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Abstract

We consider the \antidominant" variants of the elemerts occurring in the Bernstein preserta-
tion of an ane Hedke algebraH. We nd explicit formulae for in terms of the lwahori-Matsumoto
generators Ty, (w ranging over the extended ane Weyl group of the root system R), in the case(i) R
is arbitrary and is a minuscule coweight, or (i) R is attached to GL, and = mey, where g is a
standard basisvectorand m 1.

In the above cases,certain minimal expressionsfor play a crucial role. Such minimal expressions
exist in fact for any coweight for GL,. We give a sheaf-theoretic interpretation of the existence of a
minimal expressionfor : the corresponding perversesheafon the ane Sdubert variety X (t ) is the
push-forward of an explicit perversesheafon the Demazureresolution m : X(t ) ! X (t ). This approach
yields, for a minuscule coweight  of any R, or for an arbitrary coweight of GL,, a conceptual albeit
lessexplicit expressionfor the coe cien t (w) of the basis elemert Ty, in terms of the cohomology of
a b er of the Demazure resolution.

AMS Subject classi cation: 20C08, 14M15.

1 Intro duction

Let H be the ane Hede algebra assaiated to a root system. There are two well-known presenations
of this algebra by generatorsand relations, the rst discovered by Iwahori-Matsumoto [7] and the second
by Bernstein [12], [14]; cf. 2.2.1 below. The lwahori-Matsumoto presenation re ects the structure of the
Iwahori-Hedke algebra C} (I nG=I) of the split p-adic group G attached to the root system: the generators
Tw correspond to the characteristic functions of lwahori double cosetsl wl , wherew rangesover the extended
ane Weyl group. The Bernstein preseration re ects the description of the Hedke algebraas an equivariant
K -theory of the assaiated Steinberg variety, which plays a role in the classi cation of the represenations of
H, see[9], [2]. The Bernstein presenation has the advantage that one can construct a basisfor the certer
of H by summing the generators  over Weyl-orbits of coweights ; the resulting functions are known as
Bernstein functions.

It is of interest to give an explicit relation between the generatorsin these two presenations. More
precisely onewould like to write ead as an explicit linear combination of the lwahori-Matsumoto basis
elemens Ty,. A direct consequencevould be the explicit description of the Bernstein functions (and thus
the certer of H) in terms of the Iwahori-Matsumoto basis. This problem was consideredearlier by the rst
author [4],[5] becauseof certain applications to the study of Shimura varieties, and was completely answered
there for the casewhere is a minuscule coveight. More recertly, O. Schi mann [16] has given explicit
formulae for all elemerts in a certain basisfor the certer Z(H) of an ane Hedke algebraH of type A; from
this one can derive a formula for the Bernstein function z , where is any dominant coweight of a group of
type A.

In this paper we consider the \antidominant" variants of the elements . The support of these
functions is somewhatmore regular than the original functions , cf. Lemma 2.1. In section 3 we consider
the casewhere is a minuscule cowveight, and we prove the following explicit formula for

Theorem 1.1 Let 2 X be minuscule. Then
X
= Rx;t (Q)T;(

fx: (xX)= g



Here (x) is the translation part of x \on the left" de ned by the decomposition x = t yw (w 2 W),
Tx is a renormalization of the usual Iwahori-Matsumoto generator Ty, Q = q 2 ¢**2, and Ry, (Q) is a
variant of the usual R-polynomial of Kazhdan-Lusztig [8].

The formula above is analogousto the expressionfor found by the rst author in Proposition 4.4 of

[5]:

Rut (Q)Tx:
fx:t(x)= g

Here t(x) is the translation part of x \on the right" de ned by the decomposition x = Wty (W 2 Wy).
However our proof is simpler and more direct than that of loc.cit., and the sameargumerts appearing here
also give a short proof of the formula for . In fact one can derive the formula for from that for ,
and vice-versa. Indeed,if :H ! H denotesthe anti-involution determined by g*=2 7! g*? and T, 7! T, 1,
then ( ) = and interchangesthe formulae for and . Weremark that Theorem 1.1 remains
valid for Hedke algebraswith arbitrary parameters.

In the fourth sectionwe study coweights of GL,, of the form = mey, wheree is the k-th standard basis
vectorand m 2 Z.. The casem = 1, studied in [4] and [5], has relevanceto a certain family of Shimura
varieties with bad reduction, known asthe Drinfeld case The generalcaseis referred to as multiples of the
Drinfeld case We prove the following formula for ., .

Theorem 1.2 Letl k nandm 1. Then
X
mey — Rt me , (QTx:

fx: (x) mexg

Here denotesthe usual partial order on the lattice X .

Theorems 1.1 and 1.2 yield explicit expressionsfor the Bernstein functions z (  minuscule) and zye, ,
respectively; seeCorollary 3.6 and 4.2. The expressionsin these special casesseemmuch simpler than the
corresponding onesgiven by Schi mann [16].

