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Abstract
We consider the \an tidominan t" variants � �

� of the elements � � occurring in the Bernstein presenta-
tion of an a�ne Hecke algebra H . We �nd explicit formulae for � �

� in terms of the Iwahori-Matsumoto
generators Tw (w ranging over the extended a�ne Weyl group of the root system R), in the case(i) R
is arbitrary and � is a minuscule coweight, or (ii) R is attached to GL n and � = mek , where ek is a
standard basis vector and m � 1.

In the above cases,certain minimal expressionsfor � �
� play a crucial role. Such minimal expressions

exist in fact for any coweight � for GL n . We give a sheaf-theoretic interpretation of the existence of a
minimal expressionfor � �

� : the corresponding perversesheaf on the a�ne Schubert variety X (t � ) is the
push-forward of an explicit perversesheafon the Demazure resolution m : ~X (t � ) ! X (t � ). This approach
yields, for a minuscule coweight � of any R, or for an arbitr ary coweight � of GL n , a conceptual albeit
lessexplicit expressionfor the coe�cien t � �

� (w) of the basis element Tw , in terms of the cohomology of
a �b er of the Demazure resolution.

AMS Subject classi�cation: 20C08, 14M15.

1 In tro duction

Let H be the a�ne Hecke algebra associated to a root system. There are two well-known presentations
of this algebra by generatorsand relations, the �rst discovered by Iwahori-Matsumoto [7] and the second
by Bernstein [12], [14]; cf. 2.2.1 below. The Iwahori-Matsumoto presentation re
ects the structure of the
Iwahori-Hecke algebra C1

c (I nG=I ) of the split p-adic group G attached to the root system: the generators
Tw correspond to the characteristic functions of Iwahori double cosetsI wI , wherew rangesover the extended
a�ne Weyl group. The Bernstein presentation re
ects the description of the Hecke algebraasan equivariant
K -theory of the associated Steinberg variety, which plays a role in the classi�cation of the representations of
H , see[9], [2]. The Bernstein presentation has the advantage that one can construct a basis for the center
of H by summing the generators� � over Weyl-orbits of coweights � ; the resulting functions are known as
Bernstein functions.

It is of interest to give an explicit relation between the generators in these two presentations. More
precisely, one would like to write each � � as an explicit linear combination of the Iwahori-Matsumoto basis
elements Tw . A direct consequencewould be the explicit description of the Bernstein functions (and thus
the center of H) in terms of the Iwahori-Matsumoto basis. This problem was consideredearlier by the �rst
author [4],[5] becauseof certain applications to the study of Shimura varieties, and wascompletely answered
there for the casewhere � is a minuscule coweight. More recently , O. Schi�mann [16] has given explicit
formulae for all elements in a certain basisfor the center Z (H) of an a�ne Hecke algebra H of type A; from
this one can derive a formula for the Bernstein function z� , where � is any dominant coweight of a group of
type A.

In this paper we consider the \an tidominant" variants � �
� of the elements � � . The support of these

functions is somewhatmore regular than the original functions � � , cf. Lemma 2.1. In section 3 we consider
the casewhere � is a minusculecoweight, and we prove the following explicit formula for � �

� .

Theorem 1.1 Let � 2 X � be minuscule. Then

� �
� =

X

f x : � (x )= � g

~Rx;t � (Q) ~Tx :
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Here � (x) is the translation part of x \on the left" de�ned by the decomposition x = t � (x ) w (w 2 W0),
~Tx is a renormalization of the usual Iwahori-Matsumoto generator Tx , Q = q� 1=2 � q1=2, and ~Rx;y (Q) is a
variant of the usual R-polynomial of Kazhdan-Lusztig [8].

The formula above is analogousto the expressionfor � � found by the �rst author in Proposition 4.4 of
[5]:

� � =
X

f x : t (x )= � g

~Rx;t � (Q) ~Tx :

Here t(x) is the translation part of x \on the right" de�ned by the decomposition x = wt t (x ) (w 2 W0).
However our proof is simpler and more direct than that of loc.cit., and the samearguments appearing here
also give a short proof of the formula for � � . In fact one can derive the formula for � �

� from that for � � � ,
and vice-versa. Indeed, if � : H ! H denotesthe anti-in volution determined by q1=2 7! q1=2 and Tx 7! Tx � 1 ,
then �(� � � ) = � �

� and � interchangesthe formulae for � � � and � �
� . We remark that Theorem 1.1 remains

valid for Hecke algebraswith arbitrary parameters.
In the fourth sectionwe study coweights of GLn of the form � = mek , whereek is the k-th standard basis

vector and m 2 Z+ . The casem = 1, studied in [4] and [5], has relevance to a certain family of Shimura
varieties with bad reduction, known as the Drinfeld case. The generalcaseis referred to as multiples of the
Drinfeld case. We prove the following formula for � �

me k
.

Theorem 1.2 Let 1 � k � n and m � 1. Then

� �
me k

=
X

f x : � (x ) � me k g

~Rx;t me k
(Q) ~Tx :

Here � denotesthe usual partial order on the lattice X � .
Theorems 1.1 and 1.2 yield explicit expressionsfor the Bernstein functions z� (� minuscule) and zme 1 ,

respectively; seeCorollary 3.6 and 4.2. The expressionsin these special casesseemmuch simpler than the
corresponding onesgiven by Schi�mann [16].

Theorems1.1 and 1.2 rely on the existenceof certain minimal expressionsfor � �
� : theseare expressions

of the form
� �

� = ~T � 1
t 1

� � � ~T � r
t r

~T� ;

where t � = t1 � � � t r � (t i 2 Sa ; � 2 
) is a reduced expressionand � i 2 f 1; � 1g for every 1 � i � r . In
the �nal two sections,we discusshow one can approach a general formula for � �

� when � is an arbitrary
coweight of GLn , through minimal expressions(which always exist in this setting, cf. section 5). The result
is much less explicit than Theorems 1.1 and 1.2, and involves the geometry of the Demazure resolution
eX (t � ) ! X (t � ) of the a�ne Schubert variety X (t � ). We de�ne a perversesheaf� �

� on the a�ne 
ag variety
whosecorresponding function in the Hecke algebra is " � � �

� . It turns out that � �
� is supported on X (t � ).

We seethat the existenceof a minimal expressionfor � �
� is analogousto the existenceof a certain explicitly

determined perversesheafon eX (t � ) whosepush-forward to X (t � ) is � �
� . More precisely, we conclude the

paper with the following result (cf. Theorem 6.7, Corollary 6.8 for a completely precisestatement).

