w∈W wµ + w(B0 )
(ii) Conv(W µ) ∩ wC = (wµ + w(B0 )) ∩ wC, ∀w ∈ W .
We may regard Adm(µ) as the alcove-theoretic analogue of Conv(W µ). Theorem 1.3 (for
J = ∅) and Corollary 4.4 imply the alcove-theoretic analogues of (i) and (ii):
T
(I) Adm(µ) = w∈W B(twµ (ā), w)
(II) Adm(µ) ∩ C(ā, w) = {x ≤ twµ } ∩ C(ā, w), ∀w ∈ W .
5. On the parahoric admissible set
In this section, we prove
Proposition 5.1. Let µ be a dominant cocharacter and J ⊆ Saff . Then
f J = Adm(µ) ∩ W
fJ .
AdmJ (µ) ∩ W
T
5.1. Define C(āJ ) = α̃∈J Hα̃+ . In a sense, this is the “Weyl chamber” containing ā with
“apex” the facet āJ . Choose aJ ∈ āJ , and define
W (āJ ) = {w ∈ W | wC ⊂ Hα̃+ − aJ , ∀α̃ ∈ J}.
This set is independent of the choice of aJ . It is straightforward to verify the equality
[
(5.1)
cl(C(āJ )) =
cl(aJ + wC).
w∈W (āJ )

Thus, our “Weyl chamber” is in this sense a union of certain ordinary Weyl chambers,
translated by aJ .
Lemma 5.2. Let w ∈ W .
(1) For an alcove b in the apartment, b ∩ cl(aJ + wC) 6= ∅ =⇒ b ∈ C(ā, w).
(2) If w ∈ W (āJ ), then the alcove wµ + ā is contained in C(āJ ).

10

THOMAS J. HAINES AND XUHUA HE

Proof. For (1), assume b meets cl(aJ + wC). We may write
b = a + wc̃
for some b ∈ b, some c̃ ∈ cl(C), and some a ∈ ā sufficiently close to aJ . So for every
α ∈ w(R+ ), we have
hα, ai ≤ hα, bi.
This means that for any affine hyperplane H separating ā from b, we must have ā ⊂ H w−
and b ⊂ H w+ . But then it is clear that any minimal gallery joining ā to b is in the
w-direction, i.e., b ∈ C(ā, w).
For (2), let α̃ ∈ J have vector part α. We must show that wµ + ā ⊂ Hα̃+ . If not, then
α̃(wµ + ā) ⊂ (−∞, 0). Because α̃ is positive on ā, this implies hα, wµi ≤ −1. On the other
hand, by the very definition of W (āJ ) we have aJ + wC ⊂ Hα̃+ . Thus α̃ takes non-negative
values on wµ + aJ ∈ cl(aJ + wC). Since α̃ vanishes on aJ , this means hα, wµi ≥ 0, a
contradiction.

5.2.

Now we can prove Proposition 5.1.

f J . Let x0 ∈ WJ xWJ be the unique element of minimal
Proof. Suppose x ∈ AdmJ (µ) ∩ W
length, an element which is automatically in Adm(µ). It is easy to see that x0 (ā) ⊂ C(āJ ).
By (5.1), there is a w ∈ W (āJ ) such that x0 (ā) meets cl(aJ + wC). By Lemma 5.2(1),
x0 (ā) ∈ C(ā, w). Since x0 is in Adm(µ), by Corollary 4.4, we have x0 ≤ twµ .
Therefore there exists a sequence of affine reflections sα̃1 , . . . , sα̃r with the properties
(i) sα̃r · · · sα̃1 x0 = twµ ;
(ii) for each i ≥ 1, ā and sα̃i−1 · · · sα̃1 x0 (ā) are on the same side of Hα̃i .
We may write x = yx0 for a (unique) y ∈ WJ . Write β̃i = y α̃i for all i. Then applying y
to (i) and (ii) we get a sequence of affine reflections sβ̃i such that
(i’) sβ̃r · · · sβ̃1 x = ytwµ ;
(ii’) for each i ≥ 1, yā and sβ̃i−1 · · · sβ̃1 x(ā) are on the same side of Hβ̃i .
Thus x ≤yā ytwµ , in the Bruhat order ≤yā determined by the alcove yā. But ā and yā
are on the same side of Hβ̃i for all i. If not, then Hβ̃i ⊃ āJ and also Hα̃i ⊃ āJ . But
twµ (ā) ⊂ C(āJ ) (Lemma 5.2(2)) and therefore ā and twµ (ā) are on the same side of Hα̃i ,
which is incompatible with property (ii).
f J and
Thus in fact x ≤ ytwµ . Write ytwµ = tw0 µ y for some w0 ∈ W . Then since x ∈ W
x ≤ tw0 µ y, a standard property of the Bruhat order yields x ≤ tw0 µ .