Theorems1.1 and 1.2 rely on the existenceof certain minimal expressionsfor . theseare expressions
of the form
=TT T
wheret =1t; t (ti 2 S;; 2 ) is areducedexpressionand ; 2 f1; 1g for every 1 i r. In
the nal two sections,we discusshow one can approac a general formula for when is an arbitrary

cowveight of GL,, through minimal expressiongwhich always exist in this setting, cf. section5). The result
is much less explicit than Theorems 1.1 and 1.2, and involves the geometry of the Demazure resolution
X(t)! X(t)oftheane Sdubert variety X (t ). We de ne a perversesheaf onthe ane ag variety

whose corresponding function in the Hede algebrais " . It turns out that is supported on X (t ).
We seethat the existenceof a minimal expressionfor is analogousto the existenceof a certain explicitly
determined perverse sheafon X (t ) whosepush-forward to X (t ) is . More precisely we conclude the

paper with the following result (cf. Theorem 6.7, Corollary 6.8 for a completely precise statemert).

Theorem 1.3 Let be a minuscule coweightof a root system,or any coweightfor GL,,. Choosea minimal
expression for andlet m : X(t ) ! X (t ) denote the correspnding Demazuee resolution for X (t ).

Then there exists an explicit perversesheaf D on X (t ) (determined by the choice of minimal expressionfor
) suchthat
Rm (D) =

Conseajuently, if we denotethe coe cient of Ty in the expressionfor by  (x), then we have
(x) =" Tr(Frg;H (m (x);D));

for any x t in the Bruhat order. Here the right hand side denotesthe alternating trace of Frokenius on
the etale cohomolayy of the ber over x 2 X (t ) with coe cients in the sheaf D.

Given a coweight  for an arbitrary root system,let 4 denotethe dominant coweight in its Weyl-orbit.
Weremark that there is a similar formula for |, provided that 4 is a sum of minuscule dominant coweights



2 Preliminaries

21 Ane Weyl group

Let (X ;X ;R;R;) bearoot system,where is the setof simple roots. The Weyl group Wy is generated

by the set of simplere ections fs : 2 g.

We de ne a partial order on X (resp. X ) by setting whene\er is a linear combination
with nonnegative integer coe cien ts of elemens off : 2 g (resp.f : 2 ). Welet . denotethe
setof roots 2 R such that isaminimal elemert of R X with respectto

In section 4 we will usethe following description of the relation  for coweights of GLp: ( 1;:::; n)

( 1;::: p)ifandonly if ;+ + 1+ + jford i n 1,and .+ + o= 1+ + 5.

Let W be the semidirect product X o Wy = ft,w : w 2 Wo;x 2 X g, with multiplication given by
txWtxoW? =ty wxyWWC. For any x 2 W, there exists a unique expressiont (,yw, where w 2 W, and
x)2 X .
Let
Sa=fs : 2 g[ft s : 2 no W

Dene length | : v I Z by
X X
[(tyw) = jhxi 4+ jh o xij:
2R*w 1( )2R 2R*w 1( )2R*

Let Q bethe subgroupof X generatedby R. The subgroupW,; = Qo Wy of f is a Coxeter group with S,
the set of simple re ections. The subgroupis normal and admits a complemernt = fw 2 W [(w) = 0g.

For w2 W denote",, = ( 1)) and gy = ™ (for q any parameter).

The Coxeter group (W,;S;) comesequipped with the Bruhat order . We extend it to W as follows:
wesay w WO O(w;wl2 W,, ; %2 ) ifw wland = °

Let 2 X bedominant. Following Kott witz-Rapoport [10], we say x 2 W is -admissibleif x tw( )
for somew 2 Wy. We denotethe set of -admissibleelemers by Adm( ).

2.2 Hecke algebra
2.2.1 Presentations

The braid group of W is the group generatedby T, (w2 W) with relations
TwTwo = Twwo  whenewer [(ww® = [(w) + 1(W9:

The Hedke algebra H is de ned to be the quotient of the group algebra (over Z[g**2;q 72]) of the braid
group of W, by the two-sidedideal generatedby the elemeris

(Ts+ )(Ts  a);

for s2 S;. The image of Ty, in H is again denoted by T,,. It is known that the elemens T,, (w 2 W) form
aZ[q*?; q 7?]-basisfor H. The preseration of H usingthe generatorsT,, and the above relations is called
the Iwahori-Matsumoto presentation

For any T,, de ne a renormalization Ty, = q '")=2T,,. De ne an indeterminate Q = q 2 2. The
elemens Ty, form a basisfor H, and the usual relations can be written as

TT. = Tow; if 1(sw) = I(w) + 1;
sw QT + Tew; if I(sw) = I(w) 1
forw2 W ands2 Sa. There is also a right-handed version of this relation. Note that T, 1 = Tg + Q.
We will denoteT; ( 2 X ) simply by T .
For 2 X ,dene



where = 4 o, and 1; > are dominant. The elemerns generatea commutativ e subalgebraof H.
It is known that the elemenis T, ( 2 X , w2 W) form a Z[q'™2; q '7?]-basisfor H. These generators
satisfy well-known relations (seeProp. 3.6, [14]); in casethe root systemis simply connected,theseare given
by the formula

Ts Ts s() = (g 1)173();
wheres=s and 2 . The presenation of H with generators T, and the above relations is called the

Bernstein presentation
We alsode ne

=ToT
12
where = ¢ 9, and 9; 9 are antidominant. B
The involution a! a of Z[q'™?;q 172] determined by q7! g * extendsto an involution h! h, given by
X 1
awTw = awT, "1t
It isimmediate that = . Clearly the Bernstein presenation givesriseto an analogouspresenation

using the generators T, in placeof T,.

