INTERTWINERS FOR UNRAMIFIED GROUPS

THOMAS J. HAINES

1. INTRODUCTION

In this note we generalize the algebraic approach to intertwiners given in [HKP],
from split groups to unramified groups. Actually, it is perfectly clear that the
methods of the current note extend to arbitrary non-split groups, but we have
limited our discussion to the unramified case because some things become slightly
more concrete in that situation. We give some of the standard applications as in
[HKP] (such as Bernstein’s description of the center of the Iwahori-Hecke algebra).
We also provide an ingredient (see section 9) needed for one particularly technical
lemma in [H]. Section 9 was the main motivation for writing this note.

2. PRELIMINARIES

2.1. Basic notation. Let F' denote a p-adic field. Let O denote the ring of integers
in F, and m# € O a uniformizer. Let ¢ = p" denote the cardinality of the residue
field of F. Fix an algebraic closure F' for F, and let L denote the completion of
the maximal unramified extension of F inside F. Let o € Aut(L/F) denote the
Frobenius automorphism of L over F.

We let G denote a connected reductive group which is defined and unramified
over F'. Sometimes we use the symbol G to denote the group G(F) of F-points.
Let A denote a maximal F-split subtorus, and set T := Cent(A), a maximal torus
defined over F. Let N = Normg(A). We use W to denote the (relative) Weyl
group W := N(F)/T(F).

We consider the Bruhat-Tits building B(G) for G(F'). Fix once and for all an
alcove a, which we can assume belongs to the apartment corresponding to A. Let
I denote the Iwahori subgroup of G(F) corresponding to a. Fix a hyperspecial
vertex ag in the closure of a, with corresponding hyperspecial maximal compact
subgroup K D I, and designate it as the origin in the aforementioned apartment;
this identifies the apartment with the vector space V := X, (A)g.

We can embed X.(A) into A(F) in two natural ways. Our convention is to
identify p € X, (A) with 7+ := u(n) € A(F).

Let B(T) denote the set of Borel subgroups B = TU which contain T and are
defined over F'. The set B(T) is a torsor for the finite Weyl group W (for w € W
and B € B(T), let wB or “B denote wBw™!). For each B =TU € B(T), define
the Weyl chamber Cy in V, and the notion of B-positive root, as follows. Let T
denote the unique maximal compact subgroup of T(F). The chamber Cy is the
unique one with vertex ag such that T, U is the union of the fixers of all “quartiers”
x4+ Cy (zr € V) in the direction of Cyy. Furthermore, a B-positive root is one that
appears in Lie(B). Equivalently, a root « is B-positive if and only if it takes positive
values on the chamber Cz7, where B = TU is the unique element of B(T") which is
opposite to B.
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The alcove a belongs to a unique Weyl chamber having vertex ay, which we
may write in the form Cz for a unique Borel By = TUgy € B(T'). Thus, the roots
a € Lie(By) are positive on C , and a coweight A belonging to the closure of Cg,
is By-dominant.

Except in a few instances where B denotes an arbitrary element of B(7'), the
notation B = TU will always mean the opposite Borel By. Also, unless otherwise
noted C denotes Cy = Cg7,, the “dominant” Weyl chamber.

Note that by our conventions, the “reduction modulo 7" of I is B. More precisely,
we have BN =BNK.

2.2. Example of SLy. Our conventions amount to the following for the group SLs.
Let A = T denote the diagonal torus. The base alcove a is the unit interval [0, 1] in
the real line (which is identified with the apartment for A). The Iwahori subgroup
I fixing a is the one fixing the homothety classes of the lattices O ® O and 1O @ O,
that is,
o* 70
1= {(9 OX} N SLa(F).

Furthermore, K is the group SLo(O). Also, By is the group of “upper triangular”
matrices in SLo, and B is the group of “lower triangular” matrices.

2.3. Extended affine Weyl group. In Bruhat-Tits theory is defined a homomor-
phism v : N(F) — V, which is normalized such that v(7#) = —pu (see [Tits]). Its
kernel is T}. Via v the extended affine Weyl group W := N (F)/Ty can be viewed
as a group of affine-linear transformations of V. It splits as a semi-direct product

W=AxW,

where A is the group of translations isomorphic via v to T(F)/Tp. There is a natural
inclusion of lattices X, (A4) — A. In fact Lemma 2.3.1 below shows that X,(A) = A
(for another proof of this, see [Bo], 9.5).