Theorem 1.3 Let � be a minuscule coweightof a root system,or any coweight for GLn . Choosea minimal
expression for � �

� and let m : eX (t � ) ! X (t � ) denote the corresponding Demazure resolution for X (t � ).
Then there exists an explicit perversesheaf D on eX (t � ) (determined by the choice of minimal expressionfor
� �

� ) such that
Rm� (D) = � �

� :

Consequently, if we denote the coe�cient of Tx in the expression for � �
� by � �

� (x), then we have

� �
� (x) = " � Tr(Frq; H � (m� 1(x); D)) ;

for any x � t � in the Bruhat order. Here the right hand side denotesthe alternating trace of Frobenius on
the �etale cohomology of the �b er over x 2 X (t � ) with coe�cients in the sheaf D.

Given a coweight � for an arbitrary root system, let � d denote the dominant coweight in its Weyl-orbit.
We remark that there is a similar formula for � �

� , provided that � d is a sum of minusculedominant coweights.
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2 Preliminaries

2.1 A�ne Weyl group

Let (X � ; X � ; R; �R; �) be a root system,where � is the set of simple roots. The Weyl group W0 is generated
by the set of simple re
ections f s� : � 2 � g.

We de�ne a partial order � on X � (resp. X � ) by setting � � � whenever � � � is a linear combination
with nonnegative integer coe�cien ts of elements of f �� : � 2 � g (resp. f � : � 2 � g). We let � m denote the
set of roots � 2 R such that � is a minimal element of R � X � with respect to � .

In section 4 we will use the following description of the relation � for coweights of GLn : (� 1; : : : ; � n ) �
(� 1; : : : � n ) if and only if � 1 + � � � + � i � � 1 + � � � + � i for 1 � i � n � 1, and � 1 + � � � + � n = � 1 + � � � + � n .

Let fW be the semidirect product X � o W0 = f tx w : w 2 W0; x 2 X � g, with multiplication given by
tx wtx 0w0 = tx + w(x 0) ww0. For any x 2 fW , there exists a unique expressiont � (x ) w, where w 2 W0 and
� (x) 2 X � .

Let
Sa = f s� : � 2 � g [ f t � �� s� : � 2 � m g � fW :

De�ne length l : fW ! Z by

l(tx w) =
X

� 2 R + :w � 1 ( � )2 R �

jh� ; xi � 1j +
X

� 2 R + :w � 1 ( � )2 R +

jh� ; xij :

Let �Q be the subgroupof X � generatedby �R. The subgroupWa = �Q o W0 of fW is a Coxeter group with Sa

the set of simple re
ections. The subgroup is normal and admits a complement 
 = f w 2 fW : l(w) = 0g.
For w 2 fW denote "w = (� 1)l (w ) and qw = ql (w ) (for q any parameter).
The Coxeter group (Wa ; Sa) comesequipped with the Bruhat order � . We extend it to fW as follows:

we say w� � w0� 0 (w; w0 2 Wa , � ; � 0 2 
) if w � w0 and � = � 0.
Let � 2 X � be dominant. Following Kott witz-Rapoport [10], we say x 2 fW is � -admissible if x � tw(� )

for somew 2 W0. We denote the set of � -admissibleelements by Adm(� ).

2.2 Hecke algebra

2.2.1 Presen tations

The braid group of fW is the group generatedby Tw (w 2 fW ) with relations

Tw Tw 0 = Tww 0 whenever l(ww0) = l(w) + l(w0):

The Hecke algebra H is de�ned to be the quotient of the group algebra (over Z[q1=2; q� 1=2]) of the braid
group of fW , by the two-sided ideal generatedby the elements

(Ts + 1)(Ts � q);

for s 2 Sa . The image of Tw in H is again denoted by Tw . It is known that the elements Tw (w 2 fW ) form
a Z[q1=2; q� 1=2]-basisfor H . The presentation of H using the generatorsTw and the above relations is called
the Iwahori-Matsumoto presentation.

For any Tw , de�ne a renormalization ~Tw = q� l (w )=2Tw . De�ne an indeterminate Q = q� 1=2 � q1=2. The
elements ~Tw form a basis for H , and the usual relations can be written as

~Ts ~Tw =
� ~Tsw ; if l (sw) = l(w) + 1;

� Q ~Tw + ~Tsw ; if l (sw) = l(w) � 1;

for w 2 fW and s 2 Sa . There is also a right-handed version of this relation. Note that ~T � 1
s = ~Ts + Q.

We will denote ~Tt � (� 2 X � ) simply by ~T� .
For � 2 X � , de�ne

� � = ~T� 1
~T � 1

� 2
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where � = � 1 � � 2, and � 1; � 2 are dominant. The elements � � generatea commutativ e subalgebraof H .
It is known that the elements � � Tw (� 2 X � , w 2 W0) form a Z[q1=2; q� 1=2]-basis for H . Thesegenerators
satisfy well-known relations (seeProp. 3.6, [14]); in casethe root systemis simply connected,theseare given
by the formula

� � Ts � Ts � s( � ) = (q � 1)
� � � � s( � )

1 � � � ��
;

where s = s� and � 2 �. The presentation of H with generators� � Tw and the above relations is called the
Bernstein presentation.

We also de�ne
� �

� = ~T� 0
1

~T � 1
� 0

2

where � = � 0
1 � � 0

2, and � 0
1; � 0

2 are antidominant.
The involution a ! a of Z[q1=2; q� 1=2] determined by q 7! q� 1 extends to an involution h ! h, given by

X
aw Tw =

X
�aw T � 1

w � 1 :

It is immediate that � � = � �
� . Clearly the Bernstein presentation givesrise to an analogouspresentation

using the generators� �
� Tw in place of � � Tw .

2.2.2 Bernstein functions

For each W0-orbit M in X � , de�ne the Bernstein function zM attached to M by

zM =
X

� 2 M

� � :

When the W0-orbit M contains the dominant element � , this function is denoted by z� .
From Corollary 8.8 of Lusztig [12], we have z� = z� . Consequently ,

z� =
X

� 2 W 0 ( � )

� �
� :

2.2.3 A supp ort prop ert y

The precedingformula implies that when one studies Bernstein functions there is no harm in working with
the functions � �

� instead of the functions � � . We do so in this paper becausetheir supports enjoy a nice
regularity property, given by the following lemma.