2.2.2 Bernstein functions

For eath Wy-orbit M in X , de ne the Bernstein function zy attachedto M by
X

v =
2M
When the Wy-orbit M cortains the dominant element , this function is denotedby z .
From Corollary 8.8 of Lusztig [12], we havez = Z . Consequetly,

X
z =
2Wo( )

2.2.3 A support prop erty

The precedingformula implies that when one studies Bernstein functions there is no harm in working with
the functions instead of the functions . We do soin this paper becausetheir supports enjoy a nice
regularity property, given by the following lemma.

Lemma 2.1 For 2 X , we have

supp( ) fx o (x) @

Proof. Write X
= ay(Q)Ty;
y t
where ay (Q) 2 Z, [Q] (seeLemma 5.1 and Corollary 5.7 of [4]).
Choosea dominant coveight °such that %+ (x) is also dominant for any x in the support of
Thus we have X
T (1 o0 )= e T 0 T ay(Q)T 10Ty3
y
Let y 2 supp( ). We claim that t oy belongsto the support of T 10Ty. Indeed, under the specialization
map H ! Z[W] determined by q'=2 7! 1, the element T T, mapsto t oy. Sinceno cancellation occurs on
the right hand side above, we seefrom this that t oy 2 supp(T (1 04 )), and thus

Lo (yWy =toy to ]

4



wherey = t (wy. Since °+ (y) and °+ are both dominant, it is well-known that this implies
O+ (y) 0+ . The lemmafollows. m

In the casewhere is minuscule,this statemert can be considerably sharpened;seeCorollary 3.5.
We remark that Lemma 2.1 plays a key role in the proof of Theorem 4.1.
2.2.4 R-p olynomials

For any y 2 W, let y=s1 S (Si2 Sz 2 ) beareducedexpressionfor y. Then for any x, we can

write X

Ty 11 = IQx;y (Q)Tx:
x2

where Ry, (Q) 2 Z[g*?;q '72]. These coe cien ts R,y (Q) can be thought of as polynomial expressionsin
Q (asthe notation suggests)becauseof the identit y

T'y L= (Ts, + Q) (Ts, + Q)T :

3 The minuscule case

Wesay 2 X isminusculeif h ; i 2f0; 1g, for everyroot 2 R. Sud coweights are the concernof this
section.
The purposeof this sectionis to presen an analogue of Proposition 4.4 from [5] using instead of

. For simplicity, the theorem is given here for ane Hedke algebraswith trivial parameter systems. The
generalization to arbitrary parameter systemsis straightforward (see[5] for notation and details). Similar
argumerts to those appearing hereapply to  , giving a short proof of Proposition 4.4 from [5].

Theorem 3.1 Let be minuscule and antidominant, and 2 Wy( ). Then

X
= Rt (Q)Tx:

X (x)=

We begin with somelemmas. For a proof of the rst lemma, refer to Proposition 3.4 of [5], where a
similar result is given (seealso the proof of Corollary 6.6).

Lemma 3.2 Let be an antidominant and minuscule coweight,and let 2  be the unique elementsuch

thatt 2 W, . Let 2 Wp( ). Suppsethat is a sumof p simplecoroots (0 p I(t )=r).
Then there exists a sequen@ of simpleroots 1;:::; , suchthat the following hold (setting s; = s ;):

W hissia s( )i= 181 i p;

(2) there is a reduced expressionfor t  of theformt =s; sty t 5 ;

(3) there is a reduced expressionfor t of theformt =1t1 t p(s1) (Sp) ;

@ =T T, Ty T T,

where t; 2 S5;8j 2 f1;:::;r  po.
Lemma 3.3 Letx 2 ¥, and suppsethat xs > x for all 2 . Then I(xw) = I(x) + I(w) for all w2 Wj.

Since is antidominant, this lemma appliesto the expressiont =s; Spt1  t, , . It then appliesto
the expressiont;  t; , aswell. It followsthat we can think of the formula in Lemma 3.2(4) as

=Ty Tt T,'=Ty TN

wheret = w w, with w2 Wp andw the minimal length represenativ e for the cosett Wj. This obsenation
is helpful towards proving the main result of this section.



Lemma 3.4 For , si;:::;Sp, andty;::i;t, , asin Lemma3.2, the mapping

fy 1y s1 sg ! fx: (X)= andx tg
de ned by
y 7t ttpy=wy

is bijective.

Proof of Theorem 3.1. Letw=s; sSp,andw =1t; t p ,sothatt =ww andt =w w. We
have X

Tt T, = Ryw(Q)Ty
y:y w
The expressionfor of Lemma 3.2, together with the fact that T, Ty = T, , for all y 2 Wy (since

[(wy) = I(w )+ I(y)), implies X
= Ryw(Q) Ty y-
yiy w

Using the recursion formula of Lemma 2.5 (1) from [5], we obtain Ry, (Q) = R, . (Q). In view of the
bijection givenin Lemma 3.4, we have

X
Ry yit (Q)Ty y = IQ><;t (Q)Tx;

y:-y w X o (X)=

which completesthe proof. =

For the minuscule case,Theorem 3.1 yields the following improvemert on Lemma 2.1.
Corollary 3.5 Let 2 X be minuscule. Then
supp( )=fx : (X)= andx t g

Here we have usedLemma 2.5 (5) of [5], which assertsthat Ry, (Q) 6 Oif and only if x .
The Bernstein function z has a very simple form when is minuscule (cf. Theorem 4.3 of [5]):

Corollary 3.6 If is dominant and minuscule, then

X
zZ = Ri:t (x)(Q)Tx:
x2 Adm( )

4 Multiples of the Drinfeld case

Fix positive integersn and m, and an integer 1  k n. In this section, we establish in Theorem 4.1

a formula for the functions of GL,, when = me¢ (where e denotesthe coweight of GL, with kth
coordinate equalto 1, and all other coordinates equal to 0).
In this section, we adopt the following notation: for 1 i n llet = {=¢ g+, andlet

si = s ,. Wesingleout the element 2 givenby = t1.0.::0S1  Sn 1.