In [Ko097] Kottwitz defined a surjective homomorphism

we : G(L) — X*(Z(G)™)

where Ty := Gal(L/L) denotes the inertia group. The homomorphisms wg vary
with G in a functorial manner. Let G(L); denote the kernel of wg.

Since G is unramified, T" necessarily splits over L, and thus the Kottwitz homo-
morphism takes the simpler form

wr:T(L) - X, (T).

[To see that T splits over L, let S O A be the L-split component of T'. Note that
S is a maximal L-split torus in G, since any larger L-split torus S’ D S contains A
and hence belongs to T, hence to S. Since G splits over L, there exists a maximal
torus 7" C G which is defined and split over L. By a standard result, S and T"
are conjugate by an element of G(L), hence dim(S) = dim(7”) = dim(7T'), and thus
S=T]

Lemma 2.3.1. For G unramified over F, we have
(i) T, =T(F)NT(L):;
(ii) T(F)/(T(F)NT(L)1) = X.(A) via wr.

In particular, the inclusion X.(A) — A is an isomorphism, and WX, (A) xW.
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Proof. There is an inclusion i : X,.(T) — X.(T)r. By [Ko097], (7.4.5), there is a
commutative diagram with exact rows

0 —= T(L); —= T(L) —22% X.(T)s
0 T, T(F) > X (A)r

where the vertical arrows are injective. This shows that i o wpr and —v agree as
maps T'(F) — V, proving part (i) and the equality of the images in V' of —v and
wT\T( r)- Furthermore, consider the exact sequence

0 —T(L); NT(F) — T(F) =%~ X, (A) —= 0
resulting from taking o-invariants of
0 —>T(L); —> T(L) —*> X, (T) — 0,
and using the fact that H!'((c),T(L);) = 0 (cf. [Ko97], (7.6.1)). We see that
wr|p(ry has image X, (A), i.e. X.(A) = A. O

2.4. Bruhat orders and length function. When we speak of the Bruhat order
on W or on W, we will always mean the Bruhat order defined relative to the
reflections through the walls of C resp. a. Also, the length function ¢ on W is
defined in terms of the reflections through the walls of a.

2.5. On Bruhat-Tits and Iwasawa decompositions. Over L, our group is split
and we have the usual Bruhat-Tits and Iwasawa decompositions

Gr)= [] 1@wwrr)= [] v@wI(L).
weW (L) weW (L)
Taking fixed points under o, these yield the corresponding decompositions over
F:

(2.5.1) G(F) =[] wI= [] UwI.
wEW wEW
3. AFFINE ROOTS AND ROOT SUBGROUPS

Let ® = ®(G, A) denote the set of relative roots for G and the F-torus A. Let
.4 denote the Bruhat-Tits affine roots (as defined in [Tits], §1.4-1.6). Let & denote
the canonical finite reduced root system associated to ®,g and the vertex ag (the
pair (®, %) forms an “echelonnage” in the sense of [BT1], §1.4). Each root a € ¥ is
a positive scalar multiple of a unique non-divisible root in ®. Let X, denote the
affine root system

Yu={a+k|acX kelZ}.
The basic property defining ¥ is that the hyperplanes in X, (A)g defined by e =0
for a € @, are precisely the hyperplanes a = 0, for a € ¥,g. In fact, for each
affine root o’ + k' € ¢ (¢’ € ®, k' € R), there is a unique a + k € T.5 (a € X,
k € Z), such that a + k is a positive real multiple of a’ + &'

Letting <I>3' denote the By-positive roots in ®, we get a corresponding set of
positive roots ES‘ C 3. Let Ag denote the set of simple roots in Zar . Similarly, let
A denote the set of simple roots in the set of B-positive roots 1.
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To each non-divisible root o’ € ® (corresponding to a € ) there is a unipotent
subgroup U,/ (F') equipped with a filtration which is used to define the set ®.¢ (see
[Tits], §1.4). For a := a + k € Y., there is a subgroup U, C U, (F). The family
{Uq+r} possesses the following properties:

(1) Uy (F) is the union of the subgroups U,1, for k € Z;
(2) Uat1 - Uy
(3) U_o —U_gqi1 C U H50) Uy = Unths,TyUy, if a = a + k € Xog.

Here v : N(F) — W 22 A x W is the homomorphism of Bruhat-Tits (cf. [Tits],
§1). (In particular, v(7*) = =\ € X.(A) = A.) Moreover, for « = a + k € Y.z,
the element ¢, € A(F) is defined in the following subsection (for o = a it is re’s
see below and compare with the element a, of [Cas80]).