Lemma 2.1 For � 2 X � , we have

supp(� �
� ) � f x : � (x) � � g:

Proof. Write
� �

� =
X

y � t �

ay (Q) ~Ty ;

where ay (Q) 2 Z+ [Q] (seeLemma 5.1 and Corollary 5.7 of [4]).
Choosea dominant coweight � 0 such that � 0 + � (x) is also dominant for any x in the support of � �

� .
Thus we have

~T � 1
� ( � 0+ � ) = � �

� 0+ � = � �
� 0� �

� =
X

y

ay (Q) ~T � 1
� � 0

~Ty :

Let y 2 supp(� �
� ). We claim that t � 0y belongsto the support of ~T � 1

� � 0
~Ty . Indeed, under the specialization

map H ! Z[fW ] determined by q1=2 7! 1, the element ~T � 1
� � 0

~Ty maps to t � 0y. Sinceno cancellation occurs on

the right hand side above, we seefrom this that t � 0y 2 supp( ~T � 1
� ( � 0+ � ) ), and thus

t � 0+ � (y) wy = t � 0y � t � 0+ � ;
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where y = t � (y ) wy . Since � 0 + � (y) and � 0 + � are both dominant, it is well-known that this implies
� 0+ � (y) � � 0+ � . The lemma follows.

In the casewhere � is minuscule, this statement can be considerably sharpened;seeCorollary 3.5.
We remark that Lemma 2.1 plays a key role in the proof of Theorem 4.1.

2.2.4 R-p olynomials

For any y 2 fW , let y = s1 � � � sr � (si 2 Sa ; � 2 
) be a reduced expressionfor y. Then for any x, we can
write

~T � 1
y � 1 =

X

x 2 fW

eRx;y (Q) ~Tx :

where eRx;y (Q) 2 Z[q1=2; q� 1=2]. These coe�cien ts eRx;y (Q) can be thought of as polynomial expressionsin
Q (as the notation suggests)becauseof the identit y

~T � 1
y � 1 = ( ~Ts1 + Q) � � � ( ~Tsr + Q) ~T� :

3 The min uscule case

We say � 2 X � is minuscule if h� ; � i 2 f 0; � 1g, for every root � 2 R. Such coweights are the concernof this
section.

The purposeof this section is to present an analogueof Proposition 4.4 from [5] using � �
� instead of

� � . For simplicit y, the theorem is given here for a�ne Hecke algebraswith trivial parameter systems. The
generalization to arbitrary parameter systemsis straightforward (see[5] for notation and details). Similar
arguments to those appearing here apply to � � , giving a short proof of Proposition 4.4 from [5].

Theorem 3.1 Let � � be minuscule and antidominant, and � 2 W0(� � ). Then

� �
� =

X

x : � (x )= �

eRx;t � (Q) ~Tx :

We begin with some lemmas. For a proof of the �rst lemma, refer to Proposition 3.4 of [5], where a
similar result is given (seealso the proof of Corollary 6.6).

Lemma 3.2 Let � � be an antidominant and minuscule coweight, and let � 2 
 be the unique elementsuch
that t � � 2 Wa � . Let � 2 W0(� � ). Suppose that � � � � is a sum of p simple coroots (0 � p � l (t � � ) = r ).
Then there exists a sequence of simple roots � 1; : : : ; � p such that the following hold (setting si = s� i ):
(1) h� i ; si � 1 � � � s1(� � )i = � 1; 81 � i � p;
(2) there is a reduced expression for t � � of the form t � � = s1 � � � spt1 � � � t r � p� ;
(3) there is a reduced expression for t � of the form t � = t1 � � � t r � p( � s1) � � � ( � sp)� ;
(4) � �

� = ~Tt 1 � � � ~Tt r � p
~T � 1

� s1
� � � ~T � 1

� sp
~T� ,

where t j 2 Sa ; 8j 2 f 1; : : : ; r � pg.

Lemma 3.3 Let x 2 fW , and supposethat xs� > x for all � 2 � . Then l(xw) = l(x) + l(w) for all w 2 W0.

Since� � is antidominant, this lemma applies to the expressiont � � = s1 � � � spt1 � � � t r � p� . It then applies to
the expressiont1 � � � t r � p� as well. It follows that we can think of the formula in Lemma 3.2(4) as

� �
� = ~Tw � ~T � 1

s1
� � � ~T � 1

sp
= ~Tw � ~T � 1

w � 1

wheret � = w� w, with w 2 W0 and w� the minimal length representativ e for the cosett � W0. This observation
is helpful towards proving the main result of this section.
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Lemma 3.4 For � , s1; : : : ; sp, and t1; : : : ; t r � p as in Lemma 3.2, the mapping

f y : y � s1 � � � spg � ! f x : � (x) = � and x � t � g

de�ned by
y 7! t1 � � � t r � p� y = w� y

is bijective.

Proof of Theorem 3.1. Let w = s1 � � � sp, and w� = t1 � � � t r � p� , so that t � � = ww� and t � = w� w. We
have

~T � 1
s1

� � � ~T � 1
sp

=
X

y : y � w

eRy;w (Q) ~Ty

The expressionfor � �
� of Lemma 3.2, together with the fact that ~Tw � ~Ty = ~Tw � y for all y 2 W0 (since

l(w� y) = l(w� ) + l(y)), implies
� �

� =
X

y : y � w

eRy;w (Q) ~Tw � y :

Using the recursion formula of Lemma 2.5 (1) from [5], we obtain eRy;w (Q) = eRw � y;t �
(Q). In view of the

bijection given in Lemma 3.4, we have
X

y : y � w

eRw � y;t �
(Q) ~Tw � y =

X

x : � (x )= �

eRx;t � (Q) ~Tx ;

which completesthe proof.

For the minusculecase,Theorem 3.1 yields the following improvement on Lemma 2.1.

Corollary 3.5 Let � 2 X � be minuscule. Then

supp(� �
� ) = f x : � (x) = � and x � t � g:

Here we have usedLemma 2.5 (5) of [5], which assertsthat ~Rx;y (Q) 6= 0 if and only if x � y.
The Bernstein function z� has a very simple form when � is minuscule(cf. Theorem 4.3 of [5]):

Corollary 3.6 If � is dominant and minuscule, then

z� =
X

x 2 Adm( � )

~Rx;t � ( x ) (Q) ~Tx :

4 Multiples of the Drinfeld case

Fix positive integers n and m, and an integer 1 � k � n. In this section, we establish in Theorem 4.1
a formula for the � �

� functions of GLn when � = mek (where ek denotes the coweight of GLn with kth
coordinate equal to 1, and all other coordinates equal to 0).

In this section, we adopt the following notation: for 1 � i � n � 1, let � i = �� i = ei � ei +1 , and let
si = s� i . We single out the element � 2 
 given by � = t (1 ;0;:::; 0) s1 � � � sn � 1.