Theorem 4.1 For the coweightmey of GL,,, we have

X
me = Rx;t me (Q)R

X (x) meg



Consequetly, we have a result for meg analogousto that of Corollary 3.5for minuscule,that is,
SUPP( me, ) = fX 1 (X)) mecandx tme, G

We also get the following explicit formula for the Bernstein function zne,, analogousto Corollary 3.6:

Corollary 4.2 0 1
X X
Zme; = @ Rt (QA Ty
x2 Adm( ) (x) VXt
whetre the inner sum rangesover 2 Wy(me;) suchthat (x) andx t .

We require three lemmasbeforethe proof of the theorem. In the following argumerts we usethe notation
to denoterroducts even though we are working in a non-comrmutativ e ring. We will use the following
. n . .
corvertion: ~;_; & will denotethe product a;a, a, (in that order).

Lemma 4.3 For the coweightmex of GL,,, we have
me = (TSk 1 TSlT Tsnll T'skl)m:
Proof. From Lemma 3.2, we have
ey = T'Sk 1 -rSlT-rsnll Tskl:

Then the formula for ., follows from the factthat ., ,= |, foral ;; , 2 X . =

Lemma 4.4 Letw;y 2 W. Then X
TwTy = ay Tx

X= @R

where w and @ range over certain sutexpressionsof w andy, resgectively.

Proof. This is an easyinduction on the length ofy. =

Lemma 4.5 Let x be a sulexpression of
tme, = (Sk 1 St Sn 1 S)"
suchthat for somel i Kk 1, atleastones; is deletal. Then (x) mex.

Proof. We can write

for suitable subexpressionsuy;:::;um and vy;:::;vy of ¢ 1 sp ands, 1 Sk, respectively. Suppose
that p is the leastindex sud that u, 6 sy 1 s;. Then

1 ¥
X = te,Sk  Sn 1Vi (teUpS1  Sn 1Vp) Ui Vi
i=1 i=p+l

for somej with 1 j < k. Sincesy s, 1v(g) = g for any subexpressionv of s, 1 s,

p{l p{l 1
te, Sk Sn 1Vi (te) te, Sk Sn 1Vi =t !
i=1 i=1



It follows that the translation part (x) is the sum of g and a non-negative integral linear combination of

1 \d
te.Sk  Sn 1Vi (UpS1  Sn 1Vp) Ui Vi
i=1 i=p+1
is necessarilya vector (by;:::;h) whereb 2 Z, for every i.

We thus seethat one of the rst k 1 coordinates of (x) is positive (hamely the j-th coordinate is),
and this impliesthat (x) mex. ®

Proof of Theorem4.1. Let E = (f0;1g" )™ (fig¢ ' f0;1g" ¥)™. Using Ty ! = Ts+ Q and expanding
the left hand side, we can write

X Yn i i i i
T e = meet QUMY O Tl TUTTY L T (1)
2E i=1
l:-}|ereFib 21f0;1g and we denote = (%;::;; ™), and "= (b)), 0= Liio;m,and () =
m n i

=1 j=1 j-

From Lemma 2.1, we know that supp( ., ) fx @ (X) mexg. Thus we needonly prove that if T
is in the support of the secondterm on the right hand side, then (x) meg. Indeed, then the rst and
secondterms on the right hand side of (1) have disjoint supports, and so the coe cien ts of like terms will
beequalin T 1., and ..

Let = (%:::; ™) 2 E, and consider

Yn i i i i

Too 1 Te!TTe 1 Te
i=1

By Lemma4.4,if x is in the support of this product, then x is a subexpressionof

L P j
S1 S!Sy i S
i=1
SinceE excludesthe elemerts of (f1g 1 f0;1g" )™, weknow that forsomel i mandl | k 1,
that ; = 0. But this is equivalert to the deletion of somes; (1  j k 1) from the expression
tme, = (Sk 1 S1 Sn 1 Sk)™. By Lemma4.5, we have (x) meg, and the proof is complete. m

5 Minimal expressions

We say has a minimal expressionif it can be written in the form

=T T'T;
wheret =t; t. (tj 2 S;; 2 ) is areducedexpressionand ; 2 f1; 1gfor every 1 i r. Suc
expressionsplayed a key role in Theorems3.1 and 4.1.
Lemma 3.2 assertsthat has a minimal expressionwhenewer is minuscule. If is any coweight for
GLn, then we may write
= 1+ + K

whereead ; is minusculeand
1) =1t )+ +I(t,):



It follows that for any coweight of GL,, there is a minimal expressionfor . Letting w i denote the
minimal represerativ e for the cosett ,Wp and writing t | = w iw; (w; 2 Wp), we may recover a minimal
expressionfor

=TT, T k'I‘Wkll
by choosing reducedexpressionsfor every w ' and w;.