For the proof of the key property (3), we refer to [Mac], Lemma (2.6.6) and
[BT1], Lemme (6.3.3). See also the examples in subsection 3.2 below.

3.1. Definition of ¢, and in particular of an element " € X,(A). Via the
Bruhat-Tits homomorphism v, the group T(F)/Ty is identified with a group of
translations A acting on the vector space X, (A)g. In fact the elements of A belong
to the lattice of coweights P (X)) associated to the root system Y., and as we saw in
Lemma 2.3.1 A also coincides in the unramified case with the group of translations
by elements of X, (A). For a € Lo, the element

Sa—10 Sa

is a translation by a coroot for 3, hence it belongs to the coroot lattice QV(X) C
PY(X). The image of the Bruhat-Tits homomorphism contains every affine re-
flection associated to ¥ (and consequently all translations by coroots). Therefore
Sa—1084 can be lifted to a unique coset t,, € T(F)/Ty such that —v(ts) = S4—108aq-
Thus t, can be viewed as an element in T'(F') uniquely determined up to Tj.
By Lemma 2.3.1, in the unramified case we may also view t, as an element in
A/Ap. Therefore, for a € ¥ we may write t, = 7o for some unique cocharacter
a¥ € X.(A). In fact the notation is not accidental: the element aV is precisely the
coroot a¥ € QV(X) corresponding to the root a € .
In the sequel, we will sometimes denote the element ¢, by ra’

For every a:=a+ k € X, and | € Z, we have

tozUoz-&-lt(;l = UVa+i+2-
Note also that for any w € W, we have
Wtawil = twa,

where wa is defined by w(a + k) :=aow™! + k.

For each o € ¥.g, let

o = [Uafl : Ua]~

It is clear that g, is always the same as g442, but it is not necessarily the same
as ¢a+1. Macdonald [Mac] defines a root system ¥; with X C¥; C XU %Z, where
for a € X, the element a/2 lies in ¥ if and only if 411 # ¢4. For every a € X, he
defines ¢,/2 = Ga+1/¢a- Then:

(a) For a € ¥, we have [Uat1 : Ugpmy1] = Q£772/2]qgn§
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(b) For a € A, we have [Is4] : I] = q,/2q, ([Mac] 2.7.4, 3.1.6);
(¢) If G has semi-simple rank 1, and a € A, then

(SB(ta,) = [Ua : taUatgl]_l = Q,;/lgqu'
3.2. Examples of the constructions above.

Example: SLs. If a is the unique By-positive root a = ey — ez, and a = —a + 1
(the simple affine root), then s,_1 05, is the translation by —a" = (—a)", where a"
is the coroot associated to a, and so t_,41 = w(*a)v, according to our conventions.
More generally, for any a € 3, we have t,, = ﬂ“v, for any k € Z. The identity (3)
above for a = a+ k (a € Ag) corresponds to the following matrix identity: given
u € O* and any k € Z, we have

1 0] [1 nFa] [7Fa 0 0 —1][1 =*b
7 Fu 1| 7|0 1 0 7 Fa |1 0[O0 1]

by taking a =a=b=1u""'.

Example: Quasi-split SU3 for an unramified quadratic extension E/F. Let a; €
<I>g be the unique non-divisible By-positive root, so that 2a; is also a By-positive
root. Let a € Ay be the corresponding positive root of 3. Then since the simple
affine roots are {a;, —2a; + 1}, we see that in fact a = 2a; and that s,—1 0 s, =
t(2a,)v- S0, in this case a¥ = (2a1)¥ = ay /2. Concretely, a" is the cocharacter in
X« (A) given by the formula for x € F*

0
1 0|,
0

and aY (x) = a"(2?). Furthermore, if the cardinality of O /7OF is g, then ¢, = q,
da+1 = ¢°, and g, /o = ¢*. For all this, see [Tits], §1.15.

Let x — Z denote the generator of Gal(E/F). Then given an integer k, a unit
u € OF and an element ¢ € E such that —c¢ = 7~ ¥(u + @), the relation (3) for
a=a+k (a € Ap) corresponds to the matrix identity:

1 0 0 1 a 7F] [7%a 0 0 0 0 1| (1 b Wkgu
1 0l=|0 1 -a 0 p 0 0 -1 0f{|0 1 —b
a7 ky —¢ 1 00 1 0 0 7 *a {1 0 of]|0 0 1
wherea=u"1', f=au",v=w=u""', a=—7rea"', and b= —7Feu~"'.