Theorem 4.1 For the coweight mek of GLn , we have

� �
me k

=
X

x : � (x ) � me k

eRx;t me k
(Q) ~Tx :
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Consequently , we have a result for mek analogousto that of Corollary 3.5 for � minuscule, that is,

supp(� �
me k

) = f x : � (x) � mek and x � tme k g:

We also get the following explicit formula for the Bernstein function zme 1 , analogousto Corollary 3.6:

Corollary 4.2

zme 1 =
X

x 2 Adm( � )

0

@
X

� (x ) � � ; x � t �

~Rx;t � (Q)

1

A ~Tx ;

where the inner sum rangesover � 2 W0(me1) such that � (x) � � and x � t � .

We require three lemmasbeforethe proof of the theorem. In the following arguments we usethe notationQ
to denote products even though we are working in a non-commutativ e ring. We will use the following

convention:
Q n

i =1 ai will denote the product a1a2 � � � an (in that order).

Lemma 4.3 For the coweight mek of GLn , we have

� �
me k

= ( ~Tsk � 1 � � � ~Ts1
~T� ~T � 1

sn � 1
� � � ~T � 1

sk
)m :

Proof. From Lemma 3.2, we have

� �
ek

= ~Tsk � 1 � � � ~Ts1
~T� ~T � 1

sn � 1
� � � ~T � 1

sk
:

Then the formula for � �
me k

follows from the fact that � �
� 1 + � 2

= � �
� 1

� �
� 2

for all � 1; � 2 2 X � .

Lemma 4.4 Let w; y 2 ~W . Then
~Tw ~Ty =

X

x = ew ey

ax ~Tx

where ew and ey rangeover certain subexpressionsof w and y, respectively.

Proof. This is an easyinduction on the length of y.

Lemma 4.5 Let x be a subexpressionof

tme k = (sk � 1 � � � s1� sn � 1 � � � sk )m

such that for some1 � i � k � 1, at least one si is deleted. Then � (x) � mek .

Proof. We can write
x = u1� v1 � � � um � vm

for suitable subexpressionsu1; : : : ; um and v1; : : : ; vm of sk � 1 � � � s1 and sn � 1 � � � sk , respectively. Suppose
that p is the least index such that up 6= sk � 1 � � � s1. Then

x =
� p� 1Y

i =1

tek sk � � � sn � 1vi

�
(tej ups1 � � � sn � 1vp)

� mY

i = p+1

ui � vi

�
;

for somej with 1 � j < k. Sincesk � � � sn � 1v(ej ) = ej for any subexpressionv of sn � 1 � � � sk ,

� p� 1Y

i =1

tek sk � � � sn � 1vi

�
(tej )

� p� 1Y

i =1

tek sk � � � sn � 1vi

� � 1

= tej :
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It follows that the translation part � (x) is the sum of ej and a non-negative integral linear combination of
vectors ei (i = 1; : : : ; n). Indeed, the translation part of

� p� 1Y

i =1

tek sk � � � sn � 1vi

�
(ups1 � � � sn � 1vp)

� mY

i = p+1

ui � vi

�

is necessarilya vector (b1; : : : ; bn ) where bi 2 Z+ for every i .
We thus seethat one of the �rst k � 1 coordinates of � (x) is positive (namely the j -th coordinate is),

and this implies that � (x) � mek .

Proof of Theorem 4.1. Let E = (f 0; 1gn � 1)m � (f 1gk � 1 � f 0; 1gn � k )m . Using ~T � 1
s = ~Ts + Q and expanding

the left hand side, we can write

~T � 1
� me k

= � �
me k

+
X

� 2 E

Qm (n � 1) � � ( � )
mY

i =1

~T
� i

k � 1
sk � 1 � � � ~T � i

1
s1

~T� ~T
� i

n � 1
sn � 1 � � � ~T � i

k
sk : (1)

Here � i
j 2 f 0; 1g and we denote � = (� 1; : : : ; � m ), and � i = (� i

1; : : : ; � i
n � 1), i = 1; : : : ; m, and � (� ) =

P m
i =1

P n � 1
j =1 � i

j .

From Lemma 2.1, we know that supp(� �
me k

) � f x : � (x) � mek g. Thus we needonly prove that if ~Tx

is in the support of the secondterm on the right hand side, then � (x) � mek . Indeed, then the �rst and
secondterms on the right hand side of (1) have disjoint supports, and so the coe�cien ts of like terms will
be equal in ~T � 1

� me k
and � �

me k
.

Let � = (� 1; : : : ; � m ) 2 E , and consider

mY

i =1

~T
� i

k � 1
sk � 1 � � � ~T � i

1
s1

~T� ~T
� i

n � 1
sn � 1 � � � ~T � i

k
sk :

By Lemma 4.4, if x is in the support of this product, then x is a subexpressionof

mY

i =1

s
� i

k � 1

k � 1 � � � s� i
1

1 � s
� i

n � 1
n � 1 � � � s� i

k
k :

SinceE excludesthe elements of (f 1gk � 1 � f 0; 1gn � k )m , we know that for some1 � i � m and 1 � j � k � 1,
that � i

j = 0. But this is equivalent to the deletion of some sj (1 � j � k � 1) from the expression
tme k = (sk � 1 � � � s1� sn � 1 � � � sk )m . By Lemma 4.5, we have � (x) � mek , and the proof is complete.

5 Minimal expressions

We say � �
� has a minimal expressionif it can be written in the form

� �
� = ~T � 1

t 1
� � � ~T � r

t r
~T� ;

where t � = t1 � � � t r � (t i 2 Sa ; � 2 
) is a reduced expressionand � i 2 f 1; � 1g for every 1 � i � r . Such
expressionsplayed a key role in Theorems3.1 and 4.1.

Lemma 3.2 assertsthat � �
� has a minimal expressionwhenever � is minuscule. If � is any coweight for

GLn , then we may write
� = � 1 + � � � + � k

where each � j is minusculeand
l(t � ) = l(t � 1 ) + � � � + l(t � k ):

8



It follows that for any coweight � of GLn , there is a minimal expressionfor � �
� . Letting w� i denote the

minimal representativ e for the coset t � i W0 and writing t � i = w� i wi (wi 2 W0), we may recover a minimal
expressionfor

� �
� = ~Tw � 1

~T � 1
w � 1

1
� � � ~Tw � k

~T � 1
w � 1

k

by choosing reducedexpressionsfor every w� i and wi .
Clearly a similar result would follow for any root systemwith the property that � �

! hasa minimal expres-
sion for every Weyl conjugate ! of every fundamental coweight. It seemsto be an interesting combinatorial
problem to determine the root systems(besidesthat for GLn ) which satisfy this property.

In principle, a minimal expressionfor � �
� allows one to write it as an explicit linear combination of the

Iwahori-Matsumoto generatorsTw , simply by using the formula ~T � 1
s = ~Ts + Q and expanding the product.