Clearly a similar result would follow for any root systemwith the property that , hasaminimal expres-
sion for every Weyl conjugate! of every fundamertal coweight. It seemsto be an interesting combinatorial
problem to determine the root systems(besidesthat for GL ) which satisfy this property.

In principle, a minimal expressionfor allows one to write it as an explicit linear combination of the
Iwahori-Matsumoto generatorsT,,, simply by using the formula T, ! = Ts + Q and expanding the product.
The result is a linear combination of certain products

Ts, Ts, T

9

(si 2 Sa; 2 ), wheres; sy rangesover certain subexpressionsof t (which subexpressionsoccur is
governedby the signs j in the minimal expression). Thesemay in turn be simpli ed by using the well-known

formula X
Ts, ng = N (s;w; ) Tw;
w
(cf. [11], Lemma3.7). Heres = (s1;:::;sy) and N (s; w; g) is the number of Fy-rational points on the variety
Z(s;w) consistingof all sequencegl q;:::;14) wherethe I; are lwahori subgroupsof G3¢(F4((t))) (here G*° is

the simply connectedgroup assaiated to the given root system) such that the relative positions of adjacert
subgroupssatisfy
inv(li 1;1i) = s
forall1 i g,andlg= wlow 1, wherelgisa xed \standard" Iwahori subgroup.
We forgo the cumbersometask of describingmore completely the resulting expressiongfor in terms of
the generatorsT,,. The combinatorics are bestdescribedin the geometricframework of Demazureresolutions.
We explain this in the following section.

Remark. Let be a coweight for GL,, and write = mje; + + mpe,. One nds a similar expressionfor
starting from

mie; mpenp?

and making use of Theorem 4.1.

6 Sheaf-theoretic meaning of minimal expressions

The goal of this sectionis to describe a sheaf-theoreticinterpretation of a minimal expressionfor . the
corresponding perversesheafon the ane ag variety is the push-forward of an explicit perversesheafon a
Demazureresolution of the Schubert variety X (t ). We proceedto illustrate this statemert in more detail.

6.1 Ane ag variety

Let k = Fq denotethe nite eld with g elemens, and let k denote an algebraic closureof k. Let G be the
split connectedreductive group over k whoseroot systemis (X ;X ;R;R; ). Choosea split torus T and
a k-rational Borel subgroup B containing T, which giveriseto R and .

Denote by F| the ane ag variety for G. This is an ind-scheme over k whosek-points are given by

FI(k) = G(k(t)=l;

wherel = 1y G(K][[t]]) is the Iwahori subgroup whosereduction modulo t is B.

Fix a prime * 6 char(k), and make a xed choicefor " g2 Q- (for Tate twists).

Let DP(F 1) denotethe categoryDE(F1; Q). By de nition DE(FI;Q-) is the inductiv e 2-limit of categories
D2(X; Q') whereX  FI rangesover all projective k-schemeswhich are closedsubfunctors of the ind-scheme



Fl. The category D2(X; Q') is the \derived" category of Deligne [3]: Q- the projective 2-limit of the
categoriesD 8 (X;Z="Z). For any nite extensionE of Q- cortained in Q-, the de nition of D(X;E) is
similar, and by de nition D2(X;Q-) is the inductive 2-limit of the categoriesD2(X; E).

For f : X ! Y a morphism of nite-t ype k-schemes, we have the four \derived" functors f ;f, :
DE(X;Q)! DE(Y;Q)andf ;f':D&Y;Q)! D2(X;Q). This notation should causeno confusion, since
we never usethe non-derived versionsof the pull-back and push-forward functors in this paper.

We de ne the category P, (FI): it is the full subcategory of D®(F|) whose objects are | -equivariant
perverseshearesfor the middle perversity (by de nition the latter have nite dimensional support).

The 1 -orbits on F1 correspond to . Givenw ﬂ we denote by Y (w) = Iwl =l the corresponding
Bruhat cell, and we denote its closure by X (w) = Y (w). Further, let Q-, denote the constart sheafon
Y (w), and de ne Ay, = Q- [I(W)](I(w)=2). This is a self-dual perversesheafon Y (w).

Let jw : Y(w) ! X(w) denote the open immersion. Wedene J,, = jw Aw and Jy: = jwiAyw. These
are perversesheaesin P, (F|I) satisfying D (Jy ) = Jw:. (Here D denotesVerdier duality.)