4. HECKE ALGEBRAS AND THE UNIVERSAL MODEL FOR UNRAMIFIED PRINCIPAL
SERIES

4.1. Hecke algebras. Consider the Iwahori-Hecke algebra H := C.(I\G/I), where
convolution is defined using the Haar measure dg which gives I measure 1. Consider
also the spherical Hecke algebra Hy := C.(K\G/K), and the finite Hecke algebra
Hy := C.(I\K/I). As a C-vector space H has a basis given by the characteristic

functions T, = 17,7, where w € W.

The Twahori-Hecke algebra of the torus A is the ring R := C.(A(F)/Ao), where
convolution is defined using the Haar measure da on A(F) which gives Ap measure
1. By using the valuation map v the ring R is identified with the group algebra
C[X.(4)].
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Now for any B = TU € B(T), and any t € T(F), we denote by dp(t) the
normalized absolute value of the determinant of the adjoint action of ¢ on Lie(U).

4.2. The universal model M. Write B = TU as before. Let M = M g be defined
as the (R, H)-bimodule

M = C(AoU\G/T) = Co(TLU\G/).

The subscript “c” means that we consider functions supported on only finitely many
double cosets. As a _complex vector space, M has a basis consisting of the functions
Vg = 1A@U$I (a? S W)

It is clear that H acts on the right on M by right convolutions. One proves as
in [HKP] Lemma 1.6.1 that M is free of rank 1 as an H-module, with canonical
generator vy (use (2.5.1)). Furthermore, R acts on the left on M by normalized left
convolutions. More precisely, letting f € R, we define the left action of f on v, by
the integral

fooul0) = [ 5@ @)en(ag) da

In other words, if A € X,.(A) and if 7 is regarded as both an element in A4/Ao
and as the characteristic function on A/Ae for the subset 7, then

(4.2.1) ™ vy = (5}3/2(7r)‘)vtw,

where t, is the translation element of W corresponding to A € X, (A). Clearly this
applies in particular to the element A = a" we attached to a € 2.

5. INTERTWINERS FOR NONSTANDARD MODELS

5.1. Definition and basic properties. In this section we follow closely the con-
struction of intertwiners given in [HKP], §1.10 (the difference being that [HKP]
only treated the intertwiners for standard models attached to split groups ). As in
loc. cit., we let J be a set of coroots a¥ € QV(X) C X.(A) which belong to some
positive subsystem of coroots. Denote by C[J] the C-subalgebra of R generated by

—Z

J and by C[J] the completion of C[J] with respect to the (maximal) ideal generated

by J. Let R; denote the R-algebra C[J] ®c(s R, a completion of R that can be
viewed as the convolution algebra of complex valued functions on X, (A) supported
on a finite union of sets of the form A + C;, where C} is the submonoid of X, (A)
consisting of all non-negative integral linear combinations of elements in J.

Given B = TU € B(T) and J as above, we denote by Mp ; the module
Ry ®r C.(ApU\G/I), which can be viewed as the set of functions f on ApU\G/I
satisfying the following support condition: there exists a finite union S of sets of
the form A + Cj such that the support of f is contained in the union of the sets
AoUn"K for v € S. Clearly Mp ; is a left R;-module and a right H-module. We
will often write M in place of Mg ; when B is understood.

Now let w denote a fixed element of W as well as its lift to an element of
N(F)Nn K. Let J denote the set of coroots a¥ € QV(X) which are B-positive and
wB-negative. Then as in loc. cit., we define an intertwiner

I’UJ . MB’w—lJ — MB,J
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by the integral
(5.11) L(@)0) = [ e ug) du

where U, denotes U N wUw™!'. The Haar measure du on U, is normalized such
that U, N K has measure 1. Here we view the elements ¢ as functions (as above).
As in loc. cit. Lemma 1.10.1, one proves the convergence of the integral defining
I,(¢)(g), and the fact that I,,(¢) € M. (The proof of the latter is very similar to
the argument in section 5.2 below.)

We remark that in defining I,,, we may replace the set J with any larger set of
coroots that is still contained in a positive subsystem, for example the set of all
B-positive coroots.

Moreover, if w = wywy where {(w) = £(w1) + ¢(wsz) and if J is chosen as above,
then the composition I, o I,,, is defined. The following properties are immediate.