The result is a linear combination of certain products

Ts1 � � � Tsg T�

(si 2 Sa ; � 2 
), where s1 � � � sg � rangesover certain subexpressionsof t � (which subexpressionsoccur is
governedby the signs� j in the minimal expression).Thesemay in turn be simpli�ed by using the well-known
formula

Ts1 � � � Tsg =
X

w

N (s; w; q)Tw ;

(cf. [11], Lemma 3.7). Here s = (s1; : : : ; sg) and N (s; w; q) is the number of Fq-rational points on the variety
Z (s; w) consistingof all sequences(I 1; : : : ; I g) where the I i are Iwahori subgroupsof Gsc( �Fq((t))) (here Gsc is
the simply connectedgroup associated to the given root system) such that the relative positions of adjacent
subgroupssatisfy

inv(I i � 1; I i ) = si

for all 1 � i � g, and I g = wI 0w� 1, where I 0 is a �xed \standard" Iwahori subgroup.
We forgo the cumbersometask of describingmore completely the resulting expressionsfor � �

� in terms of
the generatorsTw . The combinatorics arebestdescribed in the geometricframework of Demazureresolutions.
We explain this in the following section.

Remark. Let � be a coweight for GLn , and write � = m1e1 + � � � + mn en . One �nds a similar expressionfor
� �

� starting from
� �

� = � �
m 1 e1

� � � � �
m n en

;

and making useof Theorem 4.1.

6 Sheaf-theoretic meaning of minimal expressions

The goal of this section is to describe a sheaf-theoretic interpretation of a minimal expressionfor � �
� : the

corresponding perversesheafon the a�ne 
ag variety is the push-forward of an explicit perversesheafon a
Demazureresolution of the Schubert variety X (t � ). We proceedto illustrate this statement in more detail.

6.1 A�ne 
ag variet y

Let k = Fq denote the �nite �eld with q elements, and let �k denote an algebraic closureof k. Let G be the
split connectedreductive group over k whoseroot system is (X � ; X � ; R; �R; �). Choosea split torus T and
a k-rational Borel subgroup B containing T, which give rise to R and �.

Denote by F l the a�ne 
ag variety for G. This is an ind-schemeover k whosek-points are given by

F l(k) = G(k((t)))=Ik ;

where I = I k � G(k[[t]]) is the Iwahori subgroup whosereduction modulo t is B .
Fix a prime ` 6= char(k), and make a �xed choice for

p
q 2 �Q` (for Tate twists).

Let D b(F l) denotethe categoryD b
c(F l ; �Q` ). By de�nition D b

c(F l ; �Q` ) is the inductiv e2-limit of categories
D b

c(X ; �Q` ) whereX � F l rangesover all projective k-schemeswhich are closedsubfunctorsof the ind-scheme
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F l. The category D b
c(X ; Q` ) is the \deriv ed" category of Deligne [3]: Q` 
 the projective 2-limit of the

categoriesD b
ctf (X ; Z=`n Z). For any �nite extension E of Q` contained in �Q` , the de�nition of D b

c(X ; E) is
similar, and by de�nition D b

c(X ; �Q` ) is the inductiv e 2-limit of the categoriesD b
c(X ; E).

For f : X ! Y a morphism of �nite-t ype k-schemes, we have the four \deriv ed" functors f � ; f ! :
D b

c(X ; �Q` ) ! D b
c(Y; �Q` ) and f � ; f ! : D b

c(Y; �Q` ) ! D b
c(X ; �Q` ). This notation should causeno confusion,since

we never usethe non-derived versionsof the pull-back and push-forward functors in this paper.
We de�ne the category PI (F l): it is the full subcategory of D b(F l) whose objects are I -equivariant

perversesheavesfor the middle perversity (by de�nition the latter have �nite dimensional support).
The I -orbits on F l correspond to fW . Given w 2 fW , we denote by Y(w) = I wI =I the corresponding

Bruhat cell, and we denote its closure by X (w) = Y(w). Further, let �Q`;w denote the constant sheaf on
Y(w), and de�ne A w = �Q`;w [l (w)]( l (w)=2). This is a self-dual perversesheafon Y(w).

Let j w : Y (w) ,! X (w) denote the open immersion. We de�ne Jw� = j w� A w and Jw! = j w!A w . These
are perversesheaves in PI (F l) satisfying D(Jw� ) = Jw!. (Here D denotesVerdier dualit y.)

Given G 2 PI (F l) we may de�ne the corresponding function [G] on F l(k), which we may identify with
an element in H :

[G](x) = Tr(Frq; Gx );

where Frq denotesthe Frobenius morphism on F l �k (raising coordinates to power q). We have

[Jw!] = "w q� 1=2
w Tw

[Jw� ] = "w q1=2
w T � 1

w � 1 :

6.2 Convolution of sheaves

Following Lusztig [15], one can de�ne a convolution product ? : PI (F l) � PI (F l) ! D b(F l). We formulate
this in a way similar to [6]. Given Gi 2 PI (F l), i = 1; 2, we can chooseX (wi ) such that the support of Gi

is contained in X (wi ), for i = 1; 2. We may identify F l with the spaceof all \a�ne 
ags" L for G(k((t)));
there is a basepoint L 0 whosestabilizer in G(k((t))) is the \standard" Iwahori subgroup I . Then X (w) is
identi�ed with the spaceof all a�ne 
ags L such that the relative position between the basepoint L 0 and
L satis�es

inv(L 0; L ) � w

in the Bruhat order on fW . The \t wisted" product X (w1) ~� X (w2) is the spaceof pairs (L ; L 0) 2 F l � F l
such that

inv(L 0; L ) � w1

inv(L ; L 0) � w2:

Wecan�nd a �nite-dimensional projectivesubvariety X � F l with the property that (L ; L 0) 2 X (w1) ~� X (w2) )
L 0 2 X . The \m ultiplication" map m : X (w1) ~� X (w2) ! X given by (L ; L 0) 7! L 0 is proper.