Given G2 P, (F1) we may de ne the corresponding function [G] on F I(k), which we may identify with
an elemert in H:

[CI(x) = Tr(Frq; Go);
where Frq denotesthe Frobenius morphism on F I, (raising coordinates to power ). We have

Pwi] = qu/vl:ZTW
[Ow 1= "Wq%/ZZTW L

6.2 Convolution of sheaves

Following Lusztig [15], one can de ne a corvolution product ? : P, (FI) P, (FI)! DP(FI). We formulate
this in a way similar to [6]. Given G 2 P, (FI), i = 1;2, we can choose X (w;) such that the support of G
is contained in X (w;), for i = 1;2. We may identify F1| with the spaceof all \ane ags" L for G(k((t));
there is a basepoint Ly whosestabilizer in G(k((t))) is the \standard" Iwahori subgroup|. Then X (w) is
identi ed with the spaceof all ane ags L sud that the relative position betweenthe basepoint Lo and
L satises

inv(Lo;L) w

in the Bruhat order on W. The \t wisted" product X (w1) ~X (w,) is the spaceof pairs (L;L%) 2 FI FI
such that

inv(Lo;L) wj
inv(L;LY  ws:

Wecan nd a nite-dimensional projectivesubvariety X ~ F | with the property that (L;L% 2 X (wg) ~X (wz) )
L92 X. The \m ultiplication" map m : X (w;) ~X (w,) ! X givenby (L;L9 7! LCis proper.

Now G (i = 1;2) determine a well-de ned perversesheaf G, ~G, on X (wy) =X (w;) (seee.g. [6]). We
de ne

G?G=m (G7G):

The corvolution G, ?G, 2 D®(F 1) is independert of the choice of X (w;) and X .

The object G, ?G is | -equivariant in a suitable sensesothat we can regard its function Tr(Frq; G, ? &)
as an elemen of the Hede algebraH.

It is well-known that this product is compatible with the function-sheaf dictionary:

(G ?G] = [G]?[G]:

Here ? on the right hand sideis just the usual product in H.

Later we shall use the following fact, referred to in the sequelsimply as assaiativity: if G (i = 1;2;3)
are objects of P, (F1) such that G ?G, 2 P, (F1) and G, ?G; 2 P, (F 1), then there is a canonicalisomorphism
G ?2(G?G)~ (G ?7&) ?G (the \associativit y constraint"). This is proved by identifying ead canonically
with the \triple product" G, ? G, ? G, whoseconstruction is similar (seesection 6.3).
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6.3 Demazure resolution vs. twisted pro duct

It is clear that we can de ne in a similar way the k-fold corvolution product ? : P, (F)X ! DP(FI). Todo

this we de ne the k-fold twisted product X (w1)~  ~X(wg) to be the spaceof k-tuples (L1;:::;Lk) suct
- inv(Li 1;Li)  w
forl i k.lfw=w; wgandl(w)= P i [(w;), then the multiplication map
m:X(wy)~  ~X(w) ! X(w)
givenby (Lq;:::;Lk) 7! Ly inducesan isomorphism on open substemes
m:Y(wy)~  ~Y(w) + Y(w):

If moreover eadh w; is a simple re ection s;, then the twisted product is smooth, sinceit is a successiorof
P-bundles. We have proved the following lemma.

Lemma 6.1 If w=s; s, is areducad expression, then the twisted product
m:X(s1)~ ~X(s) ! X(w)
is a Demazuee resolution for the Schulert variety X (w).

We use the k-fold twisted product to de ne the k-fold corvolution product: as before, the objects
G 2 P, (F1) determine a (unique, perverse)twisted exterior product G~  ~&, and we set

G? ?G=m (G~ "G)
We have the following generalizedassaiativit y constraint. Considera product with k terms

( @72 ?G) )?( (G?2( ?G)) )

where the placemen of the parenthesesis arbitrary with the proviso that the product is de ned (i.e., at
every stage we corvolve objects of P, (F1)). Then this can beidentied canonically with the k-fold product

G? ?G:

This can be seeneasily by induction on k.

6.4 Prop erties of certain convolutions

The convolution of two | -equivariant perversesheareson F | is not perversein general. However, the following
result of I. Mirk ovic (unpublished) shows this conclusiondoeshold in someimportant cases.We are grateful
to R. Bezrukavnikov, who communicated this result to the rst author, and to I. Mirk ovic, for his kind
permissionto include the result in this paper.

In the notation of [1], welet PD °(F 1) (resp. PD °(F1)) denotethe objects P 2 DP(F ) whoseperverse
cohomologyshearesvanish in degree 1 (resp. 1). Thusthe perversesheaeson F | are precisely the
objectsin PD °(FI) \ PD O(FI).

Prop osition 6.2 (Mirk ovic) (a) Let P 2 P, (FI). Then for any w 2 ¥, we have
(1) Jwi ?P and P ?J,, kelongto PD °(F1),
(2) Jy ?P andP ?J, belongto PD °(F1).

(b) In particular, Jyw, ?Jw,r and Jy,1 ?Jy, are perverse,for everyws;w, 2 Ww.

11



Proof. (a),(1). We considerJy; ? P. SupposeP is supported on X (w9 and recall that the convolution
is given by
Jwi 2P = m(Jw: ~P);

wherem : X (w)~X (w9 ! X is asin section6.2 (note that m, = m , sincem is proper). We have

mi(jwi(Aw) ~P)
[m (jw~id)i(Aw ~P):

Jw1 ?P

Note that m (j ~id) : Y(W)~X (w9 ! X isane, andthat A, ~P is perverseon its source. Therefore
Jwi?P 2 PD O9(F1) follows from the following generalfact (cf. [1], Thm. 4.1.1and Cor. 4.1.2): IfF : X | Y
is an ane morphism, then F :D2(X)! D&(Y) (resp. F)) presenesPD 0 (resp. PD 0).

A similar argumert givesP ?J,: 2 PD °(F1), onceit is noted that m  (id ~jy) : X (WO ~Y(w) ! X is
alsoan ane morphism.