6. Proof of Theorem 1.4
Proof. The proof for the inclusion AdmJ (µ + ν) ⊆ AdmJ (µ) AdmJ (ν) is similar to the proof
in [He, Theorem 5.1]. Suppose x ≤ y1 tw(µ+ν) y2 = y1 twµ · twν y2 for some y1 , y2 ∈ WJ . By
looking at subwords of a reduced expression for y1 twµ followed by a reduced expression of
twν y2 we may realize x as a product x = x0 x00 with x0 ≤ y1 twµ and x00 ≤ twν y2 .
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The converse inclusion AdmJ (µ)AdmJ (ν) ⊆ AdmJ (µ + ν) can be proved as in [He]
following Zhu’s argument using global Schubert varieties. Here we give a simple proof
based on Theorem 1.3.
We first show that Adm(µ)Adm(ν) ⊆ Adm(µ + ν). Let x0 ∈ Adm(µ) = Admst (µ) and
x00 ∈ Adm(ν) = Admst (ν). Fix w ∈ W . There exists a sequence of affine reflections s0•
in the w-opposite direction taking twµ (ā) to x0 (ā). Write x0 = tλ η ∈ X∗ o W , and set
w0 = η −1 w. Then x0−1 twν x0 = tw0 ν . Choose a sequence s00• in the w0 -opposite direction
taking tw0 ν (ā) to x00 (ā). Then the concatenation (x0 s00• x0−1 ) ◦ (twν s0• t−wν ) is a sequence
of reflections in the w-opposite direction, taking tw(µ+ν) (ā) to x0 x00 (ā). This shows that
x0 x00 ∈ Admst (µ + ν) = Adm(µ + ν).
By Theorem 1.3, AdmJ (µ) = WJ Adm(µ) and AdmJ (ν) = Adm(ν)WJ . Hence
AdmJ (µ) AdmJ (ν) = WJ Adm(µ) Adm(ν)WJ ⊆ WJ Adm(µ + ν)WJ = AdmJ (µ + ν).

7. Preliminary version of the vertexwise admissibility conjecture
A preliminary version of Theorem 1.5 can be formulated as follows.
Theorem 7.1. Suppose J is a collection of subsets J ⊆ Saff , and let K =
\
AdmK (µ) =
AdmJ (µ).

T

J∈J

J. Then

J∈J

Proof. Suppose x ∈ AdmJ (µ) for all J ∈ J . By Theorem 1.3, we have x ∈ Permst,J (µ) for
all J. But by definition
\
Permst,J (µ) = Permst,K (µ)
J∈J

and so x ∈ Perm

st,K

(µ). Then x ∈ AdmK (µ), again by Theorem 1.3.