Now Gi (i = 1; 2) determine a well-de�ned perversesheaf G1 ~� G2 on X (w1) ~� X (w2) (seee.g. [6]). We
de�ne

G1 ? G2 = m� (G1 ~� G2):

The convolution G1 ? G2 2 D b(F l) is independent of the choice of X (wi ) and X .
The object G1 ?G2 is I -equivariant in a suitable sense,so that we can regard its function Tr(Frq; G1 ?G2)

as an element of the Hecke algebra H.
It is well-known that this product is compatible with the function-sheaf dictionary:

[G1 ? G2] = [G1] ? [G2]:

Here ? on the right hand side is just the usual product in H .
Later we shall use the following fact, referred to in the sequelsimply as associativity : if Gi (i = 1; 2; 3)

are objects of PI (F l) such that G1 ?G2 2 PI (F l) and G2 ?G3 2 PI (F l), then there is a canonical isomorphism
G1 ? (G2 ? G3) ~! (G1 ? G2) ? G3 (the \associativit y constraint"). This is proved by identifying each canonically
with the \triple product" G1 ? G2 ? G3, whoseconstruction is similar (seesection 6.3).
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6.3 Demazure resolution vs. twisted pro duct

It is clear that we can de�ne in a similar way the k-fold convolution product ? : PI (F l)k ! D b(F l). To do
this we de�ne the k-fold twisted product X (w1) ~� � � � ~� X (wk ) to be the spaceof k-tuples (L 1; : : : ; L k ) such
that

inv(L i � 1; L i ) � wi

for 1 � i � k. If w = w1 � � � wk and l(w) =
P

i l (wi ), then the multiplication map

m : X (w1) ~� � � � ~� X (wk ) � ! X (w)

given by (L 1; : : : ; L k ) 7! L k inducesan isomorphism on open subschemes

m : Y(w1) ~� � � � ~� Y (wk ) ~� ! Y (w):

If moreover each wi is a simple re
ection si , then the twisted product is smooth, since it is a successionof
P1-bundles. We have proved the following lemma.

Lemma 6.1 If w = s1 � � � sr is a reduced expression, then the twisted product

m : X (s1) ~� � � � ~� X (sr ) � ! X (w)

is a Demazure resolution for the Schubert variety X (w).

We use the k-fold twisted product to de�ne the k-fold convolution product: as before, the objects
Gi 2 PI (F l) determine a (unique, perverse) twisted exterior product G1 ~� � � � ~� Gk , and we set

G1 ? � � � ? Gk = m� (G1 ~� � � � ~� Gk ):

We have the following generalizedassociativit y constraint. Consider a product with k terms

(� � � (G1 ? (� � � ? Gi )) � � � ) ? (� � � (Gj ? (� � � ? Gk )) � � � )

where the placement of the parenthesesis arbitrary with the proviso that the product is de�ned (i.e., at
every stagewe convolve objects of PI (F l)). Then this can be identi�ed canonically with the k-fold product

G1 ? � � � ? Gk :

This can be seeneasily by induction on k.

6.4 Prop erties of certain convolutions

The convolution of two I -equivariant perversesheaveson F l is not perversein general. However, the following
result of I. Mirk ovic (unpublished) shows this conclusiondoeshold in someimportant cases.We are grateful
to R. Bezrukavnikov, who communicated this result to the �rst author, and to I. Mirk ovic, for his kind
permission to include the result in this paper.

In the notation of [1], we let pD � 0(F l) (resp. pD � 0(F l)) denote the objects P 2 D b(F l) whoseperverse
cohomologysheaves vanish in degree� 1 (resp. � � 1). Thus the perversesheaves on F l are precisely the
objects in pD � 0(F l) \ pD � 0(F l).

Prop osition 6.2 (Mirk ovic) (a) Let P 2 PI (F l). Then for any w 2 fW , we have

(1) Jw! ? P and P ? Jw! belong to pD � 0(F l),

(2) Jw� ? P and P ? Jw� belong to pD � 0(F l).

(b) In particular, Jw1 � ? Jw2 ! and Jw1 ! ? Jw2 � are perverse, for every w1; w2 2 fW .
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Proof. (a),(1). We considerJw! ? P. SupposeP is supported on X (w0) and recall that the convolution
is given by

Jw! ? P = m!(Jw! ~� P);

where m : X (w) ~� X (w0) ! X is as in section 6.2 (note that m ! = m� , sincem is proper). We have

Jw! ? P = m!(j w!(A w ) ~� P)

= [m � (j w ~� id)]!(A w ~� P):

Note that m � (j w ~� id) : Y (w) ~� X (w0) ! X is a�ne, and that A w ~� P is perverseon its source. Therefore
Jw! ?P 2 pD � 0(F l) follows from the following generalfact (cf. [1], Thm. 4.1.1and Cor. 4.1.2): If F : X ! Y
is an a�ne morphism, then F� : D b

c(X ) ! D b
c(Y ) (resp. F!) preserves pD � 0 (resp. pD � 0).

A similar argument givesP ? Jw! 2 pD � 0(F l), onceit is noted that m � (id ~� j w ) : X (w0) ~� Y (w) ! X is
also an a�ne morphism.

Part (a),(2) is similar, and part (b) is an immediate consequenceof part (a).

Now we let PI (F l) \ Jw� PI (F l) (resp. PI (F l) \ Jw!PI (F l)) denote the full subcategory of PI (F l) whose
objects are of the form Jw� ? P (resp. Jw! ? P) for someP 2 PI (F l).

Corollary 6.3 For any w 2 fW , we have

Jw! ? Jw � 1 � = Jw � 1 � ? Jw! = Je;

where e 2 fW is the identity element. Together with the associativity constraint, theseidentities imply that

Jw! ? � : PI (F l) \ Jw � 1 � PI (F l) � ! PI (F l) \ Jw!PI (F l)

is an equivalence of categories, with inverse Jw � 1 � ? � .

Proof. We prove that Jw! ? Jw � 1 � = Je (the other equality is similar). Let X (y) be an irreducible
component in the support of P := Jw! ?Jw � 1 � . SinceP is perverseand I -equivariant, the restriction PjY (y)
is an I -equivariant `-adic local systemon the a�ne spaceY(y). Weneedto show that y = e and PjY (e) = �Q` .
For the former it is su�cien t to prove that y 6= e implies PjY (y) = 0.

Since PjY (y) is an I -equivariant `-adic local system on the I -orbit Y (y), and the stabilizer in I of any
point in this orbit is geometrically connected, it follows that P jY (y) is a constant local system (placed in
degree� l (y) when regardedasa complex). Write � 1; � 2; : : : ; � r for the eigenvaluesof Frq on PjY (y)[� l (y)],
counted with multiplicit y. We have the following identit y for every n � 1:

Je(y) = Tr(Frqn ; Jw!) ? Tr(Frqn ; Jw � 1 � )(y) = Tr(Frqn ; P jY (y)) = � y

rX

i =1

� n
i :

We thus have, for every n � 1:

� y

rX

i =1

� n
i =

(
0; if y 6= e
1; if y = e:

The linear independenceof characters (or rather its proof) implies that distinct numbers � 2 �Q�
` determine

linearly independent characters n 7! � n on the semi-group of positive integers. Together with the above
formula this is enoughinformation to determine the eigenvaluesof Frq on Pj(Y (y) (if y 6= e then r = 0, and
if y = e then r = 1 and � 1 = 1). Thus PjY (y) = 0 if y 6= e and PjY (e) = �Q` , as desired.