Part (a),(2) is similar, and part (b) is an immediate consequencef part (a).

|

Now we let P (FI)\ Jy, Py (FI) (resp. P (FI)\ Jw P, (FI)) denotethe full subcategory of P, (F1) whose
objects are of the form J,, ?P (resp. Jy: ?P) for someP 2 P, (F1).

Corollary 6.3 For any w 2 W, we have
I 2y 1 =y 1 ?2dw = Je;
wher e 2 W is the identity element. Togetherwith the assaiativity constraint, theseidentities imply that
Jwi? P(FD)\ Jy « P(FI) ' P (FD\ JwiP (FI)
is an equivalene of categories, with inverseJ,, 1 ?

Proof. ~We prove that J,,, ?Jy, 1+ = Je (the other equality is similar). Let X (y) be an irreducible
componert in the support of P := J,,, ?J,, 1 . SinceP is perverseand | -equivariant, the restriction PjY (y)
isan | -equivariant "-adic local systemonthe a ne spaceY (y). Weneedto showv that y = eandPjY(e) = Q-.
For the former it is su cien t to prove that y 6 e implies PjY (y) = 0.

Since PjY (y) is an | -equivariant "-adic local systemon the | -orbit Y (y), and the stabilizer in | of any
point in this orbit is geometrically connected, it follows that PjY (y) is a constant local system (placed in
degree I(y) whenregardedasa complex). Write 1; ,;:::; | for the eigervaluesof Frq on PjY (Y)[ 1(y)],
counted with multiplicit y. We have the following identity for every n  1:

X
Je(y) = Tr(Frgn; Jw) 2Tr(Frogn; Jw 1 )(y) = Tr(Fren; PiY(y)) = e
i=1

We thus have, for every n = 1: (
X 0 ify6e
! 1, ify=e:

y =
i=1
The linear independenceof characters (or rather its proof) implies that distinct numbers 2 Q. determine
linearly independert charactersn 7! " on the semi-group of positive integers. Together with the above
formula this is enoughinformation to determine the eigervaluesof Frq on Pj(Y (y) (if y & ethenr = 0, and
ify=ethenr=1and ;= 1). ThusPjY(y) = 0if y6 eand PjY(e) = Q-, asdesired.
[

It is straightforward to ched the following properties. From now on we omit the corvolution sign ? in
the product of perversesheaves.

Lemma 6.4 1. If I(xy) = I(x) + I(y), then Jx1Jy1 = Jyy1.
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2. Under the sameassumption, Jy Jy = Jyy .

Proof. The rst canbe cheded from the de nitions, and the secondfollows on applying Verdier duality.
We have usedthat Verdier duality is compatible with convolution: D(G, ?G) = DG ?D G, if G 2 P, (FI)
(i=1,2).

[

Remark. We remark that Corollary 6.3 and Lemma6.4 allow usto perform algebraic manipulations involving
the perversesheafJ,, (resp. Jy ): essetially it behavesjust like its function "y Ty (resp. "w T, 1) (but
when multiplying sheaves, one has to take care that they are ead perverse). For example, we have the
following cancellation property. Let P; 2 P, (FI) (i = 1;2) be such that J,, ?P; 2 P, (FI) (i = 1;2); then
Jw P1 = Jyw P2 implies P; = P, (multiply both sidesby J,, i, and use assa@iativit y). We shall use this
seweral times in the proof of Lemma 6.5 below.

6.5 Sheaf analogue of

Wenow de ne the sheaf-analoguef . Wewrite J  (resp. J 1) in placeof J; (resp. J; 1). If = 1 2,
where ; is anti-dominant (i = 1;2), then we de ne

=J 1!.] ) -
By Proposition 6.2, is an object of P, (FI). Moreover it clearly satis es

[ 1="

By [4], we know that supp( ) fxjx t g, and hencethat is supported on X (t ).

Our next goal is to prove the sheaf-theoreticanaloguesof the relations in the Bernstein presenation of
H, in the following lemma. The proof follows Lemma 4.4 of [13] very closely taking into accourt Proposition
6.2, Corollary 6.3 and Lemma 6.4. Sincea little extra care must be taken in the presen context of perverse
sheaves, we give detailed argumerts for the convenienceof the reader.

Lemma 6.5 (1) If x;y2 W commute and [(xy) = 1(x) + I(y), then Jx,Jy 1 = Jy 1 Jx. In particular, if
;2 X are both dominant or antidominant, then J ,J =J J..

(2) is independent of the choice of ; (i = 1;2).

3) = , for; 2X.
4 Ifs=s ( 2) andh; i=0, then
Js = Js
Moreover, this object belongsto P, (F1).
B) Ifh; i= 1, then
Js  Js =

Proof. (1). By Lemma6.4, we have Jy1Jy1 = Jyy1 = Jyx1 = Jyidxi. The result follows by two applications
of Corollary 6.3: multiply rst on the left and then on the right by Jy 1 .

(2). Let = 2= 9 9, where ; ?areantidominant (i = 1,2). Then 9+ ;= 9+ 5, and
soJ gJ ;1 = J oJ ,. Arguing asin (1), this yieldsJ ,,J , =J ¢ Jo. Then (1) yieldsJ ,J , =
Jod o.

