
Calculus 130, section 7.2 Integration by Substitution 
notes prepared by Tim Pilachowski 
 

From section 7.1, we have five ways to ask the same question: 

Find a function F(x) such that ( ) ( )xfxF =′ . 

Find the antiderivative of f(x).           Integrate f(x). 

Find the integral of f(x).                  Find ( )∫ dxxf . 

We also have two generic integration properties (or rules): 

the constant multiple rule and the sum rule. 
 

We also have three  anti-derivative rules: 

power functions,  1,
1

1 1 −≠+
+

= +
∫ rCx

r
dxx rr  

exponential functions,  0,
1

≠+=∫ kCe
k

dxe kxkx  

recognizing the antiderivative of ( ) 1−= xxf ,  0,ln
1

≠+=∫ xCxdx
x

. 

 

Note that finding the antiderivative of a constant is actually an application of the power rule, although it may be 

easier just to recognize and remember, paying attention to the differential d*, “with respect to” variable: 

( ) CxCxdxxdx +=+∗== ÷+
∫∫ 51555

100
 

( ) ( ) CwdwCtedteCydy +=+=+= ∫∫∫ 9ln9ln
77ππ . 

 

Now we begin to address integrals which are not as easy as finding the antiderivative. The first method is called 

integration by substitution, and is like a “chain rule for derivatives” in reverse. (This is the only additional 

method of integration we’ll cover in Math 130. There are others addressed in Math 131.) 
 

Recall that, by the chain rule, ( )[ ] ( )[ ] ( )xgxgFxgF
dx

d
′∗′= . For an integral that we can recognize as 

( )[ ] ( )∫ ′∗′ dxxgxgF , we can integrate our way back to ( )[ ] CxgF + . The hard part is the recognition of this 

form. 
 

Example A: Find ∫ dx
x

xln2
.  answer: ( ) Cx +

2
ln  

 

 

 

 

 

 

 

 

Example A extended: Find 
( )

∫
+

dx
x

xln12
.  answer: ( ) Cx ++

2
ln1  

 

 

 

 

 



Based on the knowledge of derivatives covered so far, besides the substitution above there are some general 

forms of integrals to look for: 

∫∫∫ du
u

dueduu un 1
 

 

Example B: Evaluate ∫
+

dx
x 13

3
.  answer: ( ) Cx ++ 2

1
132  

 

 

 

 

 

 

 

 

 

Example B extended: Evaluate ∫
+

dx

x

x

13

6

2
.  answer: ( ) Cx ++

2
1

132 2  

 

 

 

 

 

 

 

 

 

Example B again: Evaluate ∫
++

+
dx

xx

x

123

29

3

2

.  answer: ( ) Cxx +++
2

1

1232 3  

 

 

 

 

 

 

 

 

 

Example C: ( )∫ + dxxx
72

3 .  answer: ( ) Cx ++
82 3

16

1
 

 

 

 

 

 

 

 

 

 



Example D: ∫
−

dxex
x 12

6 .  answer: Ce x +−12

3  

 

 

 

 

 

 

 

 

 

 

Example E: ∫ dx

e

x

x
2

.  answer: Ce x +− −
2

2

1
 

 

 

 

 

 

 

 

 

 
 

 

 

 

Example F: ∫
+

dx
x

x

83

2

.  answer: Cx ++ 8ln
3

1 3  

 

 

 
 

 

 

 

 

 

 

 

 

 

Hint: When using substitution in an integral involving polynomials, it is usually most productive to let u = 

(polynomial with the higher exponent). When using substitution in an integral involving ln(a function), it is 

usually most productive to let u = ln(a function). When using substitution in an integral involving 
function)(exponent

e , it is usually most productive to let u = (exponent function). 
 

Example G: ∫ dxxe
x

. 

We have no product rule for integrals. If we try letting u = x, we get ∫ duue
u

, which is no help at all. If we then 

try letting dxedueu xx == , , we’d have ∫ duxu , which we cannot integrate—it does not have matching 

variables! 

 

In Lecture 7.5 we’ll bring the trigonometric functions into the substitution method. 