Lemma 5.1.1. We have
(i) Iy, ot =7*H o I, for each u € X, (A);
(i) Twyws = Ly © Ty if L(wiwe) = £(w1) + (w2);
(iii) I, is a right H-module homomorphism.

Now suppose that By = TU; and By = TU; are two elements of the set B(T),
and that By = vB; for v € W. Suppose we have chosen the sets J; and J
such that Jo = vJ;. Given a function ¢ on G, define the function L(v)¢ by
L(v)¢(g) := p(vtg). The following diagram commutes:

L(v!
(5.1.2) ].\/.[327“)71]'2 —_— Bl,U71w71J2

le/ ll'v_lw'u
L(v)

Mg, j, <—— Mp, 5,

We also have the following relation for any v,w € W and any B € B(T):
(5.1.3) L(v)vB =v¥B.

w = /U'U’LU

Because of (5.1.2), there is no loss in generality in studying only the standard
intertwiners, i.e. those for which U = U,. That is what we will do, and so from
now on all statements about intertwiners refer to the standard ones. We leave it to
the reader to derive the analogous statements about the nonstandard intertwiners
using (5.1.2).

For this standard situation B = By, we have the following three useful equalities.
They are proved the same way as in [HKP] (using the Iwahori factorization and
along the way INB=KNBand INB C wlw™?).

(5.1.4) v1 Ty = vy, for every w € W,
(5.1.5) VT = Vgnq, for every w € W and p € X, (A),
(5.1.6) V1 Ten = Vgu, for g € X, (A) B-dominant.

5.2. On the support of I,,(v;). In this subsection we give some necessary con-
ditions for an element 7*v € W to be in the support of I,(vy). First we define a
relation z — y on W which is reflexive and transitive (but not anti-symmetric), and
which depends on our choice of Weyl chamber C. Given x € W, let S(x) denote the
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set of simple reflections in the set {s, | a € A} which appear in some (equivalently,
all) reduced expressions for z. Then we write z — y if and only if S(z) C S(y).

Secondly, we recall the definition of the retraction functions rp (for any B €
B(T)): if g = urtk in the Iwasawa decomposition G = UAK, then we set r5(g) :=
1. Note that the Iwasawa decomposition which a priori takes the form G = UTK
agrees with the one we used, since A(F')/Ap = T(F)/Ty (Lemma 2.3.1) and T, C K.

The basic property of the family of retractions {rp} pem(r) is that for any g € G
and Bi, By € B(T), the difference rp, (¢) — 75,(g) is a sum of coroots a” € QV(X)
which are Bi-positive and Bs-negative.

One needs to check this only for adjacent Borels in B(7"). In the split case, a
simple computation in SLy does the job®.

Recall that we are currently assuming B = By, so that J can be taken as the
set of coroots @ such that a is B-positive (i.e. Bp-negative) and wB-negative (i.e.
wBy-positive).

Lemma 5.2.1. If I,(vy)(7*v) # 0, then X is a sum of elements of J, and v — w.
In particular, if a € A and I, (v1)(7*v) # 0, then X = ka" for some k € Z>, and
ve{l,s.}.

Proof. The nonvanishing of I,,(v1)(7#v) implies that we may write g := urtv =
uw'wi for some u € Uy, v’ € wU, and i € I. It follows that p = rp(9) — rup(g) is a
sum of coroots which are B-positive and wB-negative.

Next, let M D T denote the Levi subgroup corresponding to the set of simple
positive roots a € A such that s, € S(w). Note that this is a Levi subgroup of a
parabolic subgroup which contains B, and that U,, C M.

We see that gv~! = ur* € Bv~!'VI. Since ur* € M, then using the Iwasawa
decomposition for that group we see that urt € (BN M)wy (VI N M), for some
wys in the Weyl group for M. Comparing the two Iwasawa decompositions we
see v°! = wy; € M. But since the Weyl group of M is generated by the simple
reflections s, € S(w), we see finally that v — w. O

6. FORMULA FOR I, (v1)

Here we again fix B = TU € B(T) to be the opposite Borel By. Let J denote
the set of B-positive coroots a¥ € QY (X).
For a € ¥+, we define an element ¢, € R by

(1— 61;/12/2(1(1_17Tav)(1 n q;/12/2ﬂ_av)

1 — g2
(In a similar way we may define ¢, for any a € X, but we have to choose J appro-
priately to ensure that ¢, € R;.) Also, for w € W, define

ewi= T co

A€y

Cq =

where ¥, = {a € ¥ | a is B-positive and w~'a is B-negative}.
Theorem 6.0.2. Let a € A. We have the following equality in Mp ;:
I, (Ul) = (Qa/QQa)ilvsa + (Ca - 1) " U1

IThe same proof in the unramified case works, and in the end requires also a simple computa-
tion in the group SUs.
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Note that this implies that (1 —72%")I,, takes M into itself.