1 2
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(3). Write = ; >and = 1 2, Where ; ; are antidominant (i = 1;2). Then by assaiativit y we
have

3.3 )03 )
=J @ .30,

J @3 L),
J.J30 .3 ;)
=Jd0e d (o o)

.
(4). Wemay write = 2, where ; is antidominant and h ; i = 0, for i = 1;2. Sinces commutes
with t , andI(st ;) = I(t ,s) = I(t ,) + 1, the result follows from (1), Lemma 6.4, and assaiativit y.
Wenote that Js (J 13 , )= Js , Ji ! is | -equivariant and perverse,by Proposition 6.2.
(5). We may write = 2, Where ; is antidominant (i=1;2),h; ;i= 1,andh; ,i = 0.
As in the proof of (4) above, we note that Js (J ;,J , )and (J ;)J , )Js areead perverse,so by
asscaiativit y we may unambiguously write

Js Js = Js (J 1!J 2 )Js :

Using (4) and asseiativity, thisis (Js J ;1Js ) , = (Js Js) ,- (Note Js J ,1Js is unambiguous
and perverse,sincest , <t , impliesthat J ;1Js = JgJst s , and therefore Js J [1Js = Jg s J)

Sinceby 3)  , , = s ,wearereducedto proving Js  Js = ¢ , i.e., to prove the result for
general it is enoughto consider which are antidominant.
Therefore assume is antidominant, and write I(t ) = |. Following Lemma 4.4 (b) of [13] we see
It s)=1+21andli(st )=1 1,

+ s is antidominant,
It st)=2 landl(t st s)=2 2;in particular I(t st )= I(t )+ I(st ).
Taking theserelations, the previous parts of the Lemma, Corollary 6.3, and ass@iativit y into accoun,
we nd

J | =

s s
+s
= Jt st sl
Ji st 1Js
J st s
=J1(Js J s ):

Using Corollary 6.3 againto cancelJ | from ead side, we obtain the desiredequality Js Js = .
[ |
Note that property (5) is the analogueof Bernstein's relation
TS ! TS ! = s ?

which was a main ingredient in the proof of Lemma 3.2. In fact the sameargumert can be applied to prove
the following corollary.

Corollary 6.6 If is minusculeandt = w w asin section 3, then
=Jw Jw

Writing w =t; t, , andw=s; s, asin setion 3, we have

=Jtyr Jy o s Js

p -

14



Proof. Suppose isin the Weyl orbit of an antidominant minusculecowveight . We have

=J 1.

Sp 51( ): Jtl tr p !J51 Sp :
Indeed, using induction and Lemma 6.4 this equality for p 1 can be written

sp 1 51( )_ ‘]Sp!‘]tl t, p !‘]Sl Sp 1 "

Multiplying on ead sideby Js, and using Lemma 6.5 (5), Corollary 6.3, and assiativit y yields

sp si( )_ \]tl tr p !\]Sl Sp

asdesired.
The secondstatemert follows from the rst, using Lemma 6.4. To justify this, we needto show that

Qe Jy, I3 )0sy Iy )= Jer Iy, s, Js, s

where the products of the form J;;; Js, denote the k-fold corvolution mentioned in section 6.3. This
results from the generalizedassaiativit y discussedthere.
We remark that it is important herethat the underlying expressiont; t; p S1  Sp isreduced. m

Taking Corollary 6.6 aswell asLemmas6.1, 6.4 and 6.5 into accourt, we get the following sheaf-theoretic
interpretation for minimal expressionsfor

Theorem 6.7 (a) Let be a minuscule coweightof any root system. Write t =w w=1t; t , s1 Sp,
asin Lemma3.2. Then

= m (D);
where D is the perverse sheaf
D=(wAu)™ Tl »Au )70 A ) (s, As))™  “(s, As,)
on the Demazute resolution m : X (t1) =  ~X(ty p) =X ( )~X(s1)™ ~X(sp) ! X(t ) of the Schulert
variety X (t ).
(b) Let be a coweightfor GL,,, and write it as
= 1+ +

P
where each ; is minuscule,andI(t ) = ;I(t ;). For eachi = 1;:::;k wehavea decomposition and reduced

expression
i i i

to=wiw=t) t, 'sy sy
asin Lemma3.2.
Then = m (D), where D is the perverse shaf
Jum g I T da T Tsy T T T T T T T Ty

on the Demazue resolutionm : X(t ) ! X(t ) correspnding to the reduced expression
t =(t7 t5 st osp) (1 th Ksk sk
Consejuently, is the push-forwad of an explicit perverse sheaf on a Demazuse resolution of X (t ),
for every coweight of GL,.
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Proof. (a). This follows directly from Corollary 6.6 and the de nition of the r-fold convolution product.
(b). By Lemma 6.5 (3) and generalizedassaiativit y, we have
= ? 7 ;
1 k
where the right hand side denotesthe k-fold corvolution product.
Part (b) then follows from part (a) and another application of generalizedassciativit y.
[

For x t , write (x) for the coe cien t of Ty.

Corollary 6.8 Let be a minuscule coweightof a root system,or an arbitrary coweightfor GL,,. Let m; D
be asin Theorem 6.7. Then
(x) =" Tr(Frg;H (m *(x);D));

whete the right hand side is the alternating trace of Frokenius on the etale cohomolayy of the ber over x
with coe cients in D.
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