Remark 7.2. The special case where K = ∅ can be proved without using any of the
f J ∩ Adm(µ)
material of §3, as follows. Suppose x ∈ AdmJ (µ) for all J. Then xJ ∈ W
by Proposition 5.1. Hence xJ ∈ Permst (µ) by Remark 4.5. Thus for every a ∈ Vert(āJ ),
x(a) = xJ (a) satisfies the strong permissibility condition. As this holds for every J ∈ J
and ∩J∈J J = ∅, we deduce that x ∈ Permst (µ). But then x ∈ Adm(µ), again by Remark
4.5.
8. The vertexwise admissibility conjecture
8.1. Notation. We will follow the notation and set-up of [PRS, §4.1 − 4.5]. Let F be a
nonarchimedean local field, and let L denote the completion of the maximal unramified
extension inside some separable closure F sep of F . Set I := Gal(Lsep /L). Let G be a
connected reductive group defined over L, and let S ⊂ G be a maximal L-split torus with
centralizer T ; recall T is a maximal torus since G is quasi-split over L by Steinberg’s theorem.
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Let W = N (Lsep )/T (Lsep ) be the absolute Weyl group of (G, T ); here N = NormG (T ). Let
W0 = N (L)/T (L) be the relative Weyl group.
Recall that associated to G ⊃ T there is a reduced root datum Σ = (X ∗ , X∗ , R, R∨ ),
whose affine Weyl group can be identified with the Iwahori-Weyl group over L of the simplyf (Gsc ) (see [HR1, p. 195]). The root system Σ gives the
connected group Gsc : Waff (Σ) = W
notion of affine hyperplane and alcove in the apartment V := X∗ (T )I ⊗ R = X∗ (S) ⊗ R (as
usual we identify the apartment for S with V by choosing, once and for all, a special vertex
of the apartment). We also fix the notion of a positive Weyl chamber in V (corresponding
to a Borel subgroup B ⊃ T defined over L), and let ā ⊂ V be the alcove in the opposite
Weyl chamber whose closure contains our special vertex.
f (G) = X∗ (T )I o W0 ,
There are two decompositions of the Iwahori-Weyl group over L: W
f (G) = Waff (Σ) o Ω, where Ω ⊂ W
f (G) is the stabilizer of the alcove ā for the
and W
f (G) on V . The torsion subgroup X∗ (T )I,tors ⊂ X∗ (T )I lies in Ω, and
natural action of W
f (G). This follows from the fact that W0 acts trivially on
in fact belongs to the center of W
X∗ (T )I,tors : if w ∈ W0 and λ ∈ X∗ (T )I,tors , then wλ − λ ∈ Q∨ (Σ) ∩ X∗ (T )I,tors = 0, where
Q∨ (Σ) is the coroot lattice for Σ.
We write a superscript “[” to designate the result of quotienting by the torsion group
f (G)[ = X∗ (T )[ o W0 = Waff (Σ) o Ω[ . The
X∗ (T )I,tors , so that we have decompositions W
I
∗
∨
f (G)[ .
root datum Σ = (X , X∗ , R, R ) has X∗ = X∗ (T )[I and extended affine Weyl group W
f (G) under W
f (G)  W
f (G)[ .
Let x[ denote the image of x ∈ W
8.2. Proof of the vertexwise admissibility conjecture. Let {µ} be the G-conjugacy
class of a 1-parameter subgroup µ ∈ X∗ (G); we may view this as an element of X∗ (T )/W .
e {µ} ⊂ {µ} be the subset of characters which are B-dominant for
Following [PRS, §4.3], let Λ
some Borel subgroup B ⊃ T which is defined over L; this is a single W0 -conjugacy class.
e {µ} in X∗ (T )I . Write WJ ⊆ Waff (Σ) for the subgroup generated
Let Λ{µ} be the image of Λ
by a subset J ⊆ Saff (Σ) of simple affine reflections. Then by definition AdmJ ({µ}) =
WJ Adm({µ})WJ where
f (G) | x ≤ tλ , for some λ ∈ Λ{µ} };
Adm({µ}) := {x ∈ W
f (G) = Waff (Σ) o Ω.
here ≤ denotes the Bruhat order defined via the decomposition W
The proof of the following lemma is left to the reader.
f (G). Then x ≤ y ⇔
Lemma 8.1.
(i) Fix τ ∈ Ω and suppose x, y ∈ Waff (Σ)τ ⊂ W
[
[
x ≤y .
(ii) Suppose Λ{µ} ⊂ Waff (Σ)τ for τ ∈ Ω. Then for each subset J as above AdmJ ({µ}) is
f (G)[ . Here AdmJ (Λ[ )
the preimage of AdmJ (Λ[{µ} ) under the map Waff (Σ)τ → W
{µ}
is the admissible set associated to the reduced root datum Σ = (X ∗ , X∗ , R, R∨ ) and
Λ[{µ} ⊂ X∗ = X∗ (T )[I .
Now Theorem 1.5 may be reformulated as follows.
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Theorem 8.2. Suppose J is a collection of subsets J ⊆ Saff (Σ), and let K =
Then
\
AdmK ({µ}) =
AdmJ ({µ}).
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T

J∈J

J.

J∈J

Proof. Using Lemma 8.1, the desired formula follows by applying the inverse image of
f (G)[ to the formula
Waff (Σ)τ → W
\
AdmJ (Λ[{µ} )
AdmK (Λ[{µ} ) =
J∈J

proved in Theorem 7.1.



Remark 8.3. Theorem 1.5 has implications for local models. For example, as in [PR, §4]
consider the morphism of naive local models associated to (G, {µ}) where G is a general
unitary group
naive
naive
πK,i : MK
→ M{i}
loc as the schemefor i ∈ K. We take the point of view that defines the “true” local model MK
naive in the scheme M naive . Then the coherence
theoretic closure of the generic fiber of MK
K
conjecture (now a theorem due to X. Zhu [Zhu]) together with Theorem 1.5 implies that
we have an equality of schemes
\

−1
loc
loc
MK
=
πK,{i}
M{i}
i∈K
naive ). This shows that the local model attached to any facet can
(the intersection taken in MK
be recovered from local models attached to vertices. The proof is given in [PR, Prop. 4.5].
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U. Görtz, On the flatness of models of certain Shimura varieties of PEL-type, Math. Ann. 321
(2001), no. 3, 689-727.
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