It is straightforward to check the following properties. From now on we omit the convolution sign ? in
the product of perversesheaves.

Lemma 6.4 1. If l (xy) = l(x) + l(y), then Jx !Jy! = Jxy !.
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2. Under the sameassumption, Jx � Jy � = Jxy � .

Proof. The �rst can be checked from the de�nitions, and the secondfollows on applying Verdier dualit y.
We have usedthat Verdier dualit y is compatible with convolution: D (G1 ? G2) = DG1 ? DG2, if Gi 2 PI (F l)
(i = 1; 2).

Remark. We remark that Corollary 6.3 and Lemma 6.4 allow us to perform algebraicmanipulations involving
the perversesheaf Jw! (resp. Jw� ): essentially it behaves just like its function " w ~Tw (resp. "w ~T � 1

w � 1 ) (but
when multiplying sheaves, one has to take care that they are each perverse). For example, we have the
following cancellation property. Let Pi 2 PI (F l) (i = 1; 2) be such that Jw� ? Pi 2 PI (F l) (i = 1; 2); then
Jw� P1

�= Jw� P2 implies P1
�= P2 (multiply both sides by Jw � 1 ! and use associativit y). We shall use this

several times in the proof of Lemma 6.5 below.

6.5 Sheaf analogue � �
� of � �

�

We now de�ne the sheaf-analogueof � �
� . We write J � � (resp. J � !) in placeof J t � � (resp. Jt � !). If � = � 1 � � 2,

where � i is anti-dominant (i = 1; 2), then we de�ne

� �
� = J � 1 !J � � 2 � :

By Proposition 6.2, � �
� is an object of PI (F l). Moreover it clearly satis�es

[� �
� ] = " � � �

� :

By [4], we know that supp(� �
� ) � f x j x � t � g, and hencethat � �

� is supported on X (t � ).

Our next goal is to prove the sheaf-theoreticanaloguesof the relations in the Bernstein presentation of
H , in the following lemma. The proof follows Lemma 4.4 of [13] very closely, taking into account Proposition
6.2, Corollary 6.3 and Lemma 6.4. Sincea little extra care must be taken in the present context of perverse
sheaves,we give detailed arguments for the convenienceof the reader.

Lemma 6.5 (1) If x; y 2 fW commute and l(xy) = l(x) + l(y), then Jx !Jy � 1 � = Jy � 1 � Jx !. In particular, if
�; � 2 X � are both dominant or antidominant, then J � !J � � � = J � � � J � !.

(2) � �
� is independent of the choice of � i ( i = 1; 2 ).

(3) � �
� � �

� = � �
� + � for �; � 2 X � .

(4) If s = s� (� 2 �) and h� ; � i = 0, then

Js� � �
� = � �

� Js� :

Moreover, this object belongsto PI (F l).

(5) If h� ; � i = � 1, then
Js� � �

� Js� = � �
s� :

Proof. (1). By Lemma 6.4, we have Jx !Jy! = Jxy ! = Jyx ! = Jy!Jx !. The result follows by two applications
of Corollary 6.3: multiply �rst on the left and then on the right by Jy � 1 � .

(2). Let � = � 1 � � 2 = � 0
1 � � 0

2, where � i ; � 0
i are antidominant (i = 1; 2). Then � 0

2 + � 1 = � 0
1 + � 2, and

so J � 0
2 !J � 1 ! = J � 0

1 !J � 2 !. Arguing as in (1), this yields J � 1 !J � � 2 � = J � � 0
2 � J � 0

1 !. Then (1) yields J � 1 !J � � 2 � =
J � 0

1 !J � � 0
2 � .
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(3). Write � = � 1 � � 2 and � = � 1 � � 2, where � i ; � i are antidominant (i = 1; 2). Then by associativit y we
have

� �
� � �

� = (J � 1 !J � � 2 � )(J � 1 !J � � 2 � )

= J � 1 !(J � � 2 � J � 1 !)J � � 2 �

= J � 1 !(J � 1 !J � � 2 � )J � � 2 �

= (J � 1 !J � 1 !)(J � � 2 � J � � 2 � )

= J( � 1 + � 1 )! J � ( � 2 + � 2 ) �

= � �
� + � :

(4). We may write � = � 1 � � 2, where � i is antidominant and h� ; � i i = 0, for i = 1; 2. Since s commutes
with t � i and l(st � i ) = l(t � i s) = l(t � i ) + 1, the result follows from (1), Lemma 6.4, and associativit y.

We note that Js� (J � 1 !J � � 2 � ) = Jst � � 2 � Jt � 1 ! is I -equivariant and perverse,by Proposition 6.2.
(5). We may write � = � 1 � � 2, where � i is antidominant (i = 1; 2), h� ; � 1i = � 1, and h� ; � 2i = 0.

As in the proof of (4) above, we note that Js� (J � 1 !J � � 2 � ) and (J � 1 !J � � 2 � )Js� are each perverse,so by
associativit y we may unambiguously write

Js� � �
� Js� = Js� (J � 1 !J � � 2 � )Js� :

Using (4) and associativit y, this is (Js� J � 1 !Js� )J � � 2 � = (Js� � �
� 1

Js� )� �
� � 2

. (Note Js� J � 1 !Js� is unambiguous
and perverse,sincest � 1 < t � 1 implies that J � 1 !Js� = Js!Jst � 1 !Js� , and therefore Js� J � 1 !Js� = Jst � 1 !Js� .)

Since by (3) � �
s� 1

� �
� � 2

= � �
s� , we are reduced to proving Js� � �

� 1
Js� = � �

s� 1
, i.e., to prove the result for

general � it is enoughto consider � which are antidominant.
Therefore assume� is antidominant, and write l(t � ) = l . Following Lemma 4.4 (b) of [13] we see

� l(t � s) = l + 1 and l(st � ) = l � 1,

� � + s� is antidominant,

� l (t � st� ) = 2l � 1 and l(t � st� s) = 2l � 2; in particular l(t � st� ) = l(t � ) + l(st � ).

Taking these relations, the previous parts of the Lemma, Corollary 6.3, and associativit y into account,
we �nd

J � ! �
�
s� = � �

� � �
s�

= � �
� + s�

= Jt � st � s!

= Jt � st � !Js�

= J � !Jst � !Js�

= J � !(Js� J � !Js� ):

Using Corollary 6.3 again to cancelJ � ! from each side, we obtain the desiredequality Js� � �
� Js� = � �

s� .

Note that property (5) is the analogueof Bernstein's relation

~T � 1
s � �

�
~T � 1

s = � �
s� ;

which was a main ingredient in the proof of Lemma 3.2. In fact the sameargument can be applied to prove
the following corollary.