7. PROOF OF THEOREM 6.0.2

The proof below is the result of combining the approach of [HKP] with some
ideas of Casselman [Cas80].

7.1. Reduction to semi-simple rank 1. The calculation of I, (v;) immediately
reduces from the group G to the Levi subgroup corresponding to a € A, by Lemma
5.2.1.

7.2. Proof in the case of semi-simple rank 1. Now we assume G has semi-
simple rank 1. Let a’ denote the unique non-divisible B-positive (thus By-negative)
root in @, and let a € A be the corresponding simple B-positive root in 3.

By Lemma 5.2.1, we can write I, (v1) as a sum

Isa (Ul) = Z J(ka ’LU) Uty v ws
k2w

where w € {1,s,} and k > 0. We need to find all the coefficients J(k, w).

First consider the case where k& = 0. Then J(0,1) # 0 implies that we can
solve the equation s, = wi, where @ € U, v € U, and i € I. Remembering that
U=U,(F)and U = U_,(F), we may find a very By-dominant (regular) element
A € X, (A) such that 72 ur~* € I. Then we see that I7*s,I meets Un*I, and thus
that t) < tasq in the Bruhat order determined by I. But this is impossible, since
L(trsa) = L(tx) — 1 for regular Byp-dominant A. Thus J(0,1) = 0.

Next we examine J(0,s,). We need to determine for which v € Us, = U we
have s,us, € UI. Using the Iwahori decomposition I = (UNIT)- (T NI)-(UNI),
we see that squs, € UI iff sq;us, € UNIT = U_q41. This happens iff u € Uy;.
So J(0,8,) = measgy(Uags1) = [Us : Uar1] ™! since measg, (U,) = 1 by definition
(recal UNT =UNK). So J(0,54) = gy 11 = (qayada) "

Next we consider the case k > 0. Suppose w = s,. Then J(k,s,) # 0 iff there
exists u € U with sauwkavsa € UI. We can then write ur—*®’ = ui, for some
weU,ueU,andiecl Thisis also 7% @ = ui for some @ € U. We write ui
in the form wu, -ty - u_ for unique uy € U, to € TNI and u_ € U N I. Since the
factors in U - T - U are uniquely determined, we must have r=*” ¢ TN 1. But this
contradicts k£ > 0. Hence J(k, s,) = 0.

Finally consider w = 1. For u € U, we need to determine when squrke’ € UI.
Suppose v # 1. Then there is a unique integer [ such that v € U,y — Ugyyy1 C
U,a,mlavasaU,a,l. We may write u = u’_a_lﬂl“vtosau,a,l, where ty € Ty. Then
we have for each u € Uyyy — Ugyy41:

squrt® e UI < ua,m_lavtgu,a,mk“v ceUI
<~ Uaflﬂ'_(l_k)avtlou/fa+2k,l c UI,
where u,—; 1= squ’_, 54, ty 1= Satosa, and u’_ o5, = ﬂ*kavu_a_mkav, the
latter being in U_,495—;. Using the decomposition of U as above, we see that this
holds if and only if I = k. (The “only if” if clear. To check the “if”, note that we

just need to see that u’ , 5, ; € I. But I =k implies that this element belongs to
U_q+r C I, as desired.)
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In particular, we see that
J(k,1) = measgy, (Ugtt — Ugtkt1)-

Now for each k£ > 0, we have

R o
measqy (Ugtr) = Qp” o
Therefore,
LS k2
J(]g7 Sa) = qa/[2 2 ]q;k _ qa/[2 2 }qa—(k-l-l)
—k _ kil k _[Et214p k.
=qa/z/2qa’“(qa/[22 o —qa/[zz | 2%1)
v 1—q }bqrt, if kis even
= §p(n® k/2 - a/24a >
3(r") a7 =y ", if ks odd.
Thus we get

1-— q;/gqgl, if k£ is even

o0
Is v = a a _1Us + ) 7Tav k/2 — - Uty
(V1) = (qay24a) " Vs, ; (") qa/12/2 a qa/12/2q6717 i ks odd ta

That is,

e )

1 — q2a¥
This completes the proof of the main theorem in the case of G semi-simple rank 1,
thus also in general.

Isa (Ul) = (Qa/2Qa>_1U3a + ((

Corollary 7.2.1. We have I, (v1 +vs,) = cq - (v1 + vs,).
Proof. Let q(w) := [TwI : I]. Use the main theorem combined with vs, = v1Ts,,
Q(Sa) = 4q/24a, and Ts2a = (Q(Sa) - l)Tsa + Q(Sa)TL U

Corollary 7.2.2. We have I,(laouk) = cw laouk-

8. SKETCH OF PROOF OF BERNSTEIN ISOMORPHISM FOR UNRAMIFIED GROUPS

We may now define an embedding R — H by sending 7* € R to the element
0O, € H which is characterized by the identity

(801) ’/TM’Ul = Ul@ﬂ.
(Often we abuse notation and write 7# instead of ©,, in the sequel.) Our aim is to
show that R" maps onto the center Z(H) of H. We follow closely the argument
for split groups given in [HKP].

For each a € 3, let d, denote the denominator of ¢,. If g2 = 1, then d, =
1—me’ . If Qaj2 # 1, thend, =1 — 72" For each w € W, define

dy =[] da-
a€EY,,

We define the intertwiners without denominators
Jw = dy 1y
‘We have the relation

(8.0.2) Jyomh =7 o Jy,.



INTERTWINERS FOR UNRAMIFIED GROUPS 11

For any reduced expression w = sy - - - s, where each s; € {s, | a € A}, we see that
J’UJ = JSl ...JST,

and hence J,, maps M to itself (since by Theorem 6.0.2 this holds for each J,).
Thus each J, can be represented by an element of H. In the case of w = s,
Theorem 6.0.2 gives us

(8.0.3) Jo, = q(8a)  daTs, +da(ca —1).

Using this together with (8.0.2) in the case w = s, =: s, we recover Bernstein’s
relation

(8.0.4) Tt — Ty = q(sq)(cq — 1)(m°H — 7#).

Here we are writing 7* in place of its image ©,, under our embedding R — H.
An elementary computation (done by writing out J 52uv1 and simplifying), yields

the relation

(8.0.5) J?

a

decod_qc_q € R.

Note that we can already see that R" maps into Z(H): if r € R", then (8.0.2)
shows that r commutes with J;, , and hence with d,Ts, (use (8.0.3) and note that
r clearly commutes with dq(c, — 1) € R). But then since H is torsion-free as an
R-module, we see that r commutes with each T, as well, and so r € Z(H).

Using this remark, we define the normalized intertwiners. Let L = Frac(R), so
that LY = Frac(R"). We consider the module Mge, := L ®g M = LW @zw M,
which is an (L, Hgen)-module, where Hyey, := L @ gw H. Let K, be the intertwiner
on Mgy, defined by

1 1
(8.0.6) Kyi=—1I,=

Cuw dywCuw

Jw-

By (8.0.5) we see that K2 =1, and we see from this and Lemma 5.1.1 that
Kw1w2 = leng

for every wy,wy € W. Thus, w — K, defines a group homomorphism W — ngn
and thus an algebra homomorphism from the twisted group algebra L[W] to Hgep.
Then exactly as in [HKP], Lemma 2.3.1, we conclude that R"Y maps onto the center
of H.

9. DESCENT OF INTERTWINERS FROM UNIVERSAL TO SPECIFIC UNRAMIFIED
PRINCIPAL SERIES

The results of this section are used to complete a technical lemma in [H], which
was the main motivation for this note. The strength of the algebraic approach
to intertwiners is apparent here: it works perfectly well for arbitrary unramified
characters. In most other approaches, one first develops the theory of intertwiners
for regular characters, and then proves by analytic continuation that they may be
defined for certain other characters (depending on w). But then it seems more
difficult to analyze when the resulting intertwiners are not identically zero. Below,
we give a simple criterion which applies to the intertwiners without denominators.
This is sufficient for the application in [H].
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9.1. Rough description of I,, on M. Fix w € W. Let J denote the set of coroots
a" which are B-positive and wB-negative. Set ¢(w) := [[wI : I| and note that
(9.1.1) q(wiwz) = q(wr)q(w2)

whenever £(wiws) = £(wy) + £(ws).

Lemma 9.1.1. We have the following rough description of I,(v1) as an element
m MB,J.'