Corollary 6.6 If � is minuscule and t � = w� w as in section 3, then

� �
� = Jw � !Jw� :

Writing w� = t1 � � � t r � p� and w = s1 � � � sp as in section 3, we have

� �
� = Jt 1 ! � � � Jt r � p !J � !Js1 � � � � Jsp � :
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Proof. Suppose� is in the Weyl orbit of an antidominant minusculecoweight � � . We have

� �
� � = J � � !:

Choosethe sequenceof simple re
ections s1; : : : ; sp as in Lemma 3.2. By induction on p, we easily seethat

� �
sp ��� s1 ( � � ) = Jt 1 ��� t r � p � !Js1 ��� sp � :

Indeed, using induction and Lemma 6.4 this equality for p � 1 can be written

� �
sp � 1 ��� s1 ( � � ) = Jsp !Jt 1 ��� t r � p � !Js1 ��� sp � 1 � :

Multiplying on each side by Jsp � and using Lemma 6.5 (5), Corollary 6.3, and associativit y yields

� �
sp ��� s1 ( � � ) = Jt 1 ��� t r � p � !Js1 ��� sp � ;

as desired.
The secondstatement follows from the �rst, using Lemma 6.4. To justify this, we needto show that

(Jt 1 ! � � � Jt r � p !J � !)(Js1 � � � � Jsp � ) = Jt 1 ! � � � Jt r � p !J � !Js1 � � � � Jsp � ;

where the products of the form J t 1 ! � � � Jsp � denote the k-fold convolution mentioned in section 6.3. This
results from the generalizedassociativit y discussedthere.

We remark that it is important here that the underlying expressiont1 � � � t r � p� s1 � � � sp is reduced.

Taking Corollary 6.6 aswell asLemmas6.1, 6.4 and 6.5 into account, we get the following sheaf-theoretic
interpretation for minimal expressionsfor � �

� .

Theorem 6.7 (a) Let � be a minuscule coweightof any root system. Write t � = w� w = t1 � � � t r � p� s1 � � � sp,
as in Lemma 3.2. Then

� �
� = m� (D);

where D is the perversesheaf

D = (j t 1 !A t 1 ) ~� � � � ~� (j t r � p !A t r � p ) ~� (j � !A � ) ~� (j s1 � A s1 ) ~� � � � ~� (j sp � A sp )

on the Demazure resolution m : X (t1) ~� � � � ~� X (t r � p) ~� X (� ) ~� X (s1) ~� � � � ~� X (sp) ! X (t � ) of the Schubert
variety X (t � ).
(b) Let � be a coweight for GLn , and write it as

� = � 1 + � � � + � k ;

where each � i is minuscule, and l(t � ) =
P

i l (t � i ). For each i = 1; : : : ; k wehavea decomposition and reduced
expression

t � i = w� i wi = t i
1 � � � t i

qi
� i si

1 � � � si
pi

;

as in Lemma 3.2.
Then � �

� = m� (D), where D is the perversesheaf

Jt 1
1 !

~� � � � ~� Jt 1
q1

!
~� J � 1 !

~� Js1
1 �

~� � � � ~� Js1
p 1

�
~� � � � � � � � ~� Jt k

1 !
~� � � � ~� Jt k

qk
!
~� J � k !

~� Jsk
1 �

~� � � � ~� Jsk
p k

�

on the Demazure resolution m : ~X (t � ) ! X (t � ) corresponding to the reduced expression

t � = (t1
1 � � � t1

q1
� 1s1

1 � � � s1
p1

) � � � (tk
1 � � � tk

qk
� k sk

1 � � � sk
pk

):

Consequently, � �
� is the push-forward of an explicit perverse sheaf on a Demazure resolution of X (t � ),

for every coweight � of GLn .
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Proof. (a). This follows directly from Corollary 6.6 and the de�nition of the r -fold convolution product.
(b). By Lemma 6.5 (3) and generalizedassociativit y, we have

� �
� = � �

� 1
? � � � ? � �

� k
;

where the right hand side denotesthe k-fold convolution product.
Part (b) then follows from part (a) and another application of generalizedassociativit y.

For x � t � , write � �
� (x) for the coe�cien t of Tx .

Corollary 6.8 Let � be a minuscule coweightof a root system,or an arbitrary coweight for GLn . Let m; D
be as in Theorem 6.7. Then

� �
� (x) = " � Tr(Frq; H � (m� 1(x); D)) ;

where the right hand side is the alternating trace of Frobenius on the �etale cohomology of the �b er over x
with coe�cients in D.
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[6] T. Haines, B.C. Ngô, Nearby cycles for local models of someShimura varieties, to appear, Compositio
Math.

[7] N. Iwahori and H. Matsumoto, On someBruhat decomposition and the structure of the Hecke rings of
p-adic Chevalley groups, Inst. Hautes �Etudes Sci. Publ. Math. 25 (1965), 5-48.

[8] D. Kazhdan and G. Lusztig, Representationsof Coxeter groups and Hecke algebras, Invent. Math. 53
(1979), 165-184.

[9] D. Kazhdan and G. Lusztig, Proof of the Deligne-Langlandsconjecture for Hecke algebras, Inv. Math.
87 (1987), 153-215.

16



[10] R. Kott witz and M. Rapoport, Minuscule Alcovesfor Gln and GSp2n , Manuscripta Mathematica 102
(2000), 403-428.

[11] G. Lusztig, Representationsof �nite Chevalley groups, Regional conferenceseriesin mathematics, No.
39, (expository lectures from the CBMS regional conf. held at Madison, Wisconsin, Aug. 8-12, 1977),
(1978).

[12] G. Lusztig, Singularities, character formulas, and a q-analog of weight multiplicities , Ast�erisque101-
102 (1983), 208-229.

[13] G. Lusztig, Some examplesof square integrable representations of semisimple p-adic groups, Trans.
Amer. Math. Soc. 277 (1983), no.2, 623-653.

[14] G. Lusztig, A�ne Heckealgebras and their graded version, J. Amer. Math. Soc. 2 No.3 (1989), 599-635.

[15] G. Lusztig, Cells in A�ne Weyl Groups and Tensor Categories, Adv. Math. 129, 85-98(1997).

[16] O. Schi�mann, On the center of a�ne Hecke algebras of type A, preprint, math.QA/0005182.

Univ ersity of Toronto
Department of Mathematics
100 St. George Street
Toronto, ON M5S 3G3, Canada
email: haines@math.toronto.edu

Univ ersity of Chicago
Department of Mathematics
5734 S. Univ ersity Ave.
Chicago, IL 60637
email: alexandra@math.uchicago.edu

17