(912) Iw(’U]_) = q(IU)_l’Uw + Z Aw’ aV .,k Ut vw’s
w’,aV k

where w' € W satisfies w' < w in the Bruhat order on W, the coroots a¥ range
over the set J, the integers k are non-negative, and the scalars a, ov 1 are complex
numbers.

Proof. This follows easily by induction on ¢(w), taking into account Theorem 6.0.2,
the equation (9.1.1), and the Bernstein relation (8.0.4). O

In particular, we see that Jy,(vi)(w) # 0, so that J,, is never identically zero on
M.

9.2. Criterion for nonvanishing of J,, on iG(x). Let i§(x,.,) denote the in-
duced representation whose elements consist of the locally-constant R-valued func-
tions ¢ on G satisfying

¢(aug) = dp(a)'/? a™' - p(g)

fora € A, u € U, and g € G. The group G acts on ZB(Xunlv) by right translations.
There is a canonical H-equivariant isomorphism M = i B(Xun1v> , which is given

by associating to ¢ € M the element ¢ € zB(Xunlw)I defined by
(9.2.1) o9)= D 05" (@)plag) - a.
acA/Ao

Now let x be an unramified character of T'(F) (that is, trivial on T, = T(F) N
T(L)1). It can be viewed as a homomorphism from A/Ap = X, (A) to C*; thus it
determines a unique C-algebra homomorphism y : R — C. Let ig(x) denote the
(normalized) unramified principal series representation. Using x to extend scalars,
we have a canonical identification

CoprM =iG(xH.

As in (9.2.1), we can make this explicit: we associate to 1 ® ¢ the element ¢ €
i%(x™1)! defined by the formula (for g € G)

9.2.2) = Y 55 (@x(a)plag).
a€A/Ao

In the following proposition, x and £ are unramified characters of T'(F'), and w €
W is an element of the Weyl group such that “y = ¢ (where “x(t) := x(w™tw)).
Note that the intertwiner without denominator J,, : M — M descends to an H-
module homomorphism

(9.2.3) 1®Jy :COry M — C®pg ¢ M.



INTERTWINERS FOR UNRAMIFIED GROUPS 13

Via (9.2.2), this determines the descended intertwiner J,, : i%(x 1) — iG (¢~ 1)L,
Explicitly, we have for ¢ € ig(x_l)l corresponding to p € M

5 —1/2/ \w
(9.2.4) Tudlg)= Y 05"%(a)“x(a) Jup(ag)-
a€A/Ao
Recall that d,, denotes the denominator of ¢,,. Thanks to the previous subsec-
tion, it is easy to understand when 1 ® J,, is identically zero: this happens if and
only if £(d,,) = 0. Therefore we derive the following criterion for the nonvanishing
of Jy.

Proposition 9.2.1. The descended intertwiner J,, : iSO =G (€Y is non-
zero if and only if £(dy) # 0.

The following shows that we can easily arrange for J to be non-zero.

Proposition 9.2.2. If w is a minimal element (in the Bruhat order) such that
Wy =&, then £(dy) # 0.

Proof. Tt is enough to show that for a € X,,, we have f(w“v) # 1in case q,/2 = 1,
and 5(7r2av) # 1in case q,/2 # 1. Let us check only the second case (the first is
similar, and easier). Assume that f(wzav) = 1. Note that g,/o # 1 implies that
a € 2X*(A) (in fact for the example of G = SUj3 explained in subsection 3.2, we
see that a = 2ay, where a; is the unique nondivisible B-positive root). This implies
that for each A € X,(A), the pairing (a,\) is an even integer. It follows that
sa¢ = ¢. Indeed, for each A € X, (A), we have

ag(r) = ¢a)
_ g(ﬂ)\)g(ﬂjav)—(a,)\)ﬂ
=&(m).

But now we have <"y = £. This violates the minimality of w: since a € %,

we have w™'a is B-negative and so s,w < w in the Bruhat order on W. This
completes the proof that £(d,,) # 0. O

We finish with another result which is used in [H]. For 7 € W, consider the
unique function ¢, € i%(¢71)! which is supported on the set BTl and satisfies
¢-(7) = 1. The functions ¢, (1 € W) form a C-vector space basis for i§(y~1)!. Via
(9.2.2), ¢, corresponds to the function 1® ¢, € C®rM where ¢, := 14, ur1 = vr.

Proposition 9.2.3. For 7,7' € W, we have jw(ng)(T') £ 0 only if
w U, N BTl # 0.

Proof. This follows immediately from (9.2.4) and the integral formula defining
I,(p7)(a7’) for a € A. O